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Abstract

A collection of time series are “related” if they follow similar stochastic processes and /or
they are statistically dependent. This paper proposes a Related Time Series (RTS)
forecasting model that exploits these relationships. The model’s foundation is a set of
univariate Gaussian autoregressions, one for each series, which are then augmented to
incorporate stochastic volatility, heavy-tailed innovations, additive outliers, time-varying
parameters and common factors. The model is estimated and forecasts are computed
using Bayesian methods with hierarchical priors that pool information across series.
Computationally efficient MCMC methods are proposed. The RTS model is applied to

three datasets and yields encouraging pseudo-out-of-sample forecasting results.
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1 Introduction

This paper considers “related” economic time series, where the series may be related in
two distinct ways: They may be related because they follow similar stochastic processes
and/or because they are statistically dependent. Series generated by autoregressive models
with similar autoregressive (AR) coefficients are related in the first way, while variables that
interact in a vector autoregression are related in the second way. In either case, information
from one series may help forecast the value of another related series, where in the first instance
this information involves the values of parameters used for forecasting, and in the second
it exploits potential lead/lag relationships between the variables. This paper develops a
forecasting model for related time series that utilizes both of these sources of information.

An empirical example used in the sections below helps set the stage. It uses a dataset
comprised of monthly employment growth rates in each of the 50 U.S. states and the District
of Columbia. While each state is different, they share many common features such as similar
serial correlation patterns and variability. Moreover, macroeconomic forces in the U.S. affect
all of the states, where these effects are stronger and/or materialize more quickly in some
states than others, leading to dynamic cross-correlations among the series. Interest lies in
forecasting the states’ employment growth rates over the next several months.

This paper has three related goals. The first is to develop a flexible but tractable model
that captures common features and comovement in the series and exploits these relationships
for short-term forecasting. For lack of a better name, we call this the “Related Time Series”
(RTS) model. The paper’s second goal is to develop a set of numerical algorithms to reliably
and efficiently carry out estimation and prediction for the RTS model. The third goal is to
evaluate the forecasting performance of the RTS model using the state employment dataset
and two unrelated datasets.

We construct the RTS model from familiar ingredients. At its foundation is a collection of
univariate Gaussian autoregressions, one for each series. It starts there because univariate AR
models provide competitive point forecasts for a wide range of economic variables. Moving
beyond point forecasts requires modeling higher-order moments, and the RTS model does this
via stochastic volatility, heavy-tailed innovations, and additive outliers. Dependence across
series is introduced through commonalities in stochastic volatility realizations and through
a set of common factors that capture low-frequency, higher-frequency, and occasional large

and irregular comovements in the series. Parameters describing these features are allowed to



slowly evolve through time, so that effectively, the model puts more weight on more recent
data when constructing the forecast distribution. The RTS model is estimated using Bayesian
methods, where hierarchical priors are used to pool information across series, and we develop
a MCMC sampler to approximate posterior distributions.

Our analysis borrows from a vast literature. While it is impossible to do justice to all
of the important contributions, we mention a few here. Perhaps the best place to start is
with the practical univariate methods described in Box and Jenkins (1970), and the incorpo-
ration of innovation and additive outliers in Fox (1972) and Abraham and Box (1979). The
stochastic volatility in the RTS model has its genesis in Engle (1982) and the formulation
we use builds on Kim, Shephard, and Chib (1998) and Omori, Chib, Shephard, and Naka-
jima (2007). The RTS model incorporates many features from unobserved component models
with classic contributions in Nerlove, Grether, and Carvalho (1979) and Harvey (1989), and
the work on factor model forecasting surveyed in Stock and Watson (2016b), related large-n
forecasting methods in Banbura, Giannone, and Reichlin (2010), D’Agostino and Giannone
(2012), Carriero, Clark, and Marcellino (2015), De Mol, Giannone, and Reichlin (in press)
and multi-country VAR models of Chudik and Pesaran (2016), Bai, Carriero, Clark, and
Marcellino (2022) and elsewhere. Several researchers have included many of the ingredients
present in the RTS model: notable examples include Cogley and Sargent (2005), del Negro
and Otrok (2008), Stock and Watson (2016a), Almuzara and Sbordone (2022), Antolin-Diaz,
Drechsel, and Petrella (2024), and Carriero, Clark, Marcellino, and Mertens (2024). Gel-
man, Carlin, Stern, and Rubin (2004) provides a textbook overview of the Bayesian methods
that we employ, and these are augmented with insights from Doan, Litterman, and Sims
(1984), Meng and Wong (1996), Durbin and Koopman (2002), Geweke (2004), and Chan and
Jeliazkov (2009).

The paper is organized as follows. Section 2 introduces the state employment dataset,
and documents features of these data (similar autoregressive dynamics, stochastic volatility,
outliers, comovement, etc.) that are incorporated in the RT'S model. This section also outlines
a pseudo-out-of-sample forecasting experiment and the loss functions we use to evaluate the
RTS model’s point, quantile and interval forecasts.

Section 3 develops the RTS model and is the heart of the paper. The RTS model in-
cludes autoregressive dynamics, heavy-tailed innovations and additive outliers (both modeled
as Student-t random variables), low-frequency stochastic volatility with a component that

is common across series, time-varying level, autoregressive, and other parameters (modeled



as random walks), and dynamic common factors. The model is estimated and predictions
are formed using Bayesian methods, where hierarchical priors are used to pool information
across the series. While each of these ingredients is straightforward, taken together they yield
a notationally complex RTS model. With this in mind, Section 3 develops the RTS model
sequentially: It begins with simple univariate AR models for each series, and then adds ingre-
dients one at a time. This results in seven models, each more complex than its predecessor,
and where the final model is the full RT'S model.

Section 3 also evaluates the fit and forecasting performance of the model using the state
employment data. The results are encouraging. Over the pseudo-out-of-sample period from
2000-2019, the root mean square forecasting error from the RTS model is roughly 10 percent
lower than a benchmark AR(12) model,! these gains are widespread across the states, and
similar gains are obtained for quantile and interval forecasts.

Section 4 summarizes additional empirical exercises that serve as external validity checks
for the usefulness of the RT'S model. The structure of these exercises is simple. We introduce
two new datasets—growth rates of industrial production from 16 Euro-area countries and
inflation from 17 sectors making up personal consumption expenditures in the United States—
and use the RTS model developed in Section 3, without any modification in the model or
prior, in pseudo-out-of-sample forecasting experiments in these datasets. We also examine
the forecasting performance of the model during the aftermath of the COVID recession. In
each of these exercises, the RTS model performs well.

Section 5 provides concluding remarks, but much of the important work in the paper comes
after these remarks: The Online Appendix provides a detailed description of the algorithms
used to estimate the model. This discussion parallels the sequential development of the RTS
model in Section 3 and highlights, in modular fashion, the features of the algorithm needed to
accommodate the various ingredients in the RTS model. Interested users can mix and match

these modules when building models that incorporate these ingredients.

LA 10% decrease of root-MSFE corresponds to having access to a variable whose correlation with the
baseline forecast error is equal to 0.44 (= v/1 — 0.92).



Figure 1: Monthly Growth Rates for U.S. States, 1990-2019
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Notes: Panel (a) plots the monthly growth rates for employment in each of the 50 U.S. states and the District
of Columbia. Panel (b) shows the growth rates for five selected states.

2 An initial look at the U.S. States Employment data

and a benchmark model

2.1 Some Descriptive Statistics

Figure 1 plots seasonally adjusted monthly rates of growth for employment in n = 51 U.S.
states and the District of Columbia (hereafter “states”). The sample starts in February 1990
and is plotted through the end of 2019, where for much of our analysis we truncate the sample
in 2019m12 to avoid the COVID-19 pandemic and its aftermath. (Section 4.2 presents selected
results for the post-2019 period.) Panel (a) plots all 51 series and panel (b) plots the growth
rates for a handful of states.?

