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Abstract

This paper develops a test for coefficient stability in spatial regressions. The test

is designed to have good power for a wide range of persistent patterns of coefficient

variation, be applicable in a wide range of spatial designs, and accommodate spatial

correlation in regressors and regression errors. The test approximates the best local

invariant test for coefficient stability in a Gaussian regression model with Lévy-Brown

motion coefficient variation under the alternative, and is thus a spatial generalization of

the Nyblom (1989) test of coefficient stability in time series regressions. An application

to thirty-five hundred zip-code level bivariate regressions of U.S. socioeconomic variables

reveals widespread coefficient instability.
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1 Introduction

Variation in regression coefficients across time or space complicates the interpretation of

empirical findings. At best, the OLS coefficient estimator measures an average population

regression coefficient, but this average no longer corresponds to the best linear predictor con-

ditional on time or location. If the regression aims to measure the causal effect of a potential

policy intervention, then the heterogeneity of the effect typically influences the desirability of

the policy. Furthermore, observing instability of coefficients within a given context renders

the extrapolation of the “average” results to other contexts even more problematic.

For these reasons researchers routinely test for temporal stability of the regression coeffi-

cients. A wide array of tests, originating with Chow (1960) and Quandt (1960) and including

widely used tests by Nyblom (1989) and Andrews (1993), have been developed for this pur-

pose.

Methods for testing for stability in spatial regressions are far less well developed. Anselin

(1990) derives a Chow test for spatial instability across two known regions, allowing for

spatially correlated residuals. We are not aware of generalizations to testing for instability

across two unknown regions. And, while there is an applied literature estimating “local”

spatial regressions (see, for example, Fotheringham, Brunsdon, and Charlton (2002) and

Fotheringham, Oshan, and Li (2024)), the stability tests using these methods that we are

aware of rely on restrictive assumptions such as i.i.d. observations (e.g., the bootstrap methods

discussed in Mei, Xu, and Wang (2016) or Fotheringham, Oshan, and Li (2024)).

In this paper we derive a novel test for coefficient stability in spatial regressions. Our test

is designed to have good power for a wide range of persistent patterns of coefficient variation,

is applicable in a wide range of spatial designs, and accommodates spatial correlation in

regressors and regression errors. The proposed test statistic approximates the locally best

test for the null hypothesis of coefficient stability against an alternative of martingale-like

random coefficient variation in a canonical spatial regression model, in analogy to Nyblom

(1989). Moreover, it controls for size under general distributional assumptions and spatial

autocorrelation, in analogy to Andrews (1993).

Our analysis proceeds as follows. Section 2 lays out a canonical spatial regression model

involving a dependent variable, y, a scalar regressor of interest, x, with coefficient β, and a

vector of controls, z. In this model, the regressors are taken as fixed and the regression error
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is i.i.d. standard normal, simplifying the development of an optimal test for spatial stability

of β. The form of the optimal test and its power depend on how β varies under the alternative

hypothesis. For instance, a Chow test is appropriate if β undergoes a discrete break across a

known spatial boundary. However, if the boundary is unknown, the problem becomes more

complex. In time series, a sequential Chow test, like the Quandt or “Sup-Wald” test, can be

used, with large-sample critical values derived by Andrews (1993).

In spatial regressions, however, the myriad of ways that observations can be divided makes

such an approach less attractive, and extending these tests to allow for multiple discrete breaks

becomes even more challenging. An alternative approach, common in time series analyses,

postulates that β evolves as a random walk under the alternative. Nyblom (1989) developed

an optimal test for local time variation of this sort. Importantly, in time series regressions,

tests for random-walk variation or tests for discrete breaks at unknown break points have

similar power properties across a wide range of persistent patterns coefficient variation. (See

Elliott and Müller (2006) for the associated theory and Stock and Watson (1996) for empirics).

With these considerations in mind, Section 2 derives a locally optimal test for (spatial) random

walk variation in the scalar coefficient β.

Section 3 introduces a large-sample framework that allows us to study the properties of

this test. The framework accommodates non-Gaussian spatially correlated processes observed

at locations sampled from a wide range of spatial designs. We characterize the large sample

properties of the test both under the null hypothesis and under local alternatives that include

deterministic coefficient spatial variation (including discrete breaks) and random walk spatial

variation. A crucial precursor to these results is the analysis in Lahiri (2003), who provides

a central limit theorem for weighted averages of spatially correlated data and an associated

limiting covariance matrix.

Building on these results, Section 4 derives a feasible test that is large-sample valid under

general forms of weak spatial correlation. We also derive an estimator for the degree of spatial

variation in β. Specifically, under the assumption that β evolves as a spatial random walk,

we compute a nearly median unbiased estimator for the standard deviation of changes in β

over the spatial domain.

Sections 3 and 4 imply that the size and power of the proposed test depend on the spatial

correlation of the data and the distribution of locations where the variables are measured.

Section 5 examines these effects through a series of experiments with designs that are cali-
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Figure 1: 21,194 Zip Code Locations

brated to match regressions involving socioeconomic variables observed at the zip code level

across the United States. The experiments use 61 different socioeconomic variables from the

American Community Survey (ACS), measured across over 21,000 zip codes in the contiguous

48 U.S. states. This allows us to design experiments with data exhibiting diverse distributions

and patterns of spatial dependence. Figure 1 shows the locations of these zip codes, a spatial

design we utilize at several points throughout the paper to illustrate key concepts.

Section 5 also leverages these data to investigate a substantive empirical question: How sta-

ble are the bivariate relationships between socioeconomic variables across the United States?

We explore this by examining roughly 3,500 regression involving the 61 socioeconomic vari-

ables used in the simulation experiments. We find substantial evidence of instability when

considering the continental U.S. as a whole, but little evidence of widespread instability within

individual states.

The final section offers some concluding remarks, focussing on modifications of the test in

instrumental variable regressions and extensions of the analysis to test for stability in multiple

coefficients (i.e., for vector-valued β). An appendix provides proofs and details underlying

some of the numerical calculations. An additional online appendix describes the ACS data

used in Section 5 and includes a user’s guide summarizing the steps for carrying out the
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proposed test. A Matlab script that implements the test is available in the paper’s replication

files.

2 A Canonical Spatial Regression Model with Varying

Coefficients

We begin by studying a canonical spatial regression model with a regression coefficient that is

potentially varying across space. The simple structure of this canonical model makes it easy

to highlight several key features of the testing problem, and an optimal test in the canonical

model follows from straightforward calculations.

Thus, consider a regression of yl on a scalar regressor of interest xl and (p−1)-dimensional

controls zl,

yl = xlβl + z′lα + ul, l = 1, . . . , n, (1)

where the observations (yl, xl, zl) are associated with known spatial locations sl ∈ S ⊂ Rd, for

d ≥ 1. (In time series applications, d = 1, while in geographic applications like those shown

in Figure 1, d = 2.) We are interested in testing the null hypothesis that βl is constant across

space, that is

H0 : βl = β against Ha : βl ̸= βℓ for some 1 ≤ l, ℓ ≤ n. (2)

In this canonical model, we assume that ul ∼ iidN (0, 1) and {xl, zl} are nonstochastic.

Let wl = (xl, z
′
l)
′ and δ = (β, α′)′. Then (1) can be written as

yl = w′
lδ + el, el = ul + (βl − β)xl, l = 1, . . . , n. (3)

For the purpose of learning about spatial variation in βl, the vector δ is a nuisance parameter.

