Aggregate Implications of Changing Sectoral Trends

Online Appendix and Supplementary Material

Andrew Foerster

Federal Reserve Bank of San Francisco

Andreas Hornstein
Federal Reserve Bank of Richmond

Pierre-Daniel Sarte Mark Watson

Federal Reserve Bank of Richmond Princeton University

January 18, 2020

Contents
1 Data 3
1.1 Assembling the Sectoral Data . . . . . . . . ... ... ... ... ...... 3
1.2 Aggregating KLEMS into Consolidated Sectors . . . . ... ... ... ... 4
1.3 Aggregating the Consolidated Sectors . . . . . . .. .. .. ... ... .... 6
1.4  Sectoral TFP Measurement Issues . . . . . . . .. ... ... ... ...... 6
2 Statistical Model of Trend Growth 8
2.1 Long-Run Correlations and Cross-Correlations of Labor and TFP Growth
Within and Across Sectors . . . . . . . .. L o 8
2.2 Dynamic Factor Model . . . . . . . . . ... ... ... . o 12
2.3 Estimation . . . . . . . . . . e 12
2.3.1 The Kalman Smoother Conditional on Known Factor Loadings and
Variances . . . . . . . . e 13
2.3.2  Factor Loadings and Variances Conditional on the States . . . . . . . 14
2.4 Summary of DFM Posterior . . . . .. .. ... o oo 15
2.5 Sector-Specific and Common Growth Rates. . . . . . . ... ... ... ... 15



3 A Structural Model with Sectoral Linkages in Materials and Investment 28

3.1

3.2
3.3
3.4
3.5
3.6
3.7

3.8
3.9

3.10
3.11
3.12

3.13
3.14

Summary of Results Referenced in the Text . . . ... .. ... ... .... 28
3.1.1 The Influence Vector in a Model with Capital . . .. ... ... ... 28
3.1.2 Balanced Growth with Sectoral Linkages in Materials and Investment 30
3.1.3 The Dynamics of Value Added Growth . . . . . ... ... ... ... 33
IO and Capital Flow Tables . . . . . .. ... .. .. ... ... ....... 34
Economic Environment . . . . . . . . ... o L 36
The Planner’s Problem . . . . . . .. . . ... 0 oL 37
The Full Set of Equilibrium Conditions . . . . . . . . ... ... ....... 39
Special Cases with No Growth . . . . . . ... .. .. ... ... ....... 40
Balanced Growth . . . . . . . . . . ... 41
3.7.1 Making the Model Stationary . . . . .. ... ... ... .. ..... 41
3.7.2 Steady State of the Stationary Environment . . . . . ... ... ... 45
3.7.3 Steady State Sectoral Value Added Shares in GDP . . . .. ... .. 48
3.7.4  Details of Steady State Calculations . . . . . .. ... ... ... ... 49
Balanced Growth at the Sectoral and Aggregate Level . . . . . . . . .. ... 53
Dynamics of the System . . . . . .. . . ... L 54
3.9.1 Linearized Equations: . . . . . . . . .. .. ... ... ... 54
3.9.2  System Reduction: . . . .. .. ... 0oL 58
Solution and Policy Functions in KW (2002) . . . .. ... ... ... .... 61
Time Series Implications for Sectoral and Aggregate Value Added . . . . . . 62
Solving the Model When Households Have Imperfect Information . . . . . . 63
3.12.1 Computation of the Steady State Kalman Gain . . . .. .. .. ... 65
3.12.2 Expression for the Driving Processes as an Input to King and Watson
(2002) . .o 67
Additional Sector Decomposition Figures . . . . . . . . ... ... ... ... 67
Model-based Forecasts of Changes in Trend GDP Growth . . . . . . .. ... 70



1 Data

The Jorgenson dataset is downloaded from http://www.worldklems.net/data.htm and the
ILPA is downloaded from
https://www.bea.gov/data/special-topics/integrated-industry-level-production-account-kl
A detailed description of the Jorgenson data can be found in Jorgenson et al. (2014), as well
as Jorgenson et al. (2017), and the BEA dataset is described in Fleck et al. (2014). While the
ILPA from the BEA builds on the Jorgenson KLEMS data, the two datasets are not exactly
identical for the time period in which they overlap. Since both datasets are constructed to
be consistent with the BEA’s input-output tables, they mostly agree on industry details and
both cover the same 65 private industries. Nevertheless, there remain differences but these
are reflected mostly in the levels of variables and not their growth rates.

The raw data from KLEMS, after excluding 4 sectors corresponding to government ac-
tivities, covers N = 61 industries with growth rates over 7' = 70 years from 1947-2016. The
data include nominal gross output (Yj,), nominal capital (K;), nominal labor (L;,), and
nominal intermediates (M;;). Similarly, they include constant dollar values of gross output

(yj), capital (k;;), labor (¢;,), and intermediates (m;,).

1.1 Assembling the Sectoral Data

We construct the following additional series.
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1.2 Aggregating KLEMS into Consolidated Sectors

We combine the disaggreated KLEMS sectors into broader consolidated sectors. For example,

we might combine sectors j € {1,...,n} into a single sector J. To that end, we incorporate



data from the Input-Output (I0) tables, where Mfﬁ denotes the nominal use of materials

used by sector j purchased from sector ¢. Similarly, V]ItO denotes value-added in sector j in
the 10 tables.

We use the following formulas to create consolidated sectors.

1. Value Added Growth Rates
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2. Capital Growth Rates
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4. Nominal Intermediate Inputs. (IO Tables)
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5. Nominal Value Added (IO Tables)

10
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6. Nominal Gross Output (IO tables) in consolidated sector J,
VI = VP + Mg

7. TFP Growth Rates. In considering value-added TFP, Aln z¥
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L (Vi Vit
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Combining these identities produces
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1.3 Aggregating the Consolidated Sectors

We aggregate TFP measures from the N = 61 original series, but also from the N* = 15
consolidated series denoted by .J above, using Hulten weights. Weights for the consolidated
series follow from the IO Tables.

We use the following formulas to aggregate TFP growth rates.

1. Aggregate TFP Growth Rates from Original Industries

N
1
100 x Alnz™ =100 x > 5 (S +S/A) Aln gy,
j=1

2. Hulten Weights for the Consolidated Industries
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3. Aggregate TFP Growth Rates from Consolidated Industries

N*
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1.4 Sectoral TFP Measurement Issues

For earlier versions of Jorgenson’s KLEMS data up to 1990, Basu and Fernald (1997, 2001)
compute total payments to capital as the sum of rental rates implied by the user-cost-of-
capital and find small industry profits on average that amount at most to three percent
of gross output. In the presence of close to zero profits, elasticities to scale and markups
are equivalent. Basu and Fernald (2001) estimate returns-to-scale across industries and find
few significant deviations from constant returns or, alternatively, little evidence of markups.
More recently, an active debate has emerged on the extent to which the competitive envi-
ronment has changed in the U.S. over the last two decades. On the one hand, Barkai (2017),
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also applying the user-cost-of-capital framework but using post 1990 data, finds substantial
profit shares over that period. Moreover, De Loecker and Eeckhout (2017), estimating indus-
try production functions from corporate balance sheets, present evidence of rising markups
and returns to scale since the 1980s. On the other hand, Karabarbounis and Neiman (2018)
argue that the user-cost-of-capital framework, to the extent that it implies high profit shares
starting in the 1990s, also implies unreasonably high profit shares in the 1950s. In addition,
Traina (2018) argues that the evidence on rising markups from corporate balance sheets
depends crucially on the measurement of variable costs and weights in aggregation.! In this
paper, we maintain the assumptions of competitive markets and constant-returns-to-scale
as a benchmark from which to study the aggregate implications of sectoral changes in labor
and TFP inputs.

Finally, we note that the KLEMS data rely on U.S. NIPA measures for fixed assets.
Specifically, these measures are based in part on estimates of capital goods prices. To
the extent that these prices perennially understate quality growth in capital goods, then
KLEMS data understate productivity improvements in the investment goods sector (see
Gordon (1990) and Cummins and Violante (2002).) If capital accumulation is an important
driver of growth, our results would then provide a lower bound for the growth contributions

of the capital goods producing sectors.

!Similarly, Rossi-Hansberg et al. (2018) show while sales concentration has unambiguously risen at the
national level since the 1980s, concentration has steadily declined at the Core-Based Statistical Area, county,
and ZIP code levels over the same period. While these facts can seem conflicting, the authors present
evidence that large firms have become bigger through the opening of more establishments or stores in new
local markets, but this process has lowered concentration in those markets.

7



2 Statistical Model of Trend Growth

2.1 Long-Run Correlations and Cross-Correlations of Labor and
TFP Growth Within and Across Sectors

Our interest is on long-run variation and covariation of sectoral growth rates. With this
in mind, Tables A2-A4 present estimates and confidence intervals for long-run correlations
between the sectoral growth rates of labor and TFP using methods developed in Miiller
and Watson (2018). These results rely on low-frequency transformations of the data that
retain variability for periods longer that 10 years, and discard higher frequency variability.
(They use the first ¢ = 13 cosine transforms of the data.) The confidence sets are valid for
persistence patterns that include 7 (0), I (1), mixtures of I (0) and I (1) (such as the MUC
model), local-to-unity autoregressions, and fractional integration with values of d that satisfy
—0.4 < d < 1.0. The point estimates are posterior medians from a bivariate I (d) model
where the values of d are uniformly distributed on [—0.4,1.0]. See Miiller and Watson (2018)
for details.

The sector numbers used in Tables A2-A4 correspond to the following sectors:

Table Al: Sector Names and Numbers

Sector Number ‘ Sector Name

1 Agriculture, Forestry, Fishing, and Hunting

2 Mining

3 Utilities

4 Construction

5 Durable Goods

6 Nondurable Goods

7 Wholesale Trade

8 Retail Trade

9 Transportation and Warehousing

10 Information

11 Finance, Insurance, and Real Estate (x
Housing)

12 Professional and Business Services

13 Education, Health Care, and Social
Assistance

14 Entertainment and Food Services

15 Other Services (except Government)

16 Housing




Table A2: Long-run Correlations for Sectoral Employment
Posterior Medians and 68% Confidence Sets

(a) Correlations of sectors 1-8 with sectors 1-8

1 2 3 4 5 6 7 8
11 1.0 0.06 -0.30 0.16 -0.50 -0.38 -0.03 0.20
[-0.16,0.31] [-0.65,-0.00]* [-0.30,0.45] [-0.80,-0.32]* [-0.75,-0.04]* [-0.65,0.30] [-0.30,0.46]
2 1.0 0.09 -0.05 0.27 -0.03 0.27 -0.16
[-0.15,0.41] [-0.36,0.21] [-0.00,0.53] [-0.30,0.21] [0.00,0.52]* [-0.45,0.08]
3 1.0 -0.06 0.33 0.46 0.18 0.01
[-0.39,0.18] [0.03,0.707* [0.21,0.80]* [-0.07,0.65] [-0.23,0.45]
4 1.0 -0.09 -0.43 0.34 0.42
[-0.45,0.35] [-0.65,0.10] [0.03,0.65]* [0.16,0.64]*
5 1.0 0.52 0.35 -0.10
[0.28,0.75]* [0.03,0.65]* [-0.47,0.30]
6 1.0 0.10 0.01
[-0.19,0.55] [-0.26,0.35]
7 1.0 0.36
[0.04,0.65]*
8 1.0
(b) Correlations of sectors 1-8 with sectors 9-16
9 10 11 12 13 14 15 16
1 0.30 -0.1 -0.1 0.11 0.10 0.32 0.00 -0.02
[0.01,0.65]* | [-0.50,0.07] [-0.65,0.13] [-0.20,0.41] [-0.13,0.35] [-0.05,0.53] [-0.55,0.32] | [-0.21,0.21]
2 -0.0 0.0 -0.0 -0.13 0.01 -0.10 -0.01 -0.20
[-0.30,0.22] [-0.25,0.27] [-0.36,0.21] [-0.41,0.08] [-0.21,0.30] [-0.41,0.12] [-0.27,0.22] | [-0.45,0.02]
3 -0.1 0.1 0.2 -0.00 0.02 0.21 0.21 0.06
[-0.55,0.10] [-0.08,0.44] [-0.01,0.70] [-0.28,0.25] [-0.21,0.30] [-0.04,0.45] [-0.07,0.65] | [-0.13,0.34]
4 -0.2 0.2 0.65 0.40 -0.05 0.27 0.38 0.00
[-0.51,0.02] [-0.01,0.47] [0.43,0.79]* | [0.10,0.64]* | [-0.36,0.18] [-0.00,0.52] [0.07,0.70]* | [-0.23,0.25]
5 -0.1 0.33 0.15 -0.10 -0.21 -0.41 0.03 0.10
[-0.60,0.10] [0.02,0.54]* | [-0.08,0.60] [-0.42,0.12] [-0.46,0.04] [-0.60,-0.03]* [-0.25,0.55] | [-0.08,0.41]
6 0.2 0.1 -0.16 -0.05 0.27 0.03 0.05 0.26
[-0.35,0.50] [-0.12,0.41] [-0.49,0.40] [-0.37,0.18] [-0.00,0.52] [-0.21,0.32] [-0.21,0.55] | [-0.00,0.50]
7 -0.15 0.50 0.65 0.45 0.05 0.30 0.79 -0.16
[-0.55,0.15] [0.27,0.71]* | [0.38,0.85]* | [0.20,0.65]* | [-0.18,0.36] [0.01,0.52]* [0.60,0.93]* | [-0.44,0.12]
8 0.2 0.36 0.49 0.80 0.27 0.70 0.59 -0.01
[-0.00,0.53] [0.05,0.57]* | [0.20,0.68]* | [0.68,0.89]* | [-0.00,0.50] [0.49,0.817* [0.38,0.76]* | [-0.31,0.21]
(c) Correlations of sectors 9-16 with sectors 9-16
9 10 11 12 13 14 15 16
9 1.0 0.05 -0.32 0.22 0.21 0.10 -0.00 0.16
[-0.20,0.36] [-0.55,-0.03]* [-0.03,0.50] [-0.03,0.45] [-0.15,0.40] [-0.35,0.27] [-0.05,0.42]
10 1.0 0.41 0.42 -0.16 0.04 0.43 -0.03
[0.13,0.58]* [0.16,0.64]* [-0.42,0.05] [-0.20,0.33] [0.18,0.60]* [-0.33,0.18]
11 1.0 0.44 -0.16 0.32 0.64 -0.16
[0.18,0.64]* [-0.46,0.09] [0.03,0.53]* [0.38,0.85]* [-0.44,0.06]
12 1.0 0.21 0.71 0.71 -0.03
[-0.01,0.46] [0.53,0.84]* [0.55,0.81]* [-0.35,0.20]
13 1.0 0.53 0.19 0.08
[0.30,0.71]* [-0.05,0.46] [-0.10,0.38]
14 1.0 0.51 0.01
[0.32,0.71]* [-0.16,0.33]
15 1.0 -0.21
[-0.45,-0.00]*
16 1.0

