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Abstract

Is it possible to exert control on a physical system with-
out detailed knowledge of its open-loop dynamics? Re-
cently, Lam [1, 2] showed that a special dynamic con-
trol law can accomplish this feat for a certain class of
nonlinear systems, provided accurate and good quality
data of all output variables, including their time deriva-
tives, are assumed available to the controller. This pa-
per generalizes this theoretical idea to a class of scalar
autonomous optimal control problems.

1 Introduction

The recent explosive advances of microelectronics pro-
vide powerful new tools to control engineers. One
can readily assume that ample computational power
is available to the (programmable) controller, and that
the sampling time, ts, is “sufficiently small.” In addi-
tion, advances in sensor technologies make it possible
to also assume that very accurate direct measurements
of the output variables are available to the controller,
including their time derivatives. On the other hand,
the task of formulating and validating a mathematical
model for a real world system has remained as difficult
as ever. An interesting question is: can we exploit the
advances of microelectronics and sensor technologies
to alleviate the modeling difficulties? This question
was addressed by the author [1, 2] for classical control
problems, and the answer reached was affirmative—
provided “approximate” solutions are considered ac-
ceptable. With the new approach, detailed knowledge
of the system’s open-loop dynamics is not needed so
long as accurate direct measurements of the output
variables and their time derivatives are available to the
controller. This paper extends this theoretical idea to
deal with a general class of scalar autonomous optimal
control problems.
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2 Statement of the Problem

Consider the optimal control problem for the scalar
variable x governed by the following quasi-linear, au-
tonomous ODE:

dx

dt
= g(x) + bu (1)

where g(x), a bounded differentiable function, repre-
sents the open-loop dynamics of the physical system, b
is a constant, and u is the scalar control variable. The
initial and terminal conditions are:

x(0) = xo, (2a)

dx

dt
(tf ) = 0, tf >> 1. (2b)

Of particular interest is the special case when the
time interval of interest is semi-infinite, i.e. when tf

is asymptotically large [3]. The mathematical problem
is to find u(x; t) such that the resulting trajectory x(t)
generated by (1) as an initial-value problem not only
honors both (2a) and (2b), but also minimizes the total
cost J of the whole endeavor defined by:

J (xo, xf ; tf) ≡
∫ tf

0

L(u(t), x(t))dt, (3)

where

L(u, x) = φ(x) +
u2

2
, (4)

φ(x) is any user-defined, non-negative, bounded and
differentiable function of x, and the term u2/2 is in-
cluded to reflect the usual desire to minimize control
efforts. It is important to note that both g(x) and
L(u, x) have been assumed autonomous, i.e. they are
not allowed to have explicit time dependence. It is
assumed that x, u, g and φ have been appropriately
normalized such that they are nominally O(1). The in-
dependent variable t is also assumed normalized so that
the characteristic time of the problem—appropriately
defined—is O(1). The sampling time ts of the con-
troller is assumed to be “asymptotically” small in com-
parison.



The terminal condition (2b) implies that x monotoni-
cally approaches a constant value, to be denoted by x̂0,
for t >> 1. The associated value of u, to be denoted
by û(x̂0) or simple û0, can be solved for by substituting
(2b) into (1). We obtain:

û0 ≡ û(x̂0) = −g(x̂0)

b
. (5)

The value of L(û(x̂0), x̂0), to be denoted by L̂(x̂0) or

simply L̂0, is then:

L̂0 ≡ L̂(x̂0) = φ(x̂0) +
g2(x̂0)

2b2
. (6)

For large but finite tf , (3) can be rewritten as:

J (xo; tf ; L̂0) = tf L̂0 + ∆J (xo; L̂0) (7)

where tf L̂0 represents the cost of simply staying put

on x̂0 for all 0 ≤ t ≤ tf , and ∆J (xo; L̂0) represents the
finite cost of transition from x = xo to x = x̂0, and is
given by

∆J (xo; L̂0) =

∫ ∞

0

[
L(u(t), x(t))− L̂0

]
dt. (8)

For problems with tf >> 1 and L̂0 > 0, the total cost

J is dominated by the tf L̂0 term. Hence, L̂0 must be

a minimum of L̂(x) in order to achieve the lowest cost:
(

dL̂
dx

)

x=x̂0

= 0,

(
d2L̂
dx2

)

x=x̂0

> 0, (9)

The first equation in (9) provides an algebraic equation
for x̂0. For the moment, we assume at least one root
exists. If more than one root exist, all roots are poten-
tially of interest if tf is finite since the choice of root
can depend on the values of xo and tf (see §6 later). In
the tf >> 1 case, the root associated with the lowest

L̂0 should prevail.

