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A  Proofs of Theorems

This part of the supplement contains the proofs omitted from the paper and ap-
pendix. All the proofs shown here use the simplifying assumption that K = pT,
where 0 < p < 1, that is, the proofs are for K = pT? with § = 1. The integer con-
straint on K is ignored. Modifications of these proofs for § < 1 are straightforward,
and these modifications are discussed in the final section of this part.

First a word about terminology. References to “Assumption 1,” “Lemma 1,” and
“Theorem 1”7 are references to the indicated assumption, lemma, or theorem in the
paper. Theorems 7 through 10 are stated and proven in this supplement; Theorem 7
is an extension of our results, while Theorems 8 through 10 are foundations needed
for our results. This supplement also has its own lemmas, which are called “Lemma
S-1,7 ete.

A.1 Preliminary Results

We start by collecting some additional definitions. Some of these repeat definitions
in the paper and are included for completeness.

Definition 1

2
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mean 0 and variance o>
fix (w;) = the marginal likelihood of b; given b,
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Note that Assumption 4 implies the following limits:

SKQg — 00 (A.1)
Ksy — oo
s2logK — oo
K ~°/%10g> K

s2 - 0
K =°%/%nh,log K
— 0
Sk
he
SK
qg(/K — 0.

The following lemmas are used in proving the main results. The first three
lemmas collect Berry-Esseen-type results about convergence of certain densities and
their derivatives to local limits.

Lemma S-1 (Berry-Esseen Results for Densities) Under Assumption 1 and

Assumption 6 through Assumption 8 we have the following local limit rate results: 3 finite
C, KQ st. VK Z KQ,

sup |fixc () — 6 (s)] < CK ilogk (A2)

sup| fiy (s) = ¢/ (s)] < CK SlogK (A.3)

Proof of Lemma S-1: Let n,; = & Suppose that the sequence m;1, 70, . . .

satisfies Conditions A and C of Part BE, where the constants in those conditions
do not depend on i. Then, by Theorem 8 of Part B and a simple change of scale

(recalling that o2 is bounded away from both zero and infinity by Assumption 6),
sup [ fix (s) — ¢ (s)] < CK TlogK (A.4)
SuP‘fz‘/K (3)_¢/(3)‘ < CKfélogK

for each i, where the constant C' does not depend on i. It follows that these
inequalities hold uniformly in ¢ = 1,..., K, i. e., it follows that (A.2) and (A.3)
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hold. To prove the lemma, it therefore suffices to prove that 71,12, ... satisfy
Conditions A and C of Part B with constants that do not depend on .
We first verify that Condition C is satisfied. By Assumption 6, E [1;] = 0 and

T 2 T T
(\/; tzl Tht> - 0_2 Z Z E tizsetgs (A5)

€ s=1 t=1

1 T
= g2 2 [Xied]
tT
E Zx‘i]
t=1

~

— N~

where the first equality is by definition, the second is by the m. d. s. property of the

¢’s (Assumption 6(a)), the third is by the homoskedasticity of the €’s (Assumption

6(c)) and the fourth equality is by the orthonormality of the X’s (Assumption 1).
Also, by Assumption 6(b),

squ[ng} = supE [X5e?] (A.6)

< swp (B[XP]E[P]) 7

%

1/2
- (swe e

< C

so the moment conditions in Condition C hold uniformly in 7. Assumption 7 implies
that {Xeq, t =1,...,T} has maximal correlation coefficient v/, that satisfies v/}, <
De™" for some positive finite constants D and A, since

V, = sup sup |COI"1" (f> g)| (A7)
m - fer2(ny).gel? (M,
> sup |Corr (f, 9)
rer2(9rm),9€L2(955, 10
_ /

= Vln’

where H? is the o-field generated by the random variables
{(88,X18,...,XK8),S = a,...,b}

and Qﬁa is the o-field generated by the random variables {X;s5, s = a,...,b}. The
inequality holds because (as is evident from their respective definitions) Qza is a sub-
o-field of H® for any positive integers a < b and for any i. Thus, the first supremum
is taken over a larger set, and is therefore (weakly) larger than the second supremum.
Now, since D and X obviously do not depend on i, the maximal correlation coefficient
bound derived above is uniform in i. We now need to show that the maximal
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correlation coefficient bound we have obtained implies a strong mixing coefficient
bound as required by Condition C of Part B. But if p, is a maximal correlation
coefficient and «, is the corresponding strong mixing coefficient, we have «,, < i Pn
(by simple calculation, or see display (1.3) of Bradley (1993)). Thus, the strong
mixing coefficients «;, of the random variables {X;e;,t =1,...,T} are bounded
(uniformly in ¢) by iDe*)‘". This verifies that Assumption 1, Assumption 6, and
Assumption 7 imply Condition C of Part B.

