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Abstract

This paper develops a test for coefficient variability in spatial regressions. The test
is designed to have good power for a wide range of persistent patterns of coefficient
variation, be applicable in a wide range of spatial designs, and accommodate spatial
correlation in regressors and regression errors. The test approximates the best local
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1 Introduction

Variation in regression coefficients across time or space complicates the interpretation of
empirical findings. At best, the OLS coefficient estimator measures an average population
regression coefficient, but this average no longer corresponds to the best linear predictor con-
ditional on time or location. If the regression aims to measure the causal effect of a potential
policy intervention, then the heterogeneity of the effect typically influences the desirability of
the policy. Furthermore, observing instability of coefficients within a given context renders
the extrapolation of the “average” results to other contexts even more problematic.

For these reasons researchers routinely test for temporal stability of the coefficients in time
series regressions. A wide array of tests, originating with Chow (1960) and Quandt (1960)
and including widely used tests by Nyblom (1989) and Andrews (1993), have been developed
for this purpose.

Methods for testing for stability in spatial regressions are far less well developed. Anselin
(1990) derives a Chow test for spatial instability across two known regions, allowing for spa-
tially correlated residuals. We are not aware of generalizations to testing for instability across
two unknown regions. And, while there is an applied literature estimating “local” spatial
regressions (see, for example, Fotheringham, Brunsdon, and Charlton (2002) and Fothering-
ham, Oshan, and Li (2024)), to our knowledge, stability tests using these methods rely on
restrictive assumptions such as i.i.d. observations (e.g., the bootstrap methods discussed in
Mei, Xu, and Wang (2016) or Fotheringham, Oshan, and Li (2024)).

In this paper we derive a test for coefficient stability in spatial regressions that is designed
to have good power for a wide range of persistent patterns of coefficient variation, is appli-
cable in a wide range of spatial designs, and accommodates spatial correlation in regressors
and regression errors. The proposed test statistic approximates the locally best test for the
null hypothesis of coefficient stability against an alternative of martingale-like random coef-
ficient variation in a canonical spatial regression model (in analogy to Nyblom (1989)) and
controls size under general distributional assumptions and spatial autocorrelation (in analogy
to Andrews (1993)).

Our analysis proceeds as follows. Section 2 lays out a canonical spatial regression model
involving a dependent variable, y, a scalar regressor of interest, x, with coefficient 5, and a

vector of controls, z. In this model, the regressors are taken as fixed and the regression error



is i.i.d. standard normal, simplifying the development of an optimal test for spatial stability
of 5. The form of the optimal test and its power depend on how [ varies under the alternative
hypothesis. For instance, a Chow test is appropriate if 5 undergoes a discrete break across a
known spatial boundary. However, if the boundary is unknown, the problem becomes more
complex. In time series, a sequential Chow test, like the Quandt or “Sup-Wald” test, can be
used, with large-sample critical values derived by Andrews (1993).

In spatial regressions, however, the myriad of ways that observations can be divided makes
such an approach less attractive, and extending these tests to allow for multiple discrete breaks
becomes even more challenging. An alternative approach, common in time series analyses,
postulates that § evolves as a random walk under the alternative. Nyblom (1989) developed
an optimal test for local time variation of this sort. Importantly, in time series regressions,
tests for random-walk variation or tests for discrete breaks at unknown break points have
similar power properties across a wide range of persistent patterns of coefficient variation.
(See Elliott and Miiller (2006) for the associated theory and Stock and Watson (1996) for
empirics). With these considerations in mind, Section 2 derives a locally optimal test for
(spatial) random walk variation in the scalar coefficient 5.

Section 3 introduces a large-sample framework that allows us to study the properties of
this test. The framework accommodates non-Gaussian spatially correlated processes observed
at locations sampled from a wide range of spatial designs. We characterize the large sample
properties of the test both under the null hypothesis and under local alternatives that include
deterministic coefficient spatial variation (including discrete breaks) and random walk spatial
variation. A crucial precursor to these results is the analysis in Lahiri (2003), who provides
a central limit theorem for weighted averages of spatially correlated data and an associated
limiting covariance matrix.

Building on these results, Section 4 derives a feasible test that is large-sample valid under
general forms of weak spatial correlation. We also derive an estimator for the degree of spatial
variation in . Specifically, under the assumption that 3 evolves as a spatial random walk,
we compute a (nearly-) median unbiased estimator for the standard deviation of changes in
[ over the spatial domain.

Sections 3 and 4 imply that the size and power of the proposed test depend on the spatial
correlation of the data and the distribution of locations where the variables are measured.

Section 5 examines these effects through a series of experiments with designs that are cali-



Figure 1: 21,194 Zip Code Locations

brated to match regressions involving socioeconomic variables observed at the zip code level
across the United States. The experiments use 61 different socioeconomic variables from the
American Community Survey (ACS), measured across over 21,000 zip codes in the contiguous
48 U.S. states. This allows us to design experiments with data exhibiting diverse distributions
and patterns of spatial dependence. Figure 1 shows the locations of these zip codes, a spatial
design we utilize at several points throughout the paper to illustrate key concepts.

Section 5 also uses these data to investigate instability in bivariate relationships between
socioeconomic variables across the United States. We explore this by examining roughly 3,500
regression involving the 61 socioeconomic variables used in the simulation experiments. We
find substantial evidence of instability when considering the continental U.S. as a whole, but
little evidence of instability within individual states. Evidently (and perhaps not surprisingly),
reduced-form socioeconomic relationships vary across states and regions in the U.S.

The final section offers some concluding remarks, focusing on modifications of the test in
instrumental variable regressions and extensions of the analysis to test for stability in multiple
coefficients (i.e., for vector-valued (). An appendix provides proofs and details underlying
some of the numerical calculations. An additional online appendix describes the ACS data

used in Section 5 and includes a user’s guide summarizing the steps for carrying out the



proposed test. A Matlab script that implements the test is available in the paper’s replication
files.

2 A Canonical Spatial Regression Model with Varying

Coefficients

We begin by studying a canonical spatial regression model with a regression coefficient that is
potentially varying across space. The simple structure of this canonical model makes it easy
to highlight several key features of the testing problem, and an optimal test in the canonical
model follows from straightforward calculations.

Thus, consider a regression of y; on a scalar regressor of interest x; and a (p—1)-dimensional
vector of controls z,

y=xub+za+u, l=1,...n, (1)

where the observations (y;, 77, 2;) are associated with known spatial locations s; € S C R?, for
d > 1. (In time series applications, d = 1, while in geographic applications like those shown
in Figure 1, d = 2.) We are interested in testing the null hypothesis that 3, is constant across
space, that is

Hy : B, = 0 against H, : 3, # 8, for some 1 <[, ¢ < n. (2)

In this canonical model, we assume that u; ~ #dN(0,1) and {z;, z;} are nonstochastic. These
assumptions are relaxed in the following sections.
Let w; = (21, 2/) and 6 = (5,a/)’. Then (1) can be written as

y=wo+e, e=wu+ (8, —px, l=1,...,n. (3)

For the purpose of learning about spatial variation in (3;, the vector ¢ is a nuisance parameter.

