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Abstract

A collection of time series are ‘related’ if they follow similar stochastic processes and/or

they are statistically dependent. This paper proposes a Related Time Series (RTS)

forecasting model that exploits these relationships. The model’s foundation is a set of

univariate autoregressions, one for each series, which are then augmented to incorporate

stochastic volatility, heavy-tailed innovations, additive outliers, time varying parameters

and common factors. The model is estimated and forecasts are computed using Bayes

methods with hierarchical priors that pool information across series. Computationally

efficient MCMC methods are proposed. The RTS model is applied to three datasets and

yields encouraging pseudo-out-of-sample forecasting results.
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1 Introduction

This paper considers “related” economic time series, where the series may be related in

two distinct ways: They may be related because they follow similar stochastic processes

and/or because they are statistically dependent. Series generated by autoregressive models

with similar autoregressive (AR) coefficients are related in the first way, while variables that

interact in a vector autoregression are related in the second way. In either case, information

from one series may help forecast the value of another related series, where in the first instance

this information involves the values of parameters used for forecasting, and in the second

it exploits potential lead/lag relationships between the variables. This paper develops a

forecasting model for related time series that utilizes both of these sources of information.

An empirical example used in the sections below helps set the stage. It uses a dataset

comprised of monthly employment growth rates in each of the fifty U.S. states and the District

of Columbia. While each state is different, they share many common features such as similar

serial correlation patterns and variability. Moreover, macroeconomic forces in the U.S. affect

all of the states, where these effects are stronger and/or materialize more quickly in some

states than others, leading to dynamic cross-correlations among the series. Interest lies in

forecasting the states’ employment growth rates over the next several months.

This paper has three related goals. The first is to develop a flexible but tractable model

that captures common features and comovement in the series and exploits these relationships

for short-term forecasting. For lack of a better name, we call this the “Related Time Series”

(RTS) model. The paper’s second goal is to develop a set of numerical algorithms to reliably

and efficiently carry out estimation and prediction for the RTS model. The third goal is to

evaluate the forecasting performance of the RTS model using the state employment dataset

and two unrelated datasets.

We construct the RTS model from familiar ingredients. At its foundation is a collection of

univariate autoregressions, one for each series. It starts there because univariate AR models

provide competitive point forecasts for a wide range of economic variables. Moving beyond

point forecasts requires modeling higher-order moments, and the RTS model does this via

stochastic volatility, heavy-tailed innovations, and additive outliers. Dependence across series

is introduced through commonalities in stochastic volatility realizations and through a set

of common factors that capture low-frequency, higher-frequency, and occasional large and
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irregular comovements in the series. Parameters describing these features are allowed to

slowly evolve through time, so that effectively, the model puts more weight on more recent

data when constructing the forecast distribution. The RTS model is estimated using Bayesian

methods, where hierarchical priors are used to pool information across series, and we develop

a MCMC sampler to approximate posterior distributions.

Our analysis borrows from a vast literature. While it is impossible to do justice to all of

the important contributions, we mention a few here. Perhaps the best place to start are the

practical univariate methods described in Box and Jenkins (1970), and the incorporation of

innovation and additive outliers in Fox (1972) and Abraham and Box (1979). The stochastic

volatility in the RTS model has its genesis in Engle (1982) and the formulation we use builds

on Kim, Shephard, and Chib (1998) and Omori, Chib, Shephard, and Nakajima (2007). The

RTS model incorporates many features from unobserved component models with classic con-

tributions in Nerlove, Grether, and Carvalho (1979) and Harvey (1989), and the work on

factor model forecasting surveyed in Stock and Watson (2016b), related large-n forecasting

methods in Banbura, Giannone, and Reichlin (2010), D’Agostino and Giannone (2012), Car-

riero, Clark, and Marcellino (2015), and multi-country VAR models of Chudik and Pesaran

(2016), Bai, Carriero, Clark, and Marcellino (2022) and elsewhere. Several researchers have

included many of the ingredients present in the RTS model: notable examples include Cog-

ley and Sargent (2005), del Negro and Otrok (2008), Stock and Watson (2016a), Almuzara

and Sbordone (2022), Antolin-Diaz, Drechsel, and Petrella (2024), and Carriero, Clark, Mar-

cellino, and Mertens (2024). Gelman, Carlin, Stern, and Rubin (2004) provides a textbook

overview of the Bayesian methods that we employ, and these are augmented with insights from

Doan, Litterman, and Sims (1984), Meng and Wong (1996), Durbin and Koopman (2002),

Geweke (2004), and Chan and Jeliazkov (2009).

The paper is organized as follows. Section 2 introduces the state employment dataset,

and documents features of these data (similar autoregressive dynamics, stochastic volatility,

outliers, comovement, etc.) that are incorporated in the RTS model. This section also outlines

a pseudo-out-of-sample forecasting experiment and the loss functions we use to evaluate the

RTS model’s point, quantile and interval forecasts.

Section 3 develops the RTS model and is the heart of the paper. The RTS model in-

cludes autoregressive dynamics, heavy-tailed innovations and additive outliers (both modeled

as Student-t random variables), low-frequency stochastic volatility with a component that
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is common across series, time-varying level, autoregressive, and other parameters (modeled

as random walks), and dynamic common factors. The model is estimated and predictions

are formed using Bayesian methods, where hierarchical priors are used to pool information

across the series. While each of these ingredients is straightforward, taken together they yield

a notationally complex RTS model. With this in mind, Section 3 develops the RTS model

sequentially: It begins with simple univariate AR models for each series, and then adds ingre-

dients one at a time. This results in seven models, each more complex than its predecessor,

and where the final model is the full RTS model.

Section 3 also evaluates the fit and forecasting performance of the model using the state

employment data. The results are encouraging. Over the pseudo-out-of-sample period from

2000-2019, the root mean square forecasting error from the RTS model is roughly 10 percent

lower than a benchmark AR(12) model,1 these gains are widespread across the states, and

similar gains are obtained for quantile and interval forecasts.

Section 4 summarizes additional empirical exercises that serve as external validity checks

for the usefulness of the RTS model. The structure of these exercises is simple. We introduce

two new datasets—growth rates of industrial production from 16 Euro-area countries and

inflation from 17 sectors making up personal consumption expenditures in the United States—

and use the RTS model developed in Section 3, without any modification in the model or

prior, in pseudo-out-of-sample forecasting experiments in these datasets. We also examine

the forecasting performance of the model during the aftermath of the COVID recession. In

each of these exercises, the RTS model performs well.

Section 5 provides concluding remarks, but much of the important work in the paper

comes after these remarks: Appendix B provides a detailed description of the algorithms

used to estimate the model. This discussion parallels the sequential development of the RTS

model in Section 3 and highlights, in modular fashion, the features of the algorithm needed to

accommodate the various ingredients in the RTS model. Interested users can mix and match

these modules when building models that incorporate these ingredients.

1A 10% decrease of root-MSFE corresponds to having access to a variable whose correlation with the
baseline forecast error is equal to 0.44 (=

√
1− 0.92).
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Figure 1: Monthly Growth Rates for U.S. States, 1990-2019

Notes: Panel (a) plots the monthly growth rates for employment in each of the 50 U.S. states and the District
of Columbia. Panel (b) shows the growth rates for five selected states.

2 An initial look at the U.S. States Employment data

and a benchmark model

2.1 Some Descriptive Statistics

Figure 1 plots seasonally adjusted monthly rates of growth for employment in n = 51 U.S.

states and the District of Columbia (hereafter “states”). The sample starts in February 1990

and is plotted through the end of 2019, where for much of our analysis we truncate the sample

in 2019m12 to avoid the COVID-19 pandemic and its aftermath. (Section 4.2 presents selected

results for the post 2019 period.) Panel (a) plots all 51 series and panel (b) plots the growth

rates for a handful of states.2

The figure highlights five features of the data that play a role in the RTS forecasting

2Appendix A includes sources and descriptions for the data used in this paper.
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Table 1: Selected Statistics for U.S. States Employment Growth Rates

Notes: The columns show the quantiles of the distribution of row-statistics across the 51 states.

model. We discuss these in turn.

First, the growth rates are correlated across states. For example, the figure shows that

the 2007-2009 recession led to synchronized declines in employment across the U.S. states,

and the 1990-1991 and 2001 recessions also led to widespread, but less severe, declines. The

average pairwise correlation of year-over-year growth rates was 0.33 over the 1990-2019 sample

period.

Second, the series have similar second moment properties. For example, consider the

following state-specific univariate AR(12) models:

ϕi(L)(yi,t − µi) = εi,t. (1)

Panel (a) of Table 1 shows the distribution (across states) of the sum of the OLS-estimated

AR coefficients, ϕ̂i(1), and the residual standard error, σ̂εi . They indicate similar patterns

of long-run persistence and variability for many of the states. An examination of the scale-

normalized spectra Ŝi(ω) = |ϕ̂i(e
iω)|2 also indicates a similar pattern of persistence across all

frequencies (where these spectra are not shown to conserve space).

Third, there are obvious outliers in the employment data. The largest outlier in Figure 1

is associated with Hurricane Katrina in August 2005 which caused large employment losses

in Louisiana. Several outliers are also evident in the data for West Virginia plotted in panel

(b), where many of these employment changes are associated with mining employment.

Fourth, time-varying volatility in growth rates is also evident. One simple way to gauge the
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prevalence of volatility shifts is by examining estimated parameters from GARCH(1,1) models

for the innovations in the AR(12) models in (1). The distribution (across states) for the sum

of these GARCH coefficients is shown in panel (b) of Table 1, and indicates persistent changes

in volatility for most states. The estimated GARCH models include Student-t innovations,

and the table also shows the distribution of the estimated degrees of freedom; these are small,

capturing the outliers and kurtosis in the innovations.

Fifth, but more difficult to see in the figure, is time variation in the levels of the growth

rates—that is, time variation of µi in (1). Also of interest is potential time variation in the

AR coefficients in ϕi(L). Panel (c) of Table 1 shows the distribution of the p-value of Nyblom

(1989) tests for the null of constancy versus the alternative of random walk variation in these

coefficients. The p-values suggest time variation in the level parameter for many of the states,

but provide little evidence of time variation in the AR coefficients.

The RTS forecasting model, developed in Section 3, is designed to capture these five fea-

tures of the data. Before presenting the model, we outline the pseudo-out-of-sample (POOS)

forecasting experiment used to evaluate its performance.

2.2 Recursive pseudo-out-of-sample forecasting and criteria for

forecast evaluation

2.2.1 Description of experiment

The AR(12) model in (1) will serve as a convenient benchmark for the forecasts, and we use

that model to describe the recursive pseudo-out-of-sample (POOS) forecasting experiment.

The experiment proceeds in the usual way. The full sample ranges from t = 1, ..., T (where

in this application t = 1 is 1990m2 and T is 2019m12). Let Empi,t denote the level of

employment in state i in month t, and let yi,t = 1200 × ln(Empi,t /Empi,t−1) denote the

monthly growth rates plotted in Figure 1, measured in percentage points at annual rate. Let

yhi,t+h = (1200/h)×ln(Empi,t+h /Empi,t) denote the growth rate from t to t+h, again measured

in annual percentage points. The goal is to forecast the values of yhi,t+h for h = 1, 3, 6 months

ahead. Forecasts are computed recursively: Using data from t = 1, ..., T ∗ with T ∗ = T1, the

model parameters are estimated and forecasts (point, quantile and interval) are computed for

yhi,T ∗+h. This process is repeated for T ∗ = T1+1, T1+2, ..., T −h. The forecasting experiment

is carried out using the data plotted in Figure 1, which are the currently available historical
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data and not “real time” data; state level employment data undergo significant revisions and

our analysis abstracts from these revisions. In the application the POOS experiment begins

in T1 =1999m12, so that the first POOS forecast is based on ten years of in-sample data.

2.2.2 Forecast Loss Function

We are interested in point estimates, predictive quantiles and interval forecasts. Let y denote

the random variable of interest, ŷ denote the point forecast, qα denote the αth quantile of the

predictive distribution of y with q̂α its estimate, (qα/2, q(1−α/2)) denote the equal-tailed 1− α

prediction interval and (q̂α/2, q̂(1−α/2)) denote its estimate. We evaluate the forecasts using

standard loss functions:

• Squared error loss for point forecasts: ℓ(y, ŷ) = (y − ŷ)2 with resulting mean squared

forecast error (MSFE) as the expected loss. We will report root-MSFEs.

