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The derivation of the multicomponent diffusion law is revisited. Following Furry �Am. J. Phys. 16,
63 �1948��, Williams �Am. J. Phys. 26, 467 �1958�; Combustion Theory, 2nd ed. �Benjamin/
Cummings , Menlo Park, CA,1985�� heuristically rederived the classical kinetic theory results using
macroscopic equations, and pointed out that the dynamics of the mixture fluid had been assumed
inviscid. This paper generalizes the derivation, shows that the inviscid assumption can easily be
relaxed to add a new term to the classical diffusion law, and the thermal diffusion term can also be
easily recovered. The nonuniqueness of the multicomponent diffusion coefficient matrix is
emphasized and discussed. © 2006 American Institute of Physics. �DOI: 10.1063/1.2221312�
I. CLASSICAL KINETIC THEORY RESULTS

The classical multicomponent diffusion law for a mix-
ture of N perfect gases is usually derived using rigorous as-
ymptotics, starting from the Boltzmann’s equation of kinetic
theory:1–4

vi
* �

ji
*

�Yi
= − ��

j=1

N

Dijd j + Di
�T� � �ln T���1 + O���� , �1a�

di � �Xi + �Xi − Yi� � �ln p� + gi, �1b�

gi �
�

p�Yi �
j�=1

N

Y j��f j� − fi�� , �1c�

i = 1, . . . ,N ,

where � is the ratio of characteristic �intra- and interspecies�
collision time to characteristic fluid mechanics time, Dij is
the N�N multicomponent �kinematic� diffusion coefficient
matrix, Di

�T� is the �kinematic� thermal diffusion coefficient,5

and fi is the body force per unit mass acting on the i species,
vi

* is the mass-averaged diffusion velocity of the i species,
and

ji
* � �ivi

* = diffusion mass flux of i species, �2a�

Xi �
pi

p
= partial pressure fraction of i species, �2b�

Yi �
�i

�
= mass fraction of i species, �2c�

p = �
i=1

N

pi = total mixture pressure, �2d�

� = �
i=1

N

�i = total mixture density, �2e�
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�
i=1

N

Xi = 1 �
i=1

N

Yi = 1. �2f�

All species are assumed to have the same temperature T. The
summation convention is not used in this paper.

Following Furry,6 Williams7,8 heuristically rederived the
above kinetic theory results �i.e., Eqs. �1a� and �1b�, except
for the thermal diffusion term� starting from the macroscopic
conservation equations of all the species. Furry considered a
fluid at rest and Williams considered a fluid in motion. Wil-
liams made the assumption that the dynamics of all the
species—and therefore also the mixture fluid—were inviscid.
The questions being addressed here are as follows: What
happens to Eq. �1a� and Eq. �1b� when the dynamics of the
mixture fluid is known to be viscous? What about the
uniqueness of Dij? These issues shall be addressed here from
the macroscopic point of view—without direct dealings with
the Boltzmann equation. In addition, thermal diffusion will
be included in the present derivation for completeness.

A. Some important properties

The d j’s in Eq. �1a� and Eq. �1b� are dimensional and
have the physical dimension of reciprocal length. It can
readily be verified �using its definition, Eq. �1b�, and the help
of Eq. �2f�� that they satisfy

�
j=1

N

ejd j = 0, ej � �1,1, . . . ,1� , �3�

always—i.e., the d j’s are not linearly independent. Hence,
given any valid matrix Dij, Eq. �3� guarantees that Dij

+ciej is an equally valid matrix also—where the ci’s are N
arbitrary numbers. More on the uniqueness of Dij later.

The diffusion velocities vi
*’s are also not linearly inde-

pendent. They must satisfy the zero-net-flux condition:

�
i=1

N

ji
* = �

i=1

N

�ivi
* = 0. �4�

Using Eq. �1a� for vi
*, this condition can be rewritten as
follows:
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�
j=1

N

� jd j = 0, � j � �
i=1

N

�iDij; �5a�

�
j=1

N

�iDi
�T� = 0. �5b�

Hence, a required property of Dij is that its � j must satisfy
Eq. �5a�, and a required property of Di

�T� is that it must satisfy
Eq. �5b�. Note that Eq. �5a� can be satisfied by either �i� � j

�ej—by taking advantage of Eq. �3�—or �ii� � j =0. It is
emphasized here that option �ii� is a special case of option
�i�. In other words, � j =0 is only a sufficient but not a nec-
essary condition to satisfy Eq. �5a�. Note also that a diagonal
Dij does not satisfy Eq. �5a� unless all �iDii’s are equal.