We focus on tests that are invariant to the transformations

y — y+ Wa for all a € RP

where y = (y1,...,y,) and W = (wy,...,w,)’; this eliminates the parameter ¢ from the

analysis. One maximal invariant to these transformations is given by the residuals é = y—WS ,



where 0 is the OLS regression coefficient & = (W/W)~1W"y.

A standard calculation shows that the best invariant test of (2) against the alternative
{8}, = {B]}L, rejects the null hypothesis for large values of S/, 32;¢;. Because the
optimal test depends on the particular configuration of the spatially varying f3,’s, there is
no uniformly most powerful test, and any test designed to have good power for a particular
choice of {Bll}l”:l necessarily leads to poor power properties under some alternative value of
{8

This is a standard issue in the design of hypothesis tests, and one solution is to maximize
a weighted average power criterion over the various possible paths of {f,}]-, or equivalently,
calls for the specification of a probability distribution over {5,}}; that serves as a weighting
function that puts relatively more weights on paths of particular interest to the researcher. We
use that approach here. We choose a probability distribution that reflects two characteristics
of the evolution of {f,;}~; under the alternative. First, we focus the test on persistent (i.e.,
low-frequency) variation in ;. In the context of our zip-code level example, this focuses
the test’s power on variation across states or wide regions, and puts little weight on high-
frequency zip-code to zip-code variation. Furthermore, in many applications it is reasonable
to use a weighting function that is invariant to rotations of the locations, i.e., the probability
distribution should be isometric. In the context of our example, the test puts equal weight on
North-South, East-West, NNE-SSW, etc. variation. Lévy (1948)-Brownian motion provides
a convenient weighting function that satisfies these requirements. Thus, we seek a test that

maximizes power against
H::p,—B=kL(s),l=1,...,n (4)

where L(+) is a Lévy-Brownian motion process and x > 0 measures the size of instability.
Lévy-Brownian motion is a spatial generalization of Brownian motion. Specifically L is
a continuous parameter mean-zero Gaussian process with almost surely continuous sample

paths and covariance kernel equal to
kr(s,r) =E[L(s)L(r)] = 5(|Irll + [Is]| — [Is — []) (5)

where || - || denotes the Euclidean norm. Notably, L induces a Wiener process along each
line: For all vy, v; € R, L(vg + tv1) — L(vg) ~ W(t), where W(t) with t € R is a standard



scalar Wiener process. From (4) this implies that the variance of (8, — 3,) is proportional
to the distance between the locations s; and sy,. Since a Wiener process is a martingale, the
specification (4) generalizes Nyblom’s (1989) assumption for parameter variation in time. We
denote by Xy, the n X n covariance matrix of (L(sy), ..., L(s,))".!

As discussed in Chapter 5.5 of Ferguson (1967), the invariant test of Hy that maximizes
the slope of the power function against alternatives H) at x = 0 rejects the null for large
values of dlog(f(é|x))/0k|x=0, Where f(é|r) is the density of é under H}. A calculation then

shows that this locally best invariant test rejects for large values of the score statistic
& =é¢D, XD, é

where D, = diag(zy,...,z,), and the level « critical value is given by the 1 — a quantile of
£* that is induced by e; = u; ~ 1dN(0, 1).

Since D,é is orthogonal to a constant, £* can be rewritten as ¢* = ¢'D,Y; D,é, where
Y, = M XM, and M is the n x n projection matrix that projects off the constant vector.
Let ¥, = RAR' be the spectral decomposition of ¥;, where the matrix of eigenvectors
R = (ry,...,r,) is normalized to satisfy n™'R'R = I,,, and A = diag(\,...,\,) with \; >

Ay > -+ >\, = 0 are the eigenvalues of ¥, scaled by n~!. In this notation,

n n 2
% A~
f = E )\j E Trj1xie; .
j=1 =1

This representation shows the statistic £* detects spatial variation in (§; by checking whether
inner-products of the empirical scores ;¢; and the eigenvectors r; are more variable than ex-
pected given the randomness in u;, with more weight given to inner-products with eigenvectors
corresponding to the largest eigenvalues.

Figure 2 shows eigenvalues, \;, and selected eigenvectors, r;, of ¥, for the zip code lo-
cations shown in Figure 1. The left figure in Panel (a) shows the eigenvalues of ¥, for the
locations across the entire U.S., and the right panel shows the eigenvalues for the locations

in each of the 48 states (which are sufficiently similar that they are difficult to discern in the

In geographic applications, where locations are on the surface of the earth, distances || - || computed using
the great-circle formula also yield a positive definite covariance kernel (5), so ¥, is guaranteed to be positive
semi-definite. Conley (1999) discusses the use of “economic distance,” rather than geographical distance, and
provides several examples.



Figure 2: Eigenvalues and Eigenvectors of ¥,
(a) Ordered Eigenvalues
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Notes: The panels show eigenvalues and eigenvectors of X7, evaluated at the zip-code locations shown
in Figure 1. The left panel in (a) shows eigenvalues across all locations in the U.S. The right panel
shows eigenvalues for each of the 48 states (so there are 48 functions plotted). Panel (b) shows
eigenvectors across the U.S.



plot). In both cases note that the eigenvalues decay quickly. Panel (b) shows selected eigen-
vectors over the entire U.S. Notice that the eigenvectors become less smooth as the index j
increases. These figures highlight an important feature of Lévy-Brownian motion: the smooth
weighted averages associated with the first few eigenvectors have markedly larger variances
(given by the associated eigenvalues) than other weighted averages so that sample paths are
dominated by low-frequency variability. The test that rejects for large values of £* is the
locally best test for such low-frequency variation in the regression coefficients.

The rapid decay of the eigenvalues evident in Panel (a) suggests that £ can be approxi-

mated using a small number weighted averages, that is by

q " 2
£, = Z Aj (Z rjlelél> (6)
j=1 1=1
for some fixed ¢, such as ¢ = 35. As we show in the next section, this fixed-¢ approximation
allows us to study the large-sample properties of the test statistic in settings that are much
more general than those of the canonical model.

In particular, using the approximation in (6), it suffices to study the asymptotic properties
of the ¢ x 1 vector Y,, and the diagonal matrix A, where

n

Yoj =Y rumiey, Yo = (You, .., Vo), and Ay = diag(Ai, ..., A,). (7)

=1

Using this notation, the test statistic £, in (6) becomes

fq = ngAan- (8)

3 Large-Sample Analysis

This section derives the asymptotic distribution of {, under the null and local alternative
hypotheses. The analysis proceeds in three steps. The first step focuses on the large-sample
behavior of the eigenvectors and eigenvalues (r;, \;) that are used to form ¢ ,. Recall that
(rj, \;) are constructed from ¥, the demeaned version of the Lévy-Brownian motion covari-

ance matrix, and therefore depend on the locations {s;}, but not the data {y;, w;}; thus we



begin with an assumption about the distribution of the locations. The second step involves
assumptions about the large-sample behavior of weighted averages of terms such as z;u; and
x;w; that appear in Y,,; we postulate high-level central limit and law of large numbers results
for these weighted averages. The third step combines the results from the previous steps to

deduce the large-sample behavior of Y,,, and thus §&,.

3.1 Assumptions
3.1.1 Locations and Large-Sample Behavior of (r;, ;)

We make the following assumption on the locations.

Condition 1. For some v, — oo, the locations s; are generated via s; = v,s?, with s?
i.i.d. from a bounded and continuous density g (with c.d.f. denoted by G ) with support in the
compact set S C R, d > 1.