Let u∞(t) denote the exact mathematical solution of
the problem. It is well known that the initial-value
problem of (1) using u = u∞(t) may or may not recover
the exact optimal solution x∞(t) because (1) may be
“open-loop” unstable. In general, a closed-loop control
law, u = u∞(x; t) is preferred. The goal of the present
paper is not to find u∞(t) and x∞(t), but rather to
find a stable “universal” closed-loop optimal control
law without the need for detailed knowledge of g(x).

In actual applications, the x needed in any closed-loop
control law u(x, t) is provided by sensor measurements.
We assume both x(t) and its time derivative, ẋ(t), are
directly measured, and denote the measured data by
x∗(t) and ẋ∗(t), respectively. Since measurements al-
ways involve noise, we have:

x∗(t) = x(t) + O(δ), (10a)

ẋ∗(t) = ẋ(t) + O(δ), (10b)

where the O(δ) terms represent the (zero-mean) abso-
lute error of the measurements. It is assumed that δ,
the error threshold of the measurements, is small.

The main message of this paper is that if good qual-
ity x∗(t) and ẋ∗(t) data are provided, any scalar au-
tonomous optimal control problem can be solved ap-
proximately if tf is large and the value of L̂0, û0 and
x̂0 are somehow provided. Detailed knowledge of g(x)
is not needed. Instead of a static closed-loop control
law, a dynamic control law shall be proposed which
can exploit both the availability of ẋ∗(t) and the com-
putational power of the controller to generate an ap-
proximate solution to the optimal control problem.

3 Known Analytical Results

It is well known that an exact static control law u∞(x)
can be solved for by quadrature—provided g(x) is avail-
able [4, 5]. The classical approach defines the Hamil-
tonian by:

H(ẋ, x, u, λ) ≡ λ
dx

dt
− L(u, x) (11)

where λ is the so-called co-state variable. For the prob-
lem at hand, ẋ in H(ẋ, x, u, λ) can be eliminated using
(1) to obtain:

H(x, u, λ) ≡ H = λ (g(x) + bu)−
(

u2

2
+ φ(x)

)
(12)

where H(x, u, λ) is an alternative representation of H
in terms of x, u, and λ. Using calculus of variation, one
obtains an algebraic equation for u

(
∂H
∂u

)

x,λ

= 0, (13)

and an ODE for λ:

dλ

dt
= −λ

dg

dx
+

dφ

dx
. (14)

For the specific (12) under consideration, (13) yields:

u = bλ. (15)

Using (15) to eliminate λ from (14) in favor of u, one
obtains:

du

dt
= −u

dg

dx
+ b

dφ

dx
, (16)

which, together with (1), poses a two-point boundary
value problem for x and u.

A well known result of classical theory is that H(x, u, λ)
is a constant when H is autonomous—i.e. when H has
no explicit dependence on t. Evaluating the constant
at the terminal point, one obtains:

H(x, u, u/b) + L̂0 = 0, (17)



which—for the problem at hand—is a quadratic equa-
tion for u. We denote the two roots by u±∞(x; L̂0):

u±∞(x; L̂0) ≡
1

b

(
−g(x) ±

√
2b2

(
L̂(x)− L̂0

))
. (18)

where L̂(x), as defined by (6), depends on g(x) and
φ(x). By construction, they are potential exact optimal
closed-loop static control laws:

u = u±∞(x; L̂0). (19)

Some useful properties of u±∞(x, L̂0) are:

u+
∞(x, L̂0) ≥ u−∞(x, L̂0), (20a)

u+
∞(x, L̂0) + u−∞(x, L̂0) = −2g(x)

b
. (20b)

Substituting (19) in (1), we obtain a single ODE for
the exact optimal trajectory x∞(t):

dx∞
dt

= ±
√

2b2
(
L̂(x∞) − L̂0

)
. (21)

It is easily verified that the initial-value problem posed
by (21) is always stable. The selection of the correct
sign is intuitively obvious: the positive sign is to be
used whenever x̂0 > xo; otherwise the negative sign
prevails. It is easy to show that u+

∞(x; L̂0) is associated

with ẋ > 0, while u−∞(x; L̂0) is associated with ẋ < 0.