B. An identity involving di

Replacing Xi by pi / p in Eq. �1b�, one can manipulate it
to arrive at the following exact mathematical identity involv-
ing di:

di = −
1

p
	Fi − YiF
 , �5c�

where

Fi � − �pi + �ifi, �5d�

F � �
i�=1

N

Fi� = − �p + �f , �5e�

f �
1

�
�
i�=1

N

�i�fi�. �5f�

The physical dimensions of both Fi and F are the force per
unit volume. They are readily recognized as the net external
force per unit volume acting on the i species and the fluid
mixture, respectively—excluding all interspecies collisional
momentum exchanges.

II. THE FURRY-WILLIAMS APPROACH

The Furry-Williams approach6–8 proceeds by using
species-specific macroscopic conservation laws, leaving ki-
netic theory concepts in the background—to be called upon
only when numerical values of the interspecies collisional
cross sections are needed. What follows is an extension and
generalization of this approach.

A. The perfect gas assumption

In any kinetic theory formulation, the perfect gas as-
sumption plays a crucial role. In the Furry-Williams ap-
proach, the perfect gas assumption is not crucial.

The partial pressure fraction Xi and mass fraction Yi are
dimensionless and they are related by their respective equa-
tions of state. When all the species are perfect gases, Xi and

Yi are related by
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Xi =
Yi/Mi

� j�=1

N
�Y j�/M j��

, Yi =
XiMi

� j�=1

N
�Xj�M j��

where the Mi’s are the molecular weights of the i species.
Thus Xi−Yi�0 if the i species is a lighter species relative to
the others. If the mixture components are not perfect gases,
then the associated Xi and Yi relations are more complicated.

B. The macroscopic continuity equations

Let Vi, ni, and mi denote the mass averaged velocity, the
number density, and the molecular mass of the i species,
respectively.

The species-specific macroscopic continuity equations
can readily be written down from first principles:

��i

�t
+ � · ��iVi� = Wi, �i = nimi, �6�

where Wi represents the net mass production rate �per unit
volume� of the i species coming from chemical reactions.
Since mass can either be created or destroyed by chemical
reactions, the Wi’s always satisfy

�
i�=1

N

Wi� = 0. �7�

The diffusion velocity of the i species vi
* is defined by

vi
* � Vi − V , �8�

where the mass averaged velocity V of the mixture fluid is
given by

V �
1

�
�
i�=1

N

�i�Vi = �
i�=1

N

Yi�Vi�. �9�

In terms of V and vi
*, Eq. �6� becomes

��i

�t
+ � · ��iV� + � · ��ivi

*� = Wi. �10�

By its definition, vi
* �and thus ji

*� must satisfy the zero-net-
flux condition, Eq. �4�. The mixture macroscopic fluid con-
tinuity equation is obtained by summing Eq. �10� over all
species and using Eq. �7� and Eq. �4�:

��

�t
+ � · ��V� = 0. �11�

In the classical approach, one would now go to Eq.
�1a�—provided by kinetic theory—to eliminate �ivi

* in Eq.
�10� to obtain the convective-diffusive governing partial dif-
ferential equations for the �i’s �or the Xi’s, or Yi’s�. The
present derivation goes instead to the species-specific mac-
roscopic momentum equations to “derive” Eq. �1a�.