We focus on tests that are invariant to the transformations

y → y +Wa for all a ∈ Rp

where y = (y1, . . . , yn)
′ and W = (w1, . . . , wn)

′; this eliminates the parameter δ from the

analysis. One maximal invariant to these transformations is given by the residuals ê = y−Wδ̂,

where δ̂ is the OLS regression coefficient δ̂ = (W ′W )−1W ′y.
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A standard calculation shows that the best invariant test of (2) against the alternative

{βl}nl=1 = {β1
l }nl=1 rejects the null hypothesis for large values of

∑n
l=1 β

1
l xlêl. Because the

optimal test depends on the particular configuration of the spatially varying βl’s, there is

no uniformly most powerful test, and any test designed to have good power for a particular

choice of {β1
l }nl=1 necessarily leads to poor power properties under some alternative value of

{βl}nl=1.

This is a standard problem for hypothesis tests, and one solution uses a weighted average

power criterion over the various possible paths of {βl}nl=1, or equivalently, calls for the spec-

ification of a probability distribution over {βl}nl=1 that serves as the weighting function. We

use that approach here. We choose a probability distribution that reflects two assumptions.

First, in many applications it is natural to assume that the greater is the distance between

two locations, the more likely are larger differences in the values of β. Furthermore, in many

applications it is reasonable to use a weighting function that is invariant to rotations of the

locations, i.e., the probability distribution should be isometric. Lévy (1948)-Brownian motion

provides a convenient weighting function that satisfies these requirements. Thus, we assume

that

H∗
a : βl − β = κL(sl), l = 1, . . . , n (4)

where L(·) is a Lévy-Brownian motion process and κ > 0 measures the size of instability.

It is useful to highlight a few important properties of Lévy-Brownian motion: L is a

continuous parameter mean-zero Gaussian process with almost surely continuous sample paths

and covariance kernel equal to

kL(s, r) = E[L(s)L(r)] = 1
2
(||r||+ ||s|| − ||s− r||) (5)

where || · || denotes the Euclidian norm. Notably, L induces a Wiener process along each

line: For all v0, v1 ∈ Rd, L(v0 + tv1) − L(v0) ∼ W(t), where W(t) with t ∈ R is a standard

scalar Wiener process. From (4) this implies that the variance of (βl − βℓ) is proportional

to the distance between the locations sl and sℓ. Since a Wiener process is a martingale, the

specification (4) generalizes Nyblom’s (1989) assumption for parameter variation in time. We

denote by ΣL the n× n covariance matrix of (L(s1), . . . , L(sn))
′.1

1In geographic applications, where locations are on the surface of the earth, distances || · || computed using
the great-circle formula yield a positive definite covariance kernel (5), so ΣL is guaranteed to be positive
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As discussed in Chapter 5.5. of Ferguson (1967), the invariant test of H0 that maximizes

the slope of the power function against alternatives H∗
a at κ = 0 rejects the null for large

values of ∂ log(f(ê|κ))/∂κ|κ=0, where f(ê|κ) is the density of ê under H∗
a . A calculation then

shows that this locally best invariant test equivalently rejects for large values of the score

statistic

ξ∗ = ê′DxΣLDxê

where Dx = diag(x1, . . . , xn), and the level α critical value is given by the 1 − α quantile of

ξ∗ that is induced by el = ul ∼ iidN (0, 1).

Since Dxê is orthogonal to a constant, ξ∗ can be rewritten as ξ∗ = ê′DxΣ̄LDxê, where

Σ̄L = M1ΣLM1 and M1 is the n× n projection matrix that projects off the constant vector.

Let Σ̄L = RΛR′ be the spectral decomposition of Σ̄L, where the matrix of eigenvectors

R = (r1, . . . , rn) is normalized to satisfy n−1R′R = In, and Λ = diag(λ1, . . . , λn) with λ1 ≥
λ2 ≥ · · · ≥ λn = 0 are the eigenvalues of Σ̄L, scaled by n−1. In this notation,

ξ∗ =
n∑
j=1

λj

(
n∑
l=1

rj,lxlêl

)2

.

This representation shows the statistic ξ∗ detects spatial variation in βl by checking whether

inner-products of the empirical scores xlêl and the eigenvectors rj are more variable than ex-

pected given the randomness in ul, with more weight given to inner-products with eigenvectors

corresponding to the largest eigenvalues.

Figure 2 shows eigenvalues, λj, and selected eigenvectors, rj, for the locations of the

empirical example of the introduction. The left figure in Panel (a) shows the eigenvalues

of Σ̄L for the locations across the entire U.S., and the right panel shows the eigenvalues for

the locations in each of the 48 states (which are sufficiently similar that they are difficult to

discern in the plot). In both cases note that the eigenvalues decay quickly. Panel (b) shows

selected eigenvectors over the entire U.S. Notice that the eigenvectors become less smooth as

the index j increases. These figures highlight an important feature of Lévy-Brownian motion:

the smooth weighted averages associated with the first few eigenvectors have markedly larger

variances (given by the associated eigenvalues) than other weighted averages. The rapid decay

of the eigenvalues evident in Panel (a) suggests that ξ∗ can be well approximated using a small

semi-definite.
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Figure 2: Eigenvalues and Eigenvectors of ΣL

number weighted averages, that is by

ξq =

q∑
j=1

λj

(
n∑
l=1

rj,lxlêl

)2

(6)

for some fixed q, such as q = 35. As we show in the next section, this fixed-q approximation

allows us to study the large-sample properties of the test statistic in settings that are much

more general than those of the canonical model.

In particular, using the approximation in (6), it suffices to study the asymptotic properties
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of the q × 1 vector Yn and the diagonal matrix Λq where

Yn,j =
n∑
l=1

rj,lxlêl, Yn = (Yn,1, ..., Yn,q)
′, and Λq = diag(λ1, . . . , λq). (7)

Using this notation, the test statistic ξq in (6) becomes

ξq = Y ′
nΛqYn. (8)

3 Large-Sample Analysis

This section derives the asymptotic distribution of ξq under the null and local alternative

hypotheses. The analysis proceeds in three steps. The first step focuses on the large-sample

behavior of the eigenvectors and eigenvalues (rj, λj) that are used to form ξq. Recall that

(rj, λj) are constructed from Σ̄L, the demeaned version of the Lévy-Brownian motion covari-

ance matrix, and therefore depend on the locations {sl}, but not the data {yl, wl}; thus we
begin with an assumption about the distribution of the locations. The second step involves

assumptions about the large-sample behavior of weighted averages of terms such as xlul and

xlwl that appear in Yn; we postulate high-level central limit and law of large numbers results

for these weighted averages. The third step combines the results from the previous steps to

deduce the large-sample behavior of Yn, and thus ξq.

3.1 Assumptions

3.1.1 Locations and Large-Sample Behavior of (rj, λj)

We make the following assumption on the locations.

Condition 1. For νn → ∞, the locations sl are generated via sl = νns
0
l , with s

0
l i.i.d. from a

bounded and continuous density g (with c.d.f. denoted by G) with support in the compact set

S ⊂ Rd, d ≥ 1.

Condition 1 follows Lahiri (2003) in modelling the (typically irregular) pattern of locations

as random. The assumption rationalizes different concentrations of observed locations by

allowing for non-uniform sampling with density g.
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Since νn is assumed to diverge, Condition 1 assumes a form of increasing domain asymp-

totics, where the observed locations cover a larger and larger region νnS = {s : ν−1
n s ∈ S}.

This allows for the application of a central limit theorem and law of large numbers of ran-

dom variables whose dependence decays as their distance increases. If νn/n
1/d → 0, then

the increase in the overall size of the sampling region is sufficiently slow that the number

of observations in a fixed subregion becomes relatively more dense, that is, Condition 1 also

allows for a form of infill asymptotics. See Lahiri (1996, 2003) and Lahiri and Zhu (2006) for

further discussion.