The figure highlights five features of the data that play a role in the RTS forecasting

2The Online Appendix includes sources and descriptions for the data used in this paper.



Table 1: Selected Statistics for U.S. States Employment Growth Rates

Quantile
010 [ 025 [ 050 [ 075 [ 0.90
(a) AR(12) Model
Sum of AR Coefficients 0.49 0.60 0.69 0.73 0.81
Innovation Standard Deviation 2.18 2.42 2.89 3.42 4.44
(b) GARCH(1,1) Student-t Model
Sum of GARCH Coefficient 0.25 0.47 0.73 0.93 0.98
Student-t degrees of freedom 4.2 5.4 6.3 7.7 13.8
(c) p-values for Nyblom test statistics
Level <0.01 0.04 0.30 0.51 0.67
Sum of AR Coefficients 0.02 0.23 0.56 0.78 0.90

Notes: The columns show the quantiles of the distribution of row-statistics across the 51 states.

model. We discuss these in turn.

First, the growth rates are correlated across states. For example, the figure shows that
the 2007-2009 recession led to synchronized declines in employment across the U.S. states,
and the 1990-1991 and 2001 recessions also led to widespread, but less severe, declines. The
average pairwise correlation of year-over-year growth rates was 0.33 over the 1990-2019 sample
period.

Second, the series have similar second moment properties. For example, consider the

following state-specific univariate AR(12) models:

& (L) (Yie — 1) = €ip- (1)

Panel (a) of Table 1 shows the distribution (across states) of the sum of the OLS-estimated AR
coeflicients, g}ﬁi(l), and the residual standard deviation, &.,. They indicate similar patterns of
long-run persistence and variability for many of the states. An examination of the AR filter
gains, ](Abi(ei“)\, also indicates a similar pattern of persistence across all frequencies. (The
gains are not shown to conserve space).

Third, there are obvious outliers in the employment data. The largest outlier in Figure 1
is associated with Hurricane Katrina in August 2005 which caused large employment losses
in Louisiana. Several outliers are also evident in the data for West Virginia plotted in panel
(b), where many of these employment changes are associated with mining employment.

Fourth, time-varying volatility in growth rates is also evident. One simple way to gauge the

prevalence of volatility shifts is by examining estimated parameters from GARCH(1,1) models



for the innovations in the AR(12) models in (1). The distribution (across states) for the sum
of these GARCH coefficients is shown in panel (b) of Table 1, and indicates persistent changes
in volatility for most states. The estimated GARCH models include Student-t innovations,
and the table also shows the distribution of the estimated degrees of freedom; these are small,
capturing the outliers and kurtosis in the innovations.

Fifth, but more difficult to see in the figure, is time variation in the levels of the growth
rates—that is, time variation of y, in (1). Also of interest is potential time variation in the
AR coefficients in ¢,(L). Panel (c) of Table 1 shows the distribution of the p-value of Nyblom
(1989) tests for the null of constancy versus the alternative of random walk variation in these
coefficients. The p-values suggest time variation in the level parameter for many of the states,
but provide little evidence of time variation in the AR coefficients.

The RTS forecasting model, developed in Section 3, is designed to capture these five fea-
tures of the data. Before presenting the model, we outline the pseudo-out-of-sample (POOS)

forecasting experiment used to evaluate its performance.

2.2 Recursive pseudo-out-of-sample forecasting and criteria for

forecast evaluation
2.2.1 Description of experiment

The AR(12) model in (1) will serve as a convenient benchmark for the forecasts, and we use
that model to describe the recursive pseudo-out-of-sample (POOS) forecasting experiment.
The experiment proceeds in the usual way. The full sample ranges from ¢t = 1, ..., T (where in
this application ¢ = 11is 1990m2 and T is 2019m12). Let Emp, , denote the level of employment
in state 4 in month ¢, and let y;; = 1200 x In(Emp, , / Emp,; ;) denote the monthly growth
rates plotted in Figure 1, measured in percentage points at an annual rate. Let yﬁt =
(1200/h) x In(Emp, ;,;, / Emp, ;) denote the growth rate from ¢ to ¢ + h, again measured in
annual percentage points. The goal is to forecast the values of yfft 4, for h =1,3,6 months
ahead. Forecasts are computed recursively: Using data from ¢t = 1,...,7* with T = T3, the
model parameters are estimated and forecasts (point, quantile and interval) are computed for
yZhT +n- This process is repeated for T =T + 1,171 +2,...,T — h. The forecasting experiment
is carried out using the data plotted in Figure 1, which are the currently available historical
data and not “real time” data; state-level employment data undergo significant revisions and

our analysis abstracts from these revisions. In the application the POOS experiment begins



in 7} =1999m12, so that the first POOS forecast is based on ten years of in-sample data.?

2.2.2 Forecast Loss Function

We are interested in point forecasts, predictive quantiles and interval forecasts. Let y denote
the random variable of interest, 3 denote the point forecast, ¢, denote the ath quantile of the
predictive distribution of y with ¢, its estimate, (¢a/2, ¢1—a/2)) denote the equal-tailed 1 — «
prediction interval and (ga/2,{(1—a/2)) denote its estimate. We evaluate the forecasts using

standard loss functions:

e Squared error loss for point forecasts: {(y,9) = (y — §)* with resulting mean squared
forecast error (MSFE) as the expected loss. We will report root-MSFEs.

— o) for y > g,
e Quantile loss: £(y, 4,) = { ?1(y_ a)Q((; (iryy> ;ij .

e Interval loss:

2

Y, Gas2, Q-ay2) = (qA(lfa/Q)_qAa/Z)+a (Gajz — y) X 1y < Gaso) + (Y — da—as2) X Ly > qu-as2)]) -

As is well-known, the risks associated with these losses are minimized using the mean of the
predictive distribution for §, ¢a = ¢a and (Ga/2, da-a/2)) = (da/2, d1—-as2))-

We compute sample average values of these losses (i.e., sample risk) for each of the fore-

casting models and forecast horizons.

3 Seven models

This section is the heart of the paper. Here we develop a tractable forecasting model for
“related time series” that exhibit the features—similar dynamics, time-varying volatility, co-
movement, etc.—that are evident in the state employment data. The model that accom-

modates all of these features turns out to be rather complex and to understand its various

30ur interest is in forecasting the growth rates for each of the individual states. In principle, these forecasts
could be aggregated to produce a forecast for the growth rate of national employment, although, in the United
States, the national and state-level employment data are constructed from different surveys (the CES and
CES-SA, respectively), and the state-level employment values do not sum to the national values. There is
a large literature on forecasting aggregate series using disaggregates. See Hendry and Hubrich (2011) for
discussion and references.



ingredients and the associated computational methods for constructing forecasts, we find it
useful to begin with the benchmark AR(12) model in (1) and sequentially add the ingredients.
This results in a sequence of seven increasingly rich forecasting models that culminate in the
RTS model. The Online Appendix provides a detailed description of computational algo-
rithms for estimating these models, where the increasing complexity of the algorithms allows
us to highlight, in a modular way, the necessary modifications required for each model’s new
features.