• Quantile loss: ℓ(y, q̂α) =

{
α(y − q̂α) for y ≥ q̂α

(1− α)(q̂α − y) for y < q̂α
.

• Interval loss:

ℓ(y, q̂α/2, q̂(1−α/2)) = (q̂(1−α/2)−q̂α/2)+
1

α

(
(q̂α/2 − y)× 1[y < q̂α/2] + (y − q̂(1−α/2))× 1[y > q̂(1−α/2)]

)
.

As is well-known, the risks associated with these losses are minimized using the mean of the

predictive distribution for ŷ, q̂α = qα and (q̂α/2, q̂(1−α/2)) = (qα/2, q(1−α/2)).

We compute sample average values of these losses (i.e., sample risk) for each of the fore-

casting models and forecast horizons.

3 Seven models

This section is the heart of the paper. Here we develop a tractable forecasting model for

“related time series” that exhibit the features—similar dynamics, time-varying volatility, co-

movement, etc.—that are evident in the state employment data. The model that accom-

modates all of these features turns out to be rather complex and to understand its various

ingredients and the associated computational methods for constructing forecasts, we find it

useful to begin with the benchmark AR(12) model in (1) and sequentially add the ingredients.
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This results in a sequence of seven increasingly rich forecasting models that culminate in the

RTS model. Appendix B provides a detailed description of computational algorithms for esti-

mating these models, where the increasing complexity of the algorithms allows us to highlight,

in a modular way, the necessary modifications required for each model’s new features.

Recall that the AR(12) model (1), estimated by OLS and with Gaussian i.i.d. errors,

serves as the benchmark in the POOS forecast comparisons. The first of the seven models

we consider is this univariate AR(12) model, but estimated by Bayesian methods using stan-

dard “Minnesota” priors. In this model, each of the series is modeled in isolation and any

relationships between the series are ignored. The second model is similar to the first, but rec-

ognizes that the series are potentially related by having similar parameter values; it exploits

this similarity through the use of hierarchical priors. The third model builds on the second,

but replaces the Gaussian assumption for the innovations with Student-t distributions with

series-specific degrees of freedom, where again hierarchical priors are used to exploit potential

similarity of the degrees-of-freedom parameter. This model allows for heavy-tailed innovation

outliers that induce dynamic effects on the series through the model’s AR dynamics. The

fourth model adds additive outliers, also modeled as Student-t distributed random variables,

that induce one-off outliers in the series. The fifth model incorporates stochastic volatility,

using a low-frequency formulation, that captures both idiosyncratic and common volatility

shifts. The sixth model allows for time variation in the level and autoregressive parameters.

Each of these models is a version of the univariate AR model so that, conditional on the

parameter values, the conditional first moments of the series evolve independently; in these

models the series’ conditional first moments are “related” only because they (potentially) have

similar parameter values, and this relationship is incorporated through the use of hierarchical

priors. The final model is the RTS model that additionally includes comovement in the series

by incorporating common latent factors; in this model, employment growth in some states

might lead other states and improve the forecasts.

We use the following notation to describe the models. We write xt ∼ RW (x1, γ
2) to

describe a Gaussian random walk with initial value x1 and innovation variance γ2. With xt a

scalar, the vector (xt, xt+1, ..., xt+k)
′ is denoted by xt:t+k. For a random variable x, we denote

its mean and variance by mx and vx. Hierarchical priors play an important role in the models,

and throughout we will use a Gaussian hierarchical distribution of the following form: Let
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{θj}nj=1 denote n random variables with

θj|(mθ, vθ) ∼ iidN (mθ, vθ)

where mθ and vθ are independent with

mθ ∼ N (mmθ
, vmθ

), ln(vθ) ∼ N (mln(vθ), vln(vθ)).

We write this as

{θj}nj=1 ∼ HN (mmθ
, vmθ

,mln(vθ), vln(vθ)). (2)

The six precursor models and the final RTS model are presented in the following seven

sub-sections. These sections also evaluate the forecasting performance of the models using

the POOS forecasting experiment and the state employment dataset. The change in forecast

accuracy associated with each model provides a measure of the importance of that model’s

new feature, albeit in a way that depends on the order in which the features are added to the

benchmark model. Ultimately, the forecasting performance of the final RTS model, which

includes all of the features, is the object of interest. Section 3.8 complements these fore-

cast comparisons with Bayes factors to evaluate the marginal importance of various features

incorporated in the RTS model.

To facilitate the discussion of each model’s forecasting performance, Tables 2 and 3 and

Figure 2 summarize the results of the various POOS forecasting experiments. As described

above, in these experiments, data from 1990m2 (t = 1) through t = T ∗ is used to construct

forecasts for time periods T ∗ + h, where in this exercise, T ∗ ranges from 1999m12 through

2019m6 and h = 1, 3, and 6. Table 2 shows the root mean square forecast error (root-MSFE)

for each of the methods, where forecast errors results are pooled across the 51 states. The

first panel of this table shows the root-MSFE for the benchmark AR(12) model and the

values in panel (b) show the values of the root-MSFE for each of the methods relative to the

benchmark model.3 Figure 2 uses Box plots to summarize the distribution of these relative

3We also computed a version of Table 2 that attenuated the effect of outliers evident in Figure 1. Specifi-
cally, when computing the forecast errors used for the root mean square forecast error we replaced realizations
of yi,t that deviated from the sample median by more than four times the interquartile range with the local
median of yi,t∗ for t∗ ∈ (t− 3, t+3). The resulting relative root-MSFEs for Models I-VII were similar to, but
somewhat smaller than the values shown in Table 2. For example, the values for the RTS model (Model VII)
were (0.90, 0.88, 0.89) for h = 1, 3, 6.
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root-MSFEs across the 51 states. Table 3 shows the sample risk values for the predictive

quantiles and the 80 percent (90-10) equal-tail prediction intervals, where the values are

relative to the benchmark AR(12) model and are pooled across states. We discuss these results

in the following subsections, but for now we simply note that the results show progressively

more accurate point, quantile and interval forecasts as features are added to the model. In

particular, the final RTS model yields a root-MSFE that is 8-11% lower than the benchmark

model and shows similar gains for the quantile and interval forecasts.

Table 2: Root Mean Square Forecast Errors (Pooled Across States)

Notes: Pseudo-out-of-sample forecasting root mean square forecast errors for the benchmark AR(12) and
seven forecasting models discussed in Sections 3.1-3.7.

3.1 Model I: Bayesian shrinkage

The first model is the univariate AR(12) that utilizes independent (and standard) priors for

the model’s parameters. We present the model using different notation than we used in (1)

as this facilitates the presentation of Models II-VII. In particular, we write Model I as

yj,t = µj + ωuj,t (3)

uj,t =

p∑
l=1

ϕj,luj,t−l + ϵj,t (4)

ϵj,t = σjεj,t (5)

εj,t ∼ iidN (0, 1) (6)

10



Table 3: Relative Values of Sample Quantile and Interval Risk (Pooled Across States)

Notes: Pseudo-out-of-sample sample average losses relative to the benchmark AR(12) for the seven forecasting
models discussed in Sections 3.1-3.7.

where the number of lags in the AR model (4) is p = 12. Note that the model introduces a

common scale parameter ω, so the parameters σj capture the relative volatilities of the series.

The level of each series is given by µj.

The model is estimated using the following priors:

• To induce scale and location equivariance, the priors for ω and {µj}nj=1 are diffuse:

ln(ω2) ∼ N (0,∞) (7)
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Figure 2: Relative Root Mean Forecast ErrorDistribution Across States

Notes: Box plots for the relative root-MSFEs for the 51 states. The models are discussed in Sections 3.1-3.7,
where Model VII is the RTS model.

and

µj ∼ N (0,∞). (8)

• The model requires values for the initial values {uj,t}0t=−11, and we assume that these

are draws from a stationary AR model. Specifically, with ϕj = {ϕj,l}12l=1, the prior for

{uj,t}0t=−11 is

uj,−11:0|(σj, ϕj) ∼ N (0, σ2
jΣ(ϕj)) with Σ(ϕ) = ΣAR(cϕ) (9)

where ΣAR(ϕ) is the p × p covariance matrix of the stationary AR(p) model with AR
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coefficient vector ϕ and unit innovation variance, and where the constant c ≤ 1 in (9)

is chosen so that the largest root of the companion matrix is no larger than 0.98. This

prior allows the distribution of the initial conditions to depend on the AR parameters

(σj, ϕj), but in a way that bounds the variance when the AR parameters yield explosive

dynamics.

• We use Minnesota-like priors for AR coefficients:

ϕj,l ∼ N (0, (0.2/l)2). (10)

The value of 0.2 means the values are strongly shrunk toward zero, increasingly so for

longer lags.

• The prior for σj is

ln(σ2
j) ∼ N (0, 0.32). (11)

Recall that ω captures the overall scale of the data, with σj parameterizing the rela-

tive variability for the jth state. This prior yields a median of 1.0 for σj and places

approximately 90 percent of its mass on values of σj that are between 0.8 and 1.3.

In summary, Model I is given by equations (3)-(6), with priors given by (7)-(11).

Appendix B contains a detailed description of the algorithm used to obtain draws from

the posterior distribution of the model’s parameters. The algorithm contains familiar steps,

although these are modified in important ways for the inclusion of the common scale ω and

the initial conditions {uj,t}0t=−11. Draws from the predictive distribution use these draws,

augmented with draws of εj,t for t = T ∗ + 1, ..., T ∗ + h using (6), to obtain draws of yhj,T ∗+h.

The pseudo-out-of-sample forecasting results reported in Tables 2 and 3 and Figure 2

suggest this model’s forecast accuracy is roughly on par with the benchmark. Perhaps unsur-

prisingly, Bayesian forecasts using these priors do not improve on simple OLS-based forecasts

since this model ignores any relationship between the time series.

3.2 Model II: Hierarchical priors

Model II replaces Model I’s priors for the AR coefficients and innovation variances with

hierarchical priors. These priors exploit similarities in parameter values across the series,
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potentially sharpening the accuracy of the parameter estimates and forecasts. Specifically,

Model II uses the following prior for ϕ:

{ϕj,l}nj=1 ∼ HN (0, 0.52(0.2/l)2, ln((0.2/l)2), 0.52). (12)

Unpacking the prior using the notation in (2): (12) says that ϕj,l|(mϕl
, vϕl

) ∼ iidN (mϕl
, vϕl

),

but withmϕl
∼ N (0, 0.52(0.2/l)2) and ln(vϕl

) ∼ N (ln((0.2/l)2), 0.52). The resulting estimates

of ϕj,l are shrunk towards mϕl
with a strength governed by vϕl

, where the data help inform

appropriate values of mϕl
and vϕl

.

A hierarchical prior is also used for σj:

{ln(σ2
j)}nj=1 ∼ HN (0, 0.52, ln(0.32), 0.52) (13)

so again, information from all of the series is used to inform the posterior for σj.

The estimation algorithm presented in Appendix B provides a computationally efficient

method for incorporating these hierarchical priors into the analysis.

Tables 2 and 3 and Figure 2 indicate that Model II provides markedly more accurate

forecasts than the benchmark AR(12) and its Bayesian implementation in Model I. The root-

MSFEs are 4-6 percent smaller than the benchmark across the different horizons (Table 2),

the improvement is widespread across the states (Figure 2), and quantile and interval forecasts

are improved (Table 3).

Figure 3 provides some insight into this gain. It plots the prior for the AR coefficients from

Model I together with the “prior” in Model II, ϕj,l|(mϕl
, vϕl

) ∼ iidN (mϕl
, vϕl

), evaluated at

the posterior mean of mϕl
and ln vϕl

using data through 2019m12. While the prior for Model

I shrinks the AR coefficients towards zero (the prior mean), Model II’s hierarchical prior

shrinks the coefficients toward non-zero values, particularly for lags two through six. This

data-dependent shrinkage results in substantially better forecasts for state employment.

