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Abstract

This paper investigates issues involved in detrending economic time series, when the
trend is modelled as & stochastic process. In particular, it considers univeriste unobserved
component models in which an observed series is additively decomposed into its trend, a random
walk with drift, and & residual which follows a sistionary stochestic process. Starting from the
Wold decomposition for the observed series, three observationally equivalent decompositions are
discussed. Optimal detrending methods are derived for the three models. It is shown that the
optimael one-sided estimate of the trend is identical for all of the three observationally
equivalent models. The paper also discusses the properties of the detrended series, which special
atiention paid to the use of thess ser ies in regression models.

The methods are applied to three macroeconomic time series, GNP, Disposable Income, and
Consumption Expenditures for Non-Dursables. We find that by parameterising the stochestic
processes generaling these series in terms of the unobserved components model, sensible
estimates of the trend sre produced, and long run forecasts superior to those obtained by ARIMA
models can be constructed The detrended dispossble income deta together wihi the consumption

dala are used to test one variant of the life cycle hypothesis of consumption.
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1 introduction

Mosl macroeconomic time series exhibil s clear tendency to grow over Lime and can be characterized as
“trending.” The statistical theory underlying most modern Lime series snalysis relies on the sssumplion of
covariance stalionsrity, sn assumption Lhat is clearly violasted by most macroeconomic Lime series. in applied
economelric work it is ususlly sssumed that this statistical theory can be applied Lo deviations of the observed
time series from their trend value. Since it is often the case that these deviations or economic fluctuations are
of primary interest, modern time series Lechnigues are often applied Lo "detrended™ economic time series.

Much recent work has been devoled to issues imvolving trends or long-run components in economic
series. Some of this work has devoled itsell Lo the proper charsclerization of “Lrends” in economic data. A
nolsble contribution on this topic is the psper by Plosser snd Nelson (1981) which considers the use of
deterministic and stochaslic trends. Other work (s.g. Nelson and Kang (1981), and (1984)) has been concerned
with the economelric consequences of misspecification in the model for the trend component. Still more work has
sddressed the issue of detecling long—run relstionships (e.g. Geweke (1983)), or incorporsting long run
relationships in short run dynamic relationships (e.g. the work on "error correction models™ begun in Davidson,
et.al. (1978) snd the co-integrated processes introduced in Granger{1983) and discussed further in Engle and
Granger (1984).)

Research concerning the proper cheracterization of long run trend behavior in economic time series is
important for a variety of reasons._ First, the work of Nelson snd Kang and others shows that misspecification in
the model for the trend can seriously affect the estimated dynamics in an econometric model. Proper estimation
of these dynamic relationships is important if they are to be used to test modern theories of economic behavior.
These theories put very tighl restrictions on the dynamic interrelationships belween economic varisbles.
Misspecification of trend components will often lead the analyst Lo incorrect inferences concerning the validily
of these theories. The proper specification of long—run relationships is also critical for long-term forecasting.

This paper proposes a method for removing stochastic trends from economic time series. The method is
similar to one originally proposed by Beveridge and Melson {1981) for ARIMA models, but differs in two
important respects. First, the problem is cast in an unobserved components framework, in which the trend is

modelled as & random walk with drift, snd the remaining “cyclical componenl = of the series is modelied 85 a



general covariance stationary process. This framework sliows us Lo discuss and construcl optimal detrending
methods. One of Lhe optimal detrending methods corresponds to the (negative of the ) Beveridge and Nelson
transilory component. Our empirical results also demonsirale Lhat ARIMA snd Unobserved Components
formulations which are equivalent in principle, sre dramatically different in practice.

The paper is orgenized as follows. The next section specifies the model for the observed series, the
Lrend component, and the residual “cyclical” component. We begin with a general ARIMA formulstion for the
observed series and describe how the stochestic process can be “factored™ into the two processes for the
components. dentification issues are also addressed in this section. Seclion 3 discusses methods for estimating
and eliminating the stochastic trends. The properties of the delrended series sre addressed, snd special
sttention is paid to the use of these series in constructing econometric models. The final two sections contain
empirical examples. Three postwar US macroeconomic time series, GNP, disposable income, snd consumption of
nondurables, are analysed. Section 4 looks at each of Lhese series in isolation, and presents snd compares
various estimates of the detrended series. Section 5 uses the data for nondursble consumptlion snd disposable
income to test the “consumption follows a rendom-walk”™ implication of one version of the life cycle consumplion

maodel. The final section conlains a shorl summary and some concluding remarks.
2 The Model

This section will introduce three models that additively decompose sn observed Lime series, x;. inlo &
trend and cyclical components. Each of these models will assume, or imply, that the change in x, is a covariance

stationary process. We begin with the Wold representation for Ax;, which we wrile as
(2.1) ax = 8+8% (B) o™

where A is the first difference operator, 8*(B) is a polynomial in the backshift operator B, snd tt" is while
noise. The assumption that x, is stationary is sppropriate for most non-seasonal macro-economic time series
Seasonal series oflen require a differencing operator of the form (1-B5) where s is the seasonal span (12 for

monthly, 4 for quarterly etc.). Our assumption is nol adequate to handle these series, and therefore, we are



assuming that the series are either non-seasonal or have been seasonally adjusted.