Notes: The point estimates are posterior medians from a bivariate /(d) model with -0.4 <d < 1. The bracketed
quantities are 68% frequentist confidence intervals. Asterisks highlight confidence intervals that do not include
zero. 32% of the pairwise correlations are statistically different from zero at 33% level. The median pairwise
point-estimate is 0.10.




Table A3: Long-run Correlations for Sectoral TFP

Posterior Medians and 68% Confidence Sets

(a) Correlations of sectors 1-8 with sectors 1-8

1 2 3 4 5 6 7 8
1 1.0 -0.10 -0.00 0.23 -0.02 0.41 0.01 0.44
[-0.39,0.13] [-0.26,0.21] [0.01,0.45]* [-0.29,0.20] [0.13,0.59]* [-0.16,0.33] [0.21,0.64]*
2 1.0 0.79 0.27 0.21 -0.01 0.05 0.08
[0.62,0.88]* [0.00,0.51]* [-0.03,0.49] [-0.30,0.26] [-0.18,0.35] [-0.16,0.36]
3 1.0 0.44 0.20 0.16 -0.00 0.15
[0.15,0.75]* [-0.30,0.49] [-0.10,0.55] [-0.28,0.25] [-0.08,0.45]
4 1.0 -0.30 0.12 -0.20 0.38
[-0.70,0.00] [-0.16,0.55] [-0.46,0.05] [0.07,0.54]*
5 1.0 0.07 0.20 0.05
[-0.18,0.39] [-0.05,0.44] [-0.20,0.36]
6 1.0 0.15 0.12
[-0.08,0.42] [-0.10,0.41]
7 1.0 0.23
[-0.00,0.50]
8 1.0
(b) Correlations of sectors 1-8 with sectors 9-16
9 10 11 12 13 14 15 16
1 -0.01 -0.16 -0.08 0.01 0.05 -0.08 0.04 -0.14
[-0.30,0.16] [-0.43,0.08] [-0.36,0.10] [-0.21,0.28] [-0.15,0.31] [-0.36,0.08] [-0.16,0.31] [-0.41,0.10]
2 0.05 -0.38 -0.41 0.05 0.04 -0.20 0.34 0.01
[-0.19,0.35] | [-0.57,-0.05]* | [-0.59,-0.10]* | [-0.21,0.36] [-0.30,0.38] [-0.44,0.04] [0.03,0.54]* | [-0.25,0.30]
3 0.23 -0.41 -0.23 0.44 0.30 -0.13 0.23 0.07
[-0.02,0.46] | [-0.56,-0.10]* | [-0.45,0.00] [0.16,0.70]* | [0.00,0.65]* [-0.41,0.10] [-0.03,0.49] [-0.20,0.37]
4 0.11 -0.23 -0.13 0.41 -0.00 -0.32 0.35 0.12
[-0.14,0.36] | [-0.45,-0.00]* | [-0.36,0.10] [0.11,0.70]* | [-0.33,0.50] | [-0.55,-0.05]* | [0.03,0.53]* | [-0.16,0.55]
5 0.08 0.03 -0.01 0.03 0.34 0.44 -0.18 -0.40
[-0.15,0.39] [-0.20,0.30] [-0.28,0.21] [-0.45,0.37] [-0.30,0.59] [0.16,0.60]* | [-0.46,0.08] | [-0.59,-0.08]*
6 0.34 -0.00 -0.41 0.15 0.21 -0.20 0.03 -0.27
[0.04,0.55]* [-0.28,0.25] [-0.59,-0.12]* | [-0.09,0.55] [-0.05,0.47] [-0.46,0.05] [-0.21,0.33] [-0.52,0.00]
7 -0.00 -0.30 -0.51 -0.48 0.16 0.01 0.36 -0.09
[-0.29,0.21] | [-0.51,-0.00]* | [-0.68,-0.28]* | [-0.68,-0.21]* | [-0.13,0.46] [-0.21,0.30] [0.04,0.56]* | [-0.38,0.13]
8 0.00 -0.41 -0.16 -0.05 0.05 -0.01 0.30 0.03
[-0.23,0.27] | [-0.65,-0.14]* | [-0.42,0.04] [-0.34,0.17] [-0.18,0.36] [-0.30,0.21] [0.00,0.52]* | [-0.21,0.33]
(c) Correlations of sectors 9-16 with sectors 9-16
9 10 11 12 13 14 15 16
9 |10 0.05 -0.30 0.42 0.06 0.23 0.01 -0.43
[-0.15,0.36] [-0.51,0.00] [0.16,0.63]* [-0.16,0.34] [-0.01,0.47] [-0.23,0.30] [-0.60,-0.10]*
10 1.0 0.21 0.01 -0.09 0.08 -0.36 -0.10
[-0.01,0.50] [-0.21,0.30] [-0.37,0.13] [-0.10,0.38] [-0.60,-0.08]* [-0.41,0.13]
11 1.0 0.13 -0.10 0.38 -0.51 0.02
[-0.08,0.44] [-0.41,0.13] [0.08,0.64]* [-0.71,-0.30]* [-0.20,0.30]
12 1.0 0.32 0.23 -0.21 -0.06
[0.01,0.65]* [-0.04,0.51] [-0.50,0.05] [-0.43,0.35]
13 1.0 0.05 -0.26 0.18
[-0.14,0.33] [-0.50,0.03] [-0.07,0.55]
14 1.0 -0.42 -0.41
[-0.62,-0.13]* [-0.59,-0.10]*
15 1.0 0.08
[-0.30,0.43]
16 1.0

Notes: See notes to Table A2. 29% of the pairwise correlations are statistically different from zero at 33%
level. The median pairwise point-estimate is 0.03.
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Table A4: Long-run Correlations for Sectoral Employment (rows) and TFP (columns)
Posterior Medians and 68% Confidence Sets

(a) Correlations of Employment sectors 1-8 with TFP sectors 1-8

1 2 3 4 5 6 7 8
1 -0.21 -0.27 -0.53 -0.48 -0.00 -0.42 0.27 -0.13
[-0.43,0.03] [-0.49,0.01] [-0.75,-.30]* [-0.80,-.21]* [-0.30,0.45] | [-0.75,-0.16]* | [-0.20,0.46] [-0.42,0.10]
2 -0.56 -0.29 -0.29 -0.41 -0.00 -0.34 -0.44 -0.60
[-0.72,-.34]* [-0.50,-.00]* [-0.50,0.00] [-0.54,-.09]* [-0.29,0.25] | [-0.56,-0.02]* | [-0.65,-0.16]* | [-0.74,-.37]*
3 0.06 -0.18 -0.01 0.10 -0.60 0.08 -0.16 -0.34
[-0.14,0.33] [-0.50,0.08] [-0.32,0.27] [-0.19,0.55] | [-0.80,0.38]* [-0.18,0.55] [-0.44,0.06] [-0.54,-.03]*
4 0.14 -0.44 -0.34 -0.34 0.16 0.50 0.53 0.08
[-0.08,0.42] [-0.64,-.16]* [-0.57,0.10] [-0.56,-.03]* [-0.10,0.45] [0.21,0.70]* [0.29,0.71]* [-0.13,0.38]
5 -0.01 -0.03 0.19 0.32 -0.25 -0.00 -0.33 0.15
[-0.30,0.21] [-0.34,0.21] [-0.06,0.65] [0.01,0.70]* [-0.60,0.00] [-0.27,0.50] [-0.55,-0.01]* | [-0.08,0.42]
6 0.01 -0.00 0.18 0.44 -0.50 -0.00 -0.18 0.01
[-0.21,0.23] [-0.29,0.28] [-0.08,0.55] [0.15,0.75]* [-0.80,-.27]* [-0.30,0.45] [-0.46,0.08] [-0.23,0.29]
7 -0.20 -0.42 -0.23 -0.11 -0.27 0.15 -0.00 -0.05
[-0.49,0.01] [-0.60,-.12]* [-0.49,0.35] [-0.45,0.40] [-0.52,0.25] [-0.12,0.60] [-0.27,0.25] [-0.37,0.17]
8 -0.00 -0.18 -0.27 -0.11 -0.16 0.06 0.54 0.05
[-0.29,0.21] [-0.55,0.08] [-0.52,0.01] [-0.55,0.16] [-0.45,0.15] [-0.19,0.35] [0.33,0.72] [-0.19,0.35]
(b) Correlations of Employment sectors 1-8 with TFP sectors 9-16
9 10 11 12 13 14 15 16
1 -0.42 0.25 0.13 -0.49 -0.10 0.05 0.00 0.16
[-0.65,-0.14]* | [0.01,0.46]* [-0.12,0.27] [-0.80,-0.27]* | [-0.55,0.17] | [-0.16,0.26] [-0.50,0.27] [-0.20,0.45]
2 0.08 0.43 0.57 0.09 -0.16 0.38 -0.54 -0.02
[-0.13,0.37] [0.20,0.66]* [0.34,0.72]* [-0.13,0.41] [-0.46,0.20] | [0.08,0.63]* | [-0.72,-0.31]* [-0.32,0.21]
3 0.13 -0.10 -0.05 0.15 -0.08 -0.20 0.03 0.08
[-0.10,0.41] [-0.39,0.12] [-0.32,0.13] [-0.10,0.55] [-0.45,0.30] | [-0.44,0.05] [-0.21,0.33] [-0.30,0.41]
4 0.04 0.00 -0.05 -0.20 0.25 0.18 -0.13 -0.23
[-0.18,0.33] [-0.21,0.28] [-0.35,0.13] [-0.50,0.08] 0.02,0.50] [-0.05,0.42] [-0.42,0.15] [-0.46,0.03]
5 0.53 -0.13 0.05 0.48 0.00 0.19 -0.00 0.03
[0.33,0.72] [-0.41,0.08] [-0.15,0.35] [0.21,0.75]* [-0.27,0.50] | [-0.05,0.48] [-0.27,0.28] [-0.21,0.33]
6 0.40 0.00 -0.09 0.27 -0.21 -0.13 0.35 0.03
[0.10,0.54]* [-0.23,0.23] [-0.34,0.12] [-0.01,0.65] [-0.50,0.30] | [-0.41,0.10] [0.03,0.54]* [-0.21,0.34]
7 -0.00 -0.01 0.16 0.03 -0.03 0.01 -0.05 0.06
[-0.23,0.40] [-0.23,0.20] [-0.11,0.44] [-0.23,0.55] [-0.34,0.50] | [-0.21,0.26] [-0.38,0.20] [-0.45,0.38]
8 -0.00 -0.14 -0.33 -0.51 -0.02 -0.03 0.27 -0.20
[-0.32,0.22] [-0.41,0.07] | [-0.53,-0.01]* | [-0.71,-0.21]* | [-0.35,0.25] | [-0.34,0.21] [-0.01,0.52] [-0.60,0.05]
(c) Correlations of Employment sectors 9-16 with TFP sectors 1-8
1 2 3 4 5 6 7 8
9 -0.34 0.18 -0.03 -0.21 0.03 -0.44 0.30 0.04
[-0.54,-0.04]* [-0.08,0.46] [-0.50,0.23] [-0.65,0.03] [-0.21,0.50] [-0.64,-.18]* | [0.00,0.52]* | [-0.21,0.34]
10 0.01 -0.26 -0.03 -0.03 -0.27 -0.00 0.13 0.27
[-0.16,0.30] [-0.50,0.01] [-0.33,0.21] [-0.32,0.22] [-0.52,0.01] [-0.28,0.28] [-0.08,0.41] | [-0.00,0.50]
11 0.13 -0.30 -0.27 -0.10 -0.10 0.49 0.23 0.05
[-0.10,0.42] [-0.60,-0.01]* [-0.50,0.30] [-0.43,0.45] [-0.50,0.18] [0.21,0.75]* [-.03,0.50] | [-0.17,0.36]
12 0.00 -0.18 -0.28 -0.10 -0.07 0.06 0.44 0.13
[-0.25,0.21] [-0.42,0.05] [-0.51,0.00] [-0.36,0.13] [-0.40,0.16] [-0.15,0.35] [0.20,0.65]* | [-0.08,0.41]
13 -0.02 -0.07 -0.25 -0.03 -0.16 -0.00 -0.01 -0.23
[-0.31,0.20] [-0.37,0.15] [-0.49,0.01] [-0.45,0.20] [-0.46,0.10] [-0.27,0.26] [-0.33,0.21] | [-0.48,0.01]
14 0.00 -0.28 -0.42 -0.05 -0.38 0.07 0.32 -0.10
[-0.21,0.30] [-0.50,0.00] [-0.60,-0.12]* | [-0.37,0.17] | [-0.57,-.05]* [-0.16,0.38] [0.00,0.53]* | [-0.41,0.08]
15 0.00 -0.41 -0.30 -0.01 -0.27 0.21 0.10 0.01
[-0.21,0.20] [-0.70,-0.10]* [-0.50,0.20] [-0.45,0.27] [-0.49,0.15] [-0.03,0.55] [-0.13,0.37] | [-0.35,0.27]
16 0.08 0.01 0.03 0.13 -0.05 -0.00 0.30 0.21
[-0.08,0.38] [-0.21,0.28] [-0.20,0.30] [-0.12,0.33] [-0.33,0.13] [-0.25,0.22] [-0.00,0.51] | [-0.02,0.45]
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(d) Correlations of Employment sectors 9-16 with TFP sectors 9-16