The i.i.d. modelling assumption for the locations plays an important role in the determi-

nation of the limiting variance in the central limit theorem below, but does not otherwise enter

the analysis. All other random variables, such as {(wl, ul)}nl=1 are independent of {sl}nl=1, and

our analysis proceeds conditional on {sl}nl=1 (which we do not emphasize in the notation to

avoid clutter). In particular, the variability in the suggested test statistic is not driven by the

randomness in Condition 1.

Condition 1 imposes sufficient structure to study the asymptotic behavior of the weights

λj and the eigenvectors rj that appear ξq: Define L̄(s) = L(s) −
∫
L(r)dG(r), a demeaned

Lévy-Brownian Motion on S. By Mercer’s Theorem, the (continuous) covariance kernel k̄L of

L̄ has a spectral decomposition

k̄L(r, s) = E[L̄(s)L̄(r)] =
∞∑
j=1

λ0jφj(s)φj(r) (9)

with eigenvectors λ01 ≥ λ02 ≥ . . ., and eigenfunctions φj(s) = λ−1
j

∫
φj(r)k̄L(r, s)dG(r) that

are continuous for λ0j > 0, orthonormal
∫
φi(s)φj(s)dG(s) = 1[i = j] and orthogonal to a

constant,
∫
φj(s)dG(s) = 0, j = 1, 2, . . .. Lemma 6 of Müller and Watson (2022) establishes

that under Condition 1 and for any finite q, the largest q eigenvalue-eigenvector pairs (λj, rj)

of Σ̄L become well approximated by the corresponding eigenvalue-eigenfunction pairs of k̄L,

that is

sup
j≤q

|λj − λ0j |
p→ 0 (10)

sup
1≤l≤n,j≤q

|rj,l − φj(s
0
l )|

p→ 0 (11)

9



provided λ01 > λ02 > . . . > λ0q−1 > λ0q.

3.1.2 Large-Sample Behavior of Weighted Averages of {xlul} and {xlwl}

We now turn to an appropriate high-level assumption about the behavior of weighted averages

of xlul and xlwl. These are central limit and law of large numbers results that hold under

weak dependence and second order stationarity.

Condition 2. There exists a positive sequence an and ω ∈ [0, 1] such that for any uniformly

convergent sequence of functions hn : S 7→ R with (continuous) limit h : S 7→ R,

a−1/2
n

n∑
l=1

hn(s
0
l )xlul ⇒ N

(
0,

∫
S
h(s)2 [ω + (1− ω)g(s)] g(s)ds

)
. (12)

This assumption has two parts: (i) the large-sample normality for the weighted averages,

and (ii) the specific form for the limiting variance. Both parts are motivated by the central

limit theorem in Lahiri (2003).

The particular form of the limiting variance plays an important role in spatial analysis.

To gain intuition suppose that η(·) is a mean-zero stationary random field on νnS with

E[η(r)η(s)] = σ(r − s) for σ : Rd 7→ R and
∫
Rd |σ(s)|ds <∞. Then

Var

[
n∑
l=1

h(s0l )η(sl)

]
=

∑
l

h(s0l )
2σ(0) +

∑
l,ℓ:l ̸=ℓ

h(s0l )h(s
0
ℓ)σ(sl − sℓ)

=
∑
l

h(s0l )
2σ(0) +

∑
l

h(s0l )
∑
ℓ:ℓ̸=l

h(s0l + ν−1
n ∆l,ℓ)σ(∆l,ℓ)

where ∆l,ℓ = sl − sℓ. Since σ(∆l,ℓ) → 0 whenever lim infn ||ν−1
n ∆l,ℓ|| > 0, one would expect

∑
l

h(s0l )
∑
ℓ̸=l

h(s0l + ν−1
n ∆l,ℓ)σ(∆l,ℓ) ≈

∑
l

h(s0l )
2
∑
ℓ:ℓ̸=l

σ(∆l,ℓ).

Furthermore for any r in the interior of S, the distribution of locations sl in a ball of any fixed

radius centered at νnr is approximately uniform under Condition 1. The expected number of

locations that fall into the ball is proportional to g(r)n1/d/νn, yielding

νn
n1/d

∑
l

σ(sl − r) ≈ g(r)

∫
Rd

σ(s)ds.
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This suggests the form of the limiting variance in (12), with nan = σ(0)+
∫
Rd σ(s)ds ·n1/d/νn

and ω ∈ [0, 1] the limit of σ(0)/(σ(0) + nan).

These heuristics (as well as the convergence to a Gaussian limit) are made precise in

Lahiri’s (2003) Theorems 3.1 and 3.2 (and where Lemma 12 of Müller and Watson (2022)

shows that Lahiri’s result also applies to uniformly converging weight functions, as assumed in

Condition 2). The upshot is that even if xlul is stationary and weakly dependent, as a general

matter the limiting variance in (12) depends of the density g. This is an important departure

of the spatial case from the usual time series model in which the “locations” correspond to

the equally-spaced time indices t = 1, 2, ..., which yield a uniform spatial density.

In addition to the CLT in Condition 2, we assume the following.

Condition 3. There exists a q × 1 vector Σxw = (σ2
x,Σ

′
xz)

′ with σ2
x > 0 such that for any

uniformly convergent sequence of functions hn : S 7→ R with limit h,

n−1

n∑
l=1

hn(s
0
l )xlwl

p→
∫
S
h(s)g(s)ds · Σxw. (13)

Condition 3 assumes a law of large numbers for weighted averages of xlwl. One could again

apply Lahiri’s (2003) results, or invoke the mixing conditions in Jenish and Prucha (2009) to

obtain sufficient conditions. Condition 3 is compatible with some form of nonstationarities:

If xl is centered and weakly dependent, then (weighted) averages with any smooth function

will converge to zero. Thus one would expect (13) to hold with Σxw having zero elements in

the rows that correspond to region dummies or (nonlinear) controls for latitude/longitude,

for example.

3.1.3 Asymptotic properties of δ̂

Recall that δ̂ is the OLS estimator of the entire coefficient vector δ = (β, α′)′. We make the

following high level assumption.

Condition 4. δ̂ − δ = Op(a
1/2
n n−1).

If one were to strengthen Conditions 2 and 3 to hold for averages {wlul} and {wlw′
l}, then

Condition 4 would immediately follow from a
−1/2
n n(δ̂ − δ) =

(
n−1

∑
l wlw

′

l

)−1
a
−1/2
n

∑
l wlul,

so weak dependence and stationarity are sufficient. They are not necessary, however, as

Condition 4 is also compatible with, say, region dummies and other forms of non-stationarity.
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3.1.4 Evolution of βl under the alternative

We consider two local alternatives for βl. The first assumes that βl follows a deterministic

piecewise continuous function (and thus allows for discrete breaks in β), and the second

assumes that βl evolves as a scaled Lévy-Brownian motion. The assumptions are:

Condition 5. (a) βl − β = a
1/2
n n−1b(s0l ), l = 1, . . . , n, where b : S 7→ R is sample size

independent piecewise continuous function (formally, for a finite partition {S1, . . . ,Sm} of S,
b : Sj 7→ R is uniformly continuous, and the boundary ∂Sj has Lebesgue measure zero, for all

j = 1, . . . ,m); or

(b) βl − β = κnL(s
0
l ) with κn = a

1/2
n n−1γ for some sample size independent γ ≥ 0,

l = 1, . . . , n.

The local alternatives of the null hypothesis of stable coefficients are of order Op(a
1/2
n n−1),

a rate which is related to the rate of convergence of the CLT in Condition 2 and the “usual”

n−1 rate in the LLN of Condition 3. Intuitively, slower rates of convergence for the CLT

degrade the signal-to-noise ratio in the weighted averages Yn, making it harder to detect any

instability, so the local alternative has to be relatively larger.