C. The macroscopic momentum equations

The macroscopic momentum equation for the i species

can be written from first principles as follows:

 AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



073101-3 Multicomponent diffusion revisited Phys. Fluids 18, 073101 �2006�
���iVi�
�t

+ � · ��iViVi� = Fi + Gi. �12�

The left hand side contains familiar conventional terms. On
the right hand side, the first term Fi �defined by Eq. �5d��
represents the net external force per unit volume acting on
the i species �excluding all momentum exchanges by inter-
species collisions�, and the last term Gi represents only in-
terspecies collisional momentum exchanges per unit time per
unit volume between the i species and all other species �both
elastic and inelastic, including the momenta being brought in
and removed via chemical reactions�. Instead of limiting the
term �ifi in Fi to represent only body forces,6–8 it is now used
to represent “all other complications” not so far included,
such as the viscous force per unit volume.9 In other words,
�ifi is now a “catch-all” term that simply tags along, to be
exploited later.

Expanding the left hand side of Eq. �12� and using Eq.
�6�, one obtains10

�i
DiVi

Dt
= Fi + Gi

coll, �13�

where Di /Dt denotes the substantial derivative of the i spe-
cies:

Di

Dt
�

�

�t
+ Vi · � �14�

and Gi
coll now represents the net impacts of all interspecies

collisional momentum exchanges:

Gi
coll � Gi − WiVi. �15�

Note that Gi
coll includes a contribution from the left hand side

of Eq. �12� via Eq. �6�. This new term cancels an identical
term inside Gi so that Gcoll is now properly Galilean invari-
ant. Since interspecies collisions conserve total momentum,
the sum of Gi

coll over all species must be identically zero:

�
i�=1

N

Gi�
coll = 0. �16�

Summing Eq. �13� over all species, one obtains the exact
macroscopic momentum equation of the mixture fluid:

�
i�=1

N ��i�

Di�Vi�

Dt
� = F . �17�

The �f inside F �see Eq. �5e�� is the net catch-all force per
unit volume acting on the mixture fluid. It is duly noted that
the left hand side is not yet in its familiar form.

1. The interspecies collisional term Gi
coll

Intuitively, Gi
coll should be zero if all the Vi’s are the

same. Thus, it is heuristically reasonable to expect Gi
coll to be

some linear combination of the vi
*’s—any missing term can

be accounted for later by the catch-all term �ifi. Using in-
sights from elementary kinetic theory �and assuming that
only binary collisions need to be considered�, one can ex-
press Gi

coll in the Stefan-Maxwell form7,8 using only macro-

scopic variables:
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Gi
coll = �

j=1

N

m̄ij�ij�V j − Vi� = �
j=1

N

m̄ij�ij�v j
* − vi

*� , �18�

where m̄ij =mimj / �mi+mj� is the “reduced mass” and �ij is
the collision frequency �per unit volume� of collisions be-
tween i and j molecules. All elements of these two symmet-
ric matrices are positive numbers. Kinetic theory calculations
on the detailed dynamics of the elastic and inelastic �e.g.,
chemically active� interspecies collisions are needed to gen-
erate numerical values for �ij.

11

It is convenient to rewrite Eq. �18� as follows:

Gi
coll = − �

j=1

N

Kijv j
*, �19�

where Kij is defined by

Kij � �ij �
j�=1

N

m̄ij��ij� − m̄ij�ij , �20�

and �ij is the Kronecker delta. Note that Kij is always sym-
metric, and it always automatically satisfies

�
i=1

N

Kij = 0, �21�

Eq. �21� says Kij is a singular matrix—which is a direct
consequence of Eq. �16�. The rank of Kij is assumed to be
N−1.

2. The nonsingular matrix K̂ij

Equation �13� can now be rewritten as follows:

�i
DiVi

Dt
= Fi − �

j=1

N

Kijv j
*. �22�

If Kij were not a singular matrix, one could immediately use
its inverse to solve for vi

* directly from Eq. �22�. Since Kij is
definitely singular, this is not possible. Moreover, one must
also make sure that the vi

*’s always honor Eq. �4�, the zero-
net-flux condition.