9 10 11 12 13 14 15 16
9 -0.05 -0.03 0.12 -0.50 0.27 0.01 0.49 0.03
[-0.34,0.16] | [-0.31,0.19] | [-0.42,0.09] | [-0.75,-0.21]* | [-0.55,0.01] | [-0.21,0.30] | [-0.00,0.70] | [-0.35,0.37]
10 -0.03 -0.39 0.05 -0.20 0.08 0.02 -0.00 0.21
[-0.35,0.20] | [-0.61,-0.10]* | [-0.13,0.37] | [0.49,0.25] | [-0.16,0.36] | [-0.16,0.32] | [-0.28,0.28] | [-0.20,0.51]
11 0.04 0.14 0.16 -0.08 0.27 0.05 -0.08 -0.01
[-0.20,0.45] | [-0.43,0.07] | [-0.44,0.06] | [-0.42,0.40] | [0.00,0.55]* | [-0.34,0.20] | [-0.44,0.18] | [-0.50,0.27]
12 -0.30 -0.29 0.13 053 0.13 -0.10 0.32 -0.01
[-0.53,0.00] | [-0.51,0.00] | [-0.41,0.07] | [-0.71,-0.30]* | [-0.41,0.10] | [-0.45,0.10] | [0.01,0.53]* | [-0.45,0.23]
13 0.01 0.37 -0.00 0.14 -0.57 -0.08 0.21 043
[-0.21,0.30] | [0.03,0.58]* | [-0.23,0.23] | [-0.45,0.08] | [-0.76,-0.41]* | [-0.38,0.10] | [-0.04,0.45] | [-0.67,-0.17]"
14 20.27 0.00 -0.20 0.52 0.27 0.42 0.36 -0.03
[-0.51,0.01] | [-0.21,0.27] | [-0.44,0.04] | [-0.71,-0.05]* | [-0.50,0.01] | [-0.60,-0.05]* | [0.03,0.56]* | [-0.45,0.21]
15 -0.16 -0.05 -0.01 013 -0.01 -0.10 0.03 0.01
[-0.40,0.25] | [-0.30,0.13] | [-0.21,0.20] | [-0.42,0.40] | [-0.33,0.45] | [-0.40,0.30] | [-0.20,0.50] | [-0.50,0.29]
16 0.16 -0.08 -0.10 -0.04 0.23 0.01 0.58 -0.04
[-0.04,0.42] | [-0.38,0.08] | [-0.38,0.08] | [0.31,0.16] | [-0.46,-0.00]* | [-0.20,0.30] | [0.33,0.77] | [-0.33,0.14]

Notes: See notes to Table A2. 22% of the pairwise correlations are statistically different from zero at 33%
level. The median pairwise point-estimate is -0.02. The median diagonal correlation is -0.20 and 6/16 (48%) of

tha diacanal antriac ara ctatictinallyr Aiffarant fram 7ara at tha 220/ laval

2.2 Dynamic Factor Model

Let x denote labor, ¢ or TFP, z. The empirical model is given by

A ln(xj,t)

Tc,t

T

B

Eet = Oepc X Nec,ts

€t = Ocj X Ne gt

where (nT,c,h Tects {nT,j,h ne,j,t}?zl) i N(O, ]2(n+1))-

2.3 Estimation

= NjrTet + Aje€er + Tjt + Ejits

= Tet—1 + OAr.c X Nrets

= Tjt-1 T Oarj X Nrjt

The full system of equations may be recast in state-space form as

Ecyt

)

Aln(.ft) = |: )\E )\7- I i| Tc,t +05 @na,ta
——— ——

12

Yt H Tt wtl
(nx1) nx(n+2) —— nX
St
(n+2)x1



Ec,t 00 O Ec,tfl Oc,c X ns,c,t
Tet = 01 0 Tet—1 + OAT,c X TIAT,ct : (2)
Tt 00 I, Ti—1 oAr O NArt
\_V—/ ~ ~~ - ~ ~ ~~ -
St F St—1 Ut
(n+2)x1 (n+2)x(n+2) (n+2)x1 (n+2)x1

w; ~ N | 0, diag(c?)
R

~ 2 2 2
vy~ N | 0,diag(o7 ., Opr e Oar)

J/

-~

Q

Bayes’ rule implies that
Pr (©|y1.r) = Pr(y1.r|©) Pr(©) / Pr(y1.1),

where Pr (©) is the prior distribution, Pr (y;.7|0) is the likelihood, Pr (y;.r) is the marginal
likelihood, and Pr (O|y;.7) is the posterior distribution we are interested in estimating. The

data are denoted by y1.r = (v1, ..., yr) and © = [(;, 0] with

G = {ATZ“&Z“ {Azj,ta 5?,1&}?:1 }7 Gt ~td N (0,%¢),

and

0= {3 X (7107 (1) |

J=1

We estimate the posterior distribution

Pr (Cta 9|y1:T) )

by way of Gibbs sampling in two steps. The first Gibbs step draws (;|0,y1.7. The second
Gibbs step draws 0|, y1.7.

2.3.1 The Kalman Smoother Conditional on Known Factor Loadings and Vari-

ances

Step 1: Draw (|0, y1.1.
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With known factor loadings and variances, equations (1) and (2) are interpreted as the

observation equation and state equation respectively in a Kalman filtering context,

v = H's; + wy, wy ~ N (0,R),
sy = Fsy_1 + vy, vy~ N(0,Q).

The linear-Gaussian structure implies that si.7|y1.r is normally distributed, and the goal is
to obtain draws from this distribution. As shown in Carter and Kohn (1994), this can be

achieved as follows:

e Use the Kalman filter to obtain spip = E(sp|yr.r) and Pryr = var(sp|yi.r).
e Draw sy from N (spir, Prir).

e Note that the distribution of s;| (y1.r, St+1, ..., S7) depends only on (yi4,Si41) and
St’(ylzta 3t+1) ~ N(Mt, Et) where p; = St|t — Rt|tF/Pt;11|t(8t+1 - St+1|t) and ¥; = Pt\t -

Pt|tF’Ptjrll|tFPt|t. Recursively draw sr_1, s7_9, ..., S1.

Priors for sy are set by initializing the mean and covariance matrices of the Kalman filter

using the normalization 7.9 = .o = 0 and a diffuse prior for 7y:

£co 0 00 0
TC,O ~ N 0 9 O 0 O
7o 0 0 0 kI,

where £ = 10'? approximates the diffuse prior.

2.3.2 Factor Loadings and Variances Conditional on the States

Step 2: Draw 6|(;, y1.7-

This step is divided into 2 sub-steps.

Step 2a: Draw A7 A7, (Ct, (Ujg)z , (UiAT)2 ,ylzT) .
Write

(yt - Tt) = [ Ect Tet } [ Aot

Ae 1 0 Aete
tl t—1 n
)\7—7,5 0 1 )\T7t—1
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>\5,t

which is a linear-Gaussian state-space model with state s, = . Because s; is time in-

Tt
variant, we can draw sy | <(t, (UﬁE)Q , (aj{AT)Q ,yl;T> ~ N (spir, Prir), where spp and Ppjp are
computed from the Kalman filter. We impose the normalization > ;A > 0and > iNje >0,
by drawing from the truncated normal (implemented by redrawing from the normal until
the constraint is satisfied).

Priors are set by initializing the mean and covariance matrices of the Kalman filter such
that

Ar ~ N (0,1,) and A. ~ N (0,4%).

Step 2b: Draw (0¥ )2 , (U}EAT) | (Ct,)\jT, JE,?JLT)- These are inverse Gamma draws

]76
with prior

‘7. ~I1G ( prior 9

which implies posterior draws from

je ™ IG( przor

T 1 T *w 7207
]G < prior + 2 2 Z (Tj,t - Tj,t—l)Q + Tp> .

2.4 Summary of DFM Posterior

T * pr'lOT')

Ml'ﬂ

1 d 2 T wprzor
5 Zl y]t t ] 7Tet — >\j,€€c,t) + T y

and

The model was estimated using draws from two independent Gibbs runs, where each in-
cluded 505k draws with the first 5k discarded. Table A5 summarizes the posteriors for

(Ajrs Aje, Oj.ar, 0j.c). Figure Al shows the estimated trends.

2.5 Sector-Specific and Common Growth Rates
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Table AS: Posterior summaries for model parameters
Median (68% credible interval) [90% credible interval]

A. Labor

Sector A Ae OjAr Oje

Agriculture, forestry, 0.33 0.74 0.32 2,70
fishing, and hunting (-0.03 0.69) (0.19 1.27) (0.23 0.45) (2.48 2.97)
[-0.29 0.94] [-0.21 1.67] [0.18 0.58] [2.34 3.19]

Mining 0.25 -0.16 0.41 5.94
(-0.38 0.90) (-1.24 1.00) (0.21 1.91) (5.01 6.61)
[-0.84 1.38] [-2.01 1.80] [0.15 3.55] [3.93 7.09]

Utilities 0.05 0.63 0.25 1.82
(-0.20 0.30) (0.27 0.99) (0.18 0.36) (1.65 2.00)
[-0.38 0.48] [0.03 1.25] [0.14 0.47] [1.55 2.14]

Construction 0.79 0.37 0.23 1.99
(0.45 1.07) (-0.04 0.78) (0.16 0.36) (1.81 2.19)
[-0.60 1.27] [-0.32 1.08] [0.13 0.50] [1.70 2.35]

Durable goods -0.55 0.40 0.51 1.70
(-0.89 -0.14) (0.00 0.80) (0.33 0.78) (1.48 1.94)
[-1.12 0.71] [-0.29 1.06] [0.24 0.98] [1.33 2.12]

Nondurable goods -0.36 0.60 0.27 1.11
(-0.57 -0.09) (0.36 0.84) (0.20 0.38) (0.99 1.24)
[-0.72 0.53] [0.18 1.03] [0.16 0.47] [0.92 1.35]

Wholesale trade 0.20 0.09 0.19 1.70
(-0.01 0.42) (-0.23 0.40) (0.15 0.26) (1.55 1.86)
[-0.17 0.57] [-0.46 0.63] [0.12 0.34] [1.47 1.98]

Retail trade 0.27 0.71 0.18 1.15
(0.06 0.45) (0.47 0.94) (0.14 0.25) (1.05 1.28)
[-0.12 0.59] [0.30 1.14] [0.12 0.31] [0.98 1.37]

Transportation and -0.21 0.24 0.28 1.47
warehousing (-0.43 0.06) (-0.05 0.52) (0.20 0.41) (1.34 1.62)
[-0.59 0.34] [-0.25 0.72] [0.15 0.53] [1.25 1.74]

Information 0.68 0.47 1.12 1.54
(0.21 1.10) (0.06 0.88) (0.81 1.42) (1.32 1.81)
[-0.27 1.38] [-0.22 1.19] [0.56 1.62] [1.18 2.06]

Finance and 0.69 0.45 0.24 1.43
insurance (0.43 0.92) (0.14 0.77) (0.17 0.33) (1.29 1.58)
[-0.48 1.09] [-0.09 0.99] [0.14 0.43] [1.20 1.70]

Professional and 0.67 0.84 0.22 1.55
business services (0.36 0.96) (0.46 1.21) (0.16 0.31) (1.39 1.72)
[-0.32 1.17] [0.19 1.47] [0.13 0.41] [1.29 1.85]

Education, health -0.09 0.83 0.24 1.85
care, and social (-0.37 0.22) (0.46 1.20) (0.17 0.36) (1.67 2.04)
assistance [-0.58 0.45] [0.17 1.48] [0.14 0.48] [1.55 2.20]

Arts and 0.49 1.36 0.21 1.37
entertainment (0.18 0.79) (1.03 1.68) (0.15 0.30) (1.22 1.55)
[-0.14 1.00] [0.80 1.94] [0.13 0.40] [1.10 1.68]