3.2 Limiting Distribution of Yn and ξq

Combining these high level assumptions yields the following result.

Theorem 1. (a) Under Conditions 1-4 and 5(a), a
−1/2
n Yn ⇒ Y0 + B, where Y0 ∼ N (0, V0),

with V0,i,j =
∫
S φi(s)φj(s)[ω + (1 − ω)g(s)]g(s)ds and Bi = σ2

x

∫
S φi(s)b(s)dG(s) for i, j =

1, . . . , q. Furthermore,

a−1
n ξq ⇒ (Y0 +B)′Λ0

q(Y0 +B) (14)

where Λ0
q = diag(λ01, . . . , λ

0
q).

(b) Under Conditions 1-4 and 5(b), a
−1/2
n Yn ⇒ Y0+ γσ2

xY1 where Y1 ∼ N (0,Λ0
q). Further-

more,

a−1
n ξq ⇒ (Y0 + γY1)

′Λ0
q(Y0 + γY1). (15)

Note that these limits are those of a location model where xt is a constant and there are

no additional controls zt. This equivalence is essentially due to Condition 3, which ensures

that second moments are approximately constant over S. We exploit this equivalence below

when we derive critical values.
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To get a better understanding of the result in part (b), it is instructive to consider the

case where ω = σ2
x = 1. From the orthogonality of the eigenfunctions φi, we obtain V0 = Iq

and V1 = Λ0
q, so under Condition 3(b)

a−1
n ξq ⇒ Z ′(Λ0

q + γ2(Λ0
q)

2)Z =

q∑
j=1

(λ0j + (γλ0j)
2)Z2

j with Zj ∼ iidN (0, 1), (16)

a weighted average of independent chi-squared random variables (cf. equation (3.3) of Nyblom

(1989)). The presence of Lévy-Brownian motion type-variability of βl is seen to affect the

asymptotic distribution of ξq via the squared eigenvalues in this baseline case.

4 Spatial Correlation-Robust Inference for Varying Co-

efficients

In this section we discuss how to use the asymptotic results in Theorem 1 for inference. A first

subsection concerns the test of the null hypothesis of parameter stability. A second subsection

provides a suggestion for the choice of q, and the final subsection discusses estimation of the

magnitude of parameter instability κ in the Lévy model (4).

4.1 Test Statistic and Critical Value

The construction of an asymptotically valid test based on the results in Theorem 1 faces

two challenges: First, the normalization sequence {an} that appears in the various limits is

unknown, and second, the scalar ω ∈ [0, 1] that appears in the limiting variance V0 in Theorem

1 is an unknown nuisance parameter. We handle these in turn.

To deal with the first issue, we suggest basing inference on the self-normalized statistic

ξsq =
Y ′
nΛqYn
Y ′
nYn

⇒H0

Y ′
0Λ

0
qY0

Y ′
0Y0

(17)

where the convergence follows straightforwardly from Theorem 1 and the continuous mapping

theorem.

The presence of ω in the expression for V0 in Y0 ∼ N (0, V0), V0,i,j =
∫
S φi(s)φj(s)[ω+(1−

ω)g(s)]g(s)ds, is more difficult to handle. A direct approach would require the estimation of
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the density g of the locations s0l . This would be cumbersome. We instead follow Müller and

Watson (2022, 2024) and argue that an asymptotically valid critical value for ξsq is obtained

by considering the small sample critical value that is appropriate in a simple one-parameter

model of dependence: Define the Ornstein-Uhlenbeck process on S as the zero-mean Gaussian

processes η with covariance kernel E[η(r)η(s)] = kc(r, s) = exp(−c||r − s||). We denote the

process by η ∼ Gc. For a sample size independent value of c, η(s0l ) is strongly dependent, as

E[η(r)η(s)] is non-zero for all r ̸= s. For c = cn with cn → ∞, this model induces weaker

dependence, with the exact degree of dependence governed by how quickly cn → ∞. Lahiri’s

result in Condition 2 also applies to this simple model, and it is possible to induce all of the

possible limit variances of Condition 2 by some sequence cn → ∞. Furthermore, recall that

the asymptotic distribution in Theorem 1 is also obtained in a location model. Thus, if we

define Ỹn,j =
∑n

l=1 rj,lη(s
0
l ), Ỹn = (Ỹn,1, . . . , Ỹn,q)

′ and ξ̃
s

q = Ỹ ′
nΛqỸn/Ỹ

′
nỸn, and let cvq,n satisfy

sup
c≥c∗n

P(ξ̃sq > cvq,n) = α (18)

for some c∗n satisfying lim supn c
∗
n < ∞, then cvq,n will be asymptotically valid in the general

model under Conditions 1-4 (see the proof of Theorem 8 in Müller and Watson (2024) for a

precise argument).

To make this approach feasible, we need to choose c∗n. We find it useful to parameterize

c in terms of the implied average correlation between locations. Thus, let cρ̄,n solve ρ̄ =
1

n(n−1)

∑
l

∑
ℓ̸=l kc(sl, sℓ), so that larger values of ρ̄ lead to smaller c. We suggest using an

average correlation of ρ = 0.01 and thus use c∗n = c0.01,n. Under Condition 1, c0.01,n → c0.01,

where c0.01 solves
∫
S

∫
S kc0.01(r, s)g(s)ds · g(r)dr = 0.01, so c0.01,n remains bounded for all n

(irrespective of νn). Thus, (18) not only yields asymptotic size control under all forms of

weak dependence that induce the null distribution in Theorem 1, but the test also controls

size by construction under a particular form of strong dependence in the location model (for

reference, a time series AR(1) with n = 500 observations induces an average correlation of

0.01 for an AR(1) coefficient equal to 0.72, for example). While this choice of critical value

induces conservativeness in the test, at least for large enough n, we consider it attractive to

have some absolute sense of the degree of correlations for which the test is designed to control

size.

Because η ∼ Gc is Gaussian, the critical value cvq,n can be determined quickly and ac-
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curately by applying Imhof’s (1961) procedure to compute the c.d.f. of quadratic forms in

Gaussian variables. We provide details in the appendix, and corresponding Matlab code in

the replication files.

4.2 Determining q

An additional advantage of this construction of the critical value is that it naturally lends

itself to a method for choosing q. Intuitively, a small q leads to low power because too few

weighted averages do not contain enough information to reliably distinguish between the null

and alternative distributions. On the other hand, a very large q also leads to low power, as the

“higher frequency” eigenvectors corresponding to smaller eigenvalues capture the correlation

implied by c∗n = c0.01, which necessitates choosing a large value of cvn in (18). Thus, one does

not want q to be too small or too large, and this trade-off leads to a simple rule for a choice

of q that maximizes power.

We characterize this trade-off as follows. Consider power in the simple location model

under i.i.d. Gaussian errors. Thus, let Y̌n,j =
∑n

l=1 rj,l(εl + κL(sl)), where εl ∼ iidN (0, 1), L

is a Lévy Brownian motion, and κ > 0 indicates the distance of the alternative from the null

hypothesis. Denote by ξ̌
s

q = Y̌ ′
nΛqY̌n/Y̌

′
nY̌n the test statistic applied to this location model

with Y̌n = (Y̌n,1, . . . , Y̌n,q)
′. We would expect that for any critical value cv > 0, the rejection

probability Pκ(ξ̌
s

q > cv) is increasing in κ. Let κq solve Pκq(ξ̌
s

q > cvq,n) = 0.5 (and set

κq = ∞ if no solution exists), that is, for the critical value determined in (18), κq indicates

the magnitude of the alternative in the location model that is required to induce 50% power.