There are many ways to proceed. For example, one
could select one judiciously chosen component of Eq. �22�
and replace it by Eq. �4� such that the resulting N�N matrix
operating on vi

* is now nonsingular. To highlight the fact that
the formal result is nonunique, the present paper proceeds by

introducing K̂ij, which is defined by

K̂ij � Kij + 	i� j, i, j = 1, . . . ,N , �23�

where the 	i’s are N arbitrary numbers �with a physical
dimension of reciprocal time� that satisfy

�
i=1

N

	i � 0. �24�

Note that K̂ij is, in general, nonsymmetric unless one chooses
	i=b�i, where b is independent of i.12

Unlike the original singular Kij, this new �nonunique�
ˆ
Kij—which respects Eq. �24�—is no longer singular:
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�
i=1

N

K̂ij = ��
i=1

N

	i�� j � 0. �25�

The singular Kij in Eq. �19� �and Eq. �22�� can now be re-
placed by the nonsingular �nonunique and most probably

nonsymmetric� K̂ij—while honoring Eq. �4� at the same
time:

Gi
coll = − �

j=1

N

K̂ijv j
*. �26�

The inverse of K̂ij now exists, and can be applied to both
sides of the new equation �22� to obtain

vi
* = �

j=1

N

�K̂�ij
−1�F j − � j

DjV j

Dt
� . �27a�

Using Eq. �5c� to eliminate F j, one obtains

vi
* = − p�

j=1

N

�K̂�ij
−1�d j −

Y j

p
�F − �

DjV j

Dt
�� . �27b�

Formally, Eq. �27a� and Eq. �27b� are both an exact alterna-
tive representation of Eq. �12�, the original species-specific
macroscopic momentum equations. No approximation had
been used, and Eq. �27a� and Eq. �27b� are valid for what-
ever one may have chosen for the catch-all term �ifi—while
honoring Eq. �4� always. Both are not yet the final diffusion
law—because DjV j /Dt on their right hand sides depends on
v j

*. The perfect gas law made no appearance.

3. The species-specific accelerations

It is easy to be convinced that K̂ij =O�1/��, or �K̂�ij
−1

=O���. Since Gi
coll must be O�1� for asymptotically small �,

Eq. �19� says the leading approximation for vi
* in the small �

limit must be

vi
* = O��� . �28�

In other words, to leading order all species move with the
same V, the mass-averaged velocity of the mixture fluid.
Hence, to leading order the species-specific acceleration can
be approximated by the acceleration of the mixture fluid:

DiVi

Dt
=

DV

Dt
+ �Dvi

*

Dt
+ vi

* · ��V + vi
*�� , �29a�

=
DV

Dt
�1 + O���� . �29b�

Using Eq. �29b� in Eq. �17�, one obtains the familiar macro-
scopic momentum equation for the total mixture fluid:

�
DV

Dt
= F�1 + O���� . �30�

III. MACROSCOPIC DERIVATION RESULTS

So far, only macroscopic conservation laws have been

involved.
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The macroscopic derivation began by replacing the sin-
gular Kij in the macroscopic momentum equations with the

nonsingular but nonunique K̂ij, and using its inverse. Using
Eq. �29b� and Eq. �30� in Eq. �27b�, one obtains the leading
approximation for vi

*:

vi
* = − �

j=1

N

Dijd j�1 + O���� , �31a�

where

Dij = p�K̂�ij
−1 + ciej , �31b�

and the additive modifications �with arbitrary ci’s� are al-
lowed, as mentioned previously in Sec. I A. The macroscopic
derivation is done. The diffusion coefficient matrix Dij has

been related to K̂ij—which depends on all N�N−1� /2 inter-
species collisional parameters—by simple manipulations of
the macroscopic conservation equations. It is clear that Dij is
nonunique. See Sec. III B later.

With the caveat that the thermal diffusion term is still
missing, the above results are identical to Eq. �1a� and Eq.
�1b�—when �ifi is limited to represent only the body force.
By allowing it to be a catch-all force, the Furry-WIlliams
results are easily generalized beyond inviscid flows. Note
that the O��� error terms displayed in Eqs. �29b�, �30�, and
�31a� all arose from approximating the species-specific ac-
celerations by the mixture fluid acceleration. The effects of
the neglected higher order terms—those in the curly brackets
on the right hand side of Eq. �29a�—can be approximately
accounted for by iteration using Eq. �31a� or Eq. �1a� as the
first iterant to obtain a more accurate DiVi /Dt to be used in
Eq. �27a� or Eq. �27b�.