The representation for the level of the series Xy that we consider in this paper is

t?.?} ":I.. = "t + tl.

whaere

@) ¢ =54y el var(e, %)= 62

and (cy, 11‘} is & jointly stalionsry process. A variely of specific sssumplions sbout this process will be given
below. The component T, corresponds o the trend component in the varisble Xy the "detrending” will sttempt
to eliminate this component. Equation (2.3} represents this trend =5 a rendom walk with drift, which can be
viewed as a flexible linear trend. The linear trend is a special case of (2.3) and corresponds to the restriction
02“ = (, The forecast function of (2.3) is linear with 8 constant slope of § and # level that veries with the
realization of &,%. More general formulations are certainly possible. Harvey and Todd (1983) consider a model
in which the drift term, §;, evoives as a random walk. This sliows the slope as well s the level of the forecast
function of ¥y to vary through time. This formulation implies that x; must be differenced twice Lo induce
slationarity, and therefore is ruled out by our sssumption that Axtil stationary.

To complete the specification of the modal we must list our assumptions concerning the covarisnce
properties of = snd the cross-coveriances between g and 'I." We consider three sets of assumptions. The

assumptions will differ in the way that ¢y and “t—kt are correlated. We consider esch model in turn:

Mode! 1

The model for l:l_is

(2.4.1) ¢, = 8%(B)e,*

whers i‘EBl is & one—sided polynomial in the backshift operator. In this model, the innovations in the trend and



cyclical components are perfectly correlated. There is a one-Lo-one correspondence belween models of the form
(2.1) and models characterized by (2.2), (2.3), snd (2.4.1). This implies Lhat the parameters of the unobserved
components formulation (2.3) and (2.4.1) are econometrically identifisble. To show this, we show Lhe unique

correspondence between the coefficients in the two representations. Equating the two representations for Ax,

we see that

B = [1- (1-BP B,
so that

XD 2, = P

The relationship between the remaining coefTicients follows directly from equaling the coefficients in B in the

polynomials
[(1-899- 0% -8g"B - B%-0,%B2 - - - 10, =[1-8,8-0,8%- - -16,,
The perfect correlation between the inncvations in the componentis is an assumption thal some might find

objectionable on # prior/ grounds. A model in which the components are completely uncorrelated is given in Lhe

naxt model.

Model 2

In this model the component ¢, evolves according Lo
(2.42) ¢, = 8B, ©

where ‘tc and 'ch are uncorrelated for all k. Like Model 1 the formulation in (2.2), (2.3) and (2.4.2) is

econometrically identifiable. To see this, we once sgain eguate the representations for Axy corresponding to



(2.1) and (2.2), (2.3), and (2.4.2). This implies
@25) |XDE &2, = ¢,

The coefficients in 5(B) can be found by forming the factorizstion of
28) PR VA, - ¢, = (1212 HePR) e NeE

subject to the usual identifying normalizstions (e.g. 85° = 1 and the roots of 8%(z) are on or outside the unit
circle).

Equation (2.6) can be used Lo show that (2.2){2.4.2) place testsble restrictions on the Ax, process
given in (2.1). To see this, set z=e 2, so that the right-hand side of (2.6) is the spectrum of (1-BX,. Since
the spectrum is non-negative, the lefl-hand side of (2.6) must be non—negative for all w. This implies that
e R 002, 262, for all w, with equalily guarsnteed at =0 by equation (2.5). We then conclude that
the spectrum of x;, %) ﬂ”}dzﬂ, has s global minimum at w=0. Only processes with this feature can
be represented by Model 2. (This rules out models like an ARIMA(1,1,0) with positive sutoregressive
coefficient. ) The restrictiveness of this assumplion will be investigated empirically for three macroeconomic

time series in section 4.

Model 3 combines the features of Models | and 2. The component ¢, is represented as
(2.4.3) ¢, = 4%(B)e | © + 4°(Ble,*
where $°(B) and $¥(B) are one-sided polynomials in B. This model can be viewed as a mixture of Models 1 and 2

Since both of those models are individually indentifisble, Model 3 is nol. The model can be identified by making

some #7 hocnormalizing assumplions. One normalization would minimize the contribution of ett to the variance



of ¢;. and make the model as close to Model 2 as possible. This normalization would produce Model 2 if Lhe
spectrum of the change in x; satisfied the constraint given in equation (25). Other normalizations ars possible.
In the next section we will discuss "delrending” in Lhe conlext of the models given sbove, and discuss the

use of detrended dala in the construction of econometric models.