Other services (excl. 0.47 0.88 0.25 1.36
gov.) (0.18 0.72) (0.58 1.19) (0.18 0.33) (1.23 1.51)
[-0.15 0.90] [0.36 1.40] [0.15 0.41] [1.14 1.63]

Real Estate -0.68 -0.37 0.31 4.58
(-1.22 -0.02) (-1.25 0.51) (0.19 0.61) (4.17 5.02)
[-1.60 0.83] [-1.84 1.15] [0.14 1.02] [3.88 5.38]
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B. TFP

Sector A Ae OjAr Oje
Agriculture, forestry, 0.30 0.64 0.26 9.55
fishing, and hunting (-0.42 1.00) (-0.96 2.26) (0.17 0.42) (8.77 10.43)

[-0.94 1.47] [-2.16 3.43] [0.14 0.59] [8.28 11.15]
Mining 0.68 -0.50 0.44 7.08
(-0.51 1.64) (-1.93 0.97) (0.23 1.15) (6.36 7.82)
[-1.26 2.20] [-2.97 1.95] [0.16 1.88] [5.88 8.39]
Utilities 0.21 0.95 0.24 4.51
(-0.26 0.69) (-0.02 1.92) (0.17 0.38) (4.13 4.95)
[-0.59 1.05] [-0.82 2.64] [0.14 0.52] [3.86 5.30]
Construction 0.41 0.50 0.45 2.11
(-0.49 0.98) (0.05 0.94) (0.29 0.67) (1.89 2.34)
[-0.91 1.30] [-0.25 1.26] [0.20 0.88] [1.75 2.53]
Durable goods 0.1 1.30 0.57 2.08
(-0.53 0.85) (0.82 1.76) (0.33 0.85) (1.82 2.36)
[-0.89 1.24] [0.44 2.09] [0.23 1.07] [1.64 2.57]
Nondurable goods 0.15 0.63 0.26 3.27
(-0.27 0.60) (-0.07 1.33) (0.18 0.41) (2.99 3.58)
[-0.61 0.98] [-0.61 1.81] [0.14 0.57] [2.80 3.84]
Wholesale trade 0.18 1.47 0.24 3.07
(-0.35 0.72) (0.82 2.10) (0.17 0.37) (2.77 3.41)
[-0.75 1.08] [0.32 2.58] [0.13 0.52] [2.55 3.67]
Retail trade 0.25 0.85 0.23 242
(-0.28 0.68) (0.33 1.39) (0.16 0.35) (2.19 2.67)
[-0.59 0.95] [-0.11 1.76] [0.13 0.48] [2.03 2.87]
Transportation and 0.03 1.34 0.29 2.64
warehousing (-0.54 0.67) (0.78 1.88) (0.19 0.47) (2.35 2.96)
[-0.88 1.10] [0.35 2.31] [0.15 0.69] [2.14 3.19]
Information -0.20 0.54 0.26 3.27
(-0.73 0.57) (-0.06 1.21) (0.17 0.42) (2.99 3.60)
[-1.07 0.99] [-0.53 1.64] [0.14 0.60] [2.80 3.86]
Finance and -0.21 -1.45 0.21 2.74
insurance (-0.67 0.31) (-2.02 -0.86) (0.15 0.32) (2.46 3.05)
[-1.02 0.68] [-2.42 -0.41] [0.13 0.42] [2.26 3.27]
Professional and 0.05 0.69 0.25 1.94
business services (-0.28 0.43) (0.30 1.06) (0.18 0.37) (1.76 2.14)
[-0.50 0.70] [0.02 1.32] [0.14 0.50] [1.65 2.30]
Education, health 0.02 0.41 0.35 2.00
care, and social (-0.35 0.41) (0.04 0.78) (0.23 0.52) (1.80 2.20)
assistance [-0.60 0.68] [-0.23 1.06] [0.18 0.68] [1.69 2.36]
Arts and -0.23 0.65 0.21 2.78
entertainment (-0.73 0.67) (0.07 1.23) (0.16 0.32) (2.53 3.06)
[-1.03 1.08] [-0.33 1.63] [0.13 0.44] [2.37 3.27]
Other services (excl. 0.43 1.08 0.23 1.94
gov.) (-0.51 0.87) (0.62 1.50) (0.16 0.35) (1.73 2.18)
[-0.80 1.11] [0.27 1.82] [0.13 0.47] [1.57 2.35]
Real Estate 0.05 0.30 0.20 1.36
(-0.18 0.26) (0.05 0.55) (0.15 0.27) (1.25 1.50)
[-0.34 0.42] [-0.14 0.73] [0.12 0.34] [1.18 1.60]
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Figure A1: Posterior estimates and 68% (pointwise) credible sets for trends
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C. Utilities

Trend(t)-Trend(0); unique
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E. Durable goods

Durable goods: Labor Trend(t)-Trend(0); total Trend(t)-Trend(0); commmon Trend(t)-Trend(0); unique

2 2 2

. . . 10 . . . 4 . . -10 . .
1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020
Durable goods: TFP s 25 Trend(t)-Trend(0); common 7 Trend(t)-Trend(0); unique
2!
6
15+
4} 1
0.5
2
o
0f -0.5
R
2!
-15
-4 -2 -2
1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020
F. Nondurable goods
NonDur. goods: Labor 1 Trend(t)-Trend(0); total 15 Trend(t)-Trend(0); commmon 1 Trend(t)-Trend(0); unique
A/
n
ot / 1+
ol
0.5
| a1
ol A
2
0.5 2l
3
Al
3
-4 A5
. . 5 . . 2 . 4 . .
1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020
NonDur. goods: TFP 2 1trend(t)-'l‘pend(0); tptal 15 Trgnd(t)-Trgnd(O); urplque
=77
NPV .l s SO
NNy ol
0- 05+ B
A
1 0 W—\’\f {
\
n 2!
2 o5t Ny e,
Vo Ny
A AR
1 / E
3l 4 v \vl v L 3
-15 -4
1960 1980 2000 2020 1960 1980 2000 2020 1960 1980 2000 2020

20



G. Wholesale trade
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I. Transportation and warehousing
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Fin & Ins.: Labor
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M. Education, health care, and social assistance

[Ed. & Health: Labor
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O. Other services
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Figure A2: Sector-Specific and Common Growth Rate Trends for Labor from the DFM
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Figure A3: Sector-Specific and Common Growth Rate Trends for TFP from the DFM

0.5

Agriculture

Mining

1960 1980 2000 2020 1960 1980 2000 2020
Durable goods Nondurable goods
l"‘
4 Y oftS
1] . ~\
3 .’ ‘\ -0.5 ‘oz,
2 :," ‘l \\
l\'l\ ‘I \ -1 \,
S R W * =N
y -15 *
/i \
[0, &4 .
2 v
1960 1980 2000 2020 1960 1980 2000 2020
1 Trans. & Ware. 5 Information

1960

1980 2000

Educ. & Health
A

2020

,0
N A TN
0 \
L)
\
. -
“ "‘ o'
\ /
\".I'
1960 1980 2000 2020

1960 1980 2000 2020

Arts, Ent., & Food svc.

1960

1980 2000 2020

Utilities
0
Y
\
A )
0.5 \
\
Jom
VT
L 24
1960 1980 2000 2020

Wholesale trade
~s
-wl ‘\
.

\

a~
e

0.5

1960 1980 2000 2020

FIRE (x-Housing)

1960 1980 2000 2020

Other services (x-Gov)

1960 1980 2000 2020

DFM Trend (Common) ======== DFM Trend (Sector-specific)

Notes: See notes to Figure A2.

27

Construction

-2 *
‘\ »
d‘\’ \0 ~*
-4 \‘ﬂ.ll
1960 1980 2000 2020
Retail trade

1960

1980 2000 2020
PBS
0 L ‘\‘
05 \
A
\
-1 *a
\
¥,
\ ‘\h
-1.5 ‘\ e
. U
: \/
1960 1980 2000 2020
Housin
0.5 9
d
Id
1
]
1
!
0 7
J
\\- l,n
\/
05 G
1960 1980 2000 2020



3 A Structural Model with Sectoral Linkages in Mate-

rials and Investment

The first subsection summarizes some of the key results referenced in the text. The other

subsections provide more detailed derivations.

3.1 Summary of Results Referenced in the Text
3.1.1 The Influence Vector in a Model with Capital

The competitive equilibrium of the economy described in the main text is defined as a set of

gross output prices, pg,t, value added prices, pj,, materials prices, p7}, and investment goods

prices, p7,, for all sectors j and dates ¢, and allocations, (City Cry Tijits Mijity Tty Mjt, Vit Yot ki1, Cit),
such that

i) the representative household maximizes its utility,
ii) the representative firm in each sector maximizes profits

iii) all markets clear.

Absent frictions, equilibrium allocations may be found by solving a planner’s problem
whose corresponding decentralization and definitions of prices are straightforward.

Suppose that sectoral structural changes embodied in {z;,,¢;;} are stationary in levels,
with non-stochastic steady state denoted by {z;,¢;}. Then, in the absence of shocks, the
economy converges to a steady state in the long-run indexed by A = (A, ..., A,), where
ImA;=lnz;+ (1 —a;)In¢;, j=1,..,n.

In the steady state, first-order conditions imply a set of relationships between the prices

of materials, investment, and value added,
OlnpY =0,
Inp’ =T;"[I — (I —T,)®]InpY,
Inp” = Q' InpY,

where p¥ = (p¥,...,p%), p* = (py,...,p%), and p¥ = (p¥,...,p¥)".
From the definition of value added, we have that

Inv; =InA; +a;In (ﬁ) ,

a;
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and from the Euler equation governing the optimal choice of capital in each sector,

() i
oy jo 1-B(1—4d;))"

Combining these expressions gives

v, =InA; +o;In (pPv;) — a; Inp® + a1 __ s
nv; nAj; Q; Il(p]’l)]) Q; l'lpj Q; 1’1(1 (1 5]) s

or in matrix form,

(I —ag)ln(p’. xv)=InA+1Inp’ —aglnp® + agln Ay,

where (p¥. X v) represents the vector of nominal value added, {p}?vj}, aq = diag(e;), and
Ay =
diag <#§_5})> Substituting for investment and value added prices on the right-hand-side

of this last expression, we obtain
Inp? = (L [ — (I —Ty)®] — adQ’)_l (I —ag)ln(p’. xv)—InA—agInAy. (3)

From the resource constraints in each sector j, and the optimal allocation of materials

and investment in the economy, it follows that

p i 55
_90+ ¢7, L + wz— sz'Uz,
Z] —w Zu—ﬁa—é)
or in matrix form,
L (p% xv) =0'C+ ®(I —Tg)T;" (p°. X v) + QAzdq0q (p°. X v), (4)

so that

C
Aggregate GDP (in units of the final consumption bundle) is then given by

= (I —0(I —Ty)|T;" — QAuba0q) O

V=1 (" xv)=19YC,

where ¢ = ([[ — (I —Ty)] ;" — QAd‘SdO‘dyl o'

Substituting the expression for value added in (4) into the equation for gross output
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prices, (3), and using the fact that the ideal price index for the final consumption bundle

implies © Inp? = 0, we obtain

O (T I — (I =T — )™ A+ agln Ay — (I — ag) Iney]

InC = —
© (F;l [[ - ([ - Fd)q)/] - OédQ/) ([ - Oéd)]_

Y

where note that © (I';' [I — (I — I'q)®'] — ode’)_l (I —ag)l=1
It follows that

AV dmC
8111Aj N 61HA]‘ N

{([I — (I =TT — Qag) ™ @’} )

J

At the same time, the vector of value added shares, s”, is given by

(p*. xv) (=@ —T)ITy" — QAsdg0q) O

4 V([ = (I —Ty)|T;" — QA S404) " O

Therefore, in the limit case where g — 1, Aydq — I, and

OV |
(9lnAj _778]'7

where n = 1 ([ —®(I — Ty, — Qad)_l ©' is approximately the inverse of the mean

labor share across sectors. To see this, observe that n can also be expressed as n =
1'([I—@(I—Fd)}rgl—gad)_le’

V(I—aq)([[-2(I-T )| ~Qag)  ©

1

l-a”

-, Thus, when o; = a Vj, n =

3.1.2 Balanced Growth with Sectoral Linkages in Materials and Investment

We begin by normalizing some of the model’s key variables with respect to sector-specific
factors, p;., to be determined below, so as to yield a system of equations that is stationary
in the normalized variables. If all growth rates are constant, the resource constraint in any
individual sector implies that all variables in that constraint must grow at the same rate
along a balanced growth path. Thus, define y;+ = v/ fje, Cit = Cit/ i, Mjie = Mjit/ Wity

and Z;;; = xji¢/pj.. Then, the economy’s resource constraint becomes

n n
Cjp + E i+ E Tjie = Gje-
i=1 =1
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Similarly, the production of investment goods may be re-written as
n EE wij
~ 3 '7t
Tt = H (L> )
=N i

~ wij . . . .
where Z;; = x;,/ [}, #1;,;, while the capital accumulation equation becomes

~ Wij
ki1 =254+ (1 lfgtH<MZt 1) ;

Hit

_—_ o
where kj i1 = Kje1/ [Ty 1y -

The expression for value added may be written as

wWij o
4 JtH] 1 Mit—1
Uje = Aj 7

Q;

o
so that, defining v;; = v;;/A;; (H] s 1) " it becomes

~ a;
vie=|— :
Js o
J

The composite bundle of materials used in sector j may be expressed as
n ~ Pij
. m.; ‘,t
My = H (i) )
bij
with m;, = mj./[[" i1 ,uf);]. Therefore, gross output in terms of detrended variables is given

by
A ajwi; \ Vi ¢ij =5
~ Ujt JtH —1 M1 my,tH =1 Mt
y]7tM]7t = - 4 Y

j L=

or alternatively,

~ . ~ 11—~ Y5 n
Uir = <%>% ( Myt ) K AJ}]t HMW%%M(PW)%
it = it—1 Mt :
’ i L= Myt 520

We can now use the expression in square brackets to solve for the normalizing factors, f1;,

as a function of the model’s underlying parameters.
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First, re-write the term in square brackets as

Vi of mo VWi
Aj:t Fit-1 (1=7;)i; 'YJ QjWij
. V¥ Wig 'u’ it z t )

Hit \G=7 Mg

where this last expression involves the growth rate of ;. Then along a balanced growth

A
path where all variables grow at constant rates, the term — Lt H i1 uflt 19)913 uj@aﬂw” must be

constant. Thus, we choose p;; such that

Y4 n
A 3 H vjajwii+(1—5)ij —1

This choice is without loss of generality since any other constant in place of 1 will be differ-
enced out along the balanced growth path.