A. Thermal diffusion

Can the catch-all term �ifi recover the missing thermal
diffusion term? Since thermal diffusion does not exert a net
force per unit volume on the fluid mixture, the needed catch-
all �ifi’s must honor

�f = �
i=1

N

�ifi = 0. �32�

Comparing Eq. �1a� with Eq. �31a� and using �ifi’s that
honor Eq. �32� to represent the thermal diffusion term, one
obtains

Di
�T� � �ln T� = − �

j=1

N

�K̂�ij
−1� jf j . �33�

Solving for �ifi and using K̂ij from Eq. �23� on both sides,
one obtains

�ifi = − ��ln T��
j=1

N

�Kij + 	i� j�Dj
�T�. �34�

�T� 13
Since �iDi honors Eq. �5b�, , one obtains
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�ifi = − ��ln T��
j=1

N

KijDj
�T�. �35�

Hence, this catch-all term recovers the thermal diffusion
term. Equation �32� is satisfied because Kij honors Eq. �21�.

Since the physical origin of the thermal diffusion term is
interspecies collisional momentum exchanges, it is more sat-
isfying to “derive” it by adding a physically meaningful term
to Gi

coll in Eq. �26�. This additional term is a vector. Heuris-
tically, this vector is expected to be parallel to the tempera-
ture gradient. Hence a vector with this property is inserted
into Eq. �26�, yielding

Gi
coll = − �

j=1

N

K̂ij�v j
* + Dj

�T� � �ln T�� , �36a�

=�
j=1

N

m̄ij�ij��v j
* − vi

*� + �Dj
�T� − Di

�T�� � �ln T�� . �36b�

The thermal diffusion term is thus heuristically “derived.”
A formula for Di

�T� that honors Eq. �5b� is

Di
�T� = D̃i

�T� − �
j=1

N

Y jD̃ j
�T�, �37�

where the newly introduced scalar D̃i
�T� is heuristically ex-

pected to depend only on the properties of the i species. Note

that the Di
�T�’s in Eq. �36b� can be replaced by the D̃i

�T�’s
without other changes.

The physical dimension of D̃i
�T� is the velocity length.

Heuristically, it should be the product of the random thermal
velocity and a mean-free path associated with the i species. If

D̃i
�T� is assumed positive, then Eq. �37� is consistent with the

observations that heavier molecules are pushed in the direc-
tion opposite to �T.

B. Uniqueness of Dij

The fact that Dij is fundamentally nonunique is clearly
documented in the literature.1–4,14–18 It is emphasized that for
given spatial nonuniformities �i.e., the di’s�, the correspond-
ing diffusion fluxes �i.e., ji

*’s� are always unique.19 Only the
elements of the diffusion coefficient matrix Dij are nonu-
nique. It is unfortunate that this nonuniqueness is seldom
given the emphasis it deserves. The following exposition is
an attempt to shed light on this issue—using only macro-
scopic concepts.

Using only dimensional arguments along with heuristic
reasonings, one can express �ij as follows:

�ij = ninjCij
ij , �38�

where Cij is a characteristic collisional velocity, 
ij is a char-
acteristic �momentum� cross section of i-j collisions, and
both are positive entities. There are N�N−1� /2 physically
meaningful �temperature dependent� 
ij’s. Substituting Eq.

�20� into Eq. �23� and using Eq. �38�, one obtains

Downloaded 21 Jul 2006 to 128.112.204.195. Redistribution subject to
K̂ij = �ij
p�i

�
�
j�=1

N
� j�

Dij�
+ �i� j�ij , �39a�

where

�ij �
	i

�i
−

p

�Dij
, �39b�

and Dij, commonly referred to as the binary mass diffusion
coefficient, is shorthand notation for

Dij � �mi + mj

Cij
ij
� p

�
, �39c�

which is a symmetric matrix that contains all the relevant
binary interspecies collisional parameters. While Dij is kine-
matic and has the physical dimension of velocity-length, Dij

has the physical dimension of mass density-velocity-length.
The diagonal elements Dii’s are called the coefficients of
self-diffusion.2 Most importantly, �Dij / p depends only on the
relevant binary collision parameters and not on the compo-
sition of the mixture.