3.3 Model III: Student-t innovations

In Models I and II, the innovations εj,t are normally distributed, which is at odds with the

outliers evident in Figure 1. In Models III and IV, Student-t errors are introduced to describe
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Figure 3: Model I’s Prior and Model II’s Estimated ‘Prior’

Notes: For Model I these are the priors in (10). For Model II, this is the normal prior ϕj,l|(mϕl
, vϕl

) ∼
iidN (mϕl

, vϕl
), evaluated at the posterior mean of mϕl

and ln vϕl
from 2019m12.

these outliers. In particular, in Model III, the Gaussian assumption (6) is replaced with

εj,t ∼ T (νj) (14)

where T(νj) denotes the Student-t distribution with νj degrees of freedom.

A hierarchical prior is used for the series-specific values of νj:

{ln(νj − 2)}nj=1 ∼ HN (ln(12− 2), 0.52, ln(0.52), 0.52). (15)

This prior restricts νj to be greater than 2, it has a median of 12 and roughly 95 percent

of its mass between 4 and 30. Figure 4 plots the prior evaluated at the (2019m12) posterior

mean of the hyperparameters; it implies heavy-tailed innovations with degrees of freedom in

the range of 3-7, which are broadly consistent with the values shown previously in Table 1.
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Figure 4: Estimated ‘Prior’ ν in Model III

Note: This is the density of ν from ln(νj − 2)|(mln(ν−1), vln(ν−2)) ∼ iidN (mln(ν−1), vln(ν−2)) evaluated at the
posterior mean of mln(ν−2) and vln(ν−2) from 2019m12.

The Bayes factors that will be presented in Section 3.8 indicate that these heavy-tailed

innovations are important for describing the state employment data. In principle, by more

accurately modeling the tails of the innovations, they should yield more accurate estimates

of the mean parameters, µ and ϕ, and therefore produce more accurate point forecasts. The

root-MSFE results in Table 2 and Figure 2 suggest that these forecasting gains are small.

However, by more accurately modeling the tails, they do improve the quantile and interval

forecasts (Table 3).

3.4 Model IV: Additive outliers

The heavy-tailed errors in Model III were in the innovations, and therefore produced outliers

that propagated forward using the model’s autoregressive dynamics. Model IV introduces

new errors that are additive and have one-off effects on the variables. These additive outliers

are denoted oj,t and enter the model with equation (3) replaced by

yj,t = µj + ω(uj,t + oj,t) (16)

where

oj,t = κjηj,t and ηj,t ∼ T (νo
j). (17)
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The additive outliers are governed by two parameters: κj determines their scale, and the

degree-of-freedom parameter νo
j determines their kurtosis. Hierarchical priors are used for

these parameters:

{ln(κ2
j)}nj=1 ∼ HN (ln(0.12), 0.52, ln(0.32), 0.52) (18)

{ln(νo
j − 2)}nj=1 ∼ HN (ln(4− 2), 0.52, ln(0.52), 0.52), (19)

where the prior medians of κj and νo
j are 0.1 and 4, respectively.

As we will see from the Bayes factors reported in Section 3.8, these outliers are important

for describing the distribution of the data—an unsurprising result given the handful of large

outliers seen in Figure 1. That said, Tables 2 and 3 suggest that they have little effect on the

forecasts.

3.5 Model V: Time varying volatility

Model V extends Model IV by incorporating stochastic volatility. Specifically, it replaces (5)

with

ϵj,t = σj,tεj,t (20)

where ln(σj,t) evolves as a random walk.

A standard way of including random walk stochastic volatility relies on methods like those

pioneered in Kim, Shephard, and Chib (1998). We have found computational gains from using

an alternative method that builds on a low-frequency approximation to the random walk; these

gains are particularly important when modeling comovement in the volatility paths across the

series. To explain the method, it is useful to take a short digression to describe the spectral

representation of a random walk.

Consider a generic random walk xt ∼ RW (x1, γ
2) for t = 1, ..., T . The typical repre-

sentation of the vector x1:T involves the initial value x1 and the T − 1 random variables

∆xt ∼ iidN (0, γ2) for t = 2, ..., T . This representation, along with a numerical approxima-

tion for the distribution of ln(ε2j,t), is used in the Kim, Shephard, and Chib (1998) method.

We use an alternative representation for x1:T and an alternative approximation. The details

are as follows. Let x denote the sample mean of x and x̃t = xt − x denote its demeaned

value. Write the covariance matrix of x̃1:T as γ2Σ̄RW , where Σ̄RW is the T × T covariance
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matrix of a demeaned random walk with unit innovation variance. Write the spectral decom-

position of Σ̄RW as Σ̄RW =
∑T−1

l=1 φlφ
′
l where φl = λ

1/2
l el with λl the lth eigenvalue of Σ̄RW

and el the corresponding unit-length eigenvector. The vector x̃1:T can then be represented

as x̃1:T =
∑T−1

l=1 φlξl where ξl ∼ iidN (0, γ2). Examination of the matrix Σ̄RW shows that

el,t ∝ cos
(

t−1/2
T

lπ
)
and, approximately, λ

1/2
l ∝ l−1, which implies that most of the variance

of x̃t is associated with the first few eigenvalues and their associated eigenvectors describe the

low-frequency variation in x̃t. This motivates the approximation xt = x+ x̃t ≈ x+
∑q

l=1 φl,tξl,

where φl,t is the tth element of φl and the approximation truncates the sum using only

q << T − 1 terms. This approximation models the low-frequency variation in the random

walk, but ignores high-frequency variation; in particular, it captures periodicities longer than

2T/q.

With this background, we model the evolution of ln(σ2
j,t) using the low-frequency random

walk:

ln(σ2
j,t) = ln(σ2

j) +

q∑
l=1

φl

(
t− 1/2

T

)
ξj,l (21)

where q = ⌊T/36⌋, and priors

{ξj,l}nj=1|(mξl , vξ) ∼ iidN (mξl , vξ) (22)

with

mξl ∼ N (0, 0.012) (23)

and

ln(vξ) ∼ N (ln(0.012), 0.52). (24)

We highlight four features of this specification. First, with mξl = 0 and vξ = γ2, (21)

is the representation for a random walk that was developed above, truncated after q terms.

Second, the choice of q means that (21) captures variation in ln(σ2
j,t) for periods longer than

72 months. Higher-frequency stochastic volatility is not modeled through variation in σj,t

(although it is captured in part through the Student-t errors, which can be represented as

scale mixtures of normal random variables). Third, the hierarchical prior allows mξl to vary

across l in response to the data, capturing comovement in the low-frequency volatility patterns

in the series. Figure 5 gives a sense of this common evolution of volatility across the 51 states
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Figure 5: Estimated Prior Mean for the log-volatility

Notes: The figure plots
∑q

l=1 φl

(
t−1/2

T

)
m̂ξl , where m̂ξl is the posterior mean of mξl from 2019m12.

by plotting
∑q

l=1 φl

(
t−1/2

T

)
m̂ξl , where m̂ξl is the posterior mean of mξl from 2019m12; it

shows a period of relative calm in the late 1990s followed by a marked increase in volatility

during the 2007-2009 recession and its aftermath. The fourth feature concerns the role of vξ

in (21). Notice that, while the mean, mξl , depends on l, the variance, vξ, does not. Thus vξ

serves as an overall scale for the variation in ln(σj,t), and the posterior for vξ summarizes the

information in the sample about this scale.

The time variation in ln(σj,t) introduces an additional step for constructing the predictive

distribution of yhj,T ∗+h, as these are affected by the uncertainty in out-of-sample values of

σj,t. Consistent with the random walk model, we set ln(σj,T ∗+t) ∼ RW (0, vξ) for independent

random walks across j.

The accuracy of the resulting forecasts is summarized in Tables 2 and 3 and Figure 2.

Unsurprisingly, the incorporation of stochastic volatility has little effect on the accuracy of

point forecasts (see Table 2 and Figure 2), but significantly improves the accuracy of the

predictive quantiles and intervals (Table 3).

3.6 Model VI: Time varying conditional mean parameters

The descriptive statistics reported in Section 2 suggest that the levels of the growth rates, µj

in (16), varied over the sample period in some of the states. There was less evidence of time

variation in the autoregressive coefficients, ϕj,l. In Model VI we allow these coefficients to

evolve as random walks, where the amount of time variation is estimated using hierarchical
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priors.

In particular, Model VI replaces (16) and (4) with

yj,t = µj,t + ω(uj,t + oj,t) (25)

and

uj,t =

p∑
l=1

ϕj,l,tuj,t−l + ϵj,t (26)

where

µj,t ∼ RW (µj, ω
2γ2

µj
) (27)

ϕj,l,t ∼ RW (ϕj,l, γ
2
ϕj,l

). (28)

The key parameters governing the evolution of these coefficients are the standard deviations

γµj
and γϕj,l

, which are estimated by pooling information across series using hierarchical

priors:

{ln(γ2
µj
)}nj=1 ∼ HN (ln(0.0052), 22, ln(0.32), 0.52) (29)

and

{ln(γ2
ϕj,l

)}nj=1 ∼ HN (ln((0.005/l)2), 0.52, ln(0.32), 0.52). (30)

The priors for the initial values of the coefficients, µj and ϕj,l, are unchanged from the earlier

models and are given by (8) and (12). The scaling by ω2 in (27) ensures overall location and

scale equivariance under the flat priors (8) and (7) on µj,t and ω.

Interestingly, while the Bayes factors reported below document the importance of this

feature for describing the data, exploiting this time variation for forecasting is difficult. Table 2

indicates that the accuracy of the point estimates, pooled across states, are largely unchanged

from Model 5, but Figure 2 shows significantly greater variability in the relative accuracy

across states. The relative accuracy of quantile forecasts is also variable showing improvement

for some quantiles at some horizons, but deterioration at others.

3.7 Common factors and the RTS model

In the models discussed thus far, the series are related through the values of their parameters

and, as described in Section 3.5, through dependencies in their stochastic volatility processes.
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However, conditional on their parameter values, the series are uncorrelated. The RTS model

includes common factors to capture covariability in the series.

The model replaces (25) with

yj,t = µj,t + µn+1,t + ω(uj,t + oj,t + on+1,t + cj,t) (31)

where the new ingredients are the factors µn+1,t, on+1,t and cj,t. There are no observations for

j = n+1, so these factors are latent. The variable µn+1,t is a common time-varying level that

evolves in the same way as the series-specific level from Model VI, that is as the random walk

(27) with j = n + 1. Similarly, the variable on+1,t is a common additive outlier that evolves

in the same way as the series-specific outliers in Model IV, that is as (17) with j = n+ 1.

The variable cj,t is more complicated. It captures potential lead/lag relationships between

the series. To explain its evolution, let un+1,t evolve the same way as the series-specific values

of u, that is as the AR(12) model (26) for j = n + 1, with the autoregressive coefficients

allowed to vary in time as in (28). The variable cj,t is a series-specific moving average of

un+1,t:

cj,t =
5∑

l=0

λj,l,tun+1,t−l (32)

where the moving average weights, λj,l are allowed to vary through time as

λj,l,t ∼ RW (λj,l, γ
2
λj,l

). (33)

In this model, series that load on the first few lags of un+1,t serve as leading indicators

for series that load on more distant lags, improving the model’s forecasts for the lagging

series. Moreover, even if all series load only on the contemporaneous value of un+1,t, forecasts

are potentially improved because the different series provide independent information about

un+1,t, which in turn follows its own dynamics; the forecasts for the different series are thus

effectively shrunk towards a common non-zero value.

The new priors for this model are

ln(σ2
n+1) ∼ N (ln(0.22), 0.52) (34)

µn+1 = 0 (a normalization), ln(γ2
µn+1

) ∼ N (ln(0.0052), 0.52) (35)
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ln(κ2
n+1) ∼ N (ln(0.12), 0.52). (36)

Notice that these priors are not tied to the hierarchical priors for the series-specific values

of these parameters, so the parameters characterizing the common factors are unrelated to

those governing the series-specific factors.

In contrast, the parameters characterizing the factor loadings, λj,l,t, are potentially similar

across series, so that hierarchical priors are used:

{λj,0}nj=1 ∼ HN (1, 0, ln(0.22), 0.52), (37)

{λj,l}nj=1 ∼ HN (0, 0.52(0.05/l)2, ln((0.05/l)2), 0.52) for l > 0 (38)

and

{ln(γ2
λ(j,l))}nj=1 ∼ HN (ln((0.0005/(l + 1))2), 0.52, ln(0.32), 0.52). (39)

As we mentioned at the outset of this section, the resulting complete model incorporates

autoregressive dynamics, stochastic volatility, innovation and additive outliers, common fac-

tors and time-varying parameters. It uses hierarchical priors to pool information across series.