Our suggestion is to choose q such that κq is minimized, among all 2 ≤ q ≤ 50. This

ensures that among all tests of the form (17) that control size in the location model in the

Gc0.01 model, we choose the one that has 50% power against the closest alternative when the

errors are i.i.d. We impose the upper bound of q ≤ 50 to avoid relying on the multivariate

Gaussian implication of Theorem 1 for a very high dimensional Yn.

4.3 Estimating the Variation in Varying Coefficients

We now discuss a method that takes advantage of the result a
−1/2
n Yn ⇒ Y0 + γσ2

xY1 in The-

orem 1 (b) to construct an asymptotically approximately median unbiased estimator of the

magnitude κn = a
1/2
n n−1γ of parameter variation in the Lévy model (4), that is, under the
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assumption that βl − β = κnL(sl), l = 1, . . . , n. (See Stock and Watson (1998) for a related

estimator for time series regressions.) Denote the estimator by κ̂(Yn), where κ̂ : Rq 7→ R.
The construction of κ̂ faces the same two problems already encountered for testing the null

hypothesis of parameter stability in Section 4.1 above, namely the sequence an is unknown,

and the presence of ω in the distribution of Y0 ∼ N (0, V0).

Write Y = Y0 + γσ2
xY1 = Y0 + ψY1, where ψ = γσ2

x is the scale associated with Y1 ∼
N (0,Λ0

q). Let ψ̂ : Rq 7→ R be an estimator of ψ that satisfies

sup
ψ≥0,ω∈[0,1]

P(ψ̂(Y ) > ψ) ≤ 1/2. (19)

In words, the estimator ψ̂ overestimates ψ with probability of at most 1/2, for all values of ψ

and ω ∈ [0, 1] (or, equivalently, the interval [ψ̂(Y ),∞) forms a 50% level one-sided confidence

interval for ψ). Now suppose ψ̂ is scale equivariant, that is, ψ̂(ay) = a · ψ̂(y), for all a > 0

and y ∈ Rq. Then setting κ̂(Yn) = ψ̂(Yn)/(n · σ̂2
x) with σ̂

2
x = n−1

∑n
l=1 x

2
l yields

P(κ̂(Yn) > κn) = P(ψ̂(a−1/2
n Yn) > na−1/2

n σ̂2
xκn)

→ P(ψ̂(Y ) > γσ2
x) = P(ψ̂(Y ) > ψ) ≤ 1/2

where the convergence follows from Condition 3, Theorem 1 (b) and the continuous mapping

theorem (provided ψ̂ is continuous almost everywhere and the c.d.f. of ψ̂(Y ) is continuous at

ψ).

We are thus left to construct a scale equivariant estimator ψ̂ satisfying (19). However, both

g and Λ0
q are not directly observed. So consider instead the construction of a scale equivariant

estimator ψ̂n(Ỹn) in the Gaussian location model where Ỹn,j =
∑n

l=1 rj,l(η(sl) + ψL(sl)/n),

j = 1, . . . , q, and η ∼ Gc. Then by the same logic as applied in the construction of the critical

value in Section 4.1, if ψ̂n satisfies

sup
ψ≥0,c≥c0.01

P(ψ̂n(Ỹn) > ψ) ≤ 1/2 (20)

for all n, then supψ≥0,ω∈[0,1] lim supn→∞ P(ψ̂n(Y ) > ψ) ≤ 1/2 follows under Conditions 1-4

and 5(b).

In practice, there are many equivariant estimators ψ̂n satisfying (20), including highly
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uninformative estimators such as ψ̂n(Yn) = 0. So in addition to the constraint (20) it makes

sense to posit an objective that maximizes informativeness. We choose to minimize the

weighted average excess length of the 50% confidence interval [ψ̂n(Ỹn),∞), that is,∫
E
[
(ψ − ψ̂n(Ỹn))1[ψ > ψ̂n(Ỹn)

]
dW (c, ψ) (21)

where W (c, ψ) is a suitably chosen weighting function. We then rely on the numerical algo-

rithm developed in Müller and Wang (2019) to determine ψ̂n that approximately minimizes

(21) subject to (20). See the Appendix for details.

5 Monte Carlo Results and Empirical Analysis

Section 1 introduced locations across zip codes in the continental United States. In this

section we use data on a wide range of socioeconomic variables measured at these locations

to investigate two questions: How well do the methods developed in the earlier sections

perform in realistic environments calibrated to these data? And how stable or unstable are

the bivariate relationships between these socioeconomic variables in the U.S.?

We begin with a description of the data.

5.1 Data Description

The data are from the American Community Survey, 5-year estimates from 2018-2022, for the

zip codes regions (“zcta”) making up the contiguous 48 states and the District of Columbia.

The dataset contains sixty-one variables measuring educational attainment, income, employ-

ment, race, citizenship, health, marital status, mobility, and a handful of other indicators.

The online appendix provides a detailed description of the variables. The underlying dataset

is a balanced panel of roughly thirty thousand zip codes. Zip codes containing a small number

of observations (generally 250 or fewer) were merged with adjacent zip codes, resulting in a

balanced panel of n = 21, 194 regions. The (approximate) center of each region was used as

its location, sl, and distances between regions are measured by the great circle formula. For

simplicity, we continue to refer to these regions as zip codes.

The raw data were transformed in three ways. First, in most cases, the variables were

scaled by the relevant population in the region. Second, each variable was then converted to
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a percentile over the universe of zip codes. For example, a value of 0.75 for a variable in a

given zip code indicates that this zip code ranks in the 75th percentile for this variable across

the 21,194 zip codes.

The resulting variables typically exhibit strong spatial persistence as indicated by the spa-

tial unit roots test from Müller and Watson (2024), and because strong spatial persistence can

lead to spurious regressions, all of the variables were transformed using the spatial differencing

(LBM-GLS transformation) discussed in Müller and Watson (2024).

We are interested in bivariate regressions involving these variables. By selecting pairs of

the 61 variables from the dataset it is possible to construct 3,660 bivariate regressions. Some

of these involve variables that are closely related by construction (e.g., the fraction of married

adults and the fraction of divorced adults), and as described in the online appendix, we used

simple rules to eliminate pairs of closely-related variables. This yielded the 3,458 bivariate

regressions that are used in the exercises reported below.

5.2 Size and Power

The first set of exercises investigate the size and power properties of the ξs test. It focuses on

two questions. First, how does spatial correlation and (potentially) spatial heteroskedasticity

affect size and power? Second, does the test have power to detect “discrete” spatial-breaks

in the coefficients in addition to the Lévy-Brownian motion variation underlying the design

of the test?

5.2.1 Monte Carlo Design

All experiments involve bivariate regressions of the form yl = α+xlβl+ul where the locations

sl indexing the observations are given by the zip-code locations shown in Figure 1. The

experiments involve three ingredients: (i) the spatial locations, (ii) the process generating the

regressors and error {xl, ul} and (iii) the process generating the coefficients {βl}. We discuss

these in turn.

The spatial locations are given by the entire set of locations shown in Figure 1 (U.S. lo-

cations), or each of the individual states (state locations). The U.S. locations include all 48

states and the District of Columbia. The state locations include the 45 states with 100 or
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more zip code locations.2

The data generating processes (DGP) for {xl, ul} involve zero-mean spatial Ornstein-

Uhlenbeck (OU) processes η ∼ Gc with covariance kernel E[η(r)η(s)] = kc(r, s) = exp(−c||r−
s||). These were discussed earlier in Section 4.1. As described there, cρ denotes the value of c

that yields an average correlation of η(sl) of ρ over the sample locations. We use four values

of ρ, (0.0, 0.001, 0.01, 0.03), and chose critical values for the tests that are designed to control

size for values ρ ≤ 0.01 as described in Section 4.1.