The nonunique K̂ij depends on all the arbitrary 	i’s �that
must honor Eq. �24��. The matrix Dij is related to the inverse

of K̂ij and allows additional nonunique modifications, as in-
dicated by Eq. �31b�. The arbitrariness may be freely ex-
ploited. Aside from the option of setting Dii=0 chosen by
Ref. 2, p. 477, another option is to set one column of Dij to
zero—preferably the column pointing to the most uninterest-
ing major species in the mixture. Another popular option is

to choose 	i=b�i so that �ij �and therefore K̂ij� is
symmetric,4,14–17 and to impose the optional condition �i

=0 at the same time. The various nonunique Dij’s so deter-
mined are exact, usually nondiagonal, but they are all cor-
rect.

Ferziger and Kaper made the following comments on the
nonuniqueness of Dij �Ref. 4, pp. 175–176�: “¼there is con-
siderable variation among authors in the¼ definition of the
multicomponent diffusion¼ coefficients.” It should be clear
from the present derivation that the nonunique Dij has no
fundamental obligation to be symmetric �Ref. 1; see its Sec.
11.2d�, and � j has no fundamental obligation to be zero. The
Appendix shows a collection of valid Dij’s for the binary
case.

The often adopted diagonal Dij is an approximation that
can be justified �for N�3� under at least two scenarios. The
first is the trace gas scenario in which the concentrations of
all the interesting diffusing species are negligibly low in
comparison to their dominant collision partner whose diffu-
sion is of no interest. The second is when Dij has very weak
dependence on i and j so that Dij
 constant is an acceptable
approximation. Both allow �i� j�ij to be neglected by choos-
ing the appropriate 	i’s. Corrections to such leading approxi-
mations can easily be obtained by iterations.19 The � j’s for

diagonal Dij’s are obviously nonzero.
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C. Diffusion in viscous flows

For a Newtonian fluid in low speed flows, Eq. �30� is the
Navier-Stokes momentum equation for the mixture fluid.
Hence, the catch-all term �f for incompressible viscous flows
of a mixture fluid must be

�f = � · �
 � V� , �40�

where 
 is the mixture fluid viscosity and is expected to be a
function of the composition of the mixture. When this term is
not negligible, the flow is said to be viscous. Hence, for
multicomponent viscous flow problems, the �ifi’s must con-
tain viscous terms—because they must sum up to
� · �
 �V�. These nonzero �ifi’s should contribute to the dif-
fusion flux ji

* of the i species. Heuristically, the simplest
model is

�ifi = � · �
i � V� , �41�

where 
i is the viscosity of the i species in this particular
mixture—it is not the viscosity of a pure i species gas. Using
Eq. �5f�, one finds that the 
i’s must be related to the mixture
fluid viscosity 
 by


 = �
i=1

N


i. �42�

Using Eq. �41� for �ifi in Eq. �1c�, one obtains

gi =
1

p
�Yi � · �
 � V� − � · �
i � V�� . �43�

This is the new term in the multicomponent diffusion law
�using Eq. �41� as the model� contributed by the viscous term
in the species-specific momentum equations and thus it
should be kept whenever the dynamics of the mixture fluid is
viscous.

The value of 
i, the species-specific viscosity, must obey
Eq. �42�. A simple-minded guess for 
i is


i = Xi
 , �44�

where the 
 of the mixture fluid that itself is dependent on
the detailed composition of the mixture. Using Eq. �44� in
Eq. �43�, one obtains

gi =
1

p
��Yi − Xi� � · �
 � V� − 
��Xi · �V�� . �45�

To clear the air immediately, one notes that the new term is
of no importance in �transverse� diffusion problems in
boundary layers of large Reynolds number flows. This is
because in such boundary layer problems the interesting
component of the diffusion velocity vi

* vector is perpendicu-
lar to V, while the new gi vector—according to Eq. �45�—is
parallel to V.