Taking logs of both sides of the above expression, we have
vilnAj, —Inp,, + Zn: (viojwij + (1 —4)di) In iy = 0,
i=1
or in vector form,
Cgln Ay —Inpy + Tgag Inpy + (I — Tg)® In iy = 0,
which gives us
Inp; =='In A, (5)

where

= = (I —Tgag — (I —=T)®) ' Iy

is the Leontief inverse, (I —'gaqQ — (I —Tq)®)~", diagonally weighted by value added
shares in gross output, [',.
Going back to equation (10) in the main text, and writing the vector of productivity

growth rates as Aln A; =g, it follows that

Alnpy =Zg, =Z'(9. + (I — aa)7y) -
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Thus, let uj, denote the normalizing factor for value added in sector j defined above,

n Qj
Mg,t = Aju (H #Z?l) .
j=1
Then, using equation (11), we have that
Inp =InA; + agQ'="In Ay,

or, along a steady state growth path,

. J

Alnpl = [T+ ag (I — oLy — (I —T)®) ' Ty| 7. (6)

<

3.1.3 The Dynamics of Value Added Growth

We wish to recover the implications of the model for sectoral value added growth, Alnv;,,
and aggregate GDP growth, Aln V.

Observe that
Aln ?)ij,t = OCJA In ’]\{/j,h

and that Aln Ej,t = A/ch,t, where Al%j,t follows directly from the Markov decision rules. Then,
by definition of v;,,

Aln Vit = Aln 5.7':75 + Aln Ajvt + Z Oé]ijA In Hit—1
i=1

= OéjA];’jﬂg + Ajvt + Ej + Z ijc‘-)ijA In Mgt —1,

i=1

or, in vector form,
Alnv, = agAk; + A, + G, + g Aln ;.

The sectoral detrending factors, fi;,, solve

Aln Mt = :/A In At,
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where
== (I —Tgag — (I —=T)®) 'y

Then,
Alnv = osz/;:t + At +9, + gV (At—l + §a>

or
Alnv, = (I +ag¥=)7g, + gk + A + Y= A,

with AInV; = s"Alnv,. When all shocks are set to zero, so that Al;‘t = flt = flt_l =0, we

recover the sectoral balanced growth paths for sectoral value added,
Alnv, = (I +ayQ¥=)7,.
3.2 10 and Capital Flow Tables

The Capital Flow and Make Use tables are shown in Tables AG and A7.

Table A6: €2, Capital Flow Table

Agr Min Util Const Dur Nd Wh Ret T&W Inf FIRE PBS Ed&HAEFOth Hous

gds gds trd trd x-H sV
Agr 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Min 0.00 0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Util 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Const 0.12 0.07 047 0.03 0.15 0.14 0.14 052 0.14 020 0.15 0.12 0.38 0.57 041 0091
Dur gds 0.70 0.31 0.36 0.76 0.58 0.61 0.60 0.35 0.69 0.52 058 045 043 0.30 0.42 0.05
Nd gds 0.00 0.00 0.04 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.01 0.01 0.00 0.01 0.00 0.00
Wh trd 0.10 0.05 0.04 0.08 0.07 0.08 0.07 0.04 0.06 0.06 0.06 0.07 0.09 0.05 0.05 0.00
Ret trd 0.04 0.01 0.01 0.04 0.01 0.02 0.03 0.02 0.01 0.02 0.07 0.04 0.02 0.03 0.04 0.01
T&W 0.02 0.01 0.01 0.02 001 001 0.01 0.01 0.01 001 001 0.01 0.00 0.01 0.01 0.00
Inf 0.00 0.02 0.03 0.04 0.03 0.02 0.05 0.02 0.02 0.10 0.04 0.06 0.03 0.01 0.02 0.00
FIRE (x-Hous) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02
PBS 0.02 0.04 0.04 0.04 0.16 0.12 0.09 0.03 0.06 0.10 0.08 0.25 0.06 0.03 0.04 0.00
Ed&H 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
A E&FS 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Oth serv 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Housing 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Notes: ;; shows the share of investment goods used by sector j that originated in sector i. Entries are computed
from the 1997 Capital Flow.

Putting the information from the Capital Flow and Make-Use tables together, Table A8
shows the resulting Leontief inverse matrix, weighted by the diagonal matrix I'y. As ex-
pected, elements of the Construction and Durable Goods columns of the Leontief inverse
are uniformly large, while those of the Agriculture, Forestry, Fishing, and Hunting or En-

tertainment and Food Services columns are comparatively unimportant. Because columns
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Table A7: ®, Make-Use Table

Agr Min Util Const Dur  Nd Wh Ret T&W Inf FIRE PBS Ed&HAEFOth Hous

gds gds trd  trd x-H sv
Agr 0.39 0.00 0.00 0.00 0.01 0.13 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00
Min 0.01 0.27 0.32 0.02 0.02 0.16 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Util 0.01 0.02 0.02 0.00 0.01 0.01 0.01 0.01 0.01 000 004 0.01 0.02 0.02 0.01 0.00
Const 0.01 0.04 0.04 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.04 0.00 0.00 0.00 0.01 0.40
Dur gds 0.04 0.15 0.02 0.38 0.57 0.06 0.03 0.03 0.07 0.12 0.01 0.06 0.07 0.05 0.19 0.06
Nd gds 0.26 0.10 0.11 0.13 0.09 037 0.04 0.05 021 0.04 001 0.05 0.12 0.22 0.07 0.01
Wh trd 0.10 0.05 0.03 0.09 0.09 0.07 0.08 0.05 0.07 0.04 0.00 0.03 0.04 0.04 0.04 0.01
Ret trd 0.00 0.00 0.00 0.15 0.00 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00 0.01 0.03 0.03
T&W 0.05 0.08 0.17 0.04 0.04 005 0.13 0.14 0.27 0.03 0.02 0.04 0.03 0.03 0.02 0.00
Inf 0.00 0.02 0.02 0.02 0.02 001 0.06 0.06 0.02 037 005 0.08 0.04 0.04 0.04 0.00
FIRE (x-Hous) 0.07 0.05 0.08 0.03 0.02 0.01 0.18 027 0.12 0.07 0.52 0.19 0.31 0.18 0.36 0.42
PBS 0.04 0.22 0.16 0.13 0.13 0.11 042 0.33 0.19 025 025 047 0.28 0.30 0.18 0.07
Ed&H 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.00 0.00 0.00 0.03 0.00 0.01 0.00
A E&FS 0.00 0.01 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.06 003 0.05 0.03 0.06 0.02 0.00
Oth serv 0.00 0.00 0.01 0.01 0.00 0.00 0.04 0.02 0.01 0.02 0.02 0.03 0.04 0.02 0.03 0.00
Housing 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Notes: ®;; shows the share of materials used by sector j that originated in sector i. Entries are computed from the
2015 BEA Make and Use Tables.

Table A8: =/, Weighted Leontief Inverse

Agr Min Util Const Dur Nd Wh Ret T&W Inf FIRE PBS Ed&HAEFOth Hous

gds gds trd  trd x-H sV
Agr 0.53 0.08 0.02 0.09 043 0.14 0.19 0.03 0.07 0.05 0.10 0.28 0.00 0.01 0.01 0.00
Min 0.01 1.06 0.01 0.09 0.38 0.07 0.12 0.02 0.06 0.05 0.07 0.29 0.00 0.01 0.01 0.00
Util 0.01 0.16 067 0.18 035 0.07 0.11 0.03 0.07 0.05 0.07 0.27 0.00 0.02 0.01 0.00
Const 0.01 0.05 001 0.61 037 0.07 0.12 0.05 0.05 0.04 0.06 0.24 0.00 0.01 0.01 0.00
Dur gds 0.02 0.06 0.01 0.07 087 0.08 0.15 0.02 0.05 0.05 0.07 0.31 0.00 0.02 0.01 0.00
Nd gds 0.07 0.18 0.02 0.09 040 0.50 0.16 0.02 0.07 0.05 0.07 0.34 0.00 0.02 0.01 0.00
Wh trd 0.01 0.03 0.01 0.07 029 0.04 076 0.02 0.06 0.06 0.09 0.30 0.00 0.01 0.02 0.00
Ret trd 0.01 0.03 0.01 0.10 023 0.04 0.08 0.60 0.06 0.05 0.12 0.27 0.01 0.01 0.02 0.00
T&W 0.01 0.05 0.01 0.07 031 0.09 0.11 0.02 0.60 0.05 0.10 0.28 0.00 0.01 0.01 0.00
Inf 0.01 0.04 001 0.10 0.38 0.06 0.12 0.02 0.05 0.69 0.09 0.35 0.00 0.03 0.02 0.00
FIRE (x-Hous) 0.01 0.03 0.03 0.09 0.31 0.05 0.09 0.03 0.04 0.07 0.73 0.32 0.00 0.02 0.02 0.00
PBS 0.01 0.02 001 0.05 021 0.04 0.07 0.02 0.03 0.05 0.09 093 0.00 0.02 0.02 0.00
Ed&H 0.01 0.03 0.01 0.05 0.18 0.05 0.06 0.01 0.03 0.04 0.12 023 0.59 0.02 0.02 0.00
A E&FS 0.02 0.04 001 0.10 023 0.08 0.09 0.02 0.04 0.05 0.11 0.28 0.00 0.55 0.02 0.00
Oth serv 0.01 0.03 0.01 0.07 023 0.04 007 0.02 0.03 0.04 0.12 0.20 0.00 0.01 0.65 0.00
Housing 0.01 0.05 001 0.54 039 0.06 0.12 0.06 0.05 0.04 0.10 0.25 0.00 0.01 0.01 0.90

Notes: See text for definition of =.
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of the Leontief inverse determine the extent to which structural change in one sector affects
value added growth in every other sector, these columns also ultimately make up a network
multiplier for each sector that summarizes the importance of structural change in that sector

for aggregate GDP growth.

3.3 Economic Environment

Preferences are given by

Eo ) G,
t=0
n Cis 0J- n
ct—H(#) Y 0;=1,0;,>0
j=1 N7 7=1

where C represents an aggregate consumption bundle taken to be the numeraire good.

The production side of the economy is described by

Vi (I=v5)
Vit m;; )
Yjio = | — P y Vg € 071 )
" ( Vi ) <1 — i€ (0]

m. _ﬁ(%>¢ij i¢.._1 bii >0
Jit — Qbij ’ ij — 1, Qi = U,

i=1 =1

VI B2 L < 10, 1].
U],t Zj,t < O!j ) (1 N Oéj ) aj € [ ’ ]

We assume that labor supply follows an exogenous process.

Capital accumulation in each sector follows

kit =20 + (1= 0;5)k;

n T Wij n
_ ig,t § : _
l’jﬂg = H ( ) s wij = 1, CL)Z']' 2 0.
Wi i=1

i=1

Goods market clearing requires that

n n
Cjt + E My + E Tjit = Yjt-
=1 =1

Finally, since labor input is taken to be exogenous, we define

1—aj
l;y I
s 75 1_aj )
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and express value added in sector j as

ki \™

J,t

vig = A | == )
Q;

We then express the driving process for A;; as
Aln Aj,t =Aln Zjt + (1 - Oéj)All’llgj’t,
where
Ah’let )\]T ct +)\]€ ct+€]t7
Tt:<1_p)gc+p t1+nct>
sz,t = (1 - p)gjz' + pT]"Z,t—l + Uf,t,
Alngjt >\§T7—Ct +)\]5 ct+€]t7
= (1= p)ge + PTegey + Neys
7= (L= p)g; + p7yer + 15

where the disturbances have the properties described in section 2.
We assume that p is arbitrarily close to 1 in which case the processes for Alnz;; and

Aln/;, approach those described in section 2.

Notation: Let © = (64, ...,6,), I'y = diag{v;}, ® = {¢i;}, @ = {wi;}, aq = diag{e;},
da = diag{d;}.

