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1. dy/dx=f(x,y)

(x,y) belong to [a,b;c,d]
We have already know that f(x,y) is continuous in [a,b;c,d]. According to Lipschitz
Theorem, for any (x,y) belong to [a,b;c,d], when

1T(X, y1)- T Y2) EK Y- Y2 |

we can be sure the solution exists and is unique.

Also according to Theorem 2.4.1 in p41 in Boyce& DiPrima, if ﬂf / ﬂy continuousin
[ab;c,d], they solution is exist and unique.

Actualy, we can prove that the two theorem are equal.

2.

dy
a— + pP(t)y = q(t
o p(t)y = q(t)

we want to find afunction u(t) that makes:

ug=uy’ +upy=(uy)’'=uy’ +u'y

SO: U'=up

u-= exp( C)pdt) The constant is not important here, because we just want to find au
who satisfy above equation.

So

uy =ouqdt +c

N « ~ Opdit
_quadt+c _ e®qdt +c
u e@pdt
Thisis 1st order ODE and we can only have 1 constant

b)




dy _ ycosx + 2xexp(y)
dx 1- sinx- x°exp(y)

(yconx +2xeY )dx + (- 1+ sinx + x%e¥)dy =0
M =ycosx +2xe’

N =-1+sinx +x°e’

BecauseM , =sinx +2xe” =N,

'%'hiiisé an exact differentiation and we can find afunction

df = de+ﬂ—dy Mdx + Ndy
™x Ty
f . =M =ycosx +2xe’
f =ysinx +x?e’ +h(y)
f,=N=-1+sinx+x’e’ =sinx +x°e’ +h
h(y)'=-1
h=-y+cC
f =ysinx +x°¢’ - y+c, =c
c)
2

> d%y dy
x?—2-ax=2-6y=2
dx? dx y

Thisis Eular Equation, the trick is assume t=Inx, so:



dy dy dt _1dy

dx dtdx xdt

dy _d dy,dt _d 1dy,1_~ 1 dxdy 1dy1
i dtaddx dxdx Ut xdex
_1dy_1dy
X2 dt? xdt

We can simplify the equation to:

Y (1)-3y’ (-6y()=2 _

first solve the homogeneous equation y’’ -5y’ -6y=0, we can get
6

Y = Cpexp(6t) +c, exp(-t) = ¢ X" +c,/ X

To solve inhomogeneous solution y’’ -5y’ -6y=2, Assume y=a

them a=-1/3.

so the solutioniis:

Y =Yn+Y, =CX° +Cy /X - 1/3

n
Another method to solve Eular equation issimply assume Y = X

Substitute them into the equation and get n. But you are lucky this time because nl and n2
aredifferent. If n1=n2, what can you do?

d)

Y VIR Yy

dx X* X

Thisis homogeneous equat| on. Thetrick isassume:
v(X)=y/x. So

dy/dx=d(xv)/dx=v+xVv’

And we can get:

VAXV =V +2v

x@—v +v

(0)'4

dx _ dv

X VZ+v

€) )
N

d2x  “dx



y'’=f(y’,y), thisis autonomous equation. The trick is assume:
v=dy/dx

d2y_dv_dvdy_vd_v
dx* dx dydx dy

dv 2, .2
V— =-V°+
dy Y

Now we get v asafunction of y. Thisisan 1st order ODE.

dx |-5 3|. [1]| 4
— = X+|.le
dt |3 5

a)  Thisisasystem of first order linear differential equations. First we find the solution
to the corresponding homogeneous problem.

dx, [-5 3]
dt 3 5
-5 3]
Thisinvolvesfinding the eigenvalues of the matrix 3 5|
N
Det =(-5-A)5-A)-9=0
AN EERNCRY
M =34
Ay = —+/34

b) Now we find eigenvectors corresponding to these eigenval ues.



For A1 = /34 wehavetofind avector €1 such that

For Anp =--/34
-5-A 3
2 £y =0
3 5-\>

(-5+32) 3f,=0

1
€y =|5-+/34
3

Having found the eigenvalues and a set of corresponding eigenvectors we can write

the homogeneous solution as

/34t

)?h = Clélemt + c2§2e_

d) Thefundamental matrix isformed by placing the two linearly independent solutions
into the columns of a matrix.

o V34t o—V/34t
W= (5 +\/3_4)e‘/ﬁt (5 = \/3_4)e_‘/ﬁt
3 3




e) Using the fundamental matrix the inhomogeneous equation can be solved by the

variation of parameters method. We assume a solution of the form, X = Pu, and after
substituting this into the differential equation we obtain,

1
lpﬁi — [ ]eat
2
i =",
uz
ul’e\/3_4t+u2’e—\/§1t _ et
 (5++/34 (5-+/34) _
uy (_)eMt+u2 (_)e V34t _ , at

3 3

' ' (5 —\/ﬁ) e_z,\/3—4t N 6 (a—\/3_4)t

i1 ="t i5+\/§li i5+\/ﬁie

' 2+/34 —+/34t 6 at _ eat

2 i5+\/ﬁie +i5+\/§1ie

' (—1+M)e(a+\/3_4)t

Uy =—pr—"

2./34



/34t ) —/34t _ _at

uj e +uye e
o (1+4/34) (arma)s
2 234
o (1+/34) (a_y3a)e
U] =—F———e

234

The above equations can be integrated to find ul and u2. First we will consider the case
where ais not equal to either of the two eigenvalues.

up = (1+\/ﬁ) e<a_‘/3_4)t+c
1 2\/3_4(a—\/§1) 1

_ (—1+\/ﬁ) (a+\/3_4)t
Y27 2 V3a(a+34)

+C2

Thus the solution to the inhomogeneous equation is



P!

|

34t y 2\/3_4(a—\/3_4)e

(1+434) (a3t )

€1

(5- 34 )e~ 3 (-1+v34)

e(a+\/3_4)t e
3 3 LZ\/3_4(a + \/3_4) 2
(1+a) ]
2
a -34)
((13 + 2a) edt | clé’leMt + c2§2e_‘/ﬁt
(a2 -34)

f) If aisequal to one of the eigenvalues, the method of variation of parameters still works.
In fact as long as the solution to the homogeneous problem is known, variation of
parameters can be used to find the solution for the inhomogeneous equation. The solution
of this problem, using undetermined coefficients, involves finding a particular solution to

the differential equation,

ip = éteat +beat

xp. Thisisaccomplished by assuming that

, Where the vectors aand b are determined by substituting xp into

1




the differential equation. The solution to the inhomongeneous problem is then
X =Xp +Xp.