The exact optimum cost of the transition from xo to
x̂0, to be denoted by ∆J∞, can be computed without
knowing x∞(t). Replacing the integrand L− L̂0 in (8)
using (11) and (17), we have, with the help of (18):

∆J∞(xo; L̂0) =
1

b

∫ ∞

o

u±∞ẋ∞dt

=

∫ x̂0

xo


g(x)

b2
±

√
2(L̂(x) − L̂0)

b2


 dx. (22)

We shall find this formula useful later in evaluating the
quality of our numerical simulations.

The weakness of the classical exact closed-loop static
control law (19) is that detailed knowledge of g(x) is
needed—i.e. a validated mathematical model of the
open-loop system dynamics is a prerequisite. The ques-
tion being addressed is: if good quality ẋ∗(t) is made
available to the controller in addition to x∗(t), can the
need for detailed knowledge of g(x) be reduced?

4 The New Approach

We now propose the following dynamic control law to
be used by the controller:

du

dt
= − 2b

ẋ∗(t)∆t

(
H(ẋ∗(t), x∗(t), u, u/b) + L̂0

)
(23)

where ∆t is a judiciously-chosen “sufficiently small”
positive time constant, and H(ẋ, x, u, u/b) is the origi-
nal representation of the Hamiltonian with λ replaced
by u/b:

H(ẋ, x, u, u/b) =
uẋ

b
−

(
u2

2
+ φ(x)

)
. (24)

When the physical system is “run,” the Laws of Nature
integrate (1)—which employs the actual g(x)—using
u(t) computed by the controller via numerical integra-
tion of (23) in real time. Note that the numerical eval-
uation of the right hand side of (23) needs only u(t),

x∗(t), ẋ∗(t), b, the value of L̂0, plus detailed knowledge
of the user-specified function φ(x). All of the above in-
formation are assumed available to the controller. The
value of ∆t is the only “design parameter” in the con-
trol law—it should be chosen to be as small as prag-
matically possible. To ensure stability of the numerical
computations, ∆t should be somewhat larger than ts,
the sampling time of the controller. The preferred nu-
merical integration algorithm is the simple Euler (for-
ward difference) method.

The properties of the coupled system of (1) and (23)
can be studied by expressing the right hand side of
(23) in terms of u and x. Replacing x∗ and ẋ∗ in terms
of the actual x and ẋ using (10a,b), eliminating the
actual ẋ using (1), and taking advantage of the assumed
smallness of the O(δ) terms, we obtain:

du

dt
= −

(
u− u+

∞(x; L̂0)
)(

u− u−∞(x; L̂0)
)

+ O(δ)

∆t
{
u−

[
u+
∞(x; L̂0 + u−∞(x; L̂0)

]
/2 + O(δ)

} ,

(25)

where the u±∞(x, L̂0)’s were previously defined in (18).
In the small ∆t limit, the stability property of (25)
can readily be examined by a variety of methods—
e.g. by the graphical method of isoclines—under the
assumption that the associated x(t) is smooth and well-
behaved. The rationale for putting ẋ∗(t) in the denom-

inator of (23) should be obvious. Both u±∞(x, L̂0)’s can
be shown to be stable “quasi-steady” solutions of (23)
or (25). The initial condition u(0) determines which
quasi-steady solution will be selected.

When the measured data are noise-free (i.e. δ = 0), it
is easy to be convinced that u(t) generated by (23) (us-
ing an appropriately selected u(0) as initial condition)

will rapidly approach either u+
∞(x; L̂0) or u−∞(x; L̂0)—

with O(∆t) error—after an initial transition layer of
“thickness” O(∆t).