3.4 The Planner’s Problem

6.
max L= Zﬁtn (CJ’ ) J
—1-25’52 ) (vﬂ w( m )(1—%') n n
om - T — Cjt — iji,t - Zl'ji,t
=0 j=1 i=1 i=1
S| 1T (%) J_mj,t]
t=0  j=1 7 Li Pij
+3o> [a () -]
t=0  j=1 %




+Y 8> [H <xm> ’ + (L= 0j)kjs — kjan
=0

J=1 =1

This yields:
0;Cy

Gt

Y
_pj,ta

which also defines the ideal price index,

H p]t

J=1
Moreover, we have that
Y
D Yie
j = Pjp
Ujit
and y
(L -2 =
J m 7,0

j7t
which define a price index for gross output,

= (02)" ()

In addition,
m
Pyt y

Gij——— = Pits

Myjt
which gives material prices in terms of gross output prices,

n

mo__ Yy bij
Pjt = | | (Pf)™
i=1
and N
Pjtlit oy
i — Pits
Lijt

which gives prices for capital in each sector in terms of gross output prices,

i =TT )™

i=1

Finally, we have an Euler equation

D5 t+1Y5t+1 >
Py = PE, [ e koo + Pj i1 (1= 65)
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Value added in sector j in this economy is pfy;: — >, 0fmije = P50 — 2 ;(1 —
Vj)gbijpg’tyj’t =S f)/jpityjﬂf = pjvje- GDP is then given by Zj pi v It is also the case
that p?,tyj,t - Zz pgg{,tmji,t = p?,tcj,t + Zz Pﬁ’,t%z‘,t-

3.5 The Full Set of Equilibrium Conditions

For clarity, we collect in this subsection the full set of equilibrium conditions. The economic

environment is described by,
n n
Cip Y Myie + Y jir = Yias Vi,
i=1 i=1

n T wij

o ij,t .

Tjt = | | <_) ’ \V/],
wij

i=1
kj,tJrl =Ty + (1 — 5)]{7]'715, VJ, and l{ij’o given,
kiYL
/Ujvt = AJvt <O{L) Y v]?

J

n bij
mgj, .
mjt = H (qb_]t) ) vja
ij

=1

v\ ms T—y; .
Yjt = (i) <1_—]t) , V7.
Vi i

The first-order conditions from the planner’s problem are,

Myt
X
DTt
72 Js Yy
2 _pi,t7 VZ?]7
Lijt
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pg t+1Vjt+1

p]t = PE; |« + p;‘c,t+1(1 - 5]‘) vj

kji—i-l

The exogenous sectoral processes driving productivity are
AlnA;; =Alnzj; + (1 —a;)Alnl;,,

Alnzjt_)\jT ct +/\]5 ct+€]t7
= (1= p)gc + PTo01 + 1100
sz,t =(1- p)gjz' + IOT]:Z,tf]. + Uf,t,

Alnl, =N 78+ 70+ X el + &b,

7,7 eyt
= (L= p)ge+proy 1+
sz,t =(1- P)gf + ij{t—l + 77§,t'

There are 2n*+15n+3 equations, with unknowns given by {y; +, Cj.1, M1, Tjts Uity ki1, Ajs Tty

Y m T \n n
P P Pl i=1s {miaje, Tija}i =1, and Gy

3.6 Special Cases with No Growth

Consider the case where o; = 0 V5 and structural changes embodied in {z;, £;,} are modeled
as stationary processes in levels. Then A;, is also stationary in levels rather than growth
rates. Aggregate value added or GDP, V,, is then given by the aggregate consumption bundle,

Ct, and
olnV,

A, 555 (8)
where s? is sector j’s value added share in GDP, and where these shares may be summarized
in a vector, sV = (sY,...,5%), given by s* = O([ — (I — [y)®')"'T'y.”

When «; > 0 for some j, the economy becomes dynamic and, absent shocks, converges
to a steady state in levels in the long-run. Getting rid of the ¢ subscripts to denote variables
in that steady state, and letting A = (A4, ..., A,,) stand for the long-run vector of composite

exogenous sectoral states, we have that in the limit as § — 1,

3 In AJ - 773]'7 (9)

where 7 is an adjustment factor approximately equal to the inverse of the mean employment

2The object O(I — (I —T'4)®')~1Ty is the influence vector highlighted by Acemoglu et al. (2012).
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share across sectors. In particular, when sectors use capital with the same intensity, a; = «
Vj, n = . The influence vector in this case, s”, is given by O[I';'(I — (I — I'q)®’) —
g7 /O0 (I — (I —Ty)®') — agf¥] 711, where 1 is a unit vector of size n. When 8 < 1,
the influence vector also depends on sectoral depreciation rates, d;, and equation (9) holds

as an approximation that depends on Re d; ~ 1 for standard calibrations of 3. See

g
1-B(1-3;
section 3.7.3 for a general formulation of steady state value added shares where equation (9)

arises as a special case.

3.7 Balanced Growth

Consider the case where all variables are growing at a constant rate along a non-stochastic
steady state path, e/, = ¢, = 0 fori =z, ¢, n., =ni, =0fori=z ( and 7}, = 7}, |,

7.y =T,y fori=z (, and all j and t. Then,

Al Ay =7; = X0+ 95 + (1—ay) (N 90+ g)) (10)
so that 1
Ajy=—2L — 9~ 1
» Aj,t—l . T

for reasonable growth rates.

3.7.1 Making the Model Stationary

We normalize the model’s variables with respect to sector-specific factors, j;, determined
below, to yield a system of equations that is stationary in the normalized variables. If all
growth rates are constant, the resource constraint in any individual sector implies that all the
variables in that constraint must grow at the same rate. Thus, define y;; = y;+/tj+, Cit =

Cit/ i, Myjie = Myie/ e, and Ty = x4/ pj. Then, the economy’s resource constraint

n n
Cjt T E i+ E Tjit = Yjt-
i=1 =1

Given the above definitions, the production of investment goods may be re-written as

n ~ wij

~ - xij,t

Ljt = ’
wz-j

=1

becomes
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n
~ Wi4j . . . . . . .
where 7, = x4/ Hui ¢ . Under this normalization, the capital accumulation equation is
i=1

Fiapr = Tja] [y + (1= 6;)kj,
=1

and so becomes

~ ~ = L\ Wi
Fiapn = Ti0+ (1= )k ] | (%) ,
i=1 b

n
where kjy 1 = kji1/ Hﬂﬁj-
i=1
The expression for value added may be written as

n
~ .
kj,tl |/h‘,t—1
=1
vip=Ajp | ——— |
&

Qj

n @
so that, defining v;; = v;;/A;; (HM?}# 1) , it becomes

=1
~ kit
vig = | = )
.77 a'
J

The composite bundle of materials used in sector j may be expressed as

n ~ bij
~ Mije
e =11 ’

¢ij

=1

n
with m;; = mj,t/HMff:j.
i—1

1=
Under our normalization, gross output may be written as

n Vi n 1—’Yj
op ‘”%'wif ~‘||¢w‘
V1A i1 Myt | Mt
Tisfhis = i=1 i=1
j?t j?t - Y
7 L=
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which, collecting terms, gives

Yir =\ 2~ 1_—
Vs s

We can now use the expression in square brackets to solve for the normalizing factors, i,

A” "

viagwis (1=7)04;
Hﬁ%ﬂ:—ﬁ i ]]-

Hit 32y

as a function of the model’s underlying parameters.

First, re-write the term in square brackets as

Vi n o VoW
Aj,t :uzt 1 (1=5)bij 'y]a]w”
' Ao WG PJ )

/”L]’t i= 1M’Lt

where this last expression involves the growth rate of p;,. Thus, without loss of generality

with respect to growth rates, we choose f;; such that

Al

gt yjejwij+(1—)bi; _ 1
— 11 Hie =4
it 52y

Taking logs of both sides of the above expression, we have
Wi Ajy —Ingy + > (v + (1= 5)éi) In iy = 0,
i=1

or in vector form,
Lgln Ay —Inpy + Tygag Inpy + (I — Tg)® In iy = 0,

which gives us
Inp; =='1In Ay, (11)

where
2= (I —TgaqQ — (I —Tg)®) ' Iy,

Going back to equation (10), and writing the vector of productivity growth rates as
AlnA; =7,, it follows that

Alnp =27, =" XNgZ+ 9+ ([ — ) ()‘ng + gé>
N ——

9. 9e
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Note: I';' (I —Tya Q) — (I —T)®)1 = (I — aqg)l.

Qj
Let p?, denote the normalizing factor for value added in sector j, Aj; (H,ufff_ 1) ,
i=1

defined above,
n Qy
u}it = Ajy (H /L:J2]—1> .
j=1

Then, using equation (11), we have that

Inp =InA; + agQ'="In Ay,

or

Alnpy = |1+ ag(I = aaly@ = (1 =T)®) ' Ty| 7, (12)

<

Equation (11) gives us the normalizing factor in the resource constraint for sector i

In Hit = Z&“ In Akﬂg, so that

k=1
n

e = | JAR.

k=1

The normalized capital accumulation equation then becomes
Fjopr =254+ ( k’] tH (HA_%&“>
=1 \k=1

where ﬁk + = Agt/Ak—1. Similarly, normalized gross output in sector j may be written as
~ Vit m;t T Wi
() (22 ()
RE i i=lk=1

Normalized aggregate consumption, @ =Cy/ Hu?ft, solves
j=1

n ~ 9],
@:H(%) |

j=1 Y

The planner’s first-order conditions may now also be easily expressed in normalized terms
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n
v Wk &
—y ~ pj,tAj,tHMk,tq
iT~ T Pj¢= n J;
’th P
’ k
H“k,t
k=1
D34 -
gkt _ G —0k
(T —)=% j,t =Dj H/th , V7,
Myt _
~m
pj t'1og,t
) ) ~y
(bz_y ~ pi,ta Vi Js
Mgt
@ T
p.]yt — -~ pl,t ijt V
n = pj,t T~ I
Gk—wk] wl]xjvt
k,t
k=1

f i 0 —Wij p t 1U t+1 f iWij -~
oI o ([T ) e o)

i=1k=1 thJrl i=1k=1

Finally, the normalized driving processes may be expressed as
lnAjt—Alnzjt—l—( a;)Alnl;,

A]'nzjt_)\jT ot T +)‘]€ ct+5]t>
= (1= p)ge + P71 + s
T = (L= p)gi + p75 1 + 150
Alngjt_)\jT et T +)‘]e ct+6]t)
Toe = (L= p)ge + PTeyy +ley
Tf,t =(1- P)gf + ijZ,t—l + nf,t-
3.7.2 Steady State of the Stationary Environment

The relationships between price indices hold in normalized form,
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> 0;mpY =0,
J

i=1 k=1

Inpi" = Z ¢ij Inpy,

Inp] = Zwij Inp!.

In matrix form, these are
OlnpY =0,

mp? =Tgnp’ + (I —Tg) Inp™ 4 alyV= In A,

The definition of value added gives

_ k;
Inv;; = a;ln (a—]]) ,

while the normalized Euler equation implies

J

i=1k=1 i=lk=1

so that

n n

) STII + 3

ﬁ _ (@}%) i=1k=1
Q; ]’5’96 n o n
" 1-8 [HH(l + msm@—wiﬂl (1-3)

i=1k=1

Combining these expressions yields

(1—a;)In (pY7;) =np! —a;Inp? +a;In A,
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n n
s] [T Lo

where A; = m—— . In matrix form, we then have

i=1k=1

(I —ag)In(p”. xv) =Inp’ — agInp” + agln A,

where (p¥. x v) = {pjv;} and A = {A;}.

Using the normalized price indices

(I—a)n (. x0)=T;'(I = (I =Tg)®)Inp¥ — agnp’ + agln A — gQVE'In A
=IIInpY — ag¥Inp? + agln A — ayVZ In A

where I1 = T';' (I — (I — [';)®'). Tt follows that
InpY = (I — oY)~ ? [(I —ag)In(p’. x V) —agln A + a4Q'Z In Z] :

From the normalized resource constraint, we have that

n n
. y~ e
=p;¢ + E pimygi + E D5 jis
=1 i=1

or alternatively

T n o n

Bt = 0 C + Z¢]z ’71 pZ d + Zwﬂ [1 — (1 - 5)HH(1 —}—gz)_w“&k
i=1

% Vi k=1¢=1

o~
Aiaipi V.-

In matrix form, this last expression becomes

LN (0. x0) =O0'C+ 0 —T)T;" (7', x 0) + QGaorqg (7. x 7),

where Gy = diag { [1 —(1- 5Z)HH(1 + gy) " riber Ai}. Therefore,
k=10=1
~v
w = [(I — CD(I - I‘d))chl - QGdad]_l@'

QGdOéd)il@/

= (Ir
.
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Taking logs,
In(p*. x9) =In¢+1InC, (13)

and, substituting this expression into the equation for gross output prices, we obtain
Inp¥ = (I — oY) [(I —ag)(Inyy +1InC) — agln A + a4 QZ In Z] :
Recall that the normalized ideal consumption price index implies © In p¥ = 0. It follows that

Y

0=0(I—a)! [([ — )Y 4+1InC) — agIn A + QU= In A]
which gives aggregate consumption as a function of model parameters only,

O — agY)~! [ad InA — ;= InA— (I —ag)ln @D}

InC =
ne O — )11 — ag)l

(14)
Note: O(IT — ayY)"*(I — ayg)1l = 1. Therefore,
InC = Ol — ag) ™ [ad A — T InA— (I —ag)ln 1/}] )

Normalized GDP is then given by

V=1 x0) =1%C.