The complete RTS model is given by equations (31), (27), (20), (14), (21), (17), (26)-(28), (32)

and (33), with priors (7)-(9), (12), (13), (15), (18), (19), (22)-(24), (29), (30), and (34)-(39).

Tables 2 and 3 and Figure 2 show the forecasting gains from the complete RTS model:

the relative root-MSFEs show a 10 percent gain over the benchmark AR(12) model (Table

2), these gains are evident in nearly every state (Figure 2) and similar gains are evident in

the quantile and interval forecasts (Table 3). Interestingly, additional calculations indicate

that nearly all of these gains can be realized in a model in which the c-factors load only on

contemporaneous values of un+1,t in (32).4

4We have also compared the forecasting performance of the RTS model to a dynamic version of the common
correlated effects model (Pesaran (2006)) that augments the benchmark AR(12) model with 6 lags of the mean
employment growth rates across the 51 states. The resulting model performed marginally better than the
AR(12) model at some horizons—for example, its pooled relative root-MSFEs are (0.99, 0.98 and 0.99) for
h = (1, 3, 6)—but these were markedly larger than the relative root-MSFE for the RTS model (which are
(0.92, 0.89, and 0.89) for h = (1, 3, 6)).
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3.8 Bayes factors

The POOS forecast comparisons summarized in Tables 2-3 and Figure 2 show the marginal

importance of the various features that appear in the RTS model, but these comparisons are

lacking in two respects. First, they are based on the somewhat arbitrary sequencing of how the

features appear in the models. For example, the relative importance of Student-t innovations

(Model III) might well change if they had been added before, rather than after, stochastic

volatility (Model V). Second, the forecasting results focus on the particular aspects of accuracy

associated with the loss functions from Section 2.2.2, and while these are important, they do

not fully capture the overall fit of the model.

In this subsection we investigate the importance of the model’s features using an alterna-

tive approach: We begin with the RTS model with all features present, and compare the fit

of that model to models where selected features are down-weighted. We use Bayes factors to

gauge the fit of the RTS model relative to eight alternative models.

The first alternative model investigates the importance of the hierarchical priors that

appear throughout the RTS model. Recall that the hierarchical normal prior assumes that

a set of parameters, {θj}nj=1, are characterized by the conditional normal prior θj|(mθ, vθ) ∼
iidN (mθ, vθ), where mθ and vθ are hyperparameters with their own prior distributions, mθ ∼
N (mmθ

, vmθ
) and ln(vθ) ∼ N (mln(vθ), vln(vθ)); we have denoted the resulting hierarchical prior

as {θj}nj=1 ∼ HN (mmθ
, vmθ

,mln(vθ), vln(vθ)). When mθ and vθ have degenerate distributions,

that is when vmθ
= vln(vθ) = 0, the prior for θj collapses to the non-hierarchical normal prior

θj ∼ iidN (µθ, σ
2
θ) with µθ = mmθ

and ln(σ2
θ) = mln(vθ). (Versions of this non-hierarchical prior

were used in Model I.) To gauge the importance of the hierarchical priors, it is instructive to

compare the fit of the RTS model to an alternative model that uses non-hierarchical priors—

that is to a model in which the hierarchical variance parameters vmθ
and vln(vθ) are set to

zero across all hierarchical priors. This can be achieved by computing the Bayes factor for

the RTS model, with {θj}nj=1 ∼ HN (mmθ
, vmθ

,mln(vθ), vln(vθ)) relative to the model using the

alternative priors {θj}nj=1 ∼ HN (mmθ
, 0,mln(vθ), 0).

Unfortunately, computing Bayes factors is difficult, and we were unsuccessful in com-

puting an accurate estimate of the Bayes factor for the RTS model versus the model with

{θj}nj=1 ∼ HN (mmθ
, 0,mln(vθ), 0). However, we did succeed at a less ambitious task: We

accurately estimated the Bayes factor for a less extreme alternative that sets the variance
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Table 4: Log-Bayes Factors: RTS Model versus Models with Alternative Priors

Num. RTS Model Prior Alternative Prior
Log Bayes-

Factor

(1)
{θj}nj=1 ∼

HN (mmθ , vmθ ,mln(vθ)
, vln(vθ)) HN (mmθ , 0.5× vmθ ,mln(vθ)

, 0.5× vln(vθ))
86.1

(2)
{ln(νj − 2)}nj=1 ∼

HN (ln(10), 0.52, ln(0.52), 0.52) HN (ln(10) + 1.5, 0.52, ln(0.52), 0.52)
13.8

(3)
{ln(κ2

j )}nj=1 ∼

HN (ln(0.12), 0.52, ln(0.32), 0.52) HN (ln(0.12)− 1.5, 0.52, ln(0.32), 0.52)
10.9

(4)
mξl

∼ N (0, 0.012)

ln(vξ) ∼ N (ln(0.012), 0.52)

N (0, 0.5× 0.012)

N (ln(0.012)− 1.5, 0.52)
30.6

(5)
{ln(γ2

µj
)}nj=1 ∼

HN (ln(0.0052), 22, ln(0.32), 0.52) HN (ln(0.0052)− 6, 22, ln(0.32), 0.52)
17.8

(6)
{ln(γ2

ϕj,l
}nj=1 ∼

HN (ln((0.005/l)2), 0.52, ln(0.32), 0.52) HN (ln((0.005/l)2)− 1.5, 0.52, ln(0.32), 0.52)
5.8

(7)
{ln(γ2

λ(j,l)
)}nj=1 ∼

HN (ln((0.0005/(l + 1))2), 0.52, ln(0.32), 0.52) HN (ln((0.0005/(l + 1))2)− 1.5, 0.52, ln(0.32), 0.52)
17.9

(8)
ln(σ2

n+1) ∼

N (ln(0.22), 0.52) N (ln(0.22)− 1.5, 0.52)
3.2

Notes: The table shows the prior used in the baseline RTS model and the prior used in the alternative model.
The final column shows the log-Bayes factor of the baseline RTS model relative to the alternative. Bayes
factors are computed using the 1990m2-2019m12 sample.

of the hyperparameters equal to one-half of their values in the RTS model. (These Bayes

factors were computed using the bridge sampling approach of Meng and Wong (1996) that

is described in Appendix B.3.) This less-extreme alternative model attenuates, but does not

eliminate, the pooling of information across series for estimating the parameter values. The

resulting Bayes factor is shown in the first row of Table 4. The log-Bayes factor exceeds 80 in

favor of the RTS model relative to the alternative model. Evidently, the hierarchical priors

used in the RTS model more accurately describe the data than the priors in the alternative

model.

Table 4 shows results for several other alternative models, where in each case these alter-

natives involve a change in the prior that downweights a particular feature incorporated in

the RTS model.

The second row of the table considers an alternative prior that increases the degrees-of-

freedom in the Student-t distribution for the innovations; that is, the prior suggests innovation

distributions that are closer to the normal. The degrees of freedom parameter is denoted by
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ν, and as indicated in Table 4, the alternative increases the mean of the hierarchical prior

for ν. (In the RTS model, the prior median for ν is 12 (see (15)), while in the alternative

the prior median increases to 47.) The Bayes factor reported in the table strongly favors the

lower degrees of freedom in the RTS model.

The third row of the table compares the RTS model to an alternative in which the additive

outliers are less important. This is achieved by using a prior with more mass on small values

of κj, the scale associated with the outliers (see (17)-(18)). The Bayes factor implies that

these additive outliers are quite important for describing the state employment data.

The fourth row of the table considers a model with reduced stochastic volatility. This is

achieved by changing the prior to reduce the variability of the ξ parameters (see (21)-(24));

which in turn is achieved by reducing the variance of mξ and decreasing the mean of ln(vξ).

Again, the RTS model is strongly favored over this alternative.

The next three rows focus on time variation in the model parameters. Recall that time

variation is modeled using random walk processes, and the magnitude of this time variation

is governed by the variance of the associated first differences. This parameter is denoted by

γ2 in the various equations (see (27)-(28) and (33)). We consider three alternative models,

all of which are characterized by priors that lower the mean of γ2. Row five of the table

considers the level parameters µ, row six considers the autoregressive coefficients ϕ, and row

seven considers the factor loadings λ. In all cases, Bayes factors suggest that time variation is

important for describing the data, and this is despite the negligible impact of time variation

for µ and ϕ for forecasting performance discussed above for Model VI.

The final row of the table considers an alternative in which the common factors cj,t are

downweighted. Recall that the c-factors are series-specific moving averages of a common

autoregressive factor, un+1,t. These factors can be down-weighted by reducing the variance

of un+1, that is by reducing the value of σ2
n+1 (see (34)). The final row of the table considers

this alternative and here too the Bayes factor favors the prior from the RTS model, but by

an amount (e3.2 ≈ 25) that is smaller than the other alternatives. One interpretation of this

result is that common movements in the series remain well explained by the level and outlier

common factors, µn+1 and on+1.
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4 Additional empirical results

The previous sections have used the state employment dataset in the pre-COVID sample

period to motivate the structure of the RTS model and to evaluate its relative forecast accu-

racy. In this section we investigate how the RTS model performs in other applications that

involve two new datasets of related series—the growth rates of industrial production (IP) in

16 Euro-area countries and the inflation rates for 17 sectors making up personal consumption

expenditures (PCE) in the United States.

4.1 Two new datasets

Figure 6 plots the new datasets. The top panel shows the monthly growth rates of industrial

production in 16 Euro-area countries beginning in 1975m8 through 2019m12. The bottom

panel shows the monthly growth rate of prices for 17 PCE sectors from 1959m2 to 2025m4. As

in the earlier application using state employment data, the Euro-area IP dataset is truncated

to only include pre-COVID observations; we consider the COVID recovery period below for

the employment and IP datasets. The dynamics of the inflation data over the COVID period

are generally consistent with its behavior over the earlier sample period, so we analyze these

data over the full sample period.

While the details differ, these datasets exhibit many of the same features as state em-

ployment. In particular they exhibit comovement, outliers, time-varying volatility, and level

shifts. The series appear to follow similar stochastic processes (although inflation in one of the

PCE sectors—energy—is much more volatile than the other sectors). A notable difference is

that these datasets have many fewer series than the n = 51 states in the employment dataset.

In Section 3 we developed the RTS model in seven steps and showed the forecasting

performance of each of the models for the state employment data. This was a pedagogical

device that allowed us to sequentially describe the various features of the model and (in the

appendix) the computational algorithms to accommodate these features. In this section, we

avoid these preliminary models and move directly to the RTS model. We conduct the same

POOS forecasting experiment used in Section 3, where the POOS forecasts are computed

over 1985m6-2019m6 for the IP data and over 1984m12-2024m10 for the inflation data. The

results of the experiment are summarized in Figure 7 and Table 5.

Figure 7 shows the distribution of relative root-MSFEs across the entities (states for the
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Figure 6: Two Datasets

Industrial Production Growth Rates in 16 Euro Area Countries: 1975m8-2019m12

U.S. PCE Inflation in 17 Sectors: 1959m2-2025m4
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Figure 7: Relative root-MSFE for 3 Datasets: Distribution Across Entities

Notes: Box plots for the relative root-MSFEs across entities the state employment (Emp), industrial produc-
tion in Euro-area countries (IP), inflation in sectoral PCE (Infl) datasets for the RTS model relative to the
benchmark AR(12) model.

employment, countries for Euro-area IP, and consumption sectors for PCE inflation) for the

three datasets, and where the results for state employment were shown earlier in Figure

2. Panel (a) of Table 5 shows the relative sample average values of predictive quantile and

interval losses for h = 3 step ahead forecasts; the values of h = 1 and h = 6 (not shown) are

similar. Examination of these results shows that the RTS model provides forecasting gains for

these new datasets that are somewhat smaller than, but broadly consistent with, the results

for the state employment data.

Panel (b) of Table 5 compares the log-Bayes factors for the alternative models listed in

Table 4 for the three datasets, each computed using the data through 2019m12. Here too,

these Bayes factors are similar to those obtained for the state employment dataset, but with

two exceptions: additive outliers are less important for the two new datasets, and the c-factor

is less important for inflation. Regarding the latter, recall that the model includes three sets

of common factors, level shifts (µ), outliers (o) and the serially correlated c-factors. The Bayes

factor for alternative model 8 only concerns the importance of the c-factor; one interpretation

of its value is that the common inflation trends in the sectors that are visible in Figure 6 are

well described by the common level shift factor µn+1,t.
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Table 5: Selected Results for Three Datasets

Notes: Panel (a): Relative values of pooled sample quantile and interval risk. Panel (b): log-Bayes factors for

the RTS model versus the 8 alternative models listed in Table 4.