The stability analysis of (25) also provides insights on
the remaining issue: the choice of u(0). The following
conditions are readily arrived at:

bu(0)(x̂0 − x∗(0)) > 0, ẋ∗(0)(x̂0 − x∗(0)) > 0. (26)



In other words, the correct u(0) must immediately steer
x∗(t) in the “right” direction. Any reasonable u(0) sat-
isfying (26) will do fine—u(t) will rapidly approach the
correct quasi-steady solution with a benign initial tran-
sient for t = O(∆t), and follow it closely afterwards. Of
course, if an approximate value of u∞(0) were some-
how known, its use not only would select the correct
quasi-steady solution, but also would suppress the ini-
tial transient.

4.1 Effects of Measurement Noise
When measurement noise is present, the impacts of δ 6=
0 on (23) can be studied by inspection of (25). The
O(δ) term in the numerator of the right hand side is
generally benign and harmless. However, the O(δ) term
in the denominator is troublesome when u is in the
vicinity of û0 and x(t) is in the vicinity of x̂0. Hence,
once |x∗(t) − x̂0| decays below δ, the dynamic control
law (23) must be abandoned to avoid difficulties caused
by the denominator. Instead of (23), a simple static
control law can be used:

u = û0 −
K

b
(x∗(t)− x̂0) (27)

where K > 0 is a judiciously chosen feedback gain.
A simple way to chose the “right” value for K is as
follows. While (23) is still in control, the current “ef-
fective” value of K defined by:

K∗(t) ≡ −
b(u(t)− û0)

x∗(t)− x̂0
(28)

can be computed and stored in memory. As the value of
|x∗(t)−x̂0| approaches O(δ), the value of K∗(t) so com-
puted is expected to approach a limiting value. When
the static control law (27) takes over from (23), K can
be chosen to be somewhat larger than the last com-
puted value of K∗ stored in the memory.

Any microprocessor-based programmable controller
should have no difficulty switching between the dy-
namic (23) and the static (27) control laws as described
above. While (27) is obviously a suboptimal control
law, the penalty on J is O(δ) and should be of little
concern for most practical problems.

5 Example

Consider a problem with g(0) = 0, φ(0) = 0 and
dφ/dx(0) = 0. To be specific, we consider:

g(x) = αx + x2G(x), (29a)

φ(x) = x2F (x). (29b)

where α is an unknown constant of uncertain sign,
G(x) is some unknown differentiable function of x, and
F (x) > 0 is a known (user-chosen) differentiable func-
tion of x. The example presented in Anderson and

Kokotovic [3] is a special case of this problem with
b = 1, α = 0, G(x) = x, and F (x) = 1.

Substituting (29a) and (29b) in (6), we obtain L̂(x) for
this problem:

L̂(x) = x2
{

F (x) + [α + xG(x)]
2
}

(30)

The controller has no detailed knowledge of the system
except for the following: the value of b, x̂0 = 0, û0 = 0
and L̂0 = 0.

When |x∗ − x̂0| >> δ, the controller numerically inte-
grates (23) which, for this specific example, is written
out below:

du

dt
= − 2b

ẋ∗(t)∆t

{
uẋ∗(t)

b
− u2

2
− x2

∗(t)F (x∗(t))

}

(31)
The initial condition u(0) is required to satisfy (26).
The value of ∆t should be somewhat larger than ts,
the sampling time of the controller which is assumed
to be “sufficiently small.” In computer simulations, the
relevant ts is the numerical integration time step. Note
that (31) needs no knowledge of α and G(x). It does
need good quality x∗(t) and ẋ∗(t) data, full knowledge
of the user-chosen F (x), and the numerical values of b.

When |x∗ − x̂0| decays and becomes O(δ), the static
control law (27) takes over (with û0 = 0 and x̂0 = 0).
It is intuitively obvious that if K > K∗ is chosen, the
theoretical stability requirement K − α > 0 will be
satisfied. The actual numerical value of K used has
little theoretical or practical significance in the small δ
limit.