3 Estimation Issues

The models presented in the lasl section suggest that “detrending™ should be viewed as a method for
estimating and removing the component ¢, from the observed series Xy If we denote the estimated trend by?;
then the detrended series is given by 2, = x,-2, . Differsnt detrending methods correspond Lo different methods
for estimating ¥. A variety of criteria cen be used Lo choose smong competing estimation methods. We will
consider linear minimum mean square error (Imse) estimators constructed using information sets &, = (x, %,
e "h]- We concentrate on these estimators for a veriety of reasons. In sddition Lo the usual reasons, including
ease of computation and oplimality for gquadratic loss, the use of Imse estimators guarsniee certain
orthogonality properties imolving the estimation errors "'t'?t -?l— gy These properlies play a key role in the
formation of instrumental varisble estimators that are discussed below. We concentrate on a univariate
information set for computational ease. In general, multivariate methods will produce more accurate estimates.
The univariate methods considered in this paper can serve as a benchmark to meesure the marginal gains from
considering more general, multiveriate models.

We will discuss detrending in the context of the general model — Model 3. The resulls for Model 1 can be
found by setting 45(B) = 0, snd 9(B) =4¥(B), and the results for Model 2 can be found by #%B) = 0, snd
8°B)>=4%(B). A convenient starting point for the discussion is the Imse of € using the information set ( -, x_,.
X+ %1+ ). In this case the standard Wiener filter for stationary processes (see e.g. Whittle [1963]) can be

extended Lo this non-stationary case (see Bell[ 1984] ) to yield
M
B.10 = VB)g =X

where the coefficients in the two-sided polynomial V(B) can be found from



(3.2) V@) =062, [1+01-z" %) [M'I)GZ.JI

We denote E(w, |3, ) by w, . for any varisble w (where E is used Lo denote the projection operstor). From

squsation (3.1)

B3 p =ERY) = Iv; B4y

so that the estimates of the trend using the information sel ’h can be formed from the Wiener filter with
unknown values of x replaced by forecasts or backcasts constructed from the set #,.

The form of the filter V(B) given in (3.2) makes it clear thal the Imse estimate depends on 4%(z).
Different V(B)} polynomials will be sssociated with Models 1, 2, and 3, so that difTerent Imse estimates of c;
will be constructed. Equation (3.2) makes it clear, however, that the difference arises from the way in which
future data is used in the construction of Tin- All models produce the identical values of T for hit. This is

essily demonstrated. From (2.2)

"Uh = S * Cum
For hst

ek =t tEE fork=12, -
so that

Kpak/h K8 =€ + Cpapm

Since all of the models imply that c, is stationary (with mean zero),



]1!11 { k -}-} :l"t!“h = u'

s0 that

“m{h">-][Nt+k;h 'k‘]"‘un

This result shows thal, in principle, the estimates St (which will be called the filtered estimates) can
be formed without access Lo sny specialized software. To calculste the filtered estimates one merely constructs
an ARIMA model for x, and then forecasts the series (less the delerministic incresses k6) into the distant
future. This forecast corresponds to the filtered estimate, ¥, » . This estimate of a permanent component was
first suggested by Burridge snd Melson(1981) in their permanent/transitory decomposition of economic time
series. They define their transitory component as T T Sy in the notation shove. This discussion shows
that their estimate of the permanent component corresponds to an optimal one-sided estimator for the Lrend in
the models under consideration in this paper.

While the optimal fillered estimate c,,, is identified — is nol model dependent — ils precision is nol
identified. That is, the mean square of Ect- cysy) will depend on the assumed model. If Model 1 is used to describe
the decomposilion of the data then Tyt~ Sy 50 that the mean square error is zero. For the other models, Xy is
made up of both noises e and e€ so that it is impossible to perfactly disentangle ¢, and c, when only their sum,
Xy is observed. Since the Models 1,2, and 3 are observationally squivalent the mean square of {':l' :Ut} is not
identifed.

The remainder of this section will focus on the use of estimeted values of ¢, in linear regression models.
Replacing c; by ¢, s, in regression models leads to problems similer Lo those in Lhe classic errors-in-varisbles
model. As the exsmples below will demonstrate, OLS estimates of regression coefficients will quite often be

inconsistent.