We use four data generating processes for {xl, ul}:

• DGP1: xl = 1 and ul ∼ Gc.

• DGP2: xl and ul are generated by independent Gc/2 processes.

• DGP3: xl is randomly selected from the 61 standardized variables in our dataset and

ul follows a Gc/2 process.

• DGP4: {yacsl , xacsl } are a pair of series from the list of 3,458 bivariate regressions in our

dataset. Then xl = xacsl ηx,l and ul = yacsl ηu,l where ηx,l and ηu,l follow independent Gc/2
processes; this DGP is a version of the “sptially dependent wild bootstrap” in the spirit

of Shao (2010), Conley, Gonçalves, Kim, and Perron (2023) and Kurisu, Kato, and Shao

(2024).

In DGP1, the regressor is constant and errors follow the spatial process used to determine

the critical value. Thus, by construction, the size constraint will be satisfied for values of

ρ ≤ 0.01. For DGP2, xl and ul are independent Gc/2 processes, so the product xlul has the

same second moments as a Gc process, but different higher-order moments. In DGP3, the

spatial autocovariances of xlul are determined in part by the empirical data, and similarly for

DGP4. Note also that any spatial heteroskedasticity in xl will be inherited by xlul in DGP3

and DGP4.

The final ingredient is the data generating process for βl. We consider three.

• Constant β: This is the null model with βl = β (and where invariance makes the value

of β irrelevant).

2This excludes the District of Columbia, Delaware, Rhode Island and Wyoming.

19



• Random Walk: βl is generated from the scaled Lévy-Brownian motion process with

βl ∼ κL(sl), where the parameter κ indexes the size of spatial variation in βl. In our

experiments, where the scale of the regressors and sample sizes differ across states, we

normalize the maximum distance in each experiment to be unity so that maxl,ℓ σ(βl −
βℓ) = κ, use the scaling from Section 4.3 with κ = γ/(σxn

1/2), and use five values of γ,

(0, 5, 10, 20, 40).

• Discrete Break: In this model, βl takes on different values in different regions of the

country. We define regions in three ways: (i) by the 48 states plus the District of

Columbia, (ii) by the nine Census regions, and (iii) by the eastern and western regions

of the U.S.3 In these experiments the values of β are iidN (0, σ2
κ/

√
2
) for each region, so

κ is the standard deviation of the difference in β across regions.

In the experiments with spatially varying coefficients, xl is generated by DGP1 and DGP3

and ul are independent iidN (0, 1) random variables.

5.2.2 Results

Table 1 summarizes the results for size of the ξs test for the four DGPs across each of the

spatial designs. Each table cell shows the rejection frequency for the U.S. spatial design

followed by parentheses showing the minimum and maximum rejection frequencies across

the 45 state designs. DGP1 corresponds to the large-sample model where the regressor is

a constant and the errors follow spatial OU processes; this model is used to construct the

test’s critical value, so that the rejection frequency is 0.05 by construction for ρ = 0.01, and

is less than 0.05 for smaller values of ρ. DGP2 has the same spatial autocorrelations for xlul

as DGP1, but has different higher order moments. The rejection frequencies for DGP2 are

slightly smaller than for DGP1. DGP3 differs from DGP2 by using the ACS data for x. Recall

that these data have been spatially differenced, and the resulting series turn out to be less

spatially correlated than the regressors in DGP2. This results in smaller rejection frequencies.

In DGP4, the regressors and errors inherit the spatial heteroskedasticity of the ACS data and

this results in somewhat large rejection frequencies, with values that (marginally) exceed 0.05

for a handful of state designs.

3For state-wide regions, the number of zip-code observations ranges from 18 (in the District of Columbia)
to 1,381 (in Texas); for Census regions, the number of observations range from 1,273 to 3,649; for the east-west
regions there are 8,192 zip codes in the west and 13,002 in the east.

20



Table 1: Size of nominal 5% tests
ρ DGP1 DGP2 DGP3 DGP4

0 0.011 (0.001, 0.046) 0.011 (0.001, 0.046) 0.013 (0.002, 0.046) 0.015 (0.002, 0.074)

0.001 0.035 (0.018, 0.036) 0.029 (0.012, 0.038) 0.011 (0.002, 0.043) 0.023 (0.002, 0.073)

0.01 0.050 (0.050, 0.050) 0.036 (0.021, 0.048) 0.011 (0.001, 0.040) 0.030 (0.003, 0.074)

0.03 0.111 (0.096, 0.154) 0.072 (0.044, 0.100) 0.010 (0.001, 0.037) 0.056 (0.004, 0.080)
Notes: See text for descriptions of DGP1-DGP4. The entries in the table are the rejection rates using the
U.S. spatial design, followed by the minimum and maximum rejections rates across the states designs shown
in parentheses.

Table 2: Power of nominal 5% tests
γ RandomWalk States Census Districts East-West

(a) x = 1
0 0.01 0.01 0.01 0.01
5 0.12 0.02 0.07 0.24
10 0.36 0.05 0.21 0.52
20 0.64 0.09 0.39 0.74
40 0.80 0.12 0.48 1.0

(b) x = xacs

0 0.01 0.01 0.01 0.01
5 0.12 0.03 0.07 0.23
10 0.35 0.06 0.21 0.51
20 0.62 0.11 0.35 0.73
40 0.77 0.14 0.43 0.88

Table 2 summarizes the power results. Two results stand out. First, while the test was

designed to have good power against random walk variation in the regression coefficients, it

has similarly good power against discrete breaks in the coefficients as long as these discrete

breaks are persistent. Thus, power is low for i.i.d. breaks across the 49 regions in the column

labeled “States”, but increases as the number of regions falls to 9 (“Census Districts”) and

increases further for 2 regions (“East-West”).

The bottom line from these experiments is that the test appears to have good size control

and good power for persistent coefficient variation. The test is not well-suited for higher

frequency variation in regression coefficients.
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Table 3: Empirical results for 3,458 regressions
Percentiles

0.05 0.10 0.25 0.50 0.75 0.90 0.95

|β̂| US 0.01 0.02 0.05 0.11 0.23 0.36 0.46

|β̂| States 0.01 0.02 0.06 0.13 0.25 0.41 0.52

ξs p-value US 0.01 0.01 0.06 0.19 0.42 0.69 0.83
ξs p-value States 0.06 0.12 0.29 0.56 0.81 0.93 0.97

σ∆β,1000km(κ̂) US 0.001 0.009 0.021 0.044 0.072 0.105 0.130
σ∆β,1000km(κ̂) States 0.003 0.004 0.005 0.011 0.224 0.530 0.789

5.3 Spatial Instability in Bivariate Socioeconomic Regressions in

the U.S.

We now turn to the empirical analysis of the 3,458 bivariate spatial regressions involving the

61 socioeconomic variables in the dataset. For each of the regressions we computed three

statistics: (i) β̂, the OLS estimate of β, (ii) the p-value for the ξs test, and (iii) the value of

the standard deviation of the change in βl over 1000km in the random walk model that is

implied by κ̂, the estimator of κ from Section 4.3. These statistics were computed over the

entire continental U.S. and for each of the 45 states with 100 of more zip codes. Table 3 shows

the percentiles across the 3, 458 regressions for the US and the 45× 3458 regressions for the

states.