The forecasting gains reported in Figure 7 and Table 5 are relative to the same univariate

AR(12) benchmark used in Section 3. We have also compared the forecasting performance of

the RTS model for inflation to a more sophisticated model, the Federal Reserve Bank of New

York’s multivariate core trend inflation (MCT) model described in Almuzara and Sbordone

(2022). The MCT model is a monthly extension of the quarterly model developed in Stock

and Watson (2016a) for the same 17 sector decomposition of PCE inflation, and, like the RTS

model, incorporates stochastic volatility, common factors and outliers. As its name suggests,

the MCT model produces a monthly estimate of the “trend” in core-inflation, which can

serve as a forecast of future aggregate inflation. The RTS model can also be used to forecast

aggregate inflation using a share-weighted average of the sectoral inflation forecasts. Table

6 compares the relative root-MSFE of the RTS and MCT models over the 1984m12 through

2024m10 POOS sample period.5 For forecasting the all-items aggregate inflation, the MCT

model is comparable to the benchmark AR(12); however, it provides substantial gains for

core inflation—that is, for aggregate inflation excluding the volatile food and energy sectors.

The RTS model provides improvements for both all-items and core-inflation relative to both

the benchmark AR(12) model and the MCT forecasts.6

5We thank Martin Almuzara for sharing the MCT code, and the FRBNY for allowing us to use it for this
purpose.

6We have also compared the forecasting performance of the RTS model to a version of the ‘random-walk’
model used in Atkeson and Ohanian (2001); that paper considered quarterly data on inflation and used average
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Table 6: Relative root-MSFE for Aggregate Inflation

Notes: The table reports the root-MSFE relative to the sector-specific benchmark AR(12) model, where the
forecast of aggregate inflation is the share-weighted average of the sectoral forecasts over the 1984m12-2024m10
POOS sample period.

4.2 Forecasting during the COVID recovery

The COVID-19 pandemic led to dramatic declines in employment and economic activity in

the first half of 2020 and the subsequent recovery involved dynamics that differed from the

pre-COVID period.7 Both of these features are evident in Figure 8, which plots the state

employment growth rates over 2017m1-2025m4 in panel (a) and the growth rate of Euro-

area industrial production (IP) over 2017m1-2023m10 in panel (b). (The IP data is only

available for this truncated sample.) Additionally, panel (b) shows one country—Ireland—

with a marked increase in volatility and/or outliers during the post-COVID period. Needless

to say, forecasting during the COVID recession and its aftermath was challenging.

Time series (and other) models were ill-equipped to forecast the dramatic changes in

employment that occurred during the first half of 2020, and we will continue to omit this

period from our POOS forecasting experiment. A more interesting question is how well

models performed in the aftermath of the COVID recession. For example, because AR(p)

models rely on lags, the outliers in early 2020 will continue to affect the AR model forecasts p

periods after the COVID outliers. The RTS model, with its allowance for outliers, stochastic

volatility and time-varying coefficients, can more easily downweight these outliers and adapt

to changes in the economy’s dynamics. Thus, one expects that the RTS model will perform

better than the AR(12) model following COVID. But how much better, and how quickly will

these relative gains dissipate as the economy returns to its pre-COVID dynamics?

inflation over the past four quarters to predict the average value of inflation over the next four quarters. Here
we use average inflation over the last twelve months to predict average inflation over the next h months, with
h = 1, 3, 6. Pooled root-MSFE for the RTS forecasts relative to the AO forecasts for h = 1, 3, 6 are (0.90, 0.88,
0.80). The corresponding values for all-items aggregate inflation are (0.90, 0.90, 0.87), and for core aggregate
inflation they are (0.98, 0.95, 0.93).

7See Stock and Watson (2025) for an empirical analysis of the dynamics of real activity in the U.S. in the
recovery from the COVID recession.
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Figure 8: State Employment and Euro-area IP Growth Rates During COVID

(a) State Employment Growth Rates, 2017m1-2025m4

(b) Euro-Area IP Growth Rates, 2017m1-2023m10
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Table 7 reports results from the POOS experiment to answer these questions. In particular,

it shows the root-MSFE pooled across the 51 states (panel (a)) and the 16 Euro-area countries

for the benchmark AR(12) model over three POOS periods: pre-COVID and two post-COVID

periods, the first beginning in 2020m6 and the second in 2021m6. It also shows the relative

root-MSFE of the RTS model over these sample periods and relative sample loss for the 90-10

prediction interval.

Looking first at the results for the state employment in panel (a), the pre-COVID period

results were shown previously: for example the benchmark AR(12) model has a root-MSFE

of 2.1 percentage points for h = 3; the RTS model’s root-MSFE is 11 percent lower. For

the forecasts beginning in 2020m6, the root-MSFE for the AR(12) increases sharply to 16.5

percentage points; the RTS model’s increases too, but only to 3.5 percentage points. For

forecasts beginning in 2021m6, the AR(12) model is not directly affected by the COVID

outliers and its forecasting performance returns to levels similar to the pre-COVID period.

The RTS model performance also improves during this period, so much so that its relative

root-MSFE is below its pre-COVID value.

The results for Euro-area industrial production are less dramatic. The fall and recovery of

Euro-area industrial production during COVID was much smaller than for U.S. employment.

The benchmark AR(12) root-MSFE for the period beginning in 2020m6 is roughly twice

as large as its pre-COVID value, versus nearly eight times larger for the state employment

data, and the relative gains from using the RTS, while greater in the immediate aftermath of

COVID, are not as large as those for the U.S. employment data.

Overall, we are reassured by these external validity tests: the RTS performs reasonably

well for two additional data sets and it adapts well to the dramatic changes in the economy

associated with the COVID pandemic.

5 Concluding remarks

This paper has developed a model for forecasting “related” time series. The resulting RTS

model exploits similarity in the stochastic processes describing the individual series as well

as covariation between the series. Both are useful for forecasting. The paper also developed

MCMC methods to efficiently obtain draws from the posterior distribution of the model’s

parameters and predictive distributions. Modeling and computation go hand-in-hand in fore-
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Table 7: Root-MSFE and Forecast 90-10 Interval Risk in Pre- and Post-COVID Sample
Periods

Notes: The entries are absolute root-MSFE of the AR(12) benchmark model, as well as the relative root-MSFE
and relative interval risk of the RTS model over three sample periods.

casting applications such as this—a model is useful only to the extent that it can be imple-

mented.

The RTS model was developed to capture features in macro datasets such as the state

employment, Euro-area industrial production and sectoral inflation data analyzed in the pa-

per. The variables in these datasets are, to first order, well described by simple univariate

autoregressions with similar coefficient values, but additionally exhibited stochastic volatility,

heavy-tailed innovations, occasional large outliers, common sources of variability, and slowly

drifting parameters. The RTS model incorporates all of these.

In other applications, researchers may want to include all or only a subset of these features.

The modular design of the MCMC algorithms described in the appendix makes them well-

suited for such applications.
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Appendix

A Data

The state employment data are from the U.S. Bureau of Labor Statistics and are “Total Nonfarm

Employees” in each state. The data were downloaded from the FRB-St.Louis FRED database. As

examples, data for Alaska and Wyoming are the FRED series AKNA and WYNA.

The Euro-area industrial production data include data from the 16 countries: Austria, Belgium,

Denmark, Finland, France, Germany, Greece, Ireland, Italy, Luxembourg, the Netherlands, Norway,

Portugal, Spain, Sweden and the UK. These data are from OECD and were downloaded from

FRED. As examples, data for Austria and the UK are the FRED series AUTPROINDMISMEI and

GBRPROINDMISMEI.

The 17 sectoral price series for personal consumption expenditures in the U.S. are from the

U.S. Bureau of Economic Analysis and are taken from the monthly NIPA tables 2.3.4 and 2.3.5.

These contain a 16-sector decomposition of the PCE. Following Stock and Watson (2016a), we

decomposed the “housing and utilities” sector into the two sectors “housing-energy” and “housing

excluding energy.”

B Computation

B.1 General comments

The posteriors were obtained by standard MCMC with numerous Gibbs steps. A detailed description

of the steps for each model are in the following subsections. Here we provide some generic comments

on the numerical implementation.

B.1.1 Posterior Draw from Linear Gaussian State Space System (SSS)

Consider a generic state space system

yt = h′tst + wt, wt ∼ N (0, Rt)

st = Ftst−1 + ut, ut ∼ N (0, Qt), t = 2, . . . , T

s1 ∼ N (s1|0, P1|0)

where yt is a scalar. The evaluation of the log-likelihood
∑T

t=1 ℓt of {yt}Tt=1 after integrating out

{st}Tt=1 can be obtained by the following Kalman iterations for t = 1, . . . , T :

1. ℓt = −1
2e

2
t /ω

2
t − 1

2 logω
2
t with et = yt − h′tst|t−1, ω

2
t = h′tvt +Rt and vt = Pt|t−1ht
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2. st|t = st|t−1 + vtet/ω
2
t

3. Pt|t = Pt|t−1 − vtv
′
t/ω

2
t

4. st+1|t = Ft+1st|t

5. Pt+1|t = Ft+1Pt|tF
′
t+1 +Qt+1.

To generate a random draw {s∗∗t }Tt=1 from the posterior {st}Tt=1|{yt}Tt=1, we employ the algorithm

developed in Durbin and Koopman (2002). The following expressions are simple rearrangements

of the formulas given there, optimized for a scalar measurement and computational efficiency: Set

s∗1|0 = 0 and s∗1 ∼ N (0, P1|0) and iterate for t = 1, . . . , T

1. bt = vt/ω
2
t where ω2

t = h′tvt +Rt and vt = Pt|t−1ht

2. at = (yt − h′tst|t−1)/ω
2
t and a∗t ∼ (h′t(s

∗
t − s∗t|t−1) + ε∗t )/ω

2
t with ε∗t ∼ N (0, Rt)

3. st|t = st|t−1 + vtat, s
∗
t|t = s∗t|t−1 + vta

∗
t

4. Pt|t = Pt|t−1 − btv
′
t

5. s∗t+1 ∼ N (Ft+1s
∗
t , Qt+1)

6. st+1|t = Ft+1st|t, s
∗
t+1|t = Ft+1s

∗
t|t

7. Pt+1|t = Ft+1Pt|tF
′
t+1 +Qt+1

followed by an iteration t = T , T − 1, . . . , 1 with initial values rT = r∗T = 0

1. rt−1 = F ′
trt + ht(at − b′tF

′
trt), r

∗
t−1 = F ′

tr
∗
t + ht(a

∗
t − b′tF

′
tr

∗
t )

2. s∗∗t = st|t−1 + Pt|t−1rt−1 + s∗t − s∗t|t−1 − Pt|t−1r
∗
t−1

so the scalars {at}Tt=1, {a∗t }Tt=1, vectors {bt}Tt=1, {st|t−1}Tt=1, {s∗t }Tt=1, and matrices {Pt|t−1}Tt=1 must

be saved during the first set of iterations to generate the draws {s∗∗t }Tt=1.

If the posterior means st|T and covariance matrices Pt|T of st|{yt}Tt=1 are also needed, then they

can be computed by adding to the above iteration t = T , T − 1, . . . , 1 the following three steps with

initial value GT = 0

3. Gt−1 = At − htx
′
t − xth

′
t + hth

′
t(b

′
txt + 1/ω2

t ) with At = F ′
tGtFt and xt = Atbt

4. Pt|T = Pt|t−1 − Pt|t−1Gt−1Pt|t−1

5. st|T = st|t−1 + Pt|t−1rt−1

In applications of this algorithm, the vector ht and the matrices P1|0, Qt and Ft are often sparse,

which we exploit to further gain computational efficiency.
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B.1.2 Posterior Draw from Gaussian Hierarchical Model with Conjugate Like-

lihood

Suppose θ0 ∼ N (µ0,Ω0), θj |θ0 ∼ N (θ0,Ωj) and the log-likelihood of the observations is of the form

C − 1
2

∑n
j=1(Yj − θj)

′Σ−1
j (Yj − θj) + log detΣj for some conformable Yj (as would be the case for

independent observations Yj ∼ N (θj ,Σj)). Elementary calculations show that the posterior of θ0 is

Gaussian N (V0(Ω
−1
0 µ0+

∑n
j=1(Σj+Ωj)

−1Yj), V0) with V −1
0 = Ω−1

0 +
∑n

j=1(Σj+Ωj)
−1. Furthermore,

conditional on θ0, the posteriors for {θj}nj=1 are independent Gaussian N (VjΣ
−1
j (Yj − θ0) + θ0, Vj)

with V −1
j = Ω−1

j +Σ−1
j .