Condition 1 follows Lahiri (2003) in modelling the (typically irregular) pattern of locations
as random. The assumption rationalizes different concentrations of observed locations by
allowing for non-uniform sampling with density g.

Since v, is assumed to diverge, Condition 1 assumes a form of increasing domain asymp-
totics, where the observed locations cover a larger and larger region v,S = {s : v,/'s € S}.
This allows for the application of a central limit theorem and law of large numbers of ran-
dom variables whose dependence decays as their distance increases. If v, /n'/? — 0, then
the increase in the overall size of the sampling region is sufficiently slow that the number
of observations in a fixed subregion becomes relatively more dense, that is, Condition 1 also
allows for a form of infill asymptotics. See Lahiri (1996, 2003) and Lahiri and Zhu (2006) for
further discussion.

The i.i.d. modelling assumption for the locations plays an important role in the determi-
nation of the limiting variance in the central limit theorem below, but does not otherwise enter
the analysis. All other random variables, such as {(w;, u;)}-, are independent of {s;}}";, and
our analysis proceeds conditional on {s;}}*; (which we do not emphasize in the notation to
avoid clutter). In particular, the variability in the suggested test statistic is not driven by the
randomness in Condition 1.

Condition 1 imposes sufficient structure to study the asymptotic behavior of the weights
A; and the eigenvectors r; that appear £ : Define L(s) = L(s) — [¢ L(r)dG(r), a demeaned

9



Lévy-Brownian motion on S. By Mercer’s Theorem, the (continuous) covariance kernel ky, of

L has a spectral decomposition
kp(r,s) = Z Ap(s (9)

with eigenvalues A} > Aj > ..., and eigenfunctions ¢;(s) = A ' s (r)kL(r, s)dG(r) that
are continuous for )\? > 0, orthonormal [¢ ¢;(s)p;(s)dG(s) = 1[i = j] and orthogonal to a
constant, [¢¢;(s)dG(s) =0, j=1,2,.... Lemma 6 of Miiller and Watson (2022) establishes
that under Condition 1 and for any finite g, the largest ¢ eigenvalue-eigenvector pairs (A;, ;)
of ¥, become well approximated by the corresponding eigenvalue-eigenfunction pairs of ky,
that is

sup [\ — )\0| 0 (10)
J=q

sup |y — @, ()| > 0 (11)
1<i<n,j<q

provided \) > \) > ... > )\2_1 > )\2.

3.1.2 Large-Sample Behavior of Weighted Averages of {z;u;} and {z;w;}

We now turn to an appropriate high-level assumption about the behavior of weighted averages
of xju; and z;w;. These are central limit and law of large numbers results that hold under

weak dependence and second order stationarity.

Condition 2. There exists a positive sequence a,, and w € [0, 1] such that for any uniformly

convergent sequence of functions h, : S — R with continuous limit h : S — R,
S (s = A7 (0 162+ (1 gl a(s)ds). (12)
=1 §

This assumption has two parts: (i) the large-sample normality for the weighted averages,
and (ii) the specific form for the limiting variance. Both parts are motivated by the central
limit theorem in Lahiri (2003).

The particular form of the limiting variance plays an important role in spatial analysis.

To gain intuition suppose that 7(:) is a mean-zero stationary random field on v,S§ with

10



En(r)n(s)] = o(r —s) for 0 : R* — R and [g, |o(s)|ds < oo. Then

Var Zh(s?)n(sl)] = Zh(s?) Z h(s))h(s9)o(s1 — s¢)
=1 1 el
= Y (s))’o(0) + Zh S () + vy Ao (D)
] £

where Ay = s; — sp. Since o(A;¢) ~ 0 whenever yglAl,g is non-negligible, one would expect

Zhsl Zhsl+V1Azz (Ary) = Zhsz Z (D).

041 COAL

Furthermore for any r in the interior of S, the distribution of locations s; in a ball of any fixed
radius centered at v, r is approximately uniform under Condition 1. The expected number of

locations that fall into the ball is proportional to g(r)n'/? /v, yielding
nl/dZU sp—r) = g(r )/ o(s)ds.

This suggests the form of the limiting variance in (12), with na, = o(0)+ [. o(s)ds-n'/?/v,
and w € [0, 1] the limit of ¢(0)/(c(0) + nay,).

These heuristics (as well as the convergence to a Gaussian limit) are made precise in
Lahiri’s (2003) Theorems 3.1 and 3.2 (and where Lemma 12 of Miiller and Watson (2022)
shows that Lahiri’s result also applies to uniformly converging weight functions, as assumed in
Condition 2). The upshot is that even if x;u, is stationary and weakly dependent, as a general
matter the limiting variance in (12) depends on the density g. This is an important departure
of the spatial case from the usual time series model in which the “locations” correspond to
the equally-spaced time indices t = 1,2, ..., which yield a uniform spatial density.

The test statistic also involves weighted averages of x;w;. For these, we assume the fol-

lowing.

Condition 3. There exists a q X 1 vector X, = (02,%.) with 02 > 0 such that for any

uniformly convergent sequence of functions h, : & — R with limit h,

n- lzlhn(sl)xlwl = /Sh(s)g(s)ds DI (13)

11



Condition 3 assumes a law of large numbers for weighted averages of x;w;. One could again
apply Lahiri’s (2003) results, or invoke the mixing conditions in Jenish and Prucha (2009) to
obtain sufficient conditions. Condition 3 is compatible with some form of nonstationarities:
If x; is centered and weakly dependent, then (weighted) averages with any smooth function
will converge to zero. Thus one would expect (13) to hold with ¥, having zero elements in
the rows that correspond to region dummies or (nonlinear) controls for latitude/longitude,

for example.

3.1.3 Asymptotic properties of &

Recall that & is the OLS estimator of the entire coefficient vector § = (B,a’). We make the

following high level assumption.
Condition 4. § —§ = O,(a)/’n™).

If one were to strengthen Conditions 2 and 3 to hold for averages {w;u;} and {w,w;}, then
Condition 4 would immediately follow from a,”/*n(3 — ) = (n= 13, wlwg)_l a2, ww,
so weak dependence and stationarity are sufficient. They are not necessary, however, as
Condition 4 is also compatible with, for example, controls such as region dummies and other

forms of non-stationarity.

3.1.4 Evolution of 3, under the alternative

We consider two local alternatives for 3;. The first assumes that 3; follows a deterministic
piecewise continuous function (and thus allows for discrete breaks in (), and the second

assumes that 3, evolves as a scaled Lévy-Brownian motion. The assumptions are:

Condition 5. (a) 5, — f = aiﬂn_lb(s?), Il =1,...,n, where b : S — R is sample size
independent piecewise continuous function (formally, for a finite partition {Sy,...,Sn} of S,
b:S; — R is uniformly continuous, and the boundary 0S; has Lebesque measure zero, for all
j=1,...,m); or

(b) B, — B = k,L(s?) with k, = a71/2n_17 for some sample size independent v > 0,

l=1,...,n.

The local alternatives of the null hypothesis of stable coefficients are of order Op(ayl/ 2n_l),

a rate which is related to the rate of convergence of the CLT in Condition 2 and the “usual”

12



n~! rate in the LLN of Condition 3. Intuitively, slower rates of convergence for the CLT
degrade the signal-to-noise ratio in the weighted averages Y,,, making it harder to detect any

instability, so the local alternative has to be relatively larger.