All other normalized prices and allocations, as well as shares, are functions of the model’s

parameters and can now be computed recursively.

3.7.3 Steady State Sectoral Value Added Shares in GDP

The vector of sectoral value added shares or influence vector is given by

(I —®(I —Ty))T;" — QGaay 1O’

vo__

T TV —o(I - T, — QG 10"
where
Gd = dmg { [1 - (1 - 51)HH(1 + gﬁiwki&k Az} 3
k=1/4=1
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n n
6HH(1+§k)9j€kj
with A; = I=lk=1 '
j=1k=1
Consider the case where no sector is growing in the long-run, g; = 0 Vj, and where

elements of A; are instead stationary in levels with steady state values given by the vector
A. Then, detrending is immaterial and the model’s steady state may be solved using the set

of equilibrium conditions in section 3.5 directly. In that steady state,

[([ — (I)(I — Fd))l“gl — QAdédad]_l@’
V(I —®( =TT, — QAzdg0g) 10"

s =

where Ay = diag (%), and
J

dlnV  dlnC (I —®(I - Ty — Qag) e’
din A dinA V(I —aq)([[ — (I — Tl — Qag) 10"

Therefore, in the limit where § — 1, so that <%> d; — 1,
J

dinV
din A, 0

where 7 is an adjustment factor related to the inverse mean of employment shares in each

sector. When sectors use capital with the same intensity, o; = o Vj, n = ﬁ

3.7.4 Details of Steady State Calculations

n n

step 1. Compute G4 = diag { [1 -(1- 5Z)HH(1 + g,) il

k=1/=1

T, = HH(l + ge)_wkifék

so that L
lnﬂ = — Z Z wki&k ln(l + ﬁg),
k=1 £=1
or, in matrix notation,
In7T =—-Q'=ZIn(1 + 7).
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In matrix form,

=@ =TI +g) ) = 1= (1 = s .
k=1(=1
Next, consider the term,
1T e
A — j=1k=1
1= 508y T[T + o
j=1k=1

and let T, denote the double product in the numerator,

so that

Ta; =Y Y 0;&;n(1+7,).

j=1 k=1

We write this term in matrix notation as
InTh, = 0" In(1 4+ g),
where
0, ... 0,
Observe that In7Tx, is an N x 1 vector where each element is the same for all i. Let Th,

denote the double product in the denominator

Tnyi = ﬁﬁu + G, Sk 05 —i0),

j=1k=1

so that

nTay, =YY & (0 —wji) In(1 +7y)

j=1 k=1
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n n n n

= S0 m(1+7,) — D > wjibe; In(1+7y).

j=1 k=1 j=1 k=1
Then, in matrix notation, we have that
InTh, =02 — QZIn(1 +7).

It follows that
(A} = ge(Ta) (1 . 5d)eln(TAz>) .

Moreover
Gq = diag {[1 - (1 - 5d)eln(T2)] x {A}}.

step 2. Compute
Y =(I' = QGqay) ' O

step 3. Compute aggregate consumption, equation (14).

O — ag)! [ad InA — gV InA— (I —ay)Iny
InC =

OIT — ag¥)~1(I — ag)l

step 4. Compute aggregate GDP, GDP =1 (p’. xv) = 1'4C.
step 5. Compute nominal sectoral value added, (p”. x v) = wé )
step 6. Compute nominal sectoral gross output, {p4y;} = ;' (PP x D).

step 7. Compute nominal sectoral consumption. {pjc;} = ©'C.

o1



step 8. Compute nominal material inputs,

ﬁmll ﬁ'{ﬁ%lN ¢11 ¢1N (1 — ")/1) O
ﬁ?\,ﬁl]\[l ﬁvm]\[}v ¢N1 ¢NN 0 (1—’}/1\[)
-1 _
Yoo 0 (ﬁ‘lf X Ul) 0
X
0 ... 0 (P X )

step 9. Compute nominal sectoral investment,

ﬁlllfll ﬁle [ w11 ... WIN (05 N 0

ﬁvf]\fl ﬁ%’V%NN | WN1 ... WNN 0 ... QN
[ Gd71 0 (]371} X ?}/1) 0
0 .. Gax 0 e (U X T)

step 10. Compute gross output shares using nominal values above,

- e~ - o~ - e~
cj  Dj¢ mg;  PjMi Tji DTy

Se. = <= ==<=,Sm,, = —=<=— = — and Sp.. = = = —.
J . Y. Ji ) Y Ji . sCivg
Yj P;Y; Yj P;Y; Yj P;Y;

step 11. Compute gross output prices and value added prices,
Inp¥ = (I — oY)~ * [(I —ag)In(p”. x V) — agln A + V=" In ,Z[] ,

Inp’ =np? — a0 In A.

step 12. Compute steady state (normalized) consumption, capital, and investment,

Cj:

e

~ P;6;
~y
pj
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and

_ k;
Inpjv; —Inp? = a;In (a_j>

J

~ L (mpyo;—Inpy)
= e 3 J
= k; = aje ,

while investment is given by

= (1 0o [IIL 0+ akwfki) k.

i=1k=1

or in terms of the notation introduced earlier in step 1,

F=1—(I-6)e™D) . x k.

3.8 Balanced Growth at the Sectoral and Aggregate Level

As derived above, sectoral value added growth is given by
Aln :u;] = [I + adQ/E/] ga?

where
= = (I — DgogQ — (I —Tg)®) ' Iy

with j* element g; + ZajwijZf’kiyk, and where g, denotes the vector of productivity

i=1 k=1
growth rates, Aln A;.

The Divisia index describing aggregate GDP growth is
AlnV, = ZS}J’tA Inw;,,
j=1

where Alnv;, denotes the growth rate of real value added in sector j, and s;,, is the share

of sector 7 in nominal value added,

U .
&= Dj Vi

5t n :
U
E Dj Vi

Jj=1
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Hence, the balanced growth rate of real aggregate GDP is

g; + Z%‘wz‘jkai?k] : (15)
i=1 k=1

n

AlnV, = Zs;’

J=1

Using the expressions for the normalized variables, we have

n
~v O
pj,tHMk,t n
v _ k=1 ~ Wi
PjVie = | — Uj,tAj,tHMi,t—l
, WO i=1
Ajt K1
k=1
n
_ vy O
= pj,t”j’tH“k,tﬂ
k=1
so that
n
o Tlnd Ok
o | [ o
v k=1 P;iVjt
Sjt

— n n = :
nu ooy Ok nu ooy
E :pj,tvj:tl |Nk,t D; Vst
j=1 k=1 j=1

Then, along a balanced growth path where pj ,v;; is constant in every sector, nominal shares

in value added are also constant and given by

P;Yj
TG <o) (16)

where (p¥. x v) is obtained through equations (13) and (14).

3.9 Dynamics of the System
3.9.1 Linearized Equations:

The “hat” notation stands for percent deviation from steady state for the normalized vari-
ables (i.e. for some variable, z;, and with some abuse of notation, z; = 7; = In(x;/x*)).

The linearized version of the resource constraint is

n n
Se;Cjip + E Smyi Mjit + E 503810 = Ui
i=1 =1

where s¢; = ¢;/Yj, Sm;, = Myi/Y;, and s,;, = 7;;/y;. The production of investment goods in
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linearized form becomes
n
Ljt = E :Wz'jﬂfz’j,t-
i=1

The capital accumulation equation in linearized form becomes

Kjti1 = Ko;zje + (1 — 6;)knkje — (1 — 5j)ﬁkazwz‘jfkiz4k,t,

i=1 k=1

where k., = T; /Ej, Kk, = HH(l + g,,) @itk Real value added in linearized form becomes
i=1k=1

U = agkt.

The composite material bundle used in sector j takes the form
n
Mje = Y i
i=1
Gross output production in linearized form is

Uia =130 + (1= )0 — 7505 > Y wiibeides.
i=1 k=1

Aggregate consumption in linearized form is

n
Ct: E Hjcjﬂﬁ.
j=1

In linearized form, the first-order conditions are:

@ - /C\j,t = ﬁj,t,
ﬁjt +Yje — Uy = ﬁ}),ta
Pie + Uje — Mye = Dy,
2/5;735 + mj,t - mij,t = @y,t,

nY .., —nT
Diy t Tije — Tj = Py
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and

pjt = ZZ£k1 i — wij) B <Ak t+1>

=1 k=1

n n
. R ~ ~
+ T B | Pjeir + Vg1 — Kjip1 + E § Ekiwij Ak i1

i=1 k=1

+ mo By (ﬁit—l—l) )

n n
where 7T1’j =1- 7T27j and 7T27j = 6(1 — 6J)HH(1 + §k>5ki(0i_wij).
i=1k=1
Finally, the linearized driving processes are given by:

~ Aja <\
Aj;=1n (ﬁ) =In (Aj,t) —9;

— Alnzj, — N, g7 —gi + (1 —ay) (Alnty, — N g’ — )
= AZT( ; gc) + T?t - gj + A;,sgc,t + gj,t
\_v_/ \_v_/

Tz Tz

c,t ] t
+ (L= ay) | Nj(Tee = 9e) +Tja — g5 + Xjea + €5
w_/ T
Teot Tt

ct_p t 1+nct7

o~z z
Tit = PTip—1 T Mg

~0
ct_p t 1+nct7

~ o~ ¢
Tit = PTjp—1 T Njgs

o~

Deﬁne /C\t = (/C\ljt...,/c\n,t)/, @\t = ({y\l,t‘”;@\n,t)la Ty = (/.T\Lt...,/l'\n,t)/, ffbt = (’Fflljt...,7’??%,15),7 and

. oL r ~ ~ ~ / o
analogous vectors for prices. In addition, define M, = (My14, Mioy, ..., Mpny) and X; =

o~ o~ o~ !/ . . .
(Z114, T12t, -, Tnnye) - Then, in matrix form, the above system of equations reads as
Scct + Sth + Sth = Yy,

where
S¢, ... 0 Smii Smiy e 0 0

0 ... s 0 0 o Smuiy Sman



and

where

ann2 -

where

q)nxn2 =

where © = (04, ...

where

Sz11 Sais 0 0
Sx - ’
0 0 Sttty  Stnn
/.flf\t - QX},
W11 0 0 W21 0 0 e Wnt 0
0 w12 ... 0 0 W9 ... 0 0 Wn2
0 0 ... wy, O 0 .. woy ... 0 0

ko1 = kol + (I — 8g)kky — (I — 62)kiY = A,

/'l}t:O{dif\t,

mt:&;]/ﬁ—ta
o1 0 ... 0 ¢or O ... 0 .. ¢ O
0 ¢z 0 0 ¢ .. O 0 ono
0 0 o by 0 0 o oy . O 0

Ui =Tty + (I — Ty)iny — TaagSV= A,
at = @/C\h

79n)7

]-nCt_/\t:ﬁa
P+ 1y — v =Dy,
~m

P+ 1y —mye =D,

My = Mypy" — Mapi + My,

Ml = 1n><1 (039 I and M2 = I® 1n><17
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X = Mypy — Mop! + M7y,
and finally the Euler equations,

]/5? - (@T - Q/)E,Etjzl\t_’_l

4 (I —m)E, [ﬁgﬂ 4 D — Repr + U A

T
+ molipf, 1,
where
721 0
o =
0 ce T2p

3.9.2 System Reduction:

We now substitute out the flow variables in order to arrive at a dynamic system of equations
expressed in terms of the basic state and co-state variables only.

Starting with the equation for investment, we have

Similarly, from the equations governing the choice of material inputs,
iy = @ (Myp}" — Map} + M)
where ®M; = I and ®M, = ®’, we have
Pt = @'pi.
The Euler equation then implies

QP = (0" — U + (I — m) Q)EE A
+ (I - 7T2) [, [ﬁfﬂ + Y1 — /k'\t-i-l]

+ 7T2Et [Q/ﬁ+1} .
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Observe that 1,0 = O, and since @ = 0¢,, 1n6’t — ¢ = D} gives
(©" —I)e =P},
so that the Euler equation becomes
QO —DNG=(0"—Q + (I —m) V)ZE A
+ (I —m)Ey [@H - EtJrl]
+ [(I — ma) + mQ] (0" — I)EiCyys. (17)
From the equation describing production, we have
U0 = Daaghy + (I = Tg) (B! + 50 — P") — Daca'=' Ay,
and using the derivation for p}* above,

Ui = gk + T;NI = T)(I — ®)(O" — NG — agVE' A,

which we express as
@\t = agh; + Qcaf - QaAtv
with Q. =T, (I —Ty)(I — ®)(0" — I) and Q, = asSYZ'. Substituting for 7;,; in the Euler

equation (17) gives

QO —1)E =[(0" — mY)Z — (I — ) Qu] EeAyi
+ (I —m3) [ag — ] Et/];t+1
+ ([(I = m2) + mQ] (0" = 1) + (I = 72) Qc) EvCyya, (18)

an equation in terms of states, %, 121\, and co-states, p¥ = (©" — I) ¢, only.

Turning to the resource constraint, we have

@\t = Scat
+ Sy (MDY — Mop! + Mymy)
+ S, (Mapf — Map?! + My7y) , (19)
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where 7, in the capital accumulation satisfies
/.Z'\t = /{x_lkft+1 — (I — 5d)’{;1/{/kkt ‘I— (I — 5d)f€;1/€kQ,E/At.