We will begin our discussion by writing the orthogonal decomposition of ¢, es

:t= :Uh + th,



where a, ;. is the signal extraction error that srises from the use of information set #, . Ordinary lesst square
regression estimates rely on ssmple covarisnces between observable variables, end the consistency of OLS
estimates follow from the consistency of these sample covariances. Consider then, the covarience between an

arbitrary varisble w snd c. From the decomposition of ¢, we have
coviw cy) = coviw gy ) + coviw 8 )

The coviw f_r.t‘J will be consistently estimated by the sample covariance between w; and c; ,, if coviw t'UhH]-
In general this will not be true, so that coviw c;) ® covlwc, ». ). Recall, however, that s, , is a projection
error, so that it is uncorrelsted with linesr combinations of dets in #;. By construcling w; #s a linear
combination of the elements in §;, we can gusrantee that coviw,c,) = coviwc, 4 ). We will use this fact in

construction of instrumenlal verisble estimators. it will be convenient Lo discuss a variety of estimation issues

in the context of some specific models.

The first model has current and Isgged values of ¢, #s independent varisbles, so that

yp= Z e Birz Y+l

where 2, is a j veclor of observable variables, and we will essume (without loss of generalily) that §, is white

noise. We can rewrite this model in terms of observables as

W= Ziy Cpopn Btz Y48+ Ty oy, By

= Ty o Bt Yty

where u, is the composite error term §, + 21,1 84_i/n By - The unknown persmeters By, B, -, By, ¥y, N
will be consistently estimated by OLS if the regressors c,_;,, and 2, are uncorrelated with the error term u;.
This may not be true for a variety of ressons.

Two sources of correlation are immedistely spparent. First, consider the correlation between Cy-jsn #nd

§;. In many models it will be ressonable to sssume that £, is uncorrelated with current end lagged values of c;,
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bul unreasonable to sssume that E!. is uncorrelated with future values of c;. (Correlation between tl and c; will
exist if there is feedback from y, to c;.). But when hot, ¢;_ 4, will contsin future xy's. and therefore Cy-jsp Will
contain linear combinations of future c,'s. This may induce a correlation between c,_;». &nd §; even thoughc,_
and £, are uncorrelated. The second source of correlation between the regressors and the disturbance srises
from the possible correlation between z and 8 i/ These varisbles will be correlated when z; conlains useful
information sbout ¢, not contained in .

These problems can be circumvented by the use of instrumental verisbles. In particular, the varisbles in
’t can be used as instruments to estimate the model. When constructing instrumental variable estimates, it is
useful to make use of the fact that, for hot, ¢, = Elcyy, | #). so thet IV estimates cen be formed by
regressing y; on the fillered values, c ;. l‘ld?t. the fitted values from the regression of 2; onlo the set of
instruments. Finally, it should be pointed out that the error terms, u;, may be serially correlated so that
standard errors may have to be calculated using the procedures outlined in Cumby, Huizings, snd Obstfeld
(1983), or Haysshi and Sims (1983).

The second regression model that we consider is
= Zjmy o B+ 7Y+ by

This model should be interpreted as the true generating equation for c,, so that §; is uncorrelated with all
varisbles dated t-1 or earlier. Models | - 3 described in the last section can be viewed as reduced forms of
this model, where Lhe zl's have been solved out as in Zeliner and Palm (1976). Writing the model in terms of

observebles we have

Cuh = Zimg Cpoizn B+ 20148 oy + Zieg 8o By

= Zicy Coym B+ 2 Y Hyy

As in the previous model the observed regressors c;_;, and z; may be correlated with the error term, uy,
leading Lo inconsisitency of the OLS estimales. When h2t, the estimates c;_; . contain future ;s and therefore

will be correlated with §,. The varisbles z; can be viewed as “causes” of c, and will therefore contain useful



information about the c's, which is not contsined in the univariate information set #,. This will induce &
correlation between z, and a;_, . . Instrumental varisbles can again be used to estimate the model. The data in
#4_ 1 ore valid instruments.

In the discussion sbove we repiaced the Lrue values of c;_; by the estimstes c,_;, . Since these
eslimates depend crucially on the model for c;, » useful alternative is Lo replace them by the estimates ¢, ;.
which do nol depend on the model asumed for Cy- To see the implications of this procedure, rewrile the first

regression example a5

Y= Ziey Oz Bt 2 Y+ 8+ Zicy 8 By

This differs from the formulation sbove in that each c,_; is estimated using a different information set. Since
CMct-IIH't-Ht-J} = 0 for i>j, care must be Laken in choosing instruments. Since #y C #,_(C ~~ C §yy , data
in 4, are valid instruments, and this set can be used.

Finally, it is imporiant to keep in mind that the inconsistency in OLS estimales will depend on the
magnitude of the error in the estimate of ¢t When ¢ is estimated very precisely, the inconsistencies from QLS

heve no practical importance.