3.2 Limiting Distribution of Y, and ¢,

Combining these high level assumptions yields the following result.

Theorem 1. (a) Under Conditions 1-4 and 5(a), an'?Y, = Yy + B, where Yy ~ N(0,Vh),
with Voi; = [spi(s)p;(s)lw + (1 — w)g(s)]g(s)ds and B; = 07 [ @i(s)b(s)dG(s) fori,j =
1,...,q. Furthermore,

a,'&, = (Yo + B)'Ay(Yo + B) (14)

where A} = diag(\Y, ..., )\2).
(b) Under Conditions 1-4 and 5(b), an'?Y, = Yy +~02Y; where Y; ~ N(0,AD). Further-
more,
a, '€, = (Yo + Y1) Ag(Yo + Y1) (15)

Note that these limits are those of a location model where x; is a constant and there are
no additional controls z;. This equivalence is essentially due to Condition 3, which ensures
that second moments are approximately constant over §. We exploit this equivalence below
when we derive critical values.

To get a better understanding of the result in part (b), it is instructive to consider the
case where w = 02 = 1. From the orthogonality of the eigenfunctions ¢;, we obtain Vy = I,
and V; = A), so under Condition 3(b)

q
a,'8, = Z' (A +P(AD)Z =D (N + (v\)) 2] with Z; ~ iidN(0,1),  (16)

j=1
a weighted average of independent chi-squared random variables (cf. equation (3.3) of Nyblom
(1989)). The presence of Lévy-Brownian motion type-variability of 3, is seen to affect the

asymptotic distribution of £, via the squared eigenvalues in this baseline case.
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4 Spatial Correlation-Robust Inference for Varying Co-

efficients

In this section we discuss how to use the asymptotic results in Theorem 1 for inference. A first
subsection concerns the test of the null hypothesis of parameter stability. A second subsection
provides a suggestion for the choice of ¢, and the final subsection discusses estimation of the

magnitude of parameter instability x in the Lévy model (4).

4.1 Test Statistic and Critical Value

The construction of an asymptotically valid test based on the results in Theorem 1 faces two
challenges: First, the normalization sequence {a,} for £, in (14) and (15) is unknown, and
second, the scalar w € [0, 1] that appears in the limiting variance V in Theorem 1 is an
unknown nuisance parameter. We handle these in turn.

To deal with the first issue, we suggest basing inference on the self-normalized statistic

_YAY, | YEAY

SV, T VY

(17)

where the convergence follows straightforwardly from Theorem 1 and the continuous mapping
theorem.

The presence of w in the expression for Vj in Yy ~ N(0,Vh), Vou; = [ @i(s)p;(s) w4+ (1 -
w)g(s)]g(s)ds, is more difficult to handle. A direct approach would require the estimation of
the density g of the locations s?. This would be cumbersome. We instead follow Miiller and
Watson (2022, 2024) and argue that an asymptotically valid critical value for £} is obtained
by considering the small sample critical value that is appropriate in a simple one-parameter
model of dependence: Define the Ornstein-Uhlenbeck process on S as the zero-mean Gaussian
processes 1 with covariance kernel E[n(r)n(s)] = k.(r,s) = exp(—c||r — s||). We denote the
process by n ~ G.. For a sample size independent value of ¢, 7(s?) is strongly dependent,
as E[n(r)n(s)] is non-zero for all r # s. For ¢ = ¢, with ¢, — oo, this model induces
weaker dependence, with the exact degree of dependence governed by how quickly ¢, — oo.
Lahiri’s (2003) result in Condition 2 also applies to this simple model, and different sequences

¢, — oo induce all of the possible w-indexed limit variances Vj. Furthermore, recall that the

14



asymptotic distribution in Theorem 1 is also obtained in a location model. Thus, if we define
Y/n,j =3 rum(s)), Y, = ()7”71, . ,?n,q)’ and E’Z = )Z{Aq?n/ﬁ{?m and let cv,, satisfy

sup ]P’(g‘: > CVyn) = O (18)
for some ¢}, satisfying lim sup,, ¢}, < oo, then cv,, will be asymptotically valid in the general
model under Conditions 1-4 (see the proof of Theorem 8 in Miiller and Watson (2024) for a
precise argument).

To make this approach feasible, we need to choose c. We find it useful to parameterize
c in terms of the implied average correlation between locations. Thus, let ¢;, solve p =
m > ZZ# kc(si, s¢), so that larger values of p lead to smaller c. We suggest using an
average correlation of p = 0.01 and thus use ¢, = c¢p.01,,. Under Condition 1, ¢oo1, — ¢o.01,
where ¢ 01 solves [ [ keyo, (r,8)g(s)ds - g(r)dr = 0.01, so ¢oo1, remains bounded for all n
(irrespective of v,,). Thus, (18) not only yields asymptotic size control under all forms of
weak dependence that induce the null distribution in Theorem 1, but the test also controls
size by construction under a particular form of strong dependence in the location model (for
reference, a time series AR(1) with n = 500 observations induces an average correlation of
0.01 for an AR(1) coefficient equal to 0.72, for example). While this choice of critical value
induces conservativeness in the test, at least for large enough n, we consider it attractive to
have some absolute sense of the degree of correlations for which the test is designed to control
size.

Because n ~ G, is Gaussian, the critical value cv,, can be determined quickly and ac-
curately by applying Imhof’s (1961) procedure to compute the c.d.f. of quadratic forms in
Gaussian variables. We provide details in the appendix, and corresponding Matlab code in

the replication files.

4.2 Determining q

An additional advantage of this construction of the critical value is that it naturally lends
itself to a method for choosing ¢. Intuitively, a small ¢ leads to low power because too few
weighted averages do not contain enough information to reliably distinguish between the null
and alternative distributions. On the other hand, a very large ¢ also leads to low power, as the

“higher frequency” eigenvectors corresponding to smaller eigenvalues capture the correlation
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implied by ¢ = ¢g.01, which necessitates choosing a large value of cv,, in (18). Thus, one does
not want ¢ to be too small or too large, and this trade-off leads to a simple rule for a choice
of ¢ that maximizes power.

These issues are illustrated in Figure 3. The figure shows the size and power of the ; test
in the location version of the canonical model of Section 2, that is, the model with z; = 1,
no additional regressors z, u; ~ iidN(0, 1), using the U.S. spatial design with n =21,194 zip
codes. The left panel in Figure 3 shows rejection frequencies using critical values that induce
5% rejection probability under the i.i.d. model for u;. There, larger values of ¢ yield more
powerful tests. Indeed, as ¢ = g, — 00, the test based on ¢} is asymptotically equivalent to the
locally best invariant test £ in the canonical model, and the power of &7, is indistinguishable
to the power of £ (not shown in the figure). However, because the left panel uses critical
values computed under the i.i.d. model, the associated tests are invalid when the errors are
spatially correlated. For example, if the errors are generated by the G. model with ¢ = ¢g1,
the null rejection probability of nominal 5% tests using i.i.d. critical values is 6% for ¢ = 5,
increases to 13% for ¢ = 35, to 30% for ¢ = 100, and is greater than 80% for ¢ = 500. The right
panel corrects this deficiency by using the spatial-correlation robust critical values from (18)
with ¢ = cp.01,,- This figure shows the trade-off alluded to in the previous subsection: the
spatial-correlation robust critical values are necessarily larger than their i.i.d. counterparts,
this leads to a conservative test when the errors are i.i.d., and an associated reduction in
power. Importantly this conservativeness increases with ¢, as does the reduction in power.