The AR(12) model (1), estimated by OLS and with Gaussian i.i.d. errors, will serve as the
benchmark in the POOS forecast comparisons. The first of the seven models we consider is this
univariate AR(12) model, but estimated by Bayesian methods using standard “Minnesota”
priors. In this model, each of the series is modeled in isolation and any relationships between
the series are ignored. The second model is similar to the first, but recognizes that the
series are potentially related by having similar parameter values; it exploits this similarity
through the use of hierarchical priors. The third model builds on the second, but replaces
the Gaussian assumption for the innovations with Student-¢ distributions with series-specific
degrees of freedom, where again hierarchical priors are used to exploit potential similarity
of the degrees-of-freedom parameter. This model allows for heavy-tailed innovation outliers
that induce dynamic effects on the series through the model’s AR dynamics. The fourth
model adds additive outliers, also modeled as Student-t distributed random variables, that
induce one-off outliers in the series. The fifth model incorporates stochastic volatility, using
a low-frequency formulation that captures both idiosyncratic and common volatility shifts.
The sixth model allows for time variation in the level and autoregressive parameters. Each of
these models is a version of the univariate AR model so that, conditional on the parameter
values, the conditional first moments of the series evolve independently; in these models the
series’ conditional first moments are “related” only because they (potentially) have similar
parameter values, and this relationship is incorporated through the use of hierarchical priors.
The final model is the RTS model that additionally includes comovement in the series by
incorporating common latent factors; in this model, employment growth in some states might
lead other states and improve the forecasts.

We use the following notation to describe the models. We write x; ~ RW (z1,7?) to
describe a Gaussian random walk with initial value z; and innovation variance 2. With z; a
scalar, the vector (x;, zy11, ..., Tsx)  is denoted by x4 x. For a random variable z, we denote

its mean and variance by m, and v,. Hierarchical priors play an important role in the models,



and throughout we will use a Gaussian hierarchical distribution of the following form: Let

{0;}%_, denote n random variables with
0;|(mg, ve) ~ 1idN (mg, vy)
where my and vy are independent with
mg ~ N (Mg, Um,), In(vg) ~ N (Mun(vg)s Vin(ug))-

We write this as
{0]' }?:1 ~ HN(mmga Umyg mln(’l}g)7 Uln(vg))' (2)

The six precursor models and the final RT'S model are presented in the following seven
sub-sections. These sections also evaluate the forecasting performance of the models using
the POOS forecasting experiment and the state employment dataset. The change in forecast
accuracy associated with each model provides a measure of the importance of that model’s
new feature, albeit in a way that depends on the order in which the features are added to the
benchmark model. Ultimately, the forecasting performance of the final RTS model, which
includes all of the features, is the object of interest. Section 3.8 complements these fore-
cast comparisons with Bayes factors to evaluate the marginal importance of various features
incorporated in the RTS model.

To facilitate the discussion of each model’s forecasting performance, Tables 2 and 3 and
Figure 2 summarize the results of the various POOS forecasting experiments. As described
above, in these experiments, data from 1990m2 (¢ = 1) through ¢ = T* is used to construct
forecasts for time periods 7™ + h, where in this exercise, 7™ ranges from 1999m12 through
2019m6 and h = 1,3, and 6. Table 2 shows the root mean square forecast error (root-MSFE)
for each of the methods, where forecast errors results are pooled across the 51 states. The
first panel of this table shows the root-MSFE for the benchmark AR(12) model and the
values in panel (b) show the values of the root-MSFE for each of the methods relative to the

benchmark model.* Figure 2 uses box plots to summarize the distribution of these relative

4We also computed a version of Table 2 that attenuated the effect of outliers evident in Figure 1. Specifi-
cally, when computing the forecast errors used for the root mean square forecast error we replaced realizations
of y; + that deviated from the sample median by more than four times the interquartile range with the local
median of y; ¢+ for t* € (¢t — 3,t+ 3). The resulting relative root-MSFEs for Models I-VII were similar to, but
somewhat smaller than the values shown in Table 2. For example, the values for the RT'S model (Model VII)
were (0.90, 0.88, 0.89) for h = 1,3,6.



root-MSFEs across the 51 states. Table 3 shows the sample risk values for the predictive
quantiles and the 80 percent (90-10) equal-tailed prediction intervals, where the values are
relative to the benchmark AR(12) model and are pooled across states. We discuss these results
in the following subsections, but for now we simply note that the results show progressively
more accurate point, quantile and interval forecasts as features are added to the model. In
particular, the final RT'S model yields a root-MSFE that is 8-11% lower than the benchmark

model and shows similar gains for the quantile and interval forecasts.

Table 2: Root Mean Square Forecast Errors (Pooled Across States)

Forecasting Forecast of Employment Growth Rate from T to 7+h
Model h=1 | h=3 | h=6
(a) Root MSFE (percentage points at an annual rate)
Benchmark AR(12) 3.3 | 2.1 | 1.8
(a) Relative Root MSFE
Benchmark AR(12) 1.00 1.00 1.00
I: Bayes Shrinkage 0.98 1.00 1.02
I1: Hier. Priors 0.96 0.95 0.96
III: Innov. Outliers 0.96 0.95 0.96
IV: Add. Outliers 0.96 0.95 0.96
V: Stoch. Vol. 0.96 0.95 0.95
VI: TVP 0.95 0.94 0.96
VII: RTS Model 0.92 0.89 0.89

Notes: Pseudo-out-of-sample forecasting root mean square forecast errors for the benchmark AR(12) and
seven forecasting models discussed in Sections 3.1-3.7.

3.1 Model I: Bayesian shrinkage

The first model is the univariate AR(12) that utilizes independent (and standard) priors for
the model’s parameters. We present the model using different notation than we used in (1)

as this facilitates the presentation of Models II-VII. In particular, we write Model I as

Yjp = Hj+wigy (3)
p

Uig = > Gt + € (4)
=1

€t = OjEjt (5)

e~ dHAN(0,1) (6)
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Table 3: Relative Values of Sample Quantile and Interval Risk (Pooled Across States)

Model Quantile 90-10
005 [ 010 [ 025 [ 075 | 090 | 0.95 Interval
(@h =1
Benchmark 1.00 1.00 1.00 1.00 1.00 1.00 1.00
I: Bayes Shrinkage | 1.00 1.00 0.99 0.99 1.00 0.99 1.00
11: Hier. Priors 0.98 0.98 0.97 0.97 0.98 0.98 0.98
111: Innov. Outliers | 0.97 0.96 0.95 0.93 0.94 0.96 0.95
IV: Add. Outliers 0.97 0.96 0.95 0.93 0.94 0.96 0.95
V: Stoch. Vol. 0.96 0.96 0.95 0.92 0.91 0.92 0.93
VI: TVP 0.95 0.95 0.94 0.92 0.91 0.91 0.93
VII: RTS Model 0.92 0.92 0.92 0.89 0.89 0.89 0.90
(b h=3
Benchmark 1.00 1.00 1.00 1.00 1.00 1.00 1.00
I: Bayes Shrinkage | 1.04 1.04 1.03 1.00 1.00 0.99 1.02
11: Hier. Priors 0.94 0.95 0.96 0.97 0.97 0.97 0.96
I1I: Innov. Outliers | 0.92 0.94 0.95 0.95 0.96 0.97 0.95
1V: Add. Outliers 0.92 0.94 0.95 0.95 0.96 0.97 0.95
V: Stoch. Vol. 0.92 0.93 0.94 0.93 0.91 0.91 0.92
VI: TVP 0.88 0.9 0.94 0.95 0.93 0.93 0.92
VII: RTS Model 0.83 0.85 0.88 0.91 0.89 0.87 0.87
(0)h=6
Benchmark 1.00 1.00 1.00 1.00 1.00 1.00 1.00
I: Bayes Shrinkage | 1.08 1.08 1.06 0.97 0.96 0.94 1.03
11: Hier. Priors 0.90 0.94 0.96 0.97 0.96 0.94 0.95
I1I: Innov. Outliers | 0.88 0.92 0.95 0.97 0.97 0.96 0.94
IV: Add. Outliers 0.88 0.92 0.95 0.97 0.97 0.96 0.94
V: Stoch. Vol. 0.90 0.92 0.94 0.93 0.9 0.88 0.91
VI: TVP 0.83 0.88 0.94 0.99 0.99 0.98 0.92
VII: RTS Model 0.79 0.83 0.88 0.92 0.89 0.87 0.86

Notes: Pseudo-out-of-sample sample average losses relative to the benchmark AR(12) for the seven forecasting
models discussed in Sections 3.1-3.7.

where the number of lags in the AR model (4) is p = 12. Note that the model introduces a
common scale parameter w, so the parameters o; capture the relative volatilities of the series.
The level of each series is given by f;.