4. Univariste Examples

In this section we will snalyse three US. macrosconomic Lime series — real GNP, real disposable
income, snd real consumption of non—durables. We begin by spplying the univariate detrending methods outlined
in the last section Lo the logs of these series, using quarlerly data from 1949 Lhrough 1984. The estimaled
univariale models snd corresponding trend and cyclical components will be discussed in this section. In the nexl
section we will investigate the relationship between the cyclical components of disposable income and
consumplion using regression methods,

Two univariste models heve been estimated for each series. The first is the usual ARIMA model. The
second is an unobserved components (UC) model suggested by the independent trend/cycle decomposition in

Model 2. For each time series, we will present and compere the models and their corresponding trend/cycle
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decomposition. The snalysis in the last section indicated thal, given the Wold decompositon of the observed
series, the opltimal one—sided estimates of the components could be formed using any of the cbservationally
egquivalent representstions of the dats. In principle then, it shouldn't matter whether we form the one-sided
estimates from the ARIMA model or from the UC model. The results below show thalt, in practise, it matters a
great deal which represenLation is used. This spparent contradiction srises from the fact the Wold representation
for the data is not known. The ARIMA model and the UC model correspond Lo different parsimonious wversions of
the Wold representations. Given a finite smount of data it is very difficull Lo discriminate between these

alternative representations for the data sets that we consider.

GNP
The estimated sutocorrelations for log GNP suggested thal the data were non-stationary (the first
estimated autocorrelation was 98). The correlogram for the change in the series suggested that an

ARIMA(1.1,0) modal was sppropriate. The estimated model was:

axp = 005 + 406 ax_,
(.001) (.077)

SE=.0103 L(1=73 L(B)=63 Q23)=149 L=29207

SE is the estimated standard error, L(1) and L(3) are LM statistics for serial correlation in the error Lerm of
order 1 and 3 respectively, and Q(df) Is the Box—Plerce statistic of the residuals. Under the null hypotheseis of
no serial correlation, the LM test statistics are distribuled as 121 and 123 respectively. The final statistic
reported, L, is the value of the log likelihood function.

Interestingly, this estimated model suggests that the spectrum for Ay has a global maximum at the zero
frequency, so that decomposition of Ay into an independent rendom walk and stationary component is not
possible. (Recall that this decomposition required that the spectrum had a global minimum at the zero fregency.)
This means that the trend/cycicial decompostion in Model 2 is inappropriste. Neverless, we estimated a model

of the form given into Model 2. The results were:
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X4= [ty

Ay= 008 (0= 0057)
(oo1)

= 1501 ¢p_q- 577¢pp  (B= 0076)
1z (129)

St = 0099 a(17)= 104 L= 29442

The values for 0 next Lo each equation refer Lo the standard devistion of the disturbance in that equation. The
value for SE is the standard error of the innovation in X in. the one-step shead forecast standard error. It is
comparable to the SE reported for Lhe ARIMA model.

The unobserved components (UC) model performs slightly betier than the ARIMA model in terms of
(within sample) one-step shead forecasting, or equivalently, in Lerms of the valuve of the likelihood funclion.
indeed, bolh models imply very similar behavior for the shori-run bshavior of the series. To see this, notice

that the UC model implies that
(4.1) (1-15018 - 57782) (1-B)x| = (1-1501B - 577B2X1-B) e, + (1-B) ¢,

By Granger’s Lemma Lhe rhs of (4.1) can be represented as a MA(2), and solving for the implied coefTicients

yields

(1-15018 - 5778%)ax, = (1-1.1448 + .1898%), (4, = .0099)
The auloregressive representation for the model is

(1-1.1448 + 18987 )"1(1-1.501B - 57782)ax, = ,

Carrying out the polynomial division we have, approximately
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(1-36B - .058%) ax, = &

which is very close Lo the estimated ARIMA model.

Wwhile the short-run behavior of the UC snd ARIMA models sre very similar, their long—run properties
are quile different. This shows itself in a variety of ways. The spectra implied by the models are quite different
st the low frequencies, the models produce markedly different long—run forecasis and give quite different
one-sided estimates of the trend and cyclical components. Figure 1 compares the two implied spectra. The
ARIMA model implies a spectra with a maximum at the zero frequency, while the UC model implies a model with
a minimum at that freguency. Unfortunately, with only 142 deta points there sre very few periodogram points
corresponding to the low frequencies, so that direct frequency domain estimation methods help little in
discriminating between the modals.

The models csn be compared on their ability Lo forecast over various horizons. In Teble 1 we have
tabulated the {in-sample) rool mesn square error (rmse) for both models over verious forecast horizons. In
sddition we show the relative efficiency of the methods. Wheress the models sre essentially identical for
forecasting one—quarter shead, they differ markedly in their sbilities to forecasl over longer horizons. The
efficiency of the ARIMA model relative Lo the UC model falls to 928 sl 4 quarters, to 818 al 20 quarters, and
to 688 al 40 quarters. This differsnce in long—run forecasts also implies very different estimates for the
one-sided estimates of the trend and cyclical components. in Fgures 2a and 2b we present the aclual series and
the optimal one—sided estimate of the trend using the two models. The trend in the ARIMA model is very close Lo
the actual series, whereas the trend in the UC model smooths Lhe series considerably. In Figure 2d we compare
the (one-sided) estimates of the cyclical component. Here again the differences are subsiantial. The estimales
constructed from the ARIMA model are difficult to interpret, while the estimate corresponding to the UC model
corresponds closely to conventional chronologies of postwar cyclical behavior. This correspondence can be seen
in figure 2e where we have plotted the UC one—sided estimates, and shade the pesk lo trough business cycle
periods as calculated by the NBER