We utilize the trade-off illustrated in the right panel to choose g. As in the figure, consider
power in the location model under i.i.d. Gaussian errors. Let Y, ; = S°° r;.(e; + kL(s))),
where g; ~ 19dN(0,1), L is a Lévy-Brownian motion, and x > 0 indicates the distance of the
alternative from the null hypothesis. Denote by EZ = Y,{Aan / Y,{Yn the test statistic applied
to this location model with Y,, = (Y,,1,...,Y,,)’. As shown in the figure, we would expect
that for any critical value cv > 0, the rejection probability ]P’,{(EZ > cv) is increasing in K.
Let x4 solve an(éz > cvgn) = 0.5 (and set k, = oo if no solution exists), that is, for the
critical value determined in (18), x, indicates the magnitude of the alternative in the location
model that is required to induce 50% power. Our suggestion is to choose ¢ such that x, is
minimized. Among the tests depicted in Figure 3, this leads to using ¢ = 35, as the power
curve of this test reaches 50% for the smallest value of k. In practice, we consider all values

in the interval 2 < ¢ < 50, where the upper bound of 50 avoids relying on the multivariate
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Figure 3: Rejection Frequencis Using i.:2.d. and Spatial-Correlation Robust Critical Values

A. Rejection Frequency Using Critical Values for i.i.d. Errors _ B. Rejection Frequency Using Spatial Correlation Robust Critical Values

q=5
[|=——a=15
|l |——q=35
——q =100
0.8-——a=500

Rejection Frequency
e o
o
>

°
Rejection Frequency
o
o

[
IS
T

Notes: Rejection frequencies for the {i-test using the U.S. zip code spatial design. Panel (a) uses
critical values from the canonical model with i.i.d. errors. Panel (b) uses spatial correlation robust
critical values from (18).

Gaussian implication of Theorem 1 for a very high dimensional Y,,. For the U.S. zip code
design, this yields the optimal value ¢ = 32, which is close to the ¢ = 35 value shown in the
figure.

4.3 Estimating the Variation in Varying Coefficients

We now discuss a method that takes advantage of the result a, Y QYn = Yy + y02Y; in The-
orem 1 (b) to construct an asymptotically approximately median unbiased estimator of the
magnitude k, = ai/ 2n_1fy of parameter variation in the model (4), that is, under the assump-
tion that 8, — f = k,L(s;), L = 1,...,n with L equal to Lévy Brownian motion. (See Stock
and Watson (1998) for a related estimator for time series regressions.) Denote the estimator
by &(Y,), where & : R? — R. The construction of & faces the same two problems already
encountered for testing the null hypothesis of parameter stability in Section 4.1 above, namely
the sequence a,, is unknown, and the presence of w in the distribution of Yy ~ N (0, V).

Write Y = Yy + v02Y; = Y + ¢Y);, where ¢ = o2 is the scale associated with Y; ~
N(0, Ag). Let ¢ : R? — R be an estimator of ¢ that satisfies

sup  P($(Y) > ) <1/2. (19)

$»>0,we(0,1]
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In words, the estimator zAb overestimates ¢ with probability of at most 1/2, for all values of 1)
and w € [0,1] (or, equivalently, the interval [¢5(Y), 00) forms a 50% level one-sided confidence
interval for ¢). Now suppose ¢ is scale equivariant, that is, zﬂ(ay) =a- @L(y), for all a > 0

and y € RY. Then setting #(Y;,) = ¢(Y,)/(n - 62) with 62 =n~' 321" 27 yields

P(A(Y,) > kn) = P@(a;"?Y,) > na;?62k,)
= P((Y) >703) = P(O(Y) > ¢) < 1/2

where the convergence follows from Condition 3, Theorem 1 (b) and the continuous mapping
theorem (provided {ﬁ is continuous almost everywhere and the c.d.f. of @(Y) is continuous at
0).

We are thus left to construct a scale equivariant estimator 1 satisfying (19). However, both
g and Ag are not directly observed. So consider instead the construction of a scale equivariant
estimator 1, (Y;,) in the Gaussian location model where Y,,; = S21" r;i(n(s) + ¥ L(s;)/n),
j=1,...,q, and n ~ G.. Then by the same logic as applied in the construction of the critical

value in Section 4.1, if @n satisfies

sup P, (V) > ¢) <1/2 (20)
$>0,c>co.01
for all n, then supysg e 1 limsup,, ., P(p, (Y) > 1) < 1/2 follows under Conditions 1-4
and 5(b).
In practice, there are many equivariant estimators fbn satisfying (20), including highly
uninformative estimators such as ¢,,(Y;) = 0. So in addition to the constraint (20) it makes
sense to posit an objective that maximizes informativeness. We choose to minimize the

~

weighted average excess length of the 50% confidence interval [@/Jn(f/n), 00), that is,

JE[@ =010 > 6,(5)] dW e v) (21)

where W (c, 1) is a suitably chosen weighting function. We then rely on the numerical algo-
rithm developed in Miiller and Wang (2019) to determine ¢, that approximately minimizes
(21) subject to (20). See the Appendix for details.
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5 Monte Carlo Results and Empirical Analysis

Section 1 introduced locations across zip codes in the continental United States. In this
section we use data on a wide range of socioeconomic variables measured at these locations
to investigate two questions: How well do the methods developed in the earlier sections
perform in realistic environments calibrated to these data? And how stable or unstable are
the bivariate relationships between these socioeconomic variables across the U.S. and within
states?

We begin with a description of the data.

5.1 Data Description

The data are from the American Community Survey, 5-year estimates from 2018-2022, for
the zip codes regions (ZIP Code Tabulation Areas (ZCTA)) making up the contiguous 48
states and the District of Columbia. The dataset contains sixty-one variables measuring edu-
cational attainment, income, employment, race, citizenship, health, marital status, mobility,
and a handful of other indicators. The online appendix provides a detailed description of the
variables. The underlying dataset is a balanced panel of roughly thirty thousand zip codes.
Zip codes containing a small number of observations (generally 250 or fewer) were merged
with adjacent zip codes, resulting in a balanced panel of n =21,194 regions. The (approx-
imate) center of each region was used as its location, s;, and distances between regions are
measured by the great circle formula. For simplicity, we continue to refer to these regions as
zip codes.

The raw data were transformed in three ways. First, in most cases, the variables were
scaled by the relevant population in the region. Second, each variable was then converted
to a percentile over the universe of zip codes. For example, a value of 0.75 for a variable
in a given zip code indicates that this zip code ranks in the 75th percentile for this variable
across the 21,194 zip codes. Third, the resulting variables typically exhibit strong spatial
persistence as indicated by the spatial unit roots test from Miiller and Watson (2024). Because
strong spatial persistence can lead to spurious regressions, all of the variables were “spatially
differenced” using the LBM-GLS transformation discussed in Miiller and Watson (2024). This
transformation eliminates spatial low-frequency trends in the variables, analogous to the first

differencing transformation of persistent time series.
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We are interested in bivariate regressions involving these variables. By selecting pairs of
the 61 variables from the dataset it is possible to construct 3,660 bivariate regressions. Some
of these involve variables that are closely related by construction (e.g., the fraction of married
adults and the fraction of divorced adults), and as described in the online appendix, we used
simple rules to eliminate pairs of closely-related variables. This yielded the 3,458 bivariate

regressions that are used in the exercises reported below.