B.1.3 Draws from Posterior with Hierarchical Normal Prior

Suppose the prior for n scalar parameters is {θj}nj=1 ∼ HN (mmθ
, vmθ

,mln(vθ), vln(vθ)), and the

likelihood factors in θj . Then the standard way of generating draws from θj is to (i) condition on

mθ and vθ and update θj from the likelihood information and the prior θj ∼ N (mθ, vθ) separately

for j = 1, . . . , n; (ii) condition on {θj}nj=1 and update mθ and vθ.

This standard approach will not lead to a well mixing chain when n is large, however. To see

why, consider the extreme case where the likelihood is uninformative about θj . Then in the first step,

θj ∼ iidN (mθ, vθ). By the law of large numbers, n−1
∑n

j=1 θj ≈ mθ and n−1
∑n

j=1(θj −mθ)
2 ≈ vθ,

so in the second step, we recover nearly the same parameters (mθ, vθ) that we started with.

A better approach, especially if the likelihood is not very informative, is to condition in

the second step on the current “z-scores” {zj}nj=1 with zj =
θj−mθ√

vθ
. Given the current value

(mc
θ, v

c
θ), a random walk Metropolis proposal (mp

θ, ln v
p
θ)

′ ∼ N ((mc
θ, ln v

c
θ)

′,Λ) then induces the values

θpj = mp
θ +

√
vpθ/v

c
θ(θ

c
j − mc

θ), j = 1, . . . , n. The acceptance probability for the proposal involves

the probability of (mp
θ, ln v

p
θ) relative to (mc

θ, ln v
c
θ) (in the hierarchical normal model, computed

from mθ ∼ N (mmθ
, vmθ

) and ln(vθ) ∼ N (mln(vθ), vln(vθ))), and the likelihood of {θpj}nj=1 relative

to {θcj}nj=1, but it does not involve the prior θj ∼ N (mθ, vθ), as the z-scores are, by construction,

equally likely for all values of (mθ, vθ). Of course, if the evaluation of the likelihood is computation-

ally expensive, then performing this step is much slower than conditioning on {θj}nj=1. But note

that in the flat likelihood example, this alternative approach has excellent mixing properties, as it

mixes as well as a random walk Metropolis chain that explores (mθ, vθ) under the only information

that mθ ∼ N (mmθ
, vmθ

) and ln(vθ) ∼ N (mln(vθ), vln(vθ)).

B.1.4 Geweke (2004) Test

It is notoriously easy to make coding mistakes in posterior samplers. We tested (each component

of) our code with the Geweke (2004) test, in the implementation described in Müller and Watson

(2020).
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B.1.5 Random Walk Metropolis Step Size

The algorithms involve random walk Metropolis draws. Let θ = (θ1, . . . , θk) be a vector valued

parameter that is subject to a Metropolis step. If the current value is θc, the proposed value is drawn

from θp ∼ N (θc, κ
2
0τ diag(κ

2
1v1, . . . , κ

2
kvk)), where vj are the prior variances, τ ∈ {n−1, T−1, (nT )−1}

depending on the order of accumulation of information about θ, and the κj are positive constants.

Note that in the presence of hierarchical priors, the prior vector (v1, . . . , vk) might itself be different

from draw to draw. The constants κj are determined in the burn-in phase to approximately yield

a 50% acceptance rate. In particular, we keep track of the k + 1 acceptance rates âi, i = 0, . . . , k

in the last 200 draws. Here â0 corresponds to the rate under the proposal above, and âi for i > 0

is the rate for the proposal that moves only one element, N (θc,diag(0, . . . , 0, κ
2
0κ

2
i τvi, 0, . . . , 0)). We

then update {κi}ki=0 via

κi ←

(((
âi

1− âi

)0.4

∧ 3

)
∨ 1/3

)
κi

that is, the more âi deviates from 50%, the larger the adjustment, but only up to a maximal increase

or decrease by factor of 3 or 1/3, respectively. This process is repeated every 200 draws for a phase in

the burn-in period. The initial baseline values of κi where also determined in this fashion, and then

hard-coded and held constant across variations of the sample size (n, T ), data sets and variations

of the model (which more plausibly yields a reasonable acceptance rate due to the presence of the

deterministic τ).

The process to update the κi is computationally costly, as it requires 2(k + 1) evaluations of

the likelihood, rather than just 2. To reduce this burden, we treat vectors of a parameter that

corresponds to the p = 12 AR coefficients {ϕj,t,l}
p
l=1 as one block with a single corresponding κ. For

the common value of the AR coefficients {mϕl
}pl=1, the proposal variance is further multiplied by

diag(1, 2, . . . , p), with the idea that the likelihood has much more curvature for l small relative to

the sharply decreasing prior variances. We similarly treat the q stochastic volatility components as

one block and rescale the proposal variance by diag(1, 2, . . . , q).

B.1.6 Burn in and Number of Draws

We initialize the sampler with un+1,t = 0, µj,t = oj,t = 0 for t = 1, . . . , T and j = 1, . . . , n+1 and all

parameters are equal to the prior mean. For a sampler that generates N total usable MCMC draws,

we use a burn-in period that consists of three phases: First, we take 200 draws that do not update

any priors or other common components such as un+1,t, µn+1,t or on+1,t. Second, for l = 1, . . . , N/3

further draws that involves all steps, we set the Metropolis step size standard deviations equal to

5(1−3l/N) of its baseline value (that is, κ0 of the previous subsection is inflated by a factor 5(1−3l/N)).

The idea is to allow the sampler to make larger movements initially to quickly approach values

where the posterior is high. Finally, for another N/3 draws, we adjust the Metropolis step sizes as
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described in the last subsection.

We setN = 1000 when n < 20 andN = 2000 for the employment application for models I-VI, and

a twice as large N for the RTS model. It takes about one minute to generate the N = 4000 draws for

the employment application in the RTS model, including the burn-in, in a Fortran implementation

on a 24 core workstation.

B.2 Details on the Gibbs Steps for each Model

We condition on all variables if not stated otherwise. To ease notation, we do not explicitly mention

updates to ϵj,t = σj,tεj,t that arise from changes in εj,t and σj,t.

B.2.1 Model I: Bayesian shrinkage

1. {ω, {σj}nj=1}: Draw lnω2|{lnω2+lnσ2
j}nj=1 from conjugate normal obtained from (11) and (7),

then update {σj}nj=1 according to new ω. [The model depends on {ω, {σj}nj=1} only through

the products {ωσj}nj=1, so there is no additional contribution to the posterior.]

2. {σj , µj , uj,−11:0, {εj,t}Tt=1} looping over j:

(a) Draw σj : RWMetropolis step with prior (11) and likelihood computed from Kalman filter

with state (µj , uj,t−1, uj,t−2, . . . , uj,t−12), measurement equation (3) and state evolution

(4), initial state drawn from µj ∼ N (0,∞) (approximated by using large but finite

variance) and (9).

(b) Draw {µj , uj,−11:0, {εj,t}Tt=1}|σj : Kalman smoother draw from same SSS as in Step 2a.

3. {ϕj , {εj,t}Tt=1} looping over j: Metropolis-Hastings step with proposal generated from Kalman

smoother draw from SSS with state ϕj = (ϕj,1, . . . , ϕj,12), measurement equation (4) and initial

state (10). The proposal ϕp
j is accepted over the current value ϕc

j with probability 1 ∧ L9(ϕ
p
j )

L9(ϕ
c
j)
,

where L9(ϕj) is the likelihood of (9). (This Metropolis step adjusts the Gibbs step for the

initial values.)

B.2.2 Model II: Hierarchical priors

1. {ω,mlnσ2}: Draw lnω2| lnω2+mlnσ2 from conjugate normal obtained from (13) and (7), then

update mlnσ2 accordingly.

2. {mlnσ2 , vlnσ2 , {µj , uj,−11:0, σj , {εj,t}Tt=1}nj=1}:

(a) Draw {mlnσ2 , vlnσ2}|{(lnσ2
j − mlnσ2)/

√
vlnσ2}nj=1: Bivariate RW Metropolis step with

prior (13) and likelihood computed from Kalman filter of Model I Step 2a applied to

j = 1, . . . , n. Update {σ2
j}nj=1 if accepted.
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(b) {σj , µj , uj,−11:0, {εj,t}Tt=1}nj=1|mlnσ2 , vlnσ2 : Same as Model I Step 2, except that the prior

lnσ2
j ∼ iidN (mlnσ2 , vlnσ2) is used in place of (11).

3. {{mϕl
, vϕl
}12l=1, {ϕj , {εj,t}Tt=1}nj=1}:

(a) Draw {mϕl
vϕl
}12l=1|{{(ϕj,l−mϕl

)/
√
vϕl
}12l=1}nj=1: 24-dimensional RWMetropolis step, with

prior (12) and likelihood computed from the product over j = 1, . . . , n of (9) and Kalman

filters with state ϕj = (ϕj,1, . . . , ϕj,12) and measurement equations (4). Update {ϕj}nj=1

if accepted.

(b) {ϕj , {εj,t}Tt=1}|{mϕl
, vϕl
}12l=1 looping over j: Metropolis-Hastings step with proposal gen-

erated from Kalman smoother draw from SSS of Step 3a with initial state ϕj ∼
N ((mϕ1

, . . . ,mϕ12
),diag(vϕ1

, . . . , vϕ12
)). The proposal ϕp

j is accepted over the current

value ϕc
j with probability (1 ∧ L9(ϕ

p
j )

L9(ϕ
c
j)
), where L9(ϕj) is the likelihood of (9).

4. {{mϕl
}12l=1, {ϕj , {εj,t}Tt=1}nj=1}: Ignoring the likelihood contribution from (9), the log-likelihood

is quadratic in ϕj . We can thus generate a Metropolis-Hastings proposal of {mϕl
}12l=1 and

{ϕj}nj=1 using the algorithm in Section B.1.2, and accept it with probability 1∧
∏n

j=1 L9(ϕ
p
j )∏n

j=1 L9(ϕ
c
j)

in

obvious notation. [This step is not needed given Step 3, but it improves mixing.]

B.2.3 Model III: Student-t innovations

Let Sj,t be independent draws of νj/χ
2
νj . Then εj,t ∼ T (νj) from (14) can be represented as

εj,t =
√
Sj,tzj,t, zj,t ∼ iidN (0, 1).

The sampler for Model III (and those below) treats {{Sj,t}Tt=1}nj=1 as an additional unobserved

component (which we condition on if not explicitly part of a block), so that after conditioning, we

recover a Gaussian model for εj,t|Sj,t and thus uj,t|Sj,t, ϕj , σ
2
j .

1. {mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {νj , σ2
j , {Sj,t}Tt=1}nj=1}:

(a) {mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2}|{(ln(νj − 2) − mln(ν−2))/
√
vln(ν−2), (lnσ

2
j −

mlnσ2)/
√
vlnσ2}nj=1: Four dimensional RW Metropolis step with priors (13), (15)

and likelihood computed from student-t density (14). Update {νj , σ2
j}nj=1 if accepted.

(b) {ln(νj−2), σ2
j}nj=1|mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 : Looping over j, bivariate RWMetropo-

lis step with priors (13), (15) and likelihood computed from (14).

(c) {{Sj,t}Tt=1}nj=1|mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {νj , σ2
j}nj=1: Looping over j, draw Sj,t in-

dependently from (νj + ε2j,t)/χ
2
νj+1, t = 1, . . . , T .
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[Given that mlnσ2 , vlnσ2 , {σ2
j} are also updated in Step 2 below, we could keep them fixed

in this step, but it improves mixing to exploit the relatively weaker informativeness of the

student-t likelihood to update the variance parameters in both steps.]