As we pointed out in the last section, conditional on the estimated modsl for Xy, the pne-sided Imse

estimates of ¢; are unigue, i.e. do not depend on the choice of Model 1, 2, or 3. In addition, if we sccept Model |
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as the sppropriste decomposition, then conditional on the parsmelers of the ARIMA model, the one-sided
estimates are exact, i.e. they heve s rool mean squars error of zero Il however, we assume thal Model 2 or 3 is
the correct representation for the cyclical component, then more precise estimates cen be construcled. These
eslimates use future as well as past dsta to improve the one-sided Imse estimates. Using the estimated UC
model, which assumes that Model 2 is the correct representation for Cy. we have constructed the optimal
two-sided estimates. The estimate of the trend is plotled in Figure 2c, and Figure 2Ze compares the oplimal
one—sided and two-sided estimates of the trend component.

Conditional on the parameter estimates, it is also possible to oblain estimates of the precision of the
estimates ¢, ;4 and ¢y p (the two-sided estimale). Using the estimales from Lhe UC model, the root mean square
of (cy- ¢y ) = 020. The root mean square of (c;- c; 1) depends on the amount of future dala svailsble. For t
near the middle of the sample the root mean square of (c,- ¢, 1) = .017 Both estimales are reasonably precise.
Using the orthogonal decomposition of c; = ¢y + &y, we see that var(c,) = var(c, , ) +var(s ), 50 thal &
unit free measure of precision is RZ(h) = var(c t/h ¥(var(c ), which shows the proportion of the variance of c;

explained by ¢,y . For this model RZ(L) = 54 and RZ(T) = .71 (for dala nesr the center of the sample).

Dispesabla Incoms

The estimated ARIMA model for disposable income was

ANI.-- 011 - 2]0&!1_4
(.001) (.080)

SE= 010, L(N=201 , LEB)=17 , A23)= 229 , L =297

The corresponding UC model was
BT Rty

Ay= 009 (6= 0057)
(oa1)



16

c= 1.029 L1~ 024 Cia + 051 Ci-3 ~ 152 Cig * .ﬁfﬂ:t_E (0= .0076)
(.073) (.094) (.084) (.058) (017}

SE = .009 Qli1d) =104 L=2996

We can compare the two models for disposable income using Lhe same procedures discussed in the
comparison of the models for GNP. First, the UC model produces a lower value of the one—step shead mean
square forecast error, SE. Longer forecast horizons are compared in the second panel of Table 1. Here, the
performance of the two models is very similar for 4 to 20 quariers, but markedly different al 40 quarters,
where the relative efficiency of the ARIMA forecast falls o 70%. This difference in long-run forecasts also
leads Lo diferent one—sided trend/cycle decompositions for the two models. These are compared in Figure 3a and
3b.

in Figure 3o we compare the oplimal one—sided and Lwo-sided estimates of the cycle, where the
two-sided estimates are calculated assuming that the UC model is correct. The plots are similar for dais after
1954, but differ from 1951 to 1954, The one—sided estimalss are rather wvolatile during this early period,
reflecting the small number of data points used in their contruction. For one—sided estimates constructed with a
moderately large amount of data the rms of (c;~ ¢y ) = .019. The rms of (cy—cy/7) is only slightly smaller !

The corresponding R2(L) is .68.

Nendurable Censumption

The ARIMA model for nondurable consumption is a random walk. The estimated model and associated

statistics are:

Ox,= 0065
(.0007)

SE = 0086, L(4) = 1.04, Q24) = 217, L=3140
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The estimated UC model was

:Ht= 'I'-L*' Ct
Avy= 0067 ©= 0018)
(.0003)
Et = 940 EI_,_I (ﬁ - WEEJ
(.036)
SE = .0085. Q20) =149, L=3143

The models are clearly very close to one another in lerms of their one—step—ahead forecasl ability, and
likelihood values. If we set the variance of the cyclical component to 0, the UC model implies thal x; is a
random walk, so that the random walk model is nested within the UC model. It is therefore possible, in principle,
Lo test the competing models, using a likelihood ratio test. Unfortunately the test is complicated by the fact that
the AR cosfTicient in the model for c; is nol identified under the random walk hypothesis, but it Is identified in
the more general model. This complicates the distribution of the likelihood ratio statistic; it will not have the
usual asymptotic distribution. This problem has been discussed in detail in Watson and Engle (1985) and Davies
(1977). They show that the correct (aymptotic) critical value for carrying out the test (using the square root
of the likelihood ratio statistic) is bounded below by the criticsl value for the standsrd normal distribution. In
this example, the sguare root of the likelihood ratio statistic ts .77 which implies a lower bound of the
(asymptotic) prob-value of .27. This suggests that the random walk hypothesis cannol be rejected at levels of
27% or less.