5.2 Size and Power

The first set of exercises investigate the size and power properties of the &° test. It focuses on
two questions. First, how does spatial correlation and (potentially) spatial heteroskedasticity
affect size and power? Second, does the test have power to detect “discrete” spatial-breaks
in the coefficients in addition to the Lévy-Brownian motion variation underlying the design

of the test?

5.2.1 Monte Carlo Design

All experiments involve bivariate regressions of the form y; = a+x;3,+w; where the locations
s; indexing the observations are given by the zip-code locations shown in Figure 1. The
experiments involve three ingredients: (i) the spatial locations, (ii) the process generating the
regressors and error {x;,u;} and (iii) the process generating the coefficients {3,}. We discuss
these in turn.

The spatial locations are given by the entire set of locations shown in Figure 1 (U.S. lo-
cations), or each of the individual states (state locations). The U.S. locations include all 48
states and the District of Columbia. The state locations include the 45 states with 100 or
more zip code locations.?

The data generating processes (DGP) for {z;,u;} involve zero-mean spatial Ornstein-
Uhlenbeck (OU) processes n ~ G, with covariance kernel E[n(r)n(s)] = k.(r, s) = exp(—c||r —
s||) discussed previously in Section 4.1. As described there, ¢; denotes the value of ¢ that
yields an average correlation of 7(s;) of p over the sample locations. We use four values of p,
(0.0, 0.001, 0.01, 0.03), and chose critical values for the tests that are designed to control size
for values p < 0.01 as described in Section 4.1.

2This excludes the District of Columbia, Delaware, Rhode Island and Wyoming.
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We use four data generating processes for {z;, u;}:
e DGP1: ;=1 and u; ~ G..
e DGP2: z; and u; are generated by independent G/, processes.

e DGP3: z; is randomly selected from the 61 standardized variables in our dataset and

w; follows a G,/ process.

e DGP4: {y/“*, xf“} are a pair of series from the list of 3,458 bivariate regressions in our

acs

dataset. Then x; = zj acs

N, and w = y/“n,, where n,, and 7, follow independent
G./2 processes; this DGP is a version of the “spatially dependent wild bootstrap” in the
spirit of Shao (2010), Conley, Gongalves, Kim, and Perron (2023) and Kurisu, Kato,

and Shao (2024).

In DGP1, the regressor is constant and errors follow the spatial process used to determine
the critical value. Thus, by construction, the size constraint will be satisfied for values of
p < 0.01. For DGP2, x; and u; are independent G/, processes, so the product z;u; has the
same second moments as a G. process, but different higher-order moments. In DGP3, the
spatial autocovariances of x;u; are determined in part by the empirical data, and similarly for
DGP4. Note also that any spatial heteroskedasticity in x; will be inherited by x;u; in DGP3
and DGP4.

The final ingredient is the data generating process for 3;. We consider three.

e Constant J: This is the null model with 8, = § (and where invariance makes the value

of 3 irrelevant).

e Random Walk: [, is generated from the scaled Lévy-Brownian motion process with
B, ~ kL(s;), where the parameter s indexes the size of spatial variation in ;. In our
experiments, where the scale of the regressors and sample sizes differ across states, we
normalize the maximum distance in each experiment to be unity so that max;, o (3, —
B,) = K, use the scaling from Section 4.3 with x = /(o,n'/?), and use five values of 7,
(0,5, 10,20, 40).

e Discrete Break: In this model, 3, takes on different values in different regions of the

country. We define regions in three ways: (i) by the 48 states plus the District of
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Table 1: Size of nominal 5% tests
g DGP1 DGP2 DGP3 DGP4

0 0.011 (0.001, 0.046) | 0.011 (0.001, 0.046) | 0.013 (0.002, 0.046) | 0.015 (0.002, 0.074
0.001 | 0.035 (0.018, 0.036) | 0.029 (0.012, 0.038) | 0.011 (0.002, 0.043) | 0.023 (0.002, 0.073
0.01 | 0.050 (0.050, 0.050) | 0.036 (0.021, 0.048) | 0.011 (0.001, 0.040) | 0.030 (0.003, 0.074

0.03 | 0.111 (0.096, 0.154) | 0.072 (0.044, 0.100) | 0.010 (0.001, 0.037) | 0.056 (0.004, 0.080
Notes: See text for descriptions of DGP1-DGP4. The entries in the table are the rejection rates using the
U.S. spatial design, followed by the minimum and maximum rejections rates across the states designs shown
in parentheses.

~— | — | — | —
— | — | — | —

Columbia, (ii) by the nine Census divisions, and (iii) by the eastern and western regions
of the U.S.3 In these experiments the values of 3 are iid/N\ (0, Ui/ﬂ) for each region, so

k is the standard deviation of the difference in /5 across regions.

In the experiments with spatially varying coefficients, z; is generated by DGP1 and DGP3

and v; are independent 7dN (0, 1) random variables.

5.2.2 Results

Table 1 summarizes the results for the size of the £° test for the four DGPs across each of
the spatial designs. Each table cell shows the rejection frequency for the U.S. spatial design
followed by parentheses showing the minimum and maximum rejection frequencies across
the 45 state designs. DGP1 corresponds to the large-sample model where the regressor is
a constant and the errors follow spatial OU processes; this model is used to construct the
test’s critical value, so that the rejection frequency is 0.05 by construction for p = 0.01, and
is less than 0.05 for smaller values of p. DGP2 has the same spatial autocorrelations for x;u;
as DGP1, but has different higher order moments. The rejection frequencies for DGP2 are
slightly smaller than for DGP1. DGP3 differs from DGP2 by using the ACS data for x. Recall
that these data have been spatially differenced, and the resulting series turn out to be less
spatially correlated than the regressors in DGP2. This results in smaller rejection frequencies.
In DGP4, the regressors and errors inherit the spatial heteroskedasticity of the ACS data and
this results in somewhat large rejection frequencies, with values that (marginally) exceed 0.05

for a handful of state designs.

3For state-wide regions, the number of zip-code observations ranges from 18 (in the District of Columbia) to
1,381 (in Texas); for Census districts, the number of observations range from 1,273 to 3,649; for the East-West
regions there are 8,192 zip codes in the west and 13,002 in the east.
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Table 2: Power of nominal 5% tests
’ v \ RandomWalk \ Bast-West \ Districts \ States ‘

(a) z =1 (as in DGP1)
0 0.01 0.01 0.01 0.01
) 0.12 0.24 0.07 0.02
10 0.36 0.52 0.21 0.05
20 0.64 0.74 0.39 0.09
40 0.80 1.0 0.48 0.12
(b) x = z%* (as in DGP3)
0 0.01 0.01 0.01 0.01
5 0.12 0.23 0.07 0.03
10 0.35 0.51 0.21 0.06
20 0.62 0.73 0.35 0.11
40 0.77 0.88 0.43 0.14

Table 2 summarizes the power results. Two results stand out. First, while the test was
designed to have good power against random walk variation in the regression coefficients, it has
similarly good power against discrete breaks in the coefficients as long as these discrete breaks
are persistent. Thus, power is high for i.i.d. breaks across 2 regions labeled “East-West”, falls
somewhat for 9 regions (“Districts”), and falls substantially for i.i.d. breaks across the 49
“States”.