The model is estimated using the following priors:

e To induce scale and location equivariance, the priors for w and {,uj 7y are diffuse:
In(w?) ~ N(0, 00) (7)

and

p; ~ N0, 00). ®)

11



Figure 2: Relative Root Mean Forecast ErrorDistribution Across States
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Notes: Box plots for the relative root-MSFEs for the 51 states. The models are discussed in Sections 3.1-3.7,
where Model VII is the RTS model.

e The model requires values for the initial values {u;;}?__;;, and we assume that these

are draws from a stationary AR model. Specifically, with ¢, = {¢,,};2,, the prior for

7,LS1=1>
{uj,t}gz—ll is
uj110|(04, ¢5) ~ N(0,035(¢;)) with 3(¢) = Zar(ce) (9)

where Y 4r(¢) is the p X p covariance matrix of the stationary AR(p) model with AR
coefficient vector ¢ and unit innovation variance, and where the constant ¢ < 1 in (9)
is chosen so that the largest root of the companion matrix is no larger than 0.98. This
prior allows the distribution of the initial conditions to depend on the AR parameters

(0, ¢j), but in a way that bounds the variance when the AR parameters yield explosive

12



dynamics.

e We use Minnesota-like priors for AR coefficients:
i~ N(0,(0.2/1)%). (10)

The value of 0.2 means the values are strongly shrunk toward zero, increasingly so for

longer lags.

e The prior for o; is

In(o?) ~ N(0,0.3%). (11)

J

Recall that w captures the overall scale of the data, with ¢; parameterizing the rela-
tive variability for the jth state. This prior yields a median of 1.0 for ¢; and places

approximately 90 percent of its mass on values of o; that are between 0.8 and 1.3.

In summary, Model I is given by equations (3)-(6), with priors given by (7)-(11).

The Online Appendix contains a detailed description of the algorithm used to obtain draws
from the posterior distribution of the model’s parameters. The algorithm contains familiar
steps, although these are modified in important ways for the inclusion of the common scale w
and the initial conditions {u;}}__;;. Draws from the predictive distribution use these draws,
augmented with draws of €;; for t =T + 1, ..., 7" 4+ h using (6), to obtain draws of yﬁTUrh.

The pseudo-out-of-sample forecasting results reported in Tables 2 and 3 and Figure 2
suggest this model’s forecast accuracy is roughly on par with the benchmark. Perhaps unsur-
prisingly, Bayesian forecasts using these priors do not improve on simple OLS-based forecasts

since this model ignores any relationship between the time series.

3.2 Model II: Hierarchical priors

Model II replaces Model I's priors for the AR coefficients and innovation variances with
hierarchical priors. These priors exploit similarities in parameter values across the series,
potentially sharpening the accuracy of the parameter estimates and forecasts. Specifically,

Model IT uses the following prior for ¢:

{0}y ~ HN(0,0.5%(0.2/1)%,In((0.2/1)*),0.5). (12)

13



Unpacking the prior using the notation in (2): (12) says that ¢, ,|(mg,, ve,) ~ 11dN (mg,, ve,),
but with mg, ~ N(0,0.5%(0.2/1)%) and In(vg,) ~ N (In((0.2/1)?),0.5%). The resulting estimates
of ¢;, are shrunk towards mg with a strength governed by vy , where the data help inform
appropriate values of mg, and vy,.

A hierarchical prior is also used for o:
{In(0%)}1_; ~ HN(0,0.5%,In(0.3%),0.5%) (13)

so again, information from all of the series is used to inform the posterior for o;.

The estimation algorithm presented in the Online Appendix provides a computationally
efficient method for incorporating these hierarchical priors into the analysis.

Tables 2 and 3 and Figure 2 indicate that Model II provides markedly more accurate
forecasts than the benchmark AR(12) and its Bayesian implementation in Model I. The root-
MSFEs are 4-6 percent smaller than the benchmark across the different horizons (Table 2),
the improvement is widespread across the states (Figure 2), and quantile and interval forecasts
are improved (Table 3).

Figure 3 provides some insight into this gain. It plots the prior for the AR coefficients from
Model I together with the “prior” in Model II, ¢,,|(mg,, vg,) ~ 11dN (mg,, vy, ), evaluated at
the posterior mean of mgy, and Inwvg, using data through 2019m12. While the prior for Model
I shrinks the AR coefficients towards zero (the prior mean), Model II's hierarchical prior
shrinks the coefficients toward non-zero values, particularly for lags two through six. This

data-dependent shrinkage results in substantially better forecasts for state employment.

3.3 Model III: Student-t innovations

In Models I and II, the innovations €;, are normally distributed, which is at odds with the
outliers evident in Figure 1. In Models III and IV, Student-¢ errors are introduced to describe

these outliers. In particular, in Model III, the Gaussian assumption (6) is replaced with
eje ~ T(vj) (14)

where 7 (v;) denotes the Student-¢ distribution with v; degrees of freedom.
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Figure 3: Model I's Prior and Model II's Estimated ‘Prior’
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Notes: For Model I these are the priors in (10). For Model II, this is the normal prior ¢;,[(mg,,ve,) ~
iidN (mgy,,vg,), evaluated at the posterior mean of mgy, and Invg, from 2019m12.

A hierarchical prior is used for the series-specific values of v;:

{In(v; — 2)}"_; ~ HN (In(12 — 2),0.5%,In(0.5%), 0.5%). (15)

=

This prior restricts v; to be greater than 2, it has a median of 12 and roughly 95 percent
of its mass between 4 and 44. Figure 4 plots the prior evaluated at the (2019m12) posterior
mean of the hyperparameters; it implies heavy-tailed innovations with degrees of freedom in
the range of 3-7, which are broadly consistent with the values shown previously in Table 1.
The Bayes factors that will be presented in Section 3.8 indicate that these heavy-tailed
innovations are important for describing the state employment data. In principle, by more
accurately modeling the tails of the innovations, they should yield more accurate estimates
of the mean parameters, u and ¢, and therefore produce more accurate point forecasts. The

root-MSFE results in Table 2 and Figure 2 suggest that these forecasting gains are small.
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Figure 4: Estimated ‘Prior’ v in Model III
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Note: This is the density of v from In(v; — 2)|(min(v—2), Vin(v—2)) ~ AN (Min(—1), Vin(v—2)) evaluated at the
posterior mean of myy(,_2) and vi,(,—2) from 2019m12.

However, by more accurately modeling the tails, they do improve the quantile and interval
forecasts (Table 3).

3.4 Model 1V: Additive outliers

The heavy-tailed errors in Model III were in the innovations, and therefore produced outliers
that propagated forward using the model’s autoregressive dynamics. Model IV introduces
new errors that are additive and have one-off effects on the variables. These additive outliers

are denoted 0, and enter the model with equation (3) replaced by
Yje = 1 +wlue +0j4) (16)

where

The additive outliers are governed by two parameters: r; determines their scale, and the
degree-of-freedom parameter v7 determines their kurtosis. Hierarchical priors are used for

these parameters:

{In(x3)}5_; ~ HN (In(0.1?),0.5%,In(0.3%), 0.5%) (18)

{In(v] —2)}7_; ~ HN(In(4 — 2),0.5*,In(0.5*), 0.5%), (19)

16



where the prior medians of x; and v§ are 0.1 and 4, respectively.