The random walk and UC models can also be compared on their longer run forecast abilities. These are
shown in the bottom pannel of Table 1. Hers again, the estimaled UC model dominates. The relative efTiciency of
the random walk model falls to 95K at 4 quarters, Lo BIX at 20 quariers, and Lo 65K at 40 quarters.

The examples in this section tell s consistent story. The short-run forecasting performance of the
ARIMA and UC models are very similar. At longer forecest horizons, the performance of the models difTer
markedly. This difference in the long—run properties of the estimated models, leads Lo very different estimates

of the underlying Lrend component and cyclical components.
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5. Regression Examples

In this section we imvestigate the relstionship between non-dursble consumplion expenditures end the
cyclical component of disposable income. We Lest the proposition that the change in consumption from period t Lo
t+1 is uncorrelated with the cyclical component of disposable income dated t or earlier. The empirical validity of
this proposition, first Lested in Hall (1978), has been the subject of ongoing controversy. (See for example, the
papers by Flavin (1981), and Mankiw and Shapiro (1984).). We begin by molivating the empirical specification
that is used in this paper.

Assume that a consumer is choosing consumption Lo maximize & time sepsrable ulility function, subject

Lo an intertemporal budgel constraint, i.e. the consumer solves

(c,)

where W, wealth al time t (which includes the expecled discountsd value of fulure earning). § is a Lime invariant
subjective discount factor, M is the information set at time L. and r is the constant one period interest rate

The first order conditions for utility maximization imply
(5.2) E(Zyq 1My = (148) (14r)7]

where Z; .y = U1C, 1 WulC ) is the marginal rate of substitution for consumplion between periods L and L+1. An
empirical specification follows from an assumption concerning the functional form of the utility function and the
the probsbality distribution for Zt Here, we follow Hansen and Singleton (1583). Let ;= log Zt and assume that
24411 My = N iy, 02). The log normality of Z;, | implies that E(Z,, {1 Hy) = exp(y#02/2). But squation (5.2)
implies that E(Zy, Iy is constant, so that wy= . for all L. If we now sssume that (C) is of the constant

relative risk aversion form, so that W(C)=(1-8) ™' ¢'"8, then z; = -B (c, 1~ cy). with ¢, = log C;. When ¢y €Hy.
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this implies

Etct-r IIHT.] = Ct‘* a

with @ % 687 1{(62/2) +r6], so that

{5.3} EI.-"’ = cl" a+ Hl+_'|

where &, ¢ is uncorrelated with information svailable at time L. We will Lest this proposition by investigating
the correlation batween Ac, and lagged values of the cyclical component of disposable income.

Before proceeding Lo a test of this hypothesis using the dats described in the last section, one issue
concerning the dsta should be sddressed. When this rendom walk hypothesis is tested using macro dsts, the
consumption and income figures are usually deflated by population before the analysis begins. This expresses all
variables in per—capita terms, so that the data sre loosely consistent with a representative consumer notion. We
have chosen nol to follow this course. While we agree that this transformation is useful in principle, in practice
it can lead Lo serious problems. These problems srise from the errors in the quartarly population series. while
the underlying trend in the population estimate is probably close to the trend in the true series, the
quarter-to—quarter changes in the estimates series is, most likely, slmost entirely noise. Indeed, over S0% of
the sample variation in quarierly postwar population growth rates can be atiributed to three large outliers in the
data series.Z Since our specification is in quartsrly changes, or devistions from a stochastic trends, this
increase in the noise Lo signal ratio will lead Lo serious inconsistencies. Rather than introduce this additional
noisy series into the snalysis, we will use the raw log differences of the non—durable consumption dala and the
stochastically detrended estimates of the log of disposable income.

The snalysic of the last section casts some light on the hypothesis embodied in equation (5.3). There we
showed thal the hypothesis that c, was a univariale random walk was consistent with the data. We calculated a
“t-slatistic™ associsted with this hypothesis that had & value of .77. in this section we ssk whether Acy can be

predicted by linear combinations of disposable income. The models thal we will estimale in this section all have

the form
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(5.4) acy = a+pBlCy 1+ ¢

where y©, is the cyclical component in disposable income, and p(B) is @ one-sided polynomisl in B. Under the
assumption of the life cycle consumption model outlined sbove, @{B) =0 for sny choice of (s one-sided)
polynomial. Since yct is not directly observed, the model (5.4) cannol be estimated by OLS. We will estimate the
model using various proxies for the unobserved "'[t data. The sample period is 1954:1 to 1984:2.9

The first mode! that we estimate, regresses Ac on four lags of y©,, Gie. v<,_y /-1 Y2120
¥Cy_as1-4). Since esch of these constructed varisbles is a linear combination of dats st time t-1 or earlier, the
population OLS coefficients should be zero. The resulls of this regression sre shown in the first column of Table
2. Individually, the coefTicients sre large and have L-statistics ranging from 1.7 to 2.6. The last entry in the
table shows the F-statistic, which tests that all of the coefficients sre equal Lo zero. It tskes on the value 2.7,
Iarger than the S& critical value.