Recall that the variables are measured in percentiles across zip codes in the U.S., so a

value of β = 0.10 implies that changing x from, say, the 50th to the 60th percentile predicts a

change of y of 1 percentile; the first two rows of the table suggest that estimating β over the

U.S. or across the states yield little difference. In contrast, the following rows suggest that

the evidence of instability in the β coefficients is much stronger across the U.S. than within

states. For example, the null of stability is rejected at the 5% level in nearly 25% of the

U.S. regressions, but in less than 5% of the state-wide regressions. And the final two rows of

the table suggest that this is not simply a matter of power – across the U.S. the median value

of the standard deviation of ∆β is estimated to be 0.04 across 1000km, but within states, the

corresponding value is only 0.01. Evidently, the unique features of each state have important

effects on the relationship between the variables in our dataset.
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6 Concluding Remarks

This paper has developed a test for spatial variation in a spatial regression coefficient. The

test is designed to control size when data are spatially correlated and to have good power when

the coefficient evolves in persistent manner over the spatial domain. Numerical experiments

suggest that the test succeeds both in controlling size and detecting persistent spatial variation

in regression coefficients in realistic designs.

The extension to IV regressions estimated by 2SLS is straightforward. Let ŵl denote the

fitted value from the first stage regression, that is, the regression of wl onto the instruments.

Let x̂l denote the first element of ŵl and êl = yl − w′
lδ̂2SLS denote the IV residual. An IV

version of the test statistic replaces xlêl with x̂lêl, and after making this change the test

proceeds as described in Sections 2-4.

The paper has focused on a test for variation in a scalar coefficient, with the coefficients

on additional regressors assumed to be constant. Extending the analysis to consider spatial

variation for a vector-valued coefficient is conceptually straightforward—calculations involve

a vector-vector score xlêl—although the details associated with constructing a critical value

that controls for multivariate spatial correlation are less straightforward. We leave this to

future work.
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A Proofs

Proof of Theorem 1:

From êl = el − wl(δ̂ − δ), we obtain

a−1/2
n

n∑
l=1

rj,lxlêl = a−1/2
n

n∑
l=1

rj,lxlel −

(
n−1

n∑
l=1

rj,lxlw
′
l

)
a−1/2
n n(δ̂ − δ).

By (11) and Condition 3, n−1
∑n

l=1 rj,lxlw
′
l

p→
∫
φj(s)dG(s)·Σxw = 0, and by Condition 4, a

−1/2
n n(δ̂−

δ) = Op(1), so it suffices to show the claim for a
−1/2
n

∑n
l=1 rj,lxlel.

(a) For arbitrary v1, . . . , vq ∈ R, we have

a−1/2
n

q∑
j=1

vjYn,j = a−1/2
n

n∑
l=1

rv,lxlul + n−1
n∑
l=1

rv,lx
2
l b(sl)

with rv,l =
∑q

j=1 vjrj,l. Given (11) and Condition 3, it follows that supl |rv,l − φv(sl)|
p→ 0, where

φv(s) =
∑q

j=1 vjφj(s). We thus have a
−1/2
n

∑n
l=1 rv,lxlul ⇒ N (0,

∫
φv(s)

2[ω + (1 − ω)g(s)]g(s)ds

by Condition 2. Furthermore, n−1
∑n

l=1 rv,lx
2
l b(sl) =

∑m
j=1 n

−1
∑n

l=1 rv,lx
2
l 1 [sl ∈ Sj ] b(sl). Now for

each j, since b : Sj 7→ R is uniformly continuous, there exists an extension bj of b that is continuous

on the closure S̄j of Sj , and by the Tietze extension theorem (Theorem 4.4. of Lang (1993)), it can

further be extended to be continuous on all of S. Furthermore, since ∂Sj has Lebesgue measure

zero and g is bounded, for every ε > 0 there exists an open set Bj ⊃ ∂Sj such that
∫
Bj
g(s)ds < ε.

The sets S\(Sj ∪ Bj) and S̄j are closed and disjoint, so by Urysohn’s Lemma (Lemma 4.2. of Lang

(1993)), there exists a continuous function h̄j : S 7→ [0, 1] with h̄j(s) = 1 for s ∈ S̄j and h̄j(s) = 0 for

s ∈ S\(Sj ∪Bj). Similarly, the sets ∂Sj ∪ (S\Sj) and Sj\Bj are closed and disjoint, so there exists a

continuous function hj : S 7→ [0, 1] with hj(s) = 1 for s ∈ Sj\Bj and hj(s) = 0 for s ∈ ∂Sj ∪ (S\Sj).
Applying Condition 3 yields

n−1
n∑
l=1

rv,lx
2
l bj(sl)h̄j(sl)

p→ σ2x

∫
φv(s)bj(s)h̄j(s)g(s)ds

and∣∣∣∣∣
∫
φv(s)bj(s)h̄j(s)g(s)ds−

∫
Sj

φv(s)b(s)g(s)ds

∣∣∣∣∣ ≤
∫

|φv(s)bj(s)|(h̄j(s)− 1 [s ∈ Sj ])g(s)ds

≤ ε sup
s

|φv(s)bj(s)|
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Furthermore, again applying Condition 3,∣∣∣∣∣n−1
n∑
l=1

rv,lx
2
l bj(sl)h̄j(sl)− n−1

n∑
l=1

rv,lx
2
l 1 [sl ∈ Sj ] b(sl)

∣∣∣∣∣
≤ n−1

n∑
l=1

x2l |rv,lbj(sl)|
(
h̄j(sl)− 1 [sl ∈ Sj ]

)
≤ n−1

n∑
l=1

x2l |rv,lbj(sl)|
(
h̄j(sl)− hj(sl)

)
p→ σ2x

∫
|φv(s)bj(s)|

(
h̄j(sl)− hj(sl)

)
g(s)ds

≤ ε · σ2x sup
s

|φv(s)bj(s)|.

But ε was arbitrary, so n−1
∑n

l=1 rv,lx
2
l 1 [sl ∈ Sj ] b(sl)

p→
∫
Sj
φv(s)b(s)g(s)ds, and thus

n−1
∑n

l=1 rv,lx
2
l b(sl)

p→
∑m

j=1

∫
Sj
φv(s)b(s)g(s)ds =

∫
φv(s)b(s)g(s)ds. The convergence a

−1/2
n Yn ⇒

Y0 + B now follows from the Cramér-Wold device, and (14) is a consequence of the continuous

mapping theorem.

(b) Let Qn(L) = n−1
∑

l=1 rv,lx
2
lL(sl), where rv,l is defined in the proof of part (a). We now

show that Qn(L)
p→ Q0(L) = σ2x

∫
φv(s)L(s)dG(s). The argument is as follows: because Lévy-

Brownian motion has almost surely continuous sample paths, L can be viewed without loss of

generality as a random element that takes values in the space of continuous functions on S, equipped
with the sup norm. Thus, for every ε > 0, there exists a compact set Cε of continuous functions

S 7→ R such that P(L ∈ Cε) > 1 − ε. On this set Cε, the convergence in probability of Qn(h) =

n−1
∑n

l=1 r
′
v,lwlxlh(sl) to Q0(h) =

∫
φv(s)

′Ωwx(s)h(s)dG(s) is uniform, that is, for all ε0 > 0,

suph∈Cε P(|Qn(h) − Q0(h)| > ε0) → 0. (Suppose otherwise. Then there exists a ε1 > 0 and a

subsequence of functions hn′ ∈ Cε such that along that subsequence, P(|Qn′(hn′)−Q0(hn′)| > ε0) >

ε1. Since Cε is compact, this subsequence hn′ has a further subsequence hn′′ that converges, and

along that subsequence, P(|Qn′′(hn′′) − Q0(hn′′)| > ε0) → 0 by Condition 3, a contradiction.) We

conclude that 1[L ∈ Cε]Qn(L)
p→ 1[L ∈ Cε]Q0(L), and since P(L ∈ Cε) > 1 − ε for arbitrary ε > 0,

also Qn(L)
p→ Q0(L). □

Numerical Determination of cvn,q in (18):

Let Ωq be the q × q covariance matrix of Ỹn ∼ N (0,Ωq) in the Gc model, that is, Ωq = R′
qΣcRq

with Rq = (r1, . . . , rq) and Σc the n× n matrix with l, ℓ element equal to exp(−c||sl − sℓ||). Clearly

P(ξ̃sq > cv) = P(Ỹ ′
n(Λn − cv Iq)Ỹn > 0)

= P(Z ′Ω1/2
q (Λn − cv Iq)Ω

1/2
q Z > 0)
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= P(
q∑
j=1

κjZ2
j > 0)

where κj are the (real) eigenvalues of (Λn − cv Iq)Ωq, scale normalized such that maxj |κj | = 1.