As we will see from the Bayes factors reported in Section 3.8, these outliers are important
for describing the distribution of the data—an unsurprising result given the handful of large
outliers seen in Figure 1. That said, Tables 2 and 3 suggest that they have little effect on the

forecasts.

3.5 Model V: Time-varying volatility

Model V extends Model IV by incorporating stochastic volatility. Specifically, it replaces (5)
with

€j,t = O-j,tgj,t (20)

where In(o;;) evolves as a random walk.

A standard way of including random walk stochastic volatility relies on methods like those
pioneered in Kim, Shephard, and Chib (1998). We have found computational gains from using
an alternative method that builds on a low-frequency approximation to the random walk; these
gains are particularly important when modeling comovement in the volatility paths across the
series. To explain the method, it is useful to take a short digression to describe the spectral
representation of a random walk.

Consider a generic random walk x; ~ RW (x1,~?) for t = 1,...,T. The typical repre-
sentation of the vector x,.r involves the initial value z; and the T — 1 random variables
Azy ~ iidN(0,~?) for t = 2,...,T. This representation, along with a numerical approxima-
tion for the distribution of In(e7,), is used in the Kim, Shephard, and Chib (1998) method.
We use an alternative representation for x1.7 and an alternative approximation. The details
are as follows. Let T denote the sample mean of x and 7; = x; — T denote its demeaned
value. Write the covariance matrix of Zi.p as V?Xgw, where gy is the T x T covariance
matrix of a demeaned random walk with unit innovation variance. Write the spectral decom-
position of Lpw as Spw = ZIT:? 0, where ¢; = )\ll/zel with \; the lth eigenvalue of ¥ gy
and e; the corresponding unit-length eigenvector. The vector z;.r can then be represented

as Ty = Sy o€ where & ~ #dN(0,~?). Examination of the matrix gy shows that

t—1/2
T

€1+ X COS < l7r> and, approximately, )\11/ ? x [7!, which implies that most of the variance
of 7, is associated with the first few eigenvalues and their associated eigenvectors describe the
low-frequency variation in #;. This motivates the approximation x; = T4+, ® T+, ¢, &,

where ¢, is the tth element of ¢, and the approximation truncates the sum using only
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q << T — 1 terms. This approximation models the low-frequency variation in the random
walk, but ignores high-frequency variation; in particular, it captures periodicities longer than
2T /q.

With this background, we model the evolution of ln(ait) using the low-frequency random

walk:

q
ln(ait) = ln(af) + Z 1485 (21)
=1

where the sum is truncated at ¢ = |7'/36], and uses priors

{€50}5=11(me,, ve) ~ 1idN (mg,, ve) (22)

with
me, ~ N (0,0.01°) (23)

and
In(ve) ~ N (In(0.01%),0.5%). (24)

We highlight four features of this specification. First, with m¢, = 0 and ve = 72, (21)
is the representation for a random walk that was developed above, truncated after ¢ terms.
Second, the choice of ¢ means that (21) captures variation in In(¢3,) for periods longer than
72 months. Higher-frequency stochastic volatility is not modeled through variation in o,
(although it is captured in part through the Student-t errors, which can be represented as
scale mixtures of normal random variables). Third, the hierarchical prior allows me, to vary
across [ in response to the data, capturing comovement in the low-frequency volatility patterns
in the series. Figure 5 gives a sense of this common evolution of volatility across the 51 states
by plotting "7, ¢y 4Me,, where myg, is the posterior mean of mg, from 2019m12; it shows a
period of relative calm in the late 1990s followed by a marked increase in volatility during
the 2007-2009 recession and its aftermath. The fourth feature concerns the role of v¢ in
(21). Notice that, while the mean, me,, depends on [, the variance, ve, does not. Thus g
serves as an overall scale for the variation in In(o;,), and the posterior for v summarizes the
information in the sample about this scale.

The time variation in In(o;,) introduces an additional step for constructing the predictive

distribution of y”;. ., as these are affected by the uncertainty in out-of-sample values of 7.
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Figure 5: Estimated Prior Mean for the log-volatility
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Notes: The figure plots qu=1 o) <t71/2) Mg, , where 7hg, is the posterior mean of mg¢, from 2019m12.

T
Consistent with the random walk model, for ¢t > T* we set In(o;;) ~ RW (Iln(o;p+,ve) for
independent random walks across j.
The accuracy of the resulting forecasts is summarized in Tables 2 and 3 and Figure 2.
Unsurprisingly, the incorporation of stochastic volatility has little effect on the accuracy of
point forecasts (see Table 2 and Figure 2), but significantly improves the accuracy of the

predictive quantiles and intervals (Table 3).

3.6 Model VI: Time-varying conditional mean parameters

The descriptive statistics reported in Section 2 suggest that the levels of the growth rates, y;
in (16), varied over the sample period in some of the states. There was less evidence of time
variation in the autoregressive coefficients, ¢;;,. In Model VI we allow these coefficients to
evolve as random walks, where the amount of time variation is estimated using hierarchical
priors.

In particular, Model VI replaces (16) and (4) with

Yit =t +w(uje +054) (25)
and
P
Wi = Y bt + € (26)
=1
where
Hje ™~ RW(N]'7W27,3J.) (27)
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(bj,l,t ~ RW(¢j,la ’V?sjﬂl)- (28)

The key parameters governing the evolution of these coefficients are the standard deviations
Vo, and Vo, which are estimated by pooling information across series using hierarchical
priors:

{In(y;, )51 ~ HAN (In(0.005%), 2%, 1n(0.3%), 0.5) (29)

=

and
{In(v3, )71 ~ HN(In((0.005/1)?),0.5% 1n(0.3%),0.5%). (30)

The priors for the initial values of the coefficients, y; and ¢, ;, are unchanged from the earlier

.05
models and are given by (8) and (12). The scaling by w? in (27) ensures overall location and
scale equivariance under the flat priors (8) and (7) on y;, and w.

Interestingly, while the Bayes factors reported below document the importance of this
feature for describing the data, exploiting this time variation for forecasting is difficult. Table 2
indicates that the accuracy of the point estimates, pooled across states, are largely unchanged
from Model 5, but Figure 2 shows significantly greater variability in the relative accuracy

across states. The relative accuracy of quantile forecasts is also variable showing improvement

for some quantiles at some horizons, but deterioration at others.

3.7 Common factors and the RTS model

In the models discussed thus far, the series are related through the values of their parameters
and, as described in Section 3.5, through dependencies in their stochastic volatility processes.
However, conditional on their parameter values, the series are uncorrelated. The RTS model
includes common factors to capture covariability in the series. Abstracting from time varying
coefficients and stochastic volatility, the introduction of common factors produces a dynamic
factor model with autoregressive dynamics for the factor and idiosyncratic errors, which yields
a tightly constrained VARMA model. (See Stock and Watson (2016b) for a survey.)

We introduce common factors into the model by replacing (25) with

Yt = My + Hpgr g +@W(We + 056 + Ong1s + ¢e) (31)

where the new ingredients are the factors p,, 4140 Onlpt and c;j;. There are no observations for

J =n+1, so these factors are latent. The variable j,,,; is a common time-varying level that
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evolves in the same way as the series-specific level from Model VI, that is as the random walk
(27) with j = n + 1. Similarly, the variable 0,1 is a common additive outlier that evolves
in the same way as the series-specific outliers in Model IV, that is as (17) with j = n + 1.
The variable ¢;; is more complicated. It captures potential lead/lag relationships between
the series. To explain its evolution, let u,1 evolve the same way as the series-specific values
of u, that is as the AR(12) model (26) for j = n + 1, with the autoregressive coefficients

allowed to vary in time as in (28). The variable ¢;; is a series-specific moving average of

un—i—l,t:
5
Cit = Z Aji U 1,1 (32)
=0

where the moving average weights, A;; are allowed to vary through time as
Njai ~ BW (N 73, ) (33)

In this model, series that load on the first few lags of u,y1, serve as leading indicators
for series that load on more distant lags, improving the model’s forecasts for the lagging
series. Moreover, even if all series load only on the contemporaneous value of w1+, forecasts
are potentially improved because the different series provide independent information about
Up+1+, Which in turn follows its own dynamics; the forecasts for the different series are thus
effectively shrunk towards a common non-zero value.