In the next column, the results sre presented for the same model, but with ‘-"tUT- the two-sided
estimates, used s proxies for y©,. The results are simliar. The F-statistic is now 3.8, which is significent at
any reasonable level. The resulls in this column, however, are perfectly consistent with the theory. Recall that
the two-sided estimates contain future values of disposable income. Since future values of disposable income are
not included in M;_q. 4c, may be correlated with these varisbles. (indeed we would expect innovations in
consumption Lo be correlsted with innovations in income.) If we proxy the components y©, by the smoothed
values, and estimate the coefTicients using data in H;_, #s instruments, then the coefficients should not be
significantly different from zero. The resulls of this exercise are shown in the third column. Only Lhe last
coefficient is now significent end the F-statistic has fallen to 2.3, significant at the 108 but not the 5K levals

The results of this section suggest that sggregate postwar US data are not consistent with the life cycle

model outlined above.
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6. Concluding Remarks

This paper was motivated by the desire for a flexible method Lo eliminate trends in economic Lime series.
The method thal was developed in this paper was predicated on the sssumption that detsrministic trend models
were Loo rigid and nol appropriate for most economic time series. The slternative — modelling economic Lime
series as non-stationary stochastic processes of the ARIMA class — confused long—run and cyclical movements
in the series. The useful, fictitious decomposition of a time series into trend and cyclical components could not be
used when modelling series as ARIMA processes. The method described in this paper maintains the comvenient
trend/cycle decomposition, while allowing flexibility in the models for both of the components.

in addition to the general discussion of stochastic detrending offered in the paper, several importani
empirical results were found. First, while the trend/cycle unobserved components models were shown to be
equivalent to ARIMA models, the characteristics of estimated UC snd ARIMA models were shown Lo be quite
different for the three economic time series considered. Both models shared the same shori run characteristics,
but predicted quite different long run behavior of the series. Short run forecesling sbility of the models were
essentially identical, but the UC models provided uniformly belter longer run forecasts. The relstive efficiencies
for the ARIMA models st & 40 quarter forecast horizon ranged from 65K to 70%.

The paper also discussed the use of stochastically detrended dalas in the construction of econometric
models. Here we demonstrated thal care hes to be tsken Lo svoid inconsistencies srising from complications
similar to errors-in-variables. Our empirical example irvestigated the relationship between the change in
consumption of non—durables and lags of the cyclical component of disposable income. Here we found a significant
relationship, which indicates that the simple life cycle model, with its maintsined sssumptions of constant
discount rates, no liquidity constraints, snd time sepsrasble utility, is not consistent with sggregate postwar US

data.
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Footnotes

1. Those familisr with recursive signal extraction methods will recognize the ms(c, - ¢, ) is a Lime varying
quantity that, for the model under consideration, will corverge to a fixed quantity es t grows large. (See
Burridge and Wallis(1983). ) Since one root of the AR process for ¢, is close Lo the unit circle, and is therefore
close to the roots of the AR polynomial for %, the convergence nfttnms[ct-cUt] is very slow. The value of
rms (ct- tm} reported in the text corresponds Lo the value for 1984:2. The recursive algorithm, the Kalman
filter, was initialized with a vague prior, so that rmse’s for sarlier dates are larger. For example, the value for

1966 is .028. The rms(c, - ¢, 1) is spproximately .019 over the entire sample period.

2. The quarterly population data (published by the Department of Commerce, Buresu of Economic Analysis) , sre
very close to e deterministic trend. The trend is interrupted by three very large quarterly outliers. Over the
period 1948:1 to 19804 the sverage quarterly populstion growth rate was J4R, with s sample standard
devialion of .12%. The dats show a BS® population growth rate in 59:1, a 798 growth rate in 71:4, and a
=.23% growth rate in 72:1. These three data points are responsible for most of the sample variance in postwar
population growth rates. They sccount for S18 of the sample sum of squares . When these data sre used Lo
deflale the consumption and income series used in the regressions, the resulls sre dominated by these three data

points.

3. We have started the sample period in 1954 to eliminate the observations in which the estimates v':Ut e

very imprecise. See the discussion on footnote 1.
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