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Lecture 03: Sharpe Ratio, Bounds
and the
Equity Premium Puzzle

Prof. Markus K. Brunnermeler
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The long-term gains from the stock market have been astounding

TODAY'S VALUE OF 1$ INVESTED IN 1972
Including reinvestment of interests and dividends
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$20 - growth of stock
prices
$15 1 1y-Bonds earned
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— 8&P 500 (w/Dividends) — US Govemment Bonds (long term) — US Government Bonds (1 year)

Source. Mertens, Data from Ibbotson Associates
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Sharpe Ratios and Bounds

e Consider a one period security available at date t
with payoff x,,,. We have

pt = Et[mt+1 Xt+1]
or
pt = Et[mt+1] Et[Xt+1] T Cov[mt+11xt+1]
e Foragiven m, we let
Rf.,, =1 E[m,]

— Note that R', will depend on the choice of m,,; unless
there exists a riskless portfolio
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Sharpe Ratios and Bounds (ctd.)

— Hence
pt = (1/th+1) Et[Xt+1] T COV[mt+1 J Xt+1]
— price = expected PV  + Risk adjustment

— positive correlation with the discount factor adds
value
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IN Returns

Ei [Meg Xiea ] = By
— divide both sides by p, and note that x,,; = Ry,
Ei[Myy Rual =1 (vector)
— using R',,, = 1/ E[m,,,], we get
E; [Myy (R — R )1 =0
— m-discounted expected excess return for all assets Is
ZEero.
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In Returns
— Since E; [My;1 (Ryyy — Rfyy )1 =
Covt[mt+11Rt+1_Rtf] — [mt+1(Rt+1 t+lf)]

E My ]EdRy1 = Ryl
- Et[mt+1] Et[Rt+1_ t+1f]
e That is, risk premium or expected excess return
E; [Ri+1-R{] = - Covi[my,;,Ri.1] / E[My,]
IS determined by its covariance with the
stochastic discount factor
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Sharpe Ratio

o Multiply both sides with portfolio h
E; [(Ru1-RHN] = - Cov[my,q,Ry.1h] / E[my,q]

 NB: All results also hold for unconditional
expectations E[-]

E[(Rt+1—R;5f)h] — _[p(mt+1=Rt+1g€3;;(+th]+1h)a(mt+1)

e Rewritten in terms of Sharpe Ratio = ...

E[(Ry41—RDA _ o(myyq)
o(Riyy1h)  Elmyyq]

[o(myg1, Reyq1h)]
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Hansen-Jagannathan Bound

— Since p € [-1,1] we have

o(my41) E[(Ryq1—R])h] ‘
Elmgyq] o(Riy1h)
 Theorem (Hansen-Jagannathan Bound):
The ratio of the standard deviation of a stochastic
discount factor to its mean exceeds the Sharpe
Ratio attained by any portfolio.

> Su h‘
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Hansen-Jagannathan Bound

— Theorem (Hansen-Jagannathan Bound):
The ratio of the standard deviation of a stochastic
discount factor to Its mean exceeds the Sharpe
Ratio attained by any portfolio.

— Can be used to easy check the “viability” of a
proposed discount factor

— Glven a discount factor, this inequality bounds
the available risk-return possibilities

— The result also holds conditional on date t info
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Hansen-Jagannathan Bound

expected |
return

o slope o (m) / E[m]
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Assuming Expected Utility
c,eR,c,eR®

U(CO’Cl): Zs g U(CO’Cl,S)

_ ,Ou(cheg 1) 3u(céa0?’3)
aOU - ( aCO 9 *ve 800 )
B 8u(cg,c"1"1) au(cé‘),c"ijs)
81'11, - ( 601,1 9 ¢y 801,5’ )
Stochastic discount factor
__ MRS\ __ Oq1u S
m = ( pou )_(E[aou])ER
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 Digression: if utility is in addition time-separable
U(Co,Cy) = V(Cp) *+ Vv(Cy)

 Then __ ,0vu(c]) ov(cy)
oou = (250 . 26,

8@(6’1"1) 81}(@?,3)

o= Gt 2k,
° and 1 7'{'8’()/(6]_,3) . 'U/(Cl,s)
UL s v'(cg) — v'(cp)
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Equity Premium Puzzle

e Recall E[R']-R" = -Rf Cov[m,R/]

e Now: E[R]-R'=-Rf Cov[o,u,RI/E[0,u]

* Recall Hansen-Jaganathan bound
o(m) ~ | E[(R—R/)]

. — 1
E[m] o (R) ‘} Elm] = %7
o(m) 2 [P
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Equity Premium Puzzle (ctd.)

O1u 1 E[(R—RN)]
U(E[é)ou]) > &7 o(R) ‘
u + u:# /

c, c, 3 cs

Equity Premium Puzzle:
* high observed Sharpe ratio of stock market indices

 low volatility of consumption _
= (unrealistically) high level of risk aversion
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A simple example

S=2, 1, =%,

3 securities with x= (1,0), x°=(0,1), x3= (1,1)
Let m=(¥%,1), 6= Y4 =[Ya(Y - %) + Yo(1 - ¥4)2]*
Hence, pi=Ys, p?= 1/2 , p?= % and

R! = (4,0), R?=(0,2), R3=(4/3,4/3)

E[R]=2, E[R?]=1, E[R%]=4/3
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Example: Where does SDF come from?

o “representative agent” with
— endowment: 1 in date 0, (2,1) in date 1
— utility EU(cy, €4, Cy) =2 g (Incy + Incy )
— 1.e. u(cy, ¢;5) =Incy + In ¢, ¢ (additive) time separable u-function

* m=0,u (1,2,1) / E[0, u(1,2,1)]=(cy/Cy 1, ColCq 5)=(1/2, 1/1)
* m=(*2,1) since endowment=consumption
e Low consumption states are high “m-states”

 Risk-neutral probabilities combine true probabilities and
marginal utilities.
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