The new priors for this model are

In(o2.,) ~ N (In(0.2%),0.5%) (34)
tny1 = 0 (a normalization), ln(vinﬂ) ~ N (In(0.005%), 0.5%) (35)
In(k2,,) ~ N(In(0.1%),0.5%). (36)

Notice that these priors are not tied to the hierarchical priors for the series-specific values
of these parameters, so the parameters characterizing the common factors are unrelated to
those governing the series-specific factors.

In contrast, the parameters characterizing the factor loadings, \;;, are potentially similar

21



across series, so that hierarchical priors are used:

{Njo}i—y ~ HN(1,0,1n(0.2%),0.5%), (37)
{Xu}ioy ~ HN(0,0.5°(0.05/1)%, In((0.05/1)%),0.5%) for I > 0 (38)

and
{In(43, ) }j=1 ~ HN (In((0.0005/(1 + 1))?),0.5%,In(0.3%),0.5%). (39)

As we mentioned at the outset of this section, the resulting complete model incorporates
autoregressive dynamics, stochastic volatility, innovation and additive outliers, common fac-
tors and time-varying parameters. It uses hierarchical priors to pool information across series.
The complete RT'S model is given by equations (14), (17), (20), (21), (26)-(28), and (31)-(33),
with priors (7)-(9), (12), (13), (15), (18), (19), (22)-(24), (29), (30), and (34)-(39).

Tables 2 and 3 and Figure 2 show the forecasting gains from the complete RTS model:
the relative root-MSFEs show a 10 percent gain over the benchmark AR(12) model (Table
2), these gains are evident in nearly every state (Figure 2) and similar gains are evident in
the quantile and interval forecasts (Table 3). Interestingly, additional calculations indicate
that nearly all of these gains can be realized in a model in which the c-factors load only on

contemporaneous values of w1, in (32).°

3.8 Bayes factors

The POOS forecast comparisons summarized in Tables 2-3 and Figure 2 show the marginal
importance of the various features that appear in the RTS model, but these comparisons are
lacking in two respects. First, they are based on the somewhat arbitrary sequencing of how the
features appear in the models. For example, the relative importance of Student-¢ innovations
(Model IIT) might well change if they had been added before, rather than after, stochastic
volatility (Model V). Second, the forecasting results focus on the particular aspects of accuracy
associated with the loss functions from Section 2.2.2, and while these are important, they do

not fully capture the overall fit of the model.

5We have also compared the forecasting performance of the RT'S model to a dynamic version of the common
correlated effects model (Pesaran (2006)) that augments the benchmark AR(12) model with 6 lags of the mean
employment growth rates across the 51 states. The resulting model performed marginally better than the
AR(12) model at some horizons—for example, its pooled relative root-MSFEs are (0.99, 0.98 and 0.99) for
h = (1,3,6)—but these were markedly larger than the relative root-MSFE for the RTS model (which are
(0.92, 0.89, and 0.89) for h = (1,3,6)).
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In this subsection we investigate the importance of the model’s features using an alterna-
tive approach: We begin with the RTS model with all features present, and compare the fit
of that model to models where selected features are down-weighted. We use Bayes factors to
gauge the fit of the RTS model relative to eight alternative models.

The first alternative model investigates the importance of the hierarchical priors that
appear throughout the RTS model. Recall that the hierarchical normal prior assumes that
a set of parameters, {0;}7_,, are characterized by the conditional normal prior 6;[(mq, vs) ~
itdN (mg,vg), where mg and vy are hyperparameters with their own prior distributions, mgy ~
N (Mg, Uiy ) and In(vg) ~ N (Mun(ug); Vin(wy) ); We have denoted the resulting hierarchical prior
as {0;}7_, ~ HN (Mg s Ving , Min(ug)s Vin(vg))- When myg and vy have degenerate distributions,
that is when v,,, = Vin(v,) = 0, the prior for 6; collapses to the non-hierarchical normal prior
0; ~ iidN (py, 05) with py = my,, and In(0) = Muy(,). (Versions of this non-hierarchical prior
were used in Model 1.) To gauge the importance of the hierarchical priors, it is instructive to
compare the fit of the RTS model to an alternative model that uses non-hierarchical priors—
that is to a model in which the hierarchical variance parameters v,,, and vy(,) are set to
zero across all hierarchical priors. This can be achieved by computing the Bayes factor for
the RTS model, with {60;}7_; ~ HN (Mo s Ui, Min(ug)s Vin(ug) ) Telative to the model using the
alternative priors {6;}7_; ~ HN (M, 0, Min (), 0).

Unfortunately, computing Bayes factors is difficult, and we were unsuccessful in com-
puting an accurate estimate of the Bayes factor for the RTS model versus the model with
{0;}5-1 ~ HN (M, 0, M), 0). However, we did succeed at a less ambitious task: We
accurately estimated the Bayes factor for a less extreme alternative that sets the variance
of the hyperparameters equal to one-half of their values in the RTS model. (These Bayes
factors were computed using the bridge sampling approach of Meng and Wong (1996) that is
described in the Online Appendix.) This less-extreme alternative model attenuates, but does
not eliminate, the pooling of information across series for estimating the parameter values.
The resulting Bayes factor is shown in the first row of Table 4. The log-Bayes factor exceeds 80
in favor of the RTS model relative to the alternative model. Evidently, the hierarchical priors
used in the RTS model more accurately describe the data than the priors in the alternative
model.

Table 4 shows results for several other alternative models, where in each case these alter-

natives involve a change in the prior that downweights a particular feature incorporated in
the RT'S model.
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Table 4: Log-Bayes Factors: RTS Model versus Models with Alternative Priors

Log Bayes-
Num. RTS Model Prior Alternative Prior
Factor
) {05351 ~ {0;}7=1 ~ S6.1
HN (Mg, mg, Min(vg) > Vin(vg)) HN (ming ;0.5 X Vmg s Min(vg): 0-5 X Vin(vy))
@ {In(v; —2)}7_; ~ {In(v; —2)}7_, ~ 13.8
HN (In(10),0.52,1n(0.52),0.52) HN (In(10) + 1.5,0.52,1n(0.52),0.52)
(3) (s ~ U)o ~ 10.9
HN (In(0.12),0.52,1n(0.32),0.52) HN (In(0.1%2) — 1.5,0.52,1n(0.32), 0.5%)
@ me, ~ N(0,0.012) me, ~ N(0,0.5 x 0.012) 506
In(ve) ~ N (In(0.012),0.52) In(ve) ~ N (In(0.012) — 1.5,0.52) '
(5) (v, )Y ~ {In(vi ¥y ~ 17.8
HN (In(0.0052), 22,1n(0.32), 0.52) HN (In(0.005%) — 6,22,1n(0.32), 0.52)
©) {In(v3 )}y ~ {In(v3, )}y ~ 58
HN (In((0.005/1)2),0.52,1n(0.32),0.52) HN (In((0.005/1)2) — 1.5,0.52,1n(0.32), 0.52)
(7) {In(r%, )Y ~ {In(3, ¥ ~ 17.9
HN (In((0.0005/(1 + 1))?),0.52,1n(0.32),0.52) | HN (In((0.0005/(1 + 1))?) — 1.5,0.52,1n(0.3%),0.52)
®) ln(o‘?LJrl) ~ ln(a%Jrl) ~ 39
N (In(0.22), 0.52) N(In(0.22) — 1.5,0.52) '
Notes: The table shows the prior used in the baseline RT'S model and the prior used in the alternative model.