2. Perform Steps 1, 3 and 4 of Model II, except that in the SSS, the variance of the measurement

equation is now given by σ2
jSj,t.

B.2.4 Model IV: Additive outliers

In analogy to Model III, ηj,t ∼ T (νoj) can be represented as

ηj,t =
√

So
j,tz

o
j,t, zoj,t ∼ iidN (0, 1)

where So
j,t are independent draws of νoj/χ

2
νoj
. The sampler for Model IV (and those below) treats

{{So
j,t}Tt=1}nj=1 as an additional unobserved component (which we condition on if not explicitly part

of a block), so that after conditioning, we recover a Gaussian model for ηt,j |So
j,t. To ease notation,

we do not explicitly mention updates to oj,t = κj,tηj,t that arise from changes in ηj,t and κj,t.

1. {ω,mlnκ2 ,mlnσ2}: Draw lnω2|(lnω2 +mlnσ2 , lnω2 +mlnκ2) from conjugate normal obtained

from (13), (18) and (7), then update (mlnσ2 ,mlnκ2) accordingly.

2. {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {µj , uj,−11:0, σj , κj , {ηj,t, εj,t}Tt=1}nj=1}:

(a) Draw {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2}|{(lnσ2
j − mlnσ2)/

√
vlnσ2 , (lnκ2j − mlnκ2)/

√
vlnκ2}nj=1:

4-dimensional RW Metropolis step with priors (15), (18) and likelihood computed from

Kalman filter with state (µj , uj,t−1, uj,t−2, . . . , uj,t−12), measurement equation (16), state

evolution (4), and initial state µj ∼ N (0,∞) (approximated by using large but finite

variance) and (9). Update {σj , κj}nj=1 if accepted.

(b) {lnσ2
j , lnκ

2
j}nj=1|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 : Looping over j, bivariate RW Metropolis step

with prior (15), (18) and likelihood computed from same Kalman filter as in Step 2a.

(c) {µj , uj,−11:0, {ηj,t, εj,t}Tt=1}|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {σj , κj}nj=1: Looping over j, draw

from Kalman smoother from same SSS as in Step 2a.

3. {mln(νo−2), vln(νo−2),mlnκ2 , vlnκ2 , {νoj , κj , {So
j,t}Tt=1}nj=1}:

(a) {mln(νo−2), vln(νo−2),mlnκ2 , vlnκ2}|{(ln(νoj − 2) − mln(νo−2))/
√
vln(νo−2), (lnκ

2
j −

mlnκ2)/
√
vlnκ2}nj=1: Four dimensional RW Metropolis step with priors (18), (19)

and likelihood computed from (17). Update {νoj , κ2j}nj=1 if accepted.

(b) {ln(νoj − 2), κj}nj=1|mln(νo−2), vln(νo−2),mlnκ2 , vlnκ2 : Looping over j, bivariate Metropolis

step with priors (18), (19) and student-t likelihood (17).
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(c) {{So
j,t}Tt=1}nj=1|mln(νo−2), vln(νo−2),mlnκ2 , vlnκ2{νoj , κj}nj=1: Looping over j, draw So

j,t in-

dependently from (νoj + η2j,t)/χ
2
νoj+1, t = 1, . . . , T .

4. Perform Step 1 of Model III and Steps 3-4 of Model II, except that in the SSS, the variance

of the measurement equation is given by σ2
jSj,t.

B.2.5 Model V: Time varying volatility

1. {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ, {µj , uj,−11:0, σj , {ξj,l}

q
l=1, κj , {ηj,t, εj,t}

T
t=1}nj=1}:

(a) Draw (mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ)|{(lnσ

2
j − mlnσ2)/

√
vlnσ2 , (lnκ2j −

mlnκ2)/
√
vlnκ2 , {(ξj,l − mξl)/

√
vξ}ql=1}

n
j=1: (5 + q)-dimensional RW Metropolis

step with prior (13), (18), (23)-(24) and likelihood computed from Kalman filter from

same SSS as in Step 2 of Model IV (except that the measurement equation now has

variance ω2σ2
j,tSj,t + ω2κ2jS

o
j,t). Update {σj , κj , {ξj,l}

q
l=1}

n
j=1 if accepted.

(b) {lnσ2
j , lnκ

2
j , {ξj,l}

q
l=1}

n
j=1|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}

q
l=1, vξ: Looping over j, q + 2-

dimensional RW Metropolis step with prior (13), (18), (22) and likelihood computed

from same Kalman filter as in Step 1a.

(c) {µj , uj,−11:0, {ηj,t, εj,t}Tt=1}|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ, {σj , κj , {ξj,l}

q
l=1}

n
j=1:

Looping over j, Kalman smoother draw from same SSS as in Step 1a.

2. {mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ, {νj , σ

2
j , {ξj,l}

q
l=1, {Sj,t}Tt=1}nj=1}:

(a) (mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ)|{(ln(νj − 2)−mln(ν−2))/

√
vln(ν−2), (lnσ

2
j −

mlnσ2)/
√
vlnσ2 , {(ξj,l − mξl)/

√
vξ}ql=1}

n
j=1: Six dimensional RW Metropolis step with

priors (13), (15), (23)-(24) and likelihood computed from student-t density (14). Update

{νj , σ2
j , {ξj,l}

q
l=1}

n
j=1 if accepted.

(b) {ln(νj − 2), σ2
j , {ξj,l}

q
l=1}

n
j=1|mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {mξl}

q
l=1, vξ: Looping over j,

three dimensional RW Metropolis step with priors (13), (15), (22) and likelihood com-

puted from (14).

(c) {{Sj,t}Tt=1}nj=1|mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ, {νj , σ

2
j , {ξj,l}

q
l=1}

n
j=1: Loop-

ing over j, draw Sj,t independently from (νj + ε2j,t)/χ
2
νj+1, t = 1, . . . , T .

3. Perform Steps 1 and 3 of Model IV and Steps 3-4 of Model II, except that in the SSS, the

variance of the measurement equation is given by σ2
jSj,t.

B.2.6 Model VI: Time varying conditional mean parameters

1. {ω,mlnκ2 ,mlnσ2 ,mln γ2
µ
}: Draw lnω2| lnω2+mlnσ2 , lnω2+mlnκ2 , lnω2+mln γ2

µ
from conjugate

normal obtained from (13), (18), (29) and (7), then update (mlnσ2 ,mlnκ2 ,mln γ2
µ
) accordingly.
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2. {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ,mln γ2

µ
, vln γ2

µ
, {µj , uj,−11:0, σj , {ξj,l}

q
l=1, γ

2
µ(j), κj , {ηj,t, εj,t}

T
t=1}nj=1}:

(a) Draw {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ,mln γ2

µ
, vln γ2

µ
}|

{(lnσ2
j − mlnσ2)/

√
vlnσ2 , (lnκ2j − mlnκ2)/

√
vlnκ2 , {(ξj,l − mξl)/

√
vξ}ql=1, (ln γ

2
µ(j) −

mln γ2
µ
)/
√
vln γ2

µ
}nj=1: (7 + q)-dimensional RW Metropolis step with prior (15),

(18), (23), (29) and likelihood computed from Kalman filter with state

(µj,t, uj,t−1, uj,t−2, . . . , uj,t−12), measurement equation (25), state evolution (26) and

µj,t|µj,t−1 ∼ N (µj,t−1, γ
2
µ(j)), and initial state µj,0 ∼ N (0,∞) (approximated by using

large but finite variance) and (9). Update {σj , κj , {ξj,l}
q
l=1, γ

2
µ(j)}

n
j=1 if accepted.

(b) {lnσ2
j , lnκ

2
j , {ξj,l}

q
l=1, γ

2
µ(j)}

n
j=1|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}

q
l=1, vξ,mln γ2

µ
, vln γ2

µ
:

Looping over j, q + 3 dimensional RW Metropolis step with prior (15), (18), (22), (29)

and likelihood computed from same Kalman filter as in Step 2a.

(c) {µj , uj,−11:0, {ηj,t, εj,t}Tt=1}|mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ,mln γµ

, vln γµ
,

{σj , κj , {ξj,l}
q
l=1, γ

2
µ(j)}

n
j=1: Looping over j, draw from Kalman smoother from same SSS

as in Step 2a.

3. {{mϕl
, vϕl

,mln(γ2
ϕ(l)

), vln(γ2
ϕ(l)

)}12l=1, {{γ2ϕ(j,l)}
12
l=1, {{ϕj,l,t}12l=1, εj,t}Tt=1}nj=1}:

(a) Draw {mϕl
, vϕl

,mln(γ2
ϕ(l)

), vln(γ2
ϕ(l)

)}12l=1|{{(ϕj,l,1 − mϕl
)/
√
vϕl
}12l=1, {(ln(γ2ϕ(j,l)) −

mln(γ2
ϕ(l)

))/
√

vln(γ2
ϕ(l)

)}12l=1}nj=1: 48-dimensional RW Metropolis step with prior (12),

(30) and likelihood computed from (9) and Kalman filter with state evolution

ϕj,t,l|ϕj,t−1,l ∼ N (ϕj,t−1,l, γ
2
ϕ(l)), measurement equation (26) and initial state ϕj,1,l,

l = 1, . . . , 12. Update {{ϕj,l,1, γ
2
ϕ(j,l)}

12
l=1}nj=1 if accepted.

(b) {ln γ2ϕ(j,l)}
12
l=1|{mϕl

, vϕl
,mln(γ2

ϕ(l)
), vln(γ2

ϕ(l)
), ϕj,l,1}12l=1 looping over j: 12-dimensional RW

Metropolis step with prior (30) and likelihood computed from same SSS as in Step 3a.

(c) {{ϕj,l,t}12l=1, εj,t}Tt=1|{mϕl
, vϕl

,mln(γ2
ϕ(l)

), vln(γ2
ϕ(l)

), ϕj,l,1, ln γ
2
ϕ(j,l)}

12
l=1 looping over j:

Kalman smoother draw from same SSS as in Step 3a.

4. {{ϕj,l,t}12l=1, εj,t}Tt=1 looping over j: Metropolis-Hastings step with proposal generated

from Kalman smoother draw from SSS of Step 3a, except that initial state is ϕj,1 ∼
N ((mϕ1

, . . . ,mϕ12
),diag(vϕ1

, . . . , vϕ12
)). The proposal ϕp

j is accepted over the current value ϕc
j

with probability 1 ∧ L9(ϕ
p
j )

L??(ϕ
c
j)
, where L9(ϕj) is likelihood of (9).

5. {{mϕl
}12l=1, {{ϕj,l,t}12l=1, εj,t}Tt=1}nj=1: Conditional on mϕ = (mϕ1

, . . . ,mϕ12
)′, ignoring the likeli-

hood contribution from (9), and integrating out {{ϕj,l,t}12l=1}Tt=2, the log-likelihood for {yj,t}Tt=1

is quadratic in ϕj,1 = (ϕj,1,1, . . . , ϕj,12,1)
′ with mean ϕ̃j,1 and variance P̃j that could be com-

puted by the Kalman smoother by initializing the SSS of Step 3a with a diffuse initial
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state. Given the Gaussian prior (12) mϕ ∼ N (0,Ω0) with Ω0 = diag(vmϕ1
, . . . , vmϕ12

) and

ϕj |mϕ ∼ N (mϕ,Ω1) with Ω1 = diag(vϕ1
, . . . , vϕ12

), we could thus generate a Metropolis-

Hastings proposal for mϕ and {ϕj,1}nj=1 using the algorithm in Section B.1.2, that is

mϕ ∼ N (V0
∑n

j=1(Ω1 + P̃j)
−1ϕ̃j,1, V0) with V −1

0 = Ω−1
0 +

∑n
j=1(Ω1 + P̃j)

−1 and ϕj,1|mϕ ∼
N (VjP̃

−1
j (ϕ̃j,1 − mϕ) + mϕ, Vj) with V −1

j = Ω−1
1 + P̃−1

j . Furthermore, this proposal can

be extended to a proposal for {{{ϕj,l,t}12l=1}Tt=1}nj=1 by taking draws from {{ϕj,l,t}12l=1}Tt=2 for

j = 1, . . . , n via the SSS described in Step 3c. The proposal would then be accepted with

probability (1 ∧
∏n

j=1 L9({ϕp
j,l,1}

12
l=1)∏n

j=1 L9({ϕc
j,l,1}12l=1)

) in obvious notation.