If the first term �Xi on the right hand side of Eq. �1b� is
considered O�1�, then the second term �p / p is O�M2�
�where M is the characteristic Mach number of the problem�,
and the third term gi is O���. Thus the new viscous term in di

is a higher order term from the vantage point of formal
asymptotic analysis—when � alone serves as the only small

parameter. In other words, this term is properly neglected in
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any “leading order” small � expansions.7,8 However, the
Reynolds number Re of a problem is formally O�M2 /��.
Thus the order of magnitude of the �p / p term and the gi

term are comparable for Re=O�1� problems. In order to be
consistent, if one were kept, the other should also be kept.

In the classical kinetic theory approach, one formally
needs to go beyond the Chapman-Enskog expansion results
to deal with the impacts of the viscous term. In Sec. 15.42 of
Chapman and Cowling,3 the next order terms—nine of
them—were obtained and displayed. In the present macro-
scopic approach, the viscous gi term appears in the leading
approximation via the catch-all term, and can be identified
with the terms associated with �e, � f, �h, and �i in Ref. 3, Eq.
�15.42,1�. The five other higher order terms there can be
identified with the correction terms generated in the present
approach when the next approximation to the species-
specific acceleration is used in Eq. �27a� or Eq. �27b�.

D. Other body forces

It is well known that for any fi that is independent of i
�such as gravity�, the associated gi is identically zero. If
some of the species are charged particles, the relevant �ifi’s
would be the Lorentz forces. The resulting diffusion laws
provide the basis for the Ohm’s Law for electrically conduct-
ing fluid mixtures.

E. Heat and mass diffusion couplings

If one were to write down all N species-specific macro-
scopic energy equations and allowed each component spe-
cies to have their own temperature Ti, a similar analysis
could only conclude that Ti=T+O��� in the continuum limit
�except when there is large disparity in the molecular masses
of the species—e.g., electrons and ions�. No multicomponent
heat conduction law would come out from this line of attack.

Let q denote the conduction heat flux vector. For a single
component medium, the Fourier Law of heat conduction is
simply q=−� �T, where � is the heat conductivity coeffi-
cient. For a multicomponent fluid mixture, cross couplings
between mass and heat diffusion are expected. The contribu-
tion to mass diffusion by temperature gradient is called the
Soret effect �i.e., thermal diffusion�, while contributions to
heat flux by concentration gradients is called the Dufour ef-
fect. These two effects are �indirectly� related by the Onsager
Reciprocity Relation, which is based on perceptive insights
from statistical mechanics and thermodynamics.20 See Cole-
man and Truesdell21 and Ball and James �Ref. 22, p. 13� for
succinct commentaries on this topic.

IV. CONCLUDING REMARKS

In the Furry-Williams approach, the values of the mo-
mentum cross sections �
ij� and the thermal diffusion coef-

ficients �Di
�T� or D̃i

�T�� are left alone; they are to be separately
handled by detailed calculations of some relevant kinetic
theory �temperature-dependent� collision integrals. The deri-
vation here reproduced Eq. �1a�, and showed that it is actu-
ally the species-specific macroscopic momentum equation

after the singular matrix Kij has been rendered nonsingular
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with the help of the zero-net-flux condition. The perfect gas
assumption is not crucial �and was not used explicitly�. The
sophistication and complexity of the mathematics involved
here are quite low—in comparison to the kinetic theory ap-
proach. A major shortcoming of the Furry-Williams approach
is that it cannot satisfactorily handle—beyond the dimen-
sional analysis level—transport terms that arise solely from
intraspecies collisions �such as viscous stresses and heat con-
duction in a pure gas�. Thus, the viscous term in the species-
specific momentum equation had to be deferred to the catch-
all term and needed much hand wavings.