The final column shows the log-Bayes factor of the baseline RTS model relative to the alternative. Bayes
factors are computed using the 1990m2-2019m12 sample.

The second row of the table considers an alternative prior that increases the degrees-of-
freedom in the Student-t distribution for the innovations; that is, the prior suggests innovation
distributions that are closer to the normal. The degrees of freedom parameter is denoted by
v, and as indicated in Table 4, the alternative increases the mean of the hierarchical prior
for v. (In the RTS model, the prior median for v is 12 (see (15)), while in the alternative
the prior median increases to 47.) The Bayes factor reported in the table strongly favors the
lower degrees of freedom in the RTS model.

The third row of the table compares the RT'S model to an alternative in which the additive
outliers are less important. This is achieved by using a prior with more mass on small values
of k;, the scale associated with the outliers (see (17)-(18)). The Bayes factor implies that
these additive outliers are quite important for describing the state employment data.

The fourth row of the table considers a model with reduced stochastic volatility. This is
achieved by changing the prior to reduce the variability of the £ parameters (see (21)-(24));

which in turn is achieved by reducing the variance of m¢ and decreasing the mean of In(vg).
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Again, the RTS model is strongly favored over this alternative.

The next three rows focus on time variation in the model parameters. Recall that time
variation is modeled using random walk processes, and the magnitude of this time variation
is governed by the variance of the associated first differences. This parameter is denoted by
72 in the various equations (see (27)-(28) and (33)). We consider three alternative models,
all of which are characterized by priors that lower the mean of v2. Row five of the table
considers the level parameters p, row six considers the autoregressive coefficients ¢, and row
seven considers the factor loadings A. In all cases, Bayes factors suggest that time variation is
important for describing the data, and this is despite the negligible impact of time variation
for p and ¢ for forecasting performance discussed above for Model VI.

The final row of the table considers an alternative in which the common factors c;; are
downweighted. Recall that the c-factors are series-specific moving averages of a common
autoregressive factor, u,;1,. These factors can be down-weighted by reducing the variance
of u,41, that is by reducing the value of 02 (see (34)). The final row of the table considers
this alternative and here too the Bayes factor favors the prior from the RTS model, but by
an amount (€32 & 25) that is smaller than the other alternatives. One interpretation of this
result is that common movements in the series remain well explained by the level and outlier

common factors, i, and 0,41.

4 Additional empirical results

The previous sections have used the state employment dataset in the pre-COVID sample
period to motivate the structure of the RT'S model and to evaluate its relative forecast accu-
racy. In this section we investigate how the RTS model performs in other applications that
involve two new datasets of related series—the growth rates of industrial production (IP) in
16 Euro-area countries and the inflation rates for 17 sectors making up personal consumption
expenditures (PCE) in the United States.

4.1 Two new datasets

Figure 6 plots the new datasets. The top panel shows the monthly growth rates of industrial
production in 16 Euro-area countries beginning in 1975m8 through 2019m12. The bottom
panel shows the monthly growth rate of prices for 17 PCE sectors from 1959m2 to 2025m4. As

25



in the earlier application using state employment data, the FEuro-area IP dataset is truncated
to only include pre-COVID observations; we consider the COVID recovery period below for
the employment and IP datasets. The dynamics of the inflation data over the COVID period
are generally consistent with its behavior over the earlier sample period, so we analyze these
data over the full sample period.

While the details differ, these datasets exhibit many of the same features as state em-
ployment. In particular they exhibit comovement, outliers, time-varying volatility, and level
shifts. The series appear to follow similar stochastic processes (although inflation in one of the
PCE sectors—energy—is much more volatile than the other sectors). A notable difference is
that these datasets have many fewer series than the n = 51 states in the employment dataset.

In Section 3 we developed the RT'S model in seven steps and showed the forecasting per-
formance of each of the models for the state employment data. This was a pedagogical device
that allowed us to sequentially describe the various features of the model and (in the Online
Appendix) the computational algorithms to accommodate these features. In this section, we
skip over these preliminary models and move directly to the RTS model. We conduct the
same POOS forecasting experiment used in Section 3, where the POOS forecasts are com-
puted over 1985m6-2019m6 for the IP data and over 1984m12-2024m10 for the inflation data.
The results of the experiment are summarized in Figure 7 and Table 5.

Figure 7 shows the distribution of relative root-MSFEs across the entities (states for the
employment, countries for Euro-area IP, and consumption sectors for PCE inflation) for the
three datasets, and where the results for state employment were shown earlier in Figure
2. Panel (a) of Table 5 shows the relative sample average values of predictive quantile and
interval losses for h = 3 step ahead forecasts; the values of h = 1 and h = 6 (not shown) are
similar. Examination of these results shows that the RTS model provides forecasting gains for
these new datasets that are somewhat smaller than, but broadly consistent with, the results
for the state employment data.

Panel (b) of Table 5 compares the log-Bayes factors for the alternative models listed in
Table 4 for the three datasets, each computed using the data through 2019m12. Here too,
these Bayes factors are similar to those obtained for the state employment dataset, but with
two exceptions: additive outliers are less important for the two new datasets, and the c-factor
is less important for inflation. Regarding the latter, recall that the model includes three sets
of common factors, level shifts (1), outliers (0) and the serially correlated c-factors. The Bayes

factor for alternative model 8 only concerns the importance of the c-factor; one interpretation
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Figure 6: Two Datasets
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Figure 7: Relative root-MSFE for Three Datasets: Distribution Across Entities
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Notes: Box plots for the relative root-MSFEs across entities the state employment (Emp), industrial produc-
tion in Euro-area countries (IP), inflation in sectoral PCE (Infl) datasets for the RTS model relative to the
benchmark AR(12) model.

of its value is that the common inflation trends in the sectors that are visible in Figure 6 are
well described by the common level shift factor u,, 4 ;.

The forecasting gains reported in Figure 7 and Table 5 are relative to the same univariate
AR(12) benchmark used in Section 3. We have also compared the forecasting performance of
the RT'S model for inflation to a more sophisticated model, the Federal Reserve Bank of New
York’s multivariate core trend inflation (MCT) model described in Almuzara and Sbordone
(2022). The MCT model is a monthly extension of the quarterly model developed in Stock
and Watson (2016a) for the same 17 sector decomposition of PCE inflation, and, like the RT'S
model, incorporates stochastic volatility, common factors and outliers. As its name suggests,
the MCT model produces a monthly estimate of the “trend” in core-inflation, which can
serve as a forecast of future aggregate inflation. The RTS model can also be used to forecast
aggregate inflation using a share-weighted average of the sectoral inflation forecasts. Table
6 compares the relative root-MSFE of the RTS and MCT models over the 1984m12 through
2024m10 POOS sample period.® For forecasting “all-items” aggregate inflation, the MCT

model is comparable to the benchmark AR(12); however, it provides substantial gains for

6We thank Martin Almuzara for sharing the MCT code, and the FRBNY for allowing us to use it for this
purpose.
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Table 5: Selected Results for Three Datasets

(a) Relative value of sample quantile and interval loss: 7 =3

Dataset Quantile 90-10
0.05 | 0.10 | 0.25 | 0.75 | 0.90 | 0.95 Interval
State employment 0.83 0.85 0.88 | 0.91 0.89 | 0.87 0.87
Euro area Ind. Prod. 0.93 0.93 0.95 0.94 0.92 0.92 0.92
U.S. PCE Inflation 0.89 | 0.95 096 | 091 0.88 0.86 0.91

(b) Log-Bayes Factors

Dataset Alternative Model
1 2 3 4 5 6 7 8
State employment 86.1 13.8 10.9 | 30.6 17.8 5.8 17.9 3.2
Euro area Ind. Prod. 43.5 10.8 0.0 23.4 8.2 5.9 3.7 5.7
U.S. PCE Inflation 76.8 9.8 -0.4 33.9 11.7 28.8 0.9 -1.3

Notes: Panel (a): Relative values of pooled sample quantile and interval risk. Panel (b): log-Bayes factors for
the RTS model versus the 8 alternative models listed in Table 4.