Substituting for 7; in equation (19), and using the fact that p! +7, = p/*+m, while pf = Q'p!

and p" = ®'p}, we obtain

(I - Sli) Z/J\t - Sc/C\t + Sm (MIZ/)\? — M?Z/)\?)
+ Sm (Mlg/ﬁ — MQ?)\% + M1 Ii;li{?\t_;_l — (] — (Sd)li:;lliki{f\t + (] — 6d)H;1EkQ/E/A\]> s

or

+ SaMusiy ket — (1 = 04)SaMury ke + (I = 62) S, Mk, Y E A,

Substituting for 7; and p} in this last expression, the economy resource constraint becomes

([ - Sli) (ad/k\'t + Qc/c\t - Qa;{\t)
- Sc/C\t —|— [Sm (M1 _ Mz) —|— SJ; (MlQ/ - Mg)} (@T - ])/C\t
+ S$M1H;17€\t+1 - (I — 5d)SzM1H;1Iik7€\t + ([ - 5d)S$M1R;1HkQ/E/Z\t, (20)

an equation in terms of E, g, and ¢ only.

We summarize equations (18) and (20) as

[ (L —m) + (O = 1)+ (I = 1) Qe (I —m2) g — ] ] 5, [ Gt ]

0 Sme;I //f\t+1
B Qe —-I) 0 ¢
By, Ba, Ky
[ (0" — )= — (I — . .
+ [( T2 )O ( 7T2) Q ] E, Ay

Ata

0 -
+ ,
— (I = 8,uM;1) Qu — (I — 64)S, Mk Q= ]

where

Boi = (I = SnMi) Qe = S =[S (M = M) + 8, (My€)' — M)} (07 — 1),
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and
Boz = (I = S,M) aa + (1 = 0)S: My i

The dynamics of the above system, along with the driving process,
Ar=2+(I—aa)l,,

~ _ -~z z 2oz z_z
2 =T, +& + )‘TTc,t + )‘egc,w

&

=T e+ AT+ Mgy
?tit = P?(:Z,t—l + nim
T = PTia g,
?f,t = p?f,tfl + Uﬁ,m
%\te = p%\tefl + 7757

may be solved using standard linear rational expectations solution toolkits, including in this
case King and Watson - KW - (2002).

3.10 Solution and Policy Functions in KW (2002)

In the notation of KW (2002), the Markov decision and policy rules take the form,

K

51,15

[ G ] [ ck Terz Teezr Terz Teez Tert Teet Tert Teet | 02t
ky I 0 0 0 0 0 0 0 0 834
Al=10 T T X XN IT-a I—aq I—a)X T—a)X || du
% 0 I I X X 0 0 0 0 854
4] Lo o o o 0o I I AL S
07,1

| ds:
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-~ - — - - -

ky MEg Mez Mez Mez Mez Mo Moe Moe Mgt ki_q
514 0 py 0 0 0 0 0 0 0 |6
52 000 0 0 0 0 0 0 0 |[dm
a1 0 0 0 py 0 0 0 0 0 |6
S l=]0 0 0o 0 0 0 0 0 0 |]|dm.
55, 0 0 0 0 0 py 0 0 0 |6
5o 00 0 0 0 0 0 0 0 |[d
52 0 0 0 0 0 0 ps O || 6
6] LO 0o 0o 0 0 0 0 0 | ds
(000000007 _ -
rooooooo||™
07000000
00100000]]|"™
+loo001 0000,
0oo0o0o0ro0o00]||"
00000700/
00000010/
(0000000 1] L%

~

_ = _ _ _ _ =~ _ _ =~ _ A
where (517,5 = th, (52775 = 5?, 537,5 = Tét, 647t = Eét, 55715 = T¢, 56,15 = €t7 57,75 = Tc,t’ 58,t = gc,t7 and

P51 = Ps3 = Pis = Pér ~ I

3.11 Time Series Implications for Sectoral and Aggregate Value
Added

We wish to recover the implications of the model for sectoral value added growth, Alnv;,,
and aggregate GDP growth, AlnV;. Observe that Aln %j7t = Ai{:\j,t, where Ai{:\jﬂf follows from

the Markov decision rules, and
Aln 5j,t = OéjA In f];?/j’t.

By definition of v;,,

Alnvj; =Alnv;; + AlnA;, + Z Wi Aln iy

i=1

= ajA/l%j,t + A\j7t +9; + Z awi Aln g g
i=1
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or in vector form,

Alnv, = osz%t + A\t +7, + g Aln .

The sector-specific detrending factors, 1+, solve

Alnpy = Z'Aln Ay,

where
= (I —Tgag — (I —=T)®) "Iy
Then,
Alnv = osz/k\t + /Alt +9g, + a VE <A\t—1 + §a>
or

Alnvy = (I +ayQ'Z) g, + gk + A+ a, VA, .

-~

When all shocks are set to zero, so that AE = A = gt,l = 0, we recover the sectoral

balanced growth paths for value added,

Alnv, = (I +ayQ'Z)g,.

3.12 Solving the Model When Households Have Imperfect Infor-

mation

Thus far, the representative household is assumed to have full information with respect to
transitory and permanent shocks, as well as between idiosyncratic and common shocks, that
affect the economy. In contrast, we now consider an imperfect information case in which the
representative household cannot distinguish between permanent and transitory components
of exogenous changes to the environment. In this alternative scenario, the household faces an
additional filtering problem in which it must infer estimates of these components in deciding
how much to consume and save.

With imperfect information, the objective function of the representative household is

given by
Eo ) G,
t=0

where the ‘tilde’ over the expectations operator accounts for the fact that the information
set does not allow households to distinguish between persistent and transitory shocks. It
can be shown that the filtering problem that households then face does not affect the calcu-

lation of eigenvalues that determine whether the dynamic equilibrium is saddle-path stable
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or, alternatively, unique. This filtering problem, however, does lead to different Markov de-
cision rules insofar as expectations of future shocks now involve estimates of the unobserved
exogenous states.

In vector form, the composite driving processes for Z; and ¢; are

Zy= N, + T+ Mgl e,
7A'cz,t = PInfétfl + 772157
T = Pl g
and
o= Nl 7
%c,t = pIn%f,t—l + nﬁ,t,
7y = plii_y + ;-
Given the Gaussian nature of the shocks and the above linear processes, estimates of the
unobserved exogenous states, {Tgt, '}, © = z, £, are formed using the Kalman filter with

observables z; and /;.

For a given variable z = z, ¢, the observation error is
x _ \r_x x
Uy = /\55(:,75 + &,

with the observation equation written as

. et
Ty = [ )\i In i| A;:

N
H

+uf, uf ~ N | 0,524 0Z AXZXY
—— ——

Rz

The corresponding state equation is

%g,t _ p 0 72551&71
T 0 pl, T
—_——

F

+ [ nf,t ] ~ N(O,Qm>

un

Uf,t
s
Given a steady-state Kalman gain matrix, K, the Kalman updating follows
[’f—zﬂtl ] _ [ p 0 ] [ %gtfl\tfl ]
7A-tg|ct—l 0 ply %;c_”t_l
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where af is the forecast error,

and

Teeer = | A2 I, 7:2’5”_1 =\ I, p 0 7A—gjt—1|t—1 ‘
| ' Tt . 0 pl,

T gl
It follows that a household with imperfect information who is unable to distinguish be-

tween persistent and transitory shocks faces the following effective driving process,

[%cl:tt ] _ [pIn 0 ] [ﬁitutl
%ﬁt 0 pl, 7A_tx—1|1t—1

I, O Ty
af = - | X In}[p ”Tf’;”“],
0 pl, Ti—1]t—1

where x = z, £, and Z; is treated as the shock. Put alternatively, the imperfect information

+ K*ay,

problem introduces estimates of the unobserved exogenous states as state variables (rather
than the states themselves) and modifies the driving processes the representative household
faces. However, given these modified processes, the model may be solved using standard

linear rational expectations solution toolkits as before.

3.12.1 Computation of the Steady State Kalman Gain

The observation and state equations for z = z, {, are respectively,
vy = Ht} +uf, uf ~ N (0,R"),

and
Ttm:FTf—l—f_nf? anN(OaQI%

where 77 = (77, 7f)" and H and F' are defined above (for simplicity, we leave out the

[15an)

notation over the variables).
The prediction equations are:
o 7, =F1}

[t—1 t—1[t—1°

o Py1 = E[(7] - Ttm\t—1)<7-f - Tta\jt—1)/’$t_1] = PPy F' + Q7
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J— X
o Ty = HT7j_y,

o Syp_1= El(z; — -Tt|t71)(-'17t — xt|t71),‘xt_1} = HPt|t71H/ + R*.

The updating equations are:

r __ X rqQ—1 -
® Tyt = Tyje—1 T Py H St|t—1(‘rt Tejt-1),
—_———

K¢

L Pt|t = Pt\tfl - Pt|t71H/S_1

tlt—1

HPt‘tflb

K¢

The steady state Kalman gain is then given by K% = PH’S~! where P and S respectively
solve
P =FPF' +Q*,

S =HPH' + R".

We obtain Q¥ and R* by computing covariances of the shocks from the MUC model,

)

R* =Var (Aoel, +ef).

£T

T
nc,t

Q" =Var
s

We then compute the steady state Kalman gain by iterating on the following equations
where, given iteration 7 — 1,

P =FPYVE Q@
S=HPYVH + R*,
K*0 = py Y H'S ™,

and
PY = P — K*WHP,.

We stop the iterations when HPO(j ) Péj b
K0)

< 1078, The steady state Kalman gain is then
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3.12.2 Expression for the Driving Processes as an Input to King and Watson
(2002)

The driving process in this case is

Tyt
T -1
7A-cz,t|t
%(itflhfl
1 [0 plh 0 Xp I, 0 0 0 0 0 az
[z@]_[o 00 0 0 0 pl, 0 Xp I, #h,
%tefl|t71
7A_f,t|t
Tettlt-1
a;
% ] [pLoo0o00 0 000 0] Ayl | [ K 0]
P I 0000 0 00O O 7 oo 0 0
P 00 0p 00 0 00007 4, K. 0
P 000100 0 0000/ |%, 4, 0 0
a: | 00000 0 0000 aia || 10 [at]
7 0 0000 pl, 0000 e 0 Ky || d
e 0 0000 I 0000 e 0 0
e 000000 0 0p 007 ., 0 Ky
e 000000 0 0100/ |7 5, 0 0
.« ] |0 0000 0 0000]|]| a, 0 1|

3.13 Additional Sector Decomposition Figures
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Figure A4: Model-Based Historical Decomposition of Trend Growth Rates:
Contributions from Non-durables

A: TFP and Labor
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Notes: Panels (A)-(C) show the effect of the sector-specific trend shocks (A77, and A7f,) on the growth
rate of GDP using the model-based dynamic multipliers. Panel (D) shows these effects after reallocating
Arf’t to the other sectors. Blue dots indicate 68 percent credible intervals conditional on balanced growth
model parameters. The trend growth rates are normalized to 0 in 1950.
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Figure A5: Model-Based Historical Decomposition of Trend Growth Rates:
Contributions from Professional and Business Services

A: TFP and Labor
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Notes: Panels (A)-(C) show the effect of the sector-specific trend shocks (A77, and A7f,) on the growth
rate of GDP using the model-based dynamic multipliers. Panel (D) shows these effects after reallocating
Arf’t to the other sectors. Blue dots indicate 68 percent credible intervals conditional on balanced growth
model parameters. The trend growth rates are normalized to 0 in 1950.
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3.14 Model-based Forecasts of Changes in Trend GDP Growth

Table A9: Model-based Forecasts of Changes in Trend GDP Growth

2016 — 2021 2021 — 2026

VA Labor TFP VA Labor TFP
Aggregate -0.49 -0.15 -0.34 -0.16 -0.03 -0.13
Common -0.16 -0.05 -0.11 -0.03 0.00 -0.04
Sector specific (total) -0.33 -0.10 -0.23 -0.13 -0.03 -0.10
Sector specific (by sector)
Agriculture -0.00 -0.00 0.00 -0.00 -0.00 -0.00
Mining -0.02 -0.01 -0.01 -0.01 -0.00 -0.00
Utilities -0.00 -0.00 0.00 -0.00 -0.00 0.00
Construction 0.02 -0.01 0.02 0.01 -0.00 0.01
Durable goods -0.31 -0.08 -0.22 -0.12 -0.03 -0.09
Nondurable goods 0.00 0.00 0.00 0.00 -0.00 0.00
Wholesale trade -0.01 -0.00 -0.00 -0.00 -0.00 -0.00
Retail trade 0.00 0.00 0.00 -0.00 0.00 -0.00
Trans. & Ware. -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
Information -0.00 -0.00 0.00 0.00 -0.00 0.00
FIRE (x-Housing) -0.00 0.00 -0.00 -0.00 0.00 -0.00
PBS -0.00 -0.00 -0.00 -0.00 -0.00 -0.00
Educ. & Health -0.00 0.01 -0.01 -0.00 0.00 -0.01
Arts, Ent., & Food svc. -0.00 -0.00 0.00 0.00 -0.00 0.00
Oth. serv. (x-Gov) 0.00 0.00 0.00 0.00 0.00 0.00
Housing -0.01 0.00 -0.01 -0.00 0.00 -0.00
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