The bottom line from these experiments is that the test appears to have good size con-
trol and good power against alternatives with spatially persistent variation of the regression

coefficient, as intended.

5.3 Spatial Instability in Bivariate Socioeconomic Regressions in
the U.S.

We now turn to the empirical analysis of the 3,458 bivariate spatial regressions involving
the 61 socioeconomic variables in the dataset. Of course, these bivariate regressions are not
structural (or causal), and this raises the question of how should think about spatial stability
or instability. The most straightforward answer is that the tests provide evidence on the
spatial stationarity of second moments across these socioeconomic variables. Recall that all
variables were spatially differenced, so rejections are not easily explained by the presence

of spatial trends in the original level variables. Similarly, the omission of stationary control
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Table 3: Empirical results for 3,458 regressions

Percentiles
0.05 [ 0.10 [ 0.25 [ 0.50 [ 0.75 [ 0.90 | 0.95
8] U.S. 0.01 | 0.02 | 0.05 [ 0.11 | 0.23 | 0.36 | 0.46
tates . : . . . . .
8l S 0.01 | 0.02 | 0.06 | 0.13 | 0.25 | 0.41 | 0.52

€° p-value U.S. 0.01 | 0.01 | 0.06 | 0.19 | 0.42 | 0.69 | 0.83
&° p-value States 0.06 | 0.12 | 0.29 | 0.56 | 0.81 | 0.93 | 0.97

oag1000km (/) U.S. | 0.001 | 0.009 | 0.021 | 0.044 | 0.072 | 0.105 | 0.130
o ap1000km (/) States | 0.003 | 0.004 | 0.005 | 0.011 | 0.224 | 0.530 | 0.789

variables also cannot account for such a finding. The presence or absence of stability is thus of
interest not only for prediction, but potentially also to guide structural econometric analysis.

The specifics of the analysis is as follows: For each of the regressions we computed three
statistics: (i) 3, the OLS estimate of 3, (i) the p-value for the £° test, and (iii) the value of
the standard deviation of the change in /3, over 1000km in the random walk model that is
implied by &, the estimator of x from Section 4.3. These statistics were computed over the
entire continental U.S. and for each of the 45 states with 100 or more zip codes. Table 3
shows the percentiles across the 3,458 regressions for the U.S. and the 45 x 3458 regressions
for the states.

Recall that the variables are measured in percentiles across zip codes in the U.S., so a
value of § = 0.10 implies that changing = from, say, the 50th to the 60th percentile predicts a
change of y of 1 percentile; the first two rows of the table suggest that estimating 5 over the
U.S. or across the states yield little difference. In contrast, the following rows suggest that
the evidence of instability in the § coefficients is much stronger across the U.S. than within
states. For example, the null of stability is rejected at the 5% level in nearly 25% of the
U.S. regressions, but in less than 5% of the state-wide regressions. And the final two rows of
the table suggest that this is not simply a matter of power — across the U.S. the median value
of the standard deviation of AfS is estimated to be 0.04 across 1000km, but within states, the
corresponding value is only 0.01. Evidently, the unique features of each state have important

effects on the reduced-form relationship between the variables in our dataset.
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6 Concluding Remarks

This paper has developed a test for spatial variation in a spatial regression coefficient. The
test is designed to control size when data are spatially correlated and to have good power when
the coefficient evolves in a persistent manner over the spatial domain. Numerical experiments
suggest that the test succeeds both in controlling size and detecting persistent spatial variation
in regression coefficients in realistic designs.

The extension to IV regressions estimated by 2SLS is straightforward. Let w; denote the
fitted value from the first stage regression, that is, the regression of w; onto the instruments.
Let z; denote the first element of w; and ¢, = ¥y, — wffbsw denote the IV residual. An IV
version of the test statistic replaces x;6; with z;6;, and after making this change the test
proceeds as described in Sections 2—4.

The paper has focused on a test for variation in a scalar coefficient, with the coefficients
on additional regressors assumed to be constant. Extending the analysis to consider spatial
variation for a vector-valued coefficient is conceptually straightforward—calculations involve
a vector-vector score x;é;—although the details associated with constructing a critical value
that controls for multivariate spatial correlation are less straightforward. We leave this to

future work.
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A Proofs and Description of Numerical Calculations

Proof of Theorem 1:

From é;, = ¢; — wl(g — ), we obtain

n

n n
a2y rjmer = ag Py rgme — (n_l ) Tjul‘”wo o Cn(6 =)
=1 =1

=1

By (11) and Condition 3, n™* Y"1 72w, =t J ©;(5)dG(s)-Xzw = 0, and by Condition 4, aﬁl/Qn(s—
d) = Op(1), so it suffices to show the claim for aﬁl/z Yoy Tzl

(a) For arbitrary v1,...,v, € R, we have
q n n
—1/2 —1/2 —1 2
p, / Z ij”?j = ay / Z Ty lTIU + N Z Tv,12] b(sl)
Jj=1 =1 =1

with r,; = 39_; vjrji. Given (11) and Condition 3, it follows that sup; |ry; — ¢, (s1)] 20, where
©,(s) = Z?:l vjp;(s). We thus have an '/ Sy roamug = N0, [ ¢, (s)%w + (1 — w)g(s)]g(s)ds
by Condition 2. Furthermore, n=t Y"1 7y, 122b(s;) = Py n~t S re 2?1 (s € 8] b(s;). Now for
each j, since b : §; — R is uniformly continuous, there exists an extension b; of b that is continuous
on the closure S; of S;, and by the Tietze extension theorem (Theorem 4.4. of Lang (1993)), it can
further be extended to be continuous on all of S. Furthermore, since dS; has Lebesgue measure
zero and g is bounded, for every € > 0 there exists an open set B; D dS; such that fBj g(s)ds < e.
The sets S\(S; U B;) and S; are closed and disjoint, so by Urysohn’s Lemma (Lemma 4.2. of Lang
(1993)), there exists a continuous function h; : S ~— [0, 1] with h;(s) = 1 for s € §; and h;(s) = 0 for
s € S\(S;UBj). Similarly, the sets 9S; U (S\S;) and S;\B; are closed and disjoint, so there exists a
continuous function h; : S — [0, 1] with h;(s) =1 for s € S;\B; and h;(s) = 0 for s € 9S; U (S\Sj).
Applying Condition 3 yields

w0 % o / o(5);(5) o3 ()9 (s)ds

and

IA

/ 00 (3)b5(5)] (s (s) — 1[5 € S;])g(s)ds

< esuplp,(s)bj(s)]

Sj

‘ / 0(5)b; () (3)g(s)ds — / o(5)b(s)g(s)ds
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Furthermore, again applying Condition 3,

n n

n! lz; ro12b;(s1)hj(sy) — ! lz; o1zl (s € ;] b(sy)
< ‘1sz|mb si)l (hj(s1) — 1[s1 € S))
< *1Zwllmb (sl (hy(s1) = hy(s1))

L / ou(8)b5(s)] (j(st) — hy(s) g(s)ds
< supl%() i ()]

But ¢ was arbitrary, so n '3 271 (s € S;lb(s) 2 ij ©,(s)b(s)g(s)ds, and thus
=S raadb(s) B >y ij ©u(8)b(s)g(s)ds = [ ¢,(s)b(s)g(s)ds. The convergence an'?Y, =
Yy + B now follows from the Cramér-Wold device, and (14) is a consequence of the continuous
mapping theorem.