Table 6: Relative root-MSFE for Aggregate Inflation

Forecasting Model All items Core (excl. Food and Energy)

h=1|h=3 | h=6 h=1 h=3 h=6
RTS Model 098 | 095 | 0.92 0.93 0.88 0.83
FRBNY-MCT 1.03 | 0.99 1.00 0.96 0.90 0.86

Notes: The table reports the root-MSFE relative to the sector-specific benchmark AR(12) model, where the
forecast of aggregate inflation is the share-weighted average of the sectoral forecasts over the 1984m12-2024m10
POOS sample period.

core inflation—that is, for aggregate inflation excluding the volatile food and energy sectors.
The RTS model provides improvements for both all-items and core-inflation relative to both

the benchmark AR(12) model and the MCT forecasts.”

4.2 Forecasting during the COVID recovery

The COVID-19 pandemic led to dramatic declines in employment and economic activity in

the first half of 2020 and the subsequent recovery involved dynamics that differed from the

"We have also compared the forecasting performance of the RTS model to a version of the “random-walk”
model used in Atkeson and Ohanian (2001); that paper considered quarterly data on inflation and used average
inflation over the past four quarters to predict the average value of inflation over the next four quarters. Here
we use average inflation over the last twelve months to predict average inflation over the next A months, with
h =1,3,6. Pooled root-MSFE for the RTS forecasts relative to the AO forecasts for h = 1, 3,6 are (0.90, 0.88,
0.80). The corresponding values for all-items aggregate inflation are (0.90, 0.90, 0.87), and for core aggregate
inflation they are (0.98, 0.95, 0.93).
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pre-COVID period.® Both of these features are evident in Figure 8, which plots the state
employment growth rates over 2017m1-2025m4 in panel (a) and the growth rate of Euro-
area industrial production (IP) over 2017m1-2023m10 in panel (b). (The IP data is only
available for this truncated sample.) Additionally, panel (b) shows one country—Ireland—
with a marked increase in volatility and/or outliers during the post-COVID period. Needless
to say, forecasting during the COVID recession and its aftermath was challenging.

Time series (and other) models were ill-equipped to forecast the dramatic changes in
employment that occurred during the first half of 2020, and we will continue to omit this
period from our POOS forecasting experiment. A more interesting question is how well
models performed in the aftermath of the COVID recession. For example, because AR(p)
models rely on lags, the outliers in early 2020 continue to affect the AR model forecasts p
periods after the COVID outliers. The RTS model, with its allowance for outliers, stochastic
volatility and time-varying coefficients, can more easily downweight these outliers and adapt
to changes in the economy’s dynamics. Thus, one expects that the RTS model will perform
better than the AR(12) model following COVID. But how much better, and how quickly will
these relative gains dissipate as the economy returns to its pre-COVID dynamics?

Table 7 reports results from the POOS experiment to answer these questions. In particular,
it shows the root-MSFE pooled across the 51 states (panel (a)) and the 16 Euro-area countries
for the benchmark AR(12) model over three POOS periods: pre-COVID and two post-COVID
periods, the first beginning in 2020m6 and the second in 2021m6. It also shows the relative
root-MSFE of the RT'S model over these sample periods and relative sample loss for the 90-10
prediction interval.

Looking first at the results for the state employment in panel (a), the pre-COVID period
results were shown previously: for example the benchmark AR(12) model has a root-MSFE
of 2.1 percentage points for h = 3; the RTS model’s root-MSFE is 11 percent lower. For
the forecasts beginning in 2020m6, the root-MSFE for the AR(12) increases sharply to 16.5
percentage points; the RT'S model’s increases too, but only to 3.5 percentage points. For
forecasts beginning in 2021m6, the AR(12) model is not directly affected by the COVID
outliers and its forecasting performance returns to levels similar to the pre-COVID period.
The RTS model performance also improves during this period, so much so that its relative
root-MSFE is below its pre-COVID value.

8See Stock and Watson (2025) for an empirical analysis of the dynamics of real activity in the U.S. in the
recovery from the COVID recession.

30



Figure 8: State Employment and Euro-area IP Growth Rates During COVID

(a) State Employment Growth Rates, 2017m1-2025m4
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Table 7: Root-MSFE and Forecast 90-10 Interval Risk in Pre- and Post-COVID Sample
Periods

POOS forecast h=1 h=3 h=6
period AR RTS RTS AR RTS RTS AR RTS RTS
root- relative | relative root- relative | relative root- relative | relative
MSFE MSFE 90-10 MSFE MSFE 90-10 MSFE MSFE 90-10
Interval Interval Interval
(a) State Employment
1999m12-2019m6 33 0.92 0.90 2.1 0.89 0.87 1.8 0.89 0.86
2020m6-2024m10 26.4 0.21 0.20 16.5 0.21 0.18 7.8 0.29 0.27
2021m6-2024m10 4.2 0.88 0.50 2.4 0.74 0.43 1.8 0.69 0.47
b) Euro-Area Industrial Production
1985m6-2019m6 31.7 0.96 0.92 13.2 0.96 0.92 8.4 0.95 0.94
2020m6-2023m4 62.8 0.97 0.82 27.6 0.81 0.63 14.9 0.88 0.73
2021m6-2023m4 54.0 1.0 0.88 20.6 0.97 0.80 12.3 1.00 0.85

Notes: The entries are absolute root-MSFE of the AR(12) benchmark model, as well as the relative root-MSFE
and relative interval risk of the RT'S model over three sample periods.

The results for Euro-area industrial production are less dramatic. The fall and recovery of
Euro-area industrial production during COVID was much smaller than for U.S. employment.
The benchmark AR(12) root-MSFE for the period beginning in 2020m6 is roughly twice
as large as its pre-COVID value, versus nearly eight times larger for the state employment
data, and the relative gains from using the RTS, while greater in the immediate aftermath of
COVID, are not as large as those for the U.S. employment data.

Overall, we are reassured by these external validity tests: the RTS performs reasonably
well for two additional data sets and it adapts well to the dramatic changes in the economy

associated with the COVID pandemic.

5 Concluding remarks

This paper has developed a model for forecasting “related” time series. The resulting RTS
model exploits similarity in the stochastic processes describing the individual series as well as
covariation between the series. The paper also developed MCMC methods to efficiently obtain
draws from the posterior distribution of the model’s parameters and predictive distributions.
Modeling and computation go hand-in-hand in forecasting applications such as this—a model
is useful only to the extent that it can be implemented.

The RTS model was developed to capture features in macro datasets such as the state
employment, Euro-area industrial production and sectoral inflation data analyzed in the pa-

per. The variables in these datasets are, to first order, well described by simple univariate
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autoregressions with similar coefficient values, but additionally exhibited stochastic volatility,
heavy-tailed innovations, occasional large outliers, common sources of variability, and slowly
drifting parameters. The RTS model incorporates all of these features.

In other applications, researchers may want to include all or only a subset of these features.
The modular design of the MCMC algorithms described in the Online Appendix makes them

well-suited for such applications.
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