Numerical simulations were performed using this hy-
brid control algorithm for a variety of α’s, G(x)’s and
F (x)’s. The sole design parameter ∆t in (23) was cho-
sen to be 2ts where ts = 0.01 was the numerical inte-
gration time step used in the simulation. The initial
values for u(0) were selected as discussed. Both ẋ∗(t)
and x∗(t) were assumed independently measured, and
measurement noises were emulated by O(δ) zero-mean
random numbers (δ = 0 and 0.05 were used), refreshed
at every integration time step. The results were gen-
erally in full accordance with theoretical expectations.
When δ = 0 (measurement was noise-free) the dynamic
(23) needed no assistance at all. When δ > 0, the
static (27) was needed, and was successful in control-
ling the final phase using K = 1.5K∗—the uncertainty
of the sign and magnitude of α was handled in strides.
The performance of the controller was generally excel-
lent, as judged by comparing the numerical values of
J obtained in the simulations with the theoretical J∞
directly computed from (22)—so long as the noises con-
tained in x∗(t) and ẋ∗(t) are both small. The interested
readers can easily verify the above claims on desktop
computers using their own favorite software packages.



6 Multiple Minimums

Consider now the case when the terminal condition
(2b) is replaced by

x(tf ) = xf , tf >> 1. (32)

Without loss of generality, we assume that xf is distinct
from x̂0.

When tf is asymptotically large, the strategy is clear.
The optimum trajectory now consists of three distinct
phases: the first phase is a transition to go from xo to
x̂0, the second phase is to stay put on x̂0 until tf is
near, and the third phase is another transition to go
from from x̂0 to xf . The first two phases are handled
as described in the previous sections—use (23) for the
transition follow by (27) for staying put. For the final
phase, (23) is to be used again, initiated by a gentle
“kick” in the right direction at the “right” time. The
total cost is:

J = tf L̂0 + ∆J (x0; L̂0) + ∆J (xf ; L̂0) (33)

To arrive at x = xf precisely on time at t = tf is a very
difficult task; the present strategy assumes that O(1)
error in tf is acceptable.

We now assume that L̂(x) has multiple mininums, and
denote their locations by x̂n, n = 0, 1, . . .. These mini-
mums are ordered in ascending order of their associated
values of L̂n:

L̂0 ≤ L̂1 ≤ . . . . (34)

When tf is only moderately large, the magnitude

of tf L̂0 could be comparable to ∆J (xo, L̂0) and/or

∆J (xf , L̂0). When multiple minimums are present,
competing strategic options need to be considered. It
is now possible that some other x̂m, not necessarily
m = 1, can serve in the middle phase to achieve a lower
total cost—when either or both xo and xf are very far
from x̂0. In order for the controller to assess the mer-
its of such options and to make strategic tradeoffs, the
transition costs ∆J (xo, L̂n)’s and ∆J (xf , L̂n)’s and
the values of the associated ûn’s and x̂n’s must some-
how be made available.

7 Discussion

Obviously, if the measured data x∗(t) and ẋ∗(t)
are either unreliable or of poor quality, the present
controller—which has little knowledge of the system it
is controlling—will understandably be unreliable and
of poor quality. If the noise has zero mean and its fre-
quency ω is “high,” then a somewhat large value of ∆t

can be used to filter out the very high frequency compo-
nents (i.e. ω∆t >> 1). See Lam [6] for a more detailed
discussion, including numerical results of simulations.

It is important to stress that ẋ∗(t) should be directly
measured and not obtained by numerical differentiation
of x∗(t). From the point of view of sensor technology,
there is no reason to suppose that ẋ∗(t) is fundamen-
tally more difficult to measure than x∗(t). In principle,
the value of the system’s b, which is needed by both
(23) and (27), can also be directly measured by the
controller by pulsing u.

The main weakness of the present theory is that it
is applicable only to scalar and autonomous optimal
control problems. It can be applied with trivial mod-
ifications to “nearly” autonomous scalar problems—
provided the time dependence of the Hamiltonian is
sufficiently weak, i.e.

(
∂H
∂t

)

x,u,λ

= O(δ). (35)

Note that (35) accepts for the possibility of H(t1) −
H(t2) = O(1) for |t1 − t2| >> 1, thus allowing a much
richer set of strategic options when there are multiple
minimums. The prospect of totally removing the scalar
and the autonomous restrictions is not encouraging be-
cause the success of the present theory depends criti-
cally on the simplifications provided by both of these
restrictions.
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