Using the results of Imhof (1961), we find

P(
q∑
j=1

κjZ2
j > 0) = 1

2 +
1

π

∫ ∞

0

sin
(
1
2

∑q
j=1 arctan(κjt)

)
t
∏q
j=1(1 + t2κ2

j )
1/4

dt.

We approximate this indefinite integral by the definite integral with an upper bound of 100 and

Gaussian quadrature with 500 points. Note that 0 < P(ξ̃sq > cv) < 1 requires λq < cv < λ1, so the

critical value can be obtained by simple bisection for a given c. We approximate the maximization

over c ≥ c0.01 by searching over the grid c0.01 exp(5.0j/24), j = 0, . . . , 24.

Numerical Determination of ψ̂n of Section 4.3:

To ease notation, we drop the subscript n on ψ̂n and Ỹn in the following. Note that any scale

equivariant estimator ψ̂ can be written in the form ψ̂(y) =
√
y′yΨ(y/

√
y′y), where Ψ : Sq 7→ R

and Sq is the surface of a q dimensional unit sphere. Define Y s = Ỹ /
√
Ỹ ′Ỹ and U =

√
Ỹ ′Ỹ . Let

θi = (ci, ψi), i = 1, . . . ,m be a discretization of the parameter space, with associated weights wi. We

use a grid of 5 values for ci that approximate a uniform distribution of ln c on [ln c0.01, 5 + ln c0.01]

and a grid of 20 values of ψi that approximate a uniform distribution on [1, 50], so wi = 1/m and

m = 100. Here Σ̄L is scale normalized to have largest eigenvalue equal to 1/π2, matching the value

one would obtain for a demeaned Wiener process on the unit interval, and thus the scale of parameter

variation in the time series case. With this normalization, our test has power of approximately 50%

against ψ = 15, and the upper bound of ψ = 50 induces near 100% rejections, so our grid for ψ

includes all degrees of spatial variation whose presence isn’t entirely obvious.

We seek to solve the program

min
δ

∑
i

wiEθi [(ψi −Ψ(Y s)U)+] s.t. Pθi(Ψ(Y s)U > ψi) ≤ 1/2, i = 1, . . . ,m

where (x)+ = max(x, 0). Write fθ(y
s) for the density of Y s relative to ν, the uniform measure on

Sq, and fθ(u|ys) for the conditional density of U given Y s. Under Ỹ ∼ N (0,Ωθ), the results in

Appendix B of Müller and Watson (2016) imply that

fθ(y
s) = 1

2π
−q/2|Ωθ|−1/2Γ(q/2)(ys′Ω−1

θ ys)−q/2

fθ(u|ys) =
2−q/2+1

Γ(q/2)
(ys′Ω−1

θ ys)q/2uq−1 exp[−1
2u

2ys′Ω−1
θ ys].
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From a direct calculation, for x > 0

Fθ(x, y
s) =

∫ x

0
fθ(u|ys)du =

γ(q/2, x2ys′Ω−1
θ ys/2)

Γ(q/2)

Mθ(x, y
s) =

∫ x

0
ufθ(u|ys)du =

√
2√

ys′Σ−1ys

γ(q/2 + 1/2, x2ys′Ω−1
θ ys/2)

Γ(q/2)

Aθ(x, y
s) =

∫ x

0
(x− u)fθ(u|ys)du

= xFθ(x, y
s)−Mθ(x, y

s)

where γ(·, ·) is the lower incomplete gamma function. The Lagrangian corresponding to the above

program equals L0 =
∫
L(ys)dν(ys), where

L(ys) =

m∑
i=1

fθi(y
s)

{
wi

∫
fθi(u|y

s)(ψi −Ψ(ys)u)+du+ λi

[
1
2 −

∫
fθi(u|y

s)1[Ψ(ys)u < ψi]du

]}

=

m∑
i=1

fθi(y
s)

{
wiΨ(ys)Aθi

(
ψi

Ψ(ys)
, ys
)
+ λi

[
1
2 − Fθi

(
ψi

Ψ(ys)
, ys
)]}

.

For given Lagrange multipliers {λi}ni=1, the optimal Ψ(ys) is hence obtained by minimizing the

“profile function”

prof(d|ys) =
m∑
i=1

fθi(y
s)

{
widAθi

(
ψi
d
, ys
)
+ λi

[
1
2 − Fθi

(
ψi
d
, ys
)]}

.

The minimizer Ψ(ys) is approximated by evaluating prof(d|ys) on a grid of values for d, and then

choosing Ψ(ys) by minimizing the quadratic approximation to prof(d|ys) around the minimizer on

the grid. We use an equal spaced grid for d from 0, 1, . . . , 50.

The determination of the Lagrange multipliers now proceeds by computing the (approximately)

best Ψ(ys) for a given set of multipliers {λi}mi=1. Then evaluate the m constraints

Pθi(Ψ(Y s)U > ψi) =
1
2 − Eθi

[
Fθi

(
ψi

Ψ(Y s)
, Y s

)]
≤ 1/2, i = 1, . . . ,m

for that choice of Ψ(ys), slightly adjust the multipliers as a function of whether the constraint is

violated or not (so that if a constraint never binds, the corresponding multiplier converges to zero),

and iterate to convergence. See Appendix B of Müller and Wang (2019) for details. To speed up

computations, we further approximate Eθi

[
Fθi

(
ψi
d , Y

s
)]

for d = Ψ(Y s) by a linear interpolation

between the two precomputed values on the grid for d. Furthermore, we approximate the expecta-

tions over Y s by an importance sampling estimator, that is for N i.i.d. draws of Y s
j , j = 1, . . . , N
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from the equal probability mixture fp(y
s) = m−1

∑m
i=1 fθi(y

s), we approximate

Eθi

[
Fθi

(
ψi
d
, Y s

)]
≈ 1

N

N∑
j=1

fθi(Y
s
j )

fp(Y s
j )
Fθi

(
ψi
d
, Y s

j

)

with N = 100, 000.

The numerical determination of the Lagrange multipliers for a given set of locations takes less

than a minute on a modern workstation in a Fortran implementation, and the evaluation of ψ̂n given

the multipliers is practically instantaneous.

28



References

Andrews, D. W. K. (1993): “Tests for Parameter Instability and Structural Change with

Unknown Change Point,” Econometrica, 61, 821–856.

Anselin, L. (1990): “Spatial Dependence and Structural Instability in Applied Regression

Analysis,” Journal of Regional Science, 30(2), 185–207.

Chow, G. C. (1960): “Tests of Equality Between Sets of Coefficients in Two Linear Regres-

sions,” Econometrica, 28, 591–605.
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