(b) Let Qn(L) = n=t>",_; rvx?L(s1), where 1y, is defined in the proof of part (a). We now
show that Q,(L) & Qo(L) = 02 [ ¢,(s)L(s)dG(s). The argument is as follows: because Lévy-
Brownian motion has almost surely continuous sample paths, L can be viewed without loss of
generality as a random element that takes values in the space of continuous functions on S, equipped
with the sup norm. Thus, for every ¢ > 0, there exists a compact set C. of continuous functions
S — R such that P(L € C.) > 1 —e. On this set C., the convergence in probability of Q,(h) =

n S, Ulwlmlh(sl) to Qo(h) = [ ,(8) Quz(s)h(s)dG(s) is uniform, that is, for all g9 > 0,
suppec, P(|Qn(h) — Qo(h)| > 50) — 0. (Suppose otherwise. Then there exists a e > 0 and a
subsequence of functions h,s € C. such that along that subsequence, P(|Q,/(hyn) — Qo(hy)| > €0) >
€1. Since C¢ is compact, this subsequence h,s has a further subsequence h,~ that converges, and
along that subsequence, P(|Q,(hy7) — Qo(hpnr)| > €0) — 0 by Condition 3, a contradiction.) We
conclude that 1[L € C.]Qn(L) B 1[L € C.]Qo(L), and since P(L € C.) > 1 — & for arbitrary & > 0,

also Qn(L) 5 Qo(L). O

Numerical Determination of cv, , in (18):
Let €, be the ¢ x ¢ covariance matrix of Y, ~ N(0,€y) in the G. model, that is, Q, = R;ZCRq
with Rq = (r1,...,7¢) and X, the n x n matrix with [, ¢ element equal to exp(—c||s; — s¢||). Clearly
P, >cv) = PV, (A —cvIy)Y, > 0)
= P(Z'QY* (A, — ev1,)0Y?Z > 0)
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where s; are the (real) eigenvalues of (A, — cv1;)Qy, scale normalized such that max; |»;| = 1.
Using the results of Imhof (1961), we find

(1 xa
1 oo sin <§ ie1 arctan(%jt))
§ Z:>0)=3 / dt.
%] P} + T Jo tH;]: (1 + t2 )1/4

We approximate this indefinite integral by the definite integral with an upper bound of 100 and
Gaussian quadrature with 500 points. Note that 0 < IP’(EZ > cv) < 1 requires \; < cv < Ay, so the
critical value can be obtained by simple bisection for a given ¢. We approximate the maximization

over ¢ > ¢go1 by searching over the grid cg o1 exp(5.05/24), 7 =0,...,24.

Numerical Determination of 12)n of Section 4.3:

To ease notation, we drop the subscript n on 121n and Y, in the following. Note that any scale
equivariant estimator ¢) can be written in the form ¥(y) = V4'y¥(y/v4y'y), where ¥ : S, — R
and Sy is the surface of a ¢ dimensional unit sphere. Define Y* = f// \/W and U = \/W . Let
0; = (ci,;), 1 =1,...,m be a discretization of the parameter space, with associated weights w;. We
use a grid of 5 values for ¢; that approximate a uniform distribution of Inc on [Incg 1,5 + Incgo1]
and a grid of 20 values of v; that approximate a uniform distribution on [1,50], so w; = 1/m and
m = 100. Here X1, is scale normalized to have largest eigenvalue equal to 1/72 , matching the value
one would obtain for a demeaned Wiener process on the unit interval, and thus the scale of parameter
variation in the time series case. With this normalization, our test has power of approximately 50%
against ¢ = 15, and the upper bound of ) = 50 induces near 100% rejections, so our grid for v
includes all degrees of spatial variation whose presence isn’t entirely obvious.

We seek to solve the program

mmzszQ T(YU),] st Py (U(YHU >4,) <1/2, i=1,...,m

where (z)+ = max(z,0). Write fp(y®) for the density of Y* relative to v, the uniform measure on
Sq, and fp(uly®) for the conditional density of U given Y*. Under Y ~ N(0,€p), the results in
Appendix B of Miiller and Watson (2016) imply that

foy®) = a0 72T (q/2) (y7 2y ty*) Y/
s 2—q/2+1 stO)y— q/2,,q—1 2 s/
fo(uly®) = T(/2) ("' Qy  y®) ¥ 2ud ™ exp[—2uy” Q).
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From a direct calculation, for 2 > 0

v(q/2, z%y*' Qg y* /2)
I'(q/2)
V2 (a/2+1/2, 27705 1y 2)
N Ia/2)
Agla,y?) = /0 (2 — u) fo(uuly®)du
- I‘Fg(l', ys) - Ma(xv ys)

Fy(a,y®) = / foluly®)d

My(z,y*) = /0 o uly®)du

where ~(+,-) is the lower incomplete gamma function. The Lagrangian corresponding to the above

program equals Lo = [ L(y*)du(y*), where
1) = 3000 (o [ oty = 9 s (3 [ o iwtsn < ] |
- e () - ()}

For given Lagrange multipliers {\;}";, the optimal ¥(y®) is hence obtained by minimizing the

“profile function”

prof(d|ys) = ng {wszg (121 s) Npy [% — Fy, (%’y )]}

The minimizer ¥(y*) is approximated by evaluating prof(d|ys) on a grid of values for d, and then
choosing ¥(y*) by minimizing the quadratic approximation to prof(d|ys) around the minimizer on
the grid. We use an equal spaced grid for d from 0,1, ..., 50.

The determination of the Lagrange multipliers now proceeds by computing the (approximately)

best W(y®) for a given set of multipliers {\;}7,. Then evaluate the m constraints

Py, (W(Y*)U > ;) = % — Ey, [ng <\I/(1§ﬁ8)’ys>} <1/2,i=1,...,m
for that choice of W(y*®), slightly adjust the multipliers as a function of whether the constraint is
violated or not (so that if a constraint never binds, the corresponding multiplier converges to zero),
and iterate to convergence. See Appendix B of Miiller and Wang (2019) for details. To speed up
computations, we further approximate Ejy, [ng (%, Ysﬂ for d = U(Y®) by a linear interpolation
between the two precomputed values on the grid for d. Furthermore, we approximate the expecta-

tions over Y?® by an importance sampling estimator, that is for N i.i.d. draws of Yy, ij=1...,N
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from the equal probability mixture f,(y*) =m™1 Y7, fo,(y*), we approximate

fo(YP) (.
8 fpcf}) Fo. <d’Yj>

N

7 S 1
E,, [ng (‘Z,Y )] ~ Nz
j=1

with N = 100, 000.
The numerical determination of the Lagrange multipliers for a given set of locations takes less
than a minute on a modern workstation in a Fortran implementation, and the evaluation of {pn given

the multipliers is practically instantaneous.
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