Summarizing: the heuristic expression for Gcoll in Eq.
�36b� is the heart of the Furry-Williams approach. Once it is
adopted, the nonunique multicomponent diffusion matrix Dij,
which need not be symmetric, is straightforwardly obtained
from the species-specific macroscopic momentum equations

using any nonsingular K̂ij with the help of some nonunique
	i’s. Additional nonunique modifications are allowed by Eq.
�5a�. The only needed approximation was the use of Eq.
�29b� instead of Eq. �29a� for the species-specific accelera-
tion term. The catch-all term �ifi stands ready to accommo-
date any additional omissions or oversights. Kinetic theory
and the Boltzmann equation stay in the background.

In the continuum diffusion literature, the concepts of en-
tropy, chemical potential, and the Gibbs-Duhem equation
play a major role. It is interesting that in the Furry-Williams
derivation, none of the above made an appearance. However,
they can play a major role when the Dufour effect takes
center stage.

Fortunately, the “new” viscous term in the diffusion law
is not important in most boundary layer problems, as was
explained previously. In theories of shock and detonation
structures, the viscous term does play a significant role in the
mixture fluid momentum equation. For such problems, the
interesting diffusion velocity vector is in the general direc-
tion of V. Hence, this new term could play a significant role
in such problems. However, for such problems the con-
tinuum assumption itself is marginal, and it is not clear that
this new term in the diffusion law is the most important issue
to be dealt with.

APPENDIX: THE BINARY MIXTURE CASE

For the binary mixture case, one has

X1 + X2 = 1, Y1 + Y2 = 1, d1 + d2 = 0, �A1a�

m̄12�12 = m̄21�21 = �1�2
p

�D12
, �A1b�

D12 �
p

�

m1 + m2

C12
12
= D21, �A1c�

G1
coll = − G2

coll = m̄12�12�v2
* − v1

*� = − �
2

K1jv j
*, �A1d�
j=1
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Kij = m̄12�12� 1 − 1

− 1 1
� =

�1�2p

�D12
� 1

− 1
��1 − 1� .

�A1e�

By taking advantage of Eq. �4�, the zero-net-flux condition,
the singular matrix Kij can be replaced by the nonsingular

matrix K̂ij, whose inverse exists and is readily found:

K̂ij = Kij + �	1

	2
���1 �2� , �A2�

�K̂ij�−1 =
1

��	1 + 	2��1 +
	2�D12

�1p
1 −

	1�D12

�1p

1 −
	2�D12

�2p
1 +

	1�D12

�2p
� .

�A3�

Here 	1 and 	2 are arbitrary and they satisfy 	1+	2�0. As
mentioned previously in Sec. I A, an additional arbitrary
term may be added to every column element of each row to
obtain Dij:

Dij � p�K̂ij�−1 +
p

��	1 + 	2���1

�D12

p
− 1

�2

�D12

p
− 1��1 1�

=
D12

�	1 + 	2���1 +
	2

�1
�1 −

	1

�1

�2 −
	2

�2
�2 +

	1

�2

� . �A4�

It is easily verified that � j =�i=1
2 �iDij ��1�1+�2�2; i.e., its � j

is always independent of j. Thus the required property, Eq.
�5a�, is automatically satisfied �without the need to impose
� j =0�.

The choices for �1 and �2 are arbitrary—together
with 	1 and 	2 they provide a total of four arbitrary param-
eters �the actual degrees of freedom is less�. If one chooses
�1=−	2 /�1 and �2=−	1 /�2, then Dij has all zeros on the
diagonal2 and is nonsymmetric. It is interesting to note that if
	1, 	2, �1, and �2 are all proportional to b, then the resulting
Dij is independent of the scaling factor b.

While Dij has no fundamental obligation to be symmet-
ric, it can be made symmetric by choosing �1=	1 /�1+c and
�2=	2 /�2+c, where c is arbitrary. The resulting symmetric
Dij is not yet unique. If the additional �optional� � j =0 con-
dition is imposed on this Dij, then c=−�	1+	2� /� must be
chosen, yielding4,14–17

Dij =
D12

� �
�2

�1
− 1

− 1
�1

�2

� . �A5�

One may choose to ignore the optional � j =0 condition, and
obtain a diagonal Dij by setting c=0. Note that for N�3 in

the general case, Dij cannot be made diagonal this way.
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