The implementation differs from this conceptually straightforward approach, as the Kalman

smoother with diffuse initial state is numerically unstable. Instead, we apply Kalman

smoothers with initial state ϕj,1 ∼ N (0,Ω1) to obtain the smoothed state ϕ̂j,1 with smoothed

covariance matrix P̂j . From Section B.1.2, P̂j = (Ω−1
1 + P̃−1

j )−1 = Vj and ϕ̂j,1 = P̂jP̃
−1
j ϕ̃j,1.

Thus (Ω1 + P̃j)
−1ϕ̃j,1 = Ω−1

1 ϕ̂j,1 and, applying the Woodbury matrix identity, (Ω1 + P̃j)
−1 =

Ω−1
1 − Ω−1

1 P̂jΩ
−1
1 , so the proposal for mϕ becomes mϕ ∼ N (V0

∑n
j=1Ω

−1
1 ϕ̂j,1, V0) with

V −1
0 = Ω−1

0 +
∑n

j=1(Ω
−1
1 − Ω−1

1 P̂jΩ
−1
1 ). Finally, to draw the proposals for ϕj,1|mϕ, we ex-

ploit that P̂jP̃
−1
j (ϕ̃j,1 − mϕ) = ϕ̂j,1 − P̂jP̃

−1
j mϕ = ϕ̂j,1 − mϕ + P̂jΩ

−1
1 mϕ, where the last

equality uses again the Woodbury identity, so ϕj,1|mϕ ∼ N (ϕ̂j,1 + P̂jΩ
−1
1 mϕ, P̂j).

This step is repeated 3 times for n ≤ 20, and 5 times for n > 20. This is computationally

efficient, since acceptance is rare, and most of the computational effort is in the calculation

of the Kalman smoothers and the subsequent matrix manipulations, which only need to be

performed once.

[This step is not needed given Steps 3-4, but it improves mixing.]

6. Perform Step 2 of Model V and Step 3 of Model IV.

B.2.7 RTS Model

1. {ω,mlnκ2 ,mlnσ2 ,mln γ2
µ
, ln(σ2

n+1), lnκ
2
n+1, ln γ

2
u(n+1)}: Draw lnω2| lnω2 + mlnσ2 , lnω2 +

mlnκ2 , lnω2 +mln γ2
µ
, lnω2 + ln(σ2

n+1) from conjugate normal obtained from (34), (13), (18),

(29), (7), (35) and (36), then update (mlnσ2 ,mlnκ2 ,mln γ2
µ
, ln(σ2

n+1), lnκ
2
n+1, ln γ

2
u(n+1)) ac-

cordingly.

2. {κ2n+1, {{ηj,t}Tt=1}
n+1
j=1 }:

(a) Draw κ2n+1|{{κn+1ηn+1,t + κj,tηj,t}Tt=1}nj=1 by RW Metropolis step based on likelihood

of {{κn+1ηn+1,t + κj,tηj,t}Tt=1}nj=1 induced by ηj,t ∼ N (0, So
j,t) independently across j =

1, . . . , n+ 1 and t = 1, . . . , T .
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(b) {ηj,t}n+1
j=1 |κ2n+1, {κn+1ηn+1,t + κj,tηj,t}nj=1 looping over t: Draw ηn+1,t from conjugate

Gaussian posterior implied by the likelihood of Step 2a, and update {ηj,t}nj=1 accordingly.

3. {γ2µ(n+1), {µn+1,t}Tt=1, {{µj,t}Tt=1}nj=1}:

(a) Draw γ2µ(n+1)|{{µn+1,t + µj,t}Tt=1}nj=1 by RW Metropolis step based on likelihood of

{{∆µn+1,t + ∆µj,t}Tt=1}nj=1 induced by ∆µj,t ∼ N (0, γ2µ(j)) independently across j =

1, . . . , n+ 1 and t = 2, . . . , T .

(b) µn+1,t|γµ(n+1), {µn+1,t + µj,t}nj=1 looping over t: Draw µn+1,t from conjugate Gaussian

posterior implied by the likelihood of Step 3a, and update {µj,t}nj=1 accordingly.

4. {{mλl
, vλl

,mln(γ2
λ(l)

), vln(γ2
λ(l)

)}5l=0, {{λj,l,t, γ
2
λ(j,l)}

5
l=0, {εj,t}Tt=1}nj=1}:

(a) Draw {mλl
, vλl

,mln(γ2
λ(l)

), vln(γ2
λ(l)

)}5l=0|{{(ln(γ2λ(j,l)) −mln(γ2
λ(l)

))/
√

vln(γ2
λ(l)

)}5l=0}nj=1: 24-

dimensional RW Metropolis step with prior (39) and likelihood computed from n

Kalman filters with state (uj,t−1, . . . , uj,t−12, λj,0,t, . . . λj,5,t), evolution λj,t|λj,t−1 ∼
N (λj,t−1, diag(γ

2
λ(0), . . . , γ

2
λ(5))), measurement

∑12
l=1 ϕj,t,luj,t−l +

∑5
l=0 λj,l,tun+1,t−l + ϵj,t

and initial state (uj,0, . . . , uj,−11), λj,1 ∼ N ((mλ(0), . . . ,mλ(5))
′,diag(vλ(0), . . . , vλ(5))).

Update {{γ2λ(j,l)}
5
l=0}nj=1 if accepted.

(b) {ln γ2λ(j,l)}
5
l=0|{mλl

, vλl
,mln(γ2

λ(l)
), vln(γ2

λ(l)
)}5l=0 looping over j: 6-dimensional RW

Metropolis step with prior (39) and likelihood computed same SSS as in Step 3a.

(c) {{λj,l,t}5l=0, εj,t}Tt=1|{mλl
, vλl

,mln(γ2
λ(l)

), vln(γ2
λ(l)

), λj,l,1, ln γ
2
λ(j,l)}

5
l=0 looping over j:

Kalman smoother draw from same SSS as in Step 3.

5. {mlnκ2 , vlnκ2 ,mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ,mln γ2

µ
, vln γ2

µ
, {µj , uj,−11:0, σj , {ξj,l}

q
l=1,

γ2µ(j), κj , vj,t, {ηj,t, εj,t}
T
t=1}nj=1}: Same as Step 2 of Model VI, except that in Step 2a, there

is an additional contribution to the posterior from ξl,n+1 ∼ N (mξl , vξ), l = 1, . . . , q, and in

Steps 2b and 2c there are now n+ 1 processes.

6. {{mϕl
, vϕl

,mln(γ2
ϕ(l)

), vln(γ2
ϕ(l)

)}12l=1, {{γ2ϕ(j,l)}
12
l=1, {{ϕj,l,t}12l=1, εj,t}Tt=1}

n+1
j=1 }: Same as Step 3 of

Model VI, except that there are now n+ 1 processes.

7. {σ2
n+1, {ξn+1,l}

q
l=1, {uj,−11:0, {εj,t}Tt=1}

n+1
j=1 }: Conditional on {σ2

n+1, {ξn+1,l}
q
l=1}, (26) and (9)

imply an a priori mean-zero Gaussian distribution for (un+1,−11, . . . , un+1,T )
′ with a band

diagonal precision matrix with bandwidth 13. Furthermore, with u0j,t = (yj,t − µj,t − µn+1,t −
ω(oj,t + on+1,t))/ω = uj,t +

∑5
l=0 λj,l,tun+1,t−l, u

0
j,t −

∑12
l=1 ϕj,l,tu

0
j,t−l =

∑5
l=0 λj,l,tun+1,t−l −∑12

l=1 ϕj,l,t

∑5
ℓ=0 λj,ℓ,t−lun+1,t−ℓ−l+ ϵj,t for t = 1, . . . , T , j = 1, . . . , n are independent Gaussian

measurements of a linear combination of 18 consecutive elements of un+1,t. The precision

matrix of the Gaussian posterior of {un+1,t}Tt=−11|{{u0j,t}Tt=−11}nj=1 is thus band diagonal with
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bandwidth 18, and specialized linear algebra routines that exploit this band diagonal structure

can be employed to efficiently generate a draw from the posterior. See for details. The same

matrix calculations also enable to efficiently compute the likelihood of {{u0j,t}Tt=−11}nj=1 as a

function of {lnσ2
n+1, {ξn+1,l}

q
l=1} without conditioning on {un+1,t}Tt=−11, which we employ in

a RW Metropolis step that precedes the draw from {un+1,t}Tt=−11|{{u0j,t}Tt=−11}nj=1.

8. {κ2n+1, {ηn+1,t}Tt=1, {{εj,t}Tt=1}nj=1}: With u0j,t = (yj,t − µj,t − µn+1,t − ω(cj,t + oj,t))/ω = uj,t +

on+1,t, u
0
j,t −

∑12
l=1 ϕj,l,tu

0
j,t−l = on+1,t −

∑12
l=1 ϕj,l,ton+1,t−l + ϵj,t for t = 1, . . . , T , j = 1, . . . , n

with on+1,t = κn+1ηn+1,t are independent Gaussian measurements of a linear combination of 13

consecutive elements of on+1,t. Furthermore, conditional on κ2n+1, {on+1,t}Tt=1 has a diagonal

prior precision matrix. We can thus use the same approach as in Step 7 to update κ2n+1

and {ηn+1,t}Tt=1 given {{u0j,t}Tt=1}nj=1. [Step 8 is not necessary given Step 2, but it improves

mixing.]

9. {γ2µ(n+1), {µn+1,t}Tt=2, {{εj,t}Tt=2}nj=1}: With u0j,t = (yj,t − µj,t − ω(oj,t + on+1,t + cj,t))/ω =

uj,t + µn+1,t/ω, u
0
j,t −

∑12
l=1 ϕj,l,tu

0
j,t−l = µn+1,t/ω −

∑12
l=1 ϕj,l,tµn+1,t−l + ϵj,t for t = 2, . . . , T ,

j = 1, . . . , n are independent Gaussian measurements of a linear combination of 13 consecutive

elements of µn+1,t/ω. Furthermore, conditional on γ2µ(n+1), {µn+1,t}Tt=2 has a band diagonal

precision matrix with bandwidth 2. We can thus use the same approach as in Step 7 to

update γ2µ(n+1) and {µn+1,t}Tt=2 given {{u0j,t}Tt=2}nj=1. [Step 9 is not necessary given Step 3,

but it improves mixing.]

10. {mln(ν−2), vln(ν−2),mlnσ2 , vlnσ2 , {mξl}
q
l=1, vξ, {νj , σ

2
j , {ξj,l}

q
l=1, {Sj,t}Tt=1}

n+1
j=1 }: Same as Step 2

of Model V, except that there are now n+ 1 processes, and in Step 2a, σ2
n+1 does not follow

the hierarchical prior.

11. {mln(νo−2), vln(νo−2),mlnκ2 , vlnκ2 , {νoj , κj , {So
j,t}Tt=1}

n+1
j=1 }: Same as Step 3 of Model IV, except

that there are now n+1 processes, and in Step 4a, κ2n+1 does not follow the hierarchical prior.

B.3 Bayes Factors

The Bayes factors were obtained by using the bridge sampling approach of Meng and Wong (1996):

For two models A and B with the same parameter space Θ, priors πA and πB and likelihood fA(y|θ)
and fB(y|θ), respectively, define LRA/B(θ) = fA(y|θ)πA(θ)

fB(y|θ)πB(θ) and LRB/A(θ) = fB(y|θ)πB(θ)
fA(y|θ)πA(θ) . Then the

Bayes factor BF can be written as

BF =

∫
fA(y|θ)πA(θ)dθ∫
fB(y|θ)πB(θ)dθ

=
EB[

LRA/B(θ)

LRA/B(θ)+BF ]

EA[
LRB/A(θ)

1+BF ·LRB/A(θ) ]
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where EA[·] and EB[·] are expectations with respect to the posterior of θ under model A and B,

respectively. The Bayes factors can then be obtained by replacing the posterior expectations by

averages from MCMC output, and by iterating the above to convergence.

It is useful to “bridge” the gap between the baseline model A0 and a fairly distinct alternative

model Ak by intermediate models via the identity BFA0/Ak
=
∏k

i=1BFAi−1/Ai
in obvious notation,

as this improves numerical stability of the estimate. In our application, we set k = 3, so there is one

intermediate model.
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