It remains to show that Condition A of Part B is implied by Assumption 8
uniformly in 7. Let

1 (s) = / €L (Mit | Mig—ts -+ -, Mig) AN (A.8)
be the characteristic function of n; = X (conditional on all past 7;s), and define
o (s) = / eiseipf (et | Mig—1,- .- M) dey (A.9)

to be the characteristic function of €; (conditional on all past 7;s for some 7).
By Assumption 8,

de; < C < o0

it —00

[e’s) 2
SUP/ ‘d_efpi (Et \ Thit—1y--- 777i1>
and

Suppff (Zit| Mig—1s - - -5 Min)

ot
X
_ Pijt (4] Nigt—15 - - - 7771']'1) }
= su dniipq -+ dn;:
itp/{ XPij (Migia—1s - > Migt| Mist—15 - - - > Mi1) higit=1 "hig
< C.

where pft( (@it] Mig—1, ..., M) is the density of X;; given all past 75, and the second

display above is by Assumption 8 and the fact that the expectation of a function

which is uniformly bounded by a constant is also bounded by that same constant.
We need to show that Ja > 0, Cy < oo, and My < oo such that

Vsl = Co, sup |1 (s)| < Mo |s| ™. (A.10)

Set Cp = 1. Note that Assumption 8 implies that

Slip Wft (3)‘ = Slip / €isstp§ (€t | Nit—15- - 7771'1) dey (A-H)

L[ . d

— Sgp ’_E /OO e €t [d—&pi (5t | ni,t—la e ,7’]1‘1):| d5t
1 > LSEL d2 &

_ - isee | 2 (e I miets i) | de

Sliltp 52/006 {da%pt(tln,u mi1) | dee

< —2 T s d_2 € . N d

— |8‘ sSup ’6 ’ d th (Et ‘ 77@,1‘/717“‘777@1) €t
it J_0o €t
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it

_ < | d?
= |s] 2SF1P/ ’d—ggpi (¢ | Mig—1s-- - mir) | dey
—0o0 t
< Mqls|”?

where the first equality is by definition, the second is by integration by parts, the
third is by another integration by parts, the first inequality is obvious, the fourth
equality is by |e™*%| = 1, and the final inequality is by Assumption 8 as noted
above.

Let p () = p¥ (wit| nis—1,-..,mi). By Feller (1971, page 527) (or simply a
short calculation), we have the first inequality in the following display, and the rest
follow from (A.11) and Assumption 8: for |s| > 1,

sup |¢° (s)] < sup (A12)

e

1

¢zt (S‘/L‘) pzt ( )dl’
1/ls|

< sup + sup

it

/ ¢zt ST pzt )dl’

1/|s]
o [ 05 ) (o) da

it 1/ls|

—1/ls|
| [ (s () o
it _

1

1
o [ 0g (0 (@) da

AL L MM 1/1s|
< / —prf (x)dx +/ 0 7d + Mgdzx
1 [s| sl || ~1/s]
=Ylsl Ar M -1 M,
R B AL
1 |sz| o |sz|
oM,  2Mg  2M.Mg  2MyM;
= TR TR E

so a = 1 and we are finished.

Lemma S-2 (Berry-Esseen Results for Joint Densities) Under Assumption 1

and Assumption 6 through Assumption 8, and with i # j always enforced, we have
that 3 finite C, Ky s.t. V K > K,

sup | fyre (s,u) — 6(s)0(w)| < CK slogK (A.13)
68U
0 a1
sup %fijl( (s,u) =¢'(s)¢(u)] < CK izlogk (A.14)
Z7J7s7u
1 Xiet o
Proof of Lemma S-2: Let nijy = — Yoo ) If the sequence of bivariate
€ jt&t
random variables 7;;1, 7;j2, . . . satisfies Conditions A and C in Part B uniformly in

(4,7), then Theorem 9 of Part B holds uniformly in (4,j) and Lemma S-2 follows.
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The argument that Assumption 1, Assumption 6, and Assumption 7 imply Condition
C of Part B for 7;;1, 72, . . . uniformly in (4, j) parallels the corresponding argument
in the proof of Lemma S-1 and is omitted.

It remains only to show that Assumption 8 implies Condition A of Part B uni-
formly in (i, 7). Let

il s +s (2)
Ut (s1,52) / / i 2mﬂ>p;7jt (Mije | Mije—1s- - mig1) d’?zgtdﬁzgt (A.15)

be the characteristic function of 7;;; conditional on 7;;;-1,...,n;;1. We need to show
that da > 0, Cy < oo, and My < oo such that

Vs| > Co, sup} it ( ’ < My |s|™ (A.16)
First, note that
Slljl})pwt(x“xﬂ‘mﬂ 1o Mij1) (A.17)
= SZIJIF {Pfj’t (il 75, Mije—1, - - - ,772‘3‘1)]95]2 (2l miji—1,- - Jh‘ﬂ)}
< 7

where the equality is by standard conditional probability and the inequality is by
Assumption 8.

We cannot use the rather simple method of Lemma S-1 above to prove (A.16),
because of the possibility that the vectors (sq,s) and (x;, ;) might be orthogonal,

causing ﬁ to be undefined (infinite) even when both |s| and |z| are large.

AT

To avoid tthys problem, define by A the set of points in the plane such that the
angle between the vectors s and z is within 7 of either Z or 2 (that is, the vectors
are “y-close” to being orthogonal), and the magnitude of the x vector is between
ﬁ and |s|"/*. Recall that (s;z; + so1;)° = |s|” x| cos? 0, ., where 6, is the angle
between s and x. Also observe that |cosy| dominates a sawtoothed function of ~y
(draw a line from each zero of |cos| to the nearest maximum of |cosy| to the left
of the zero, and another line to the nearest maximum to the right of the zero, and
you will have drawn the sawtoothed function). Thus, cos™ (% + 7) < %27*2 for

s : — 3
0 < < 3, and the same expression holds for cos 2 (7 + 7).

Set Cy = (g)_ 4/ 3, so we will demonstrate that the inequality in display (A.16)

holds for s such that |s| > (%)_4/3, which implies that |s]| -3/ < 2. Set y =
ls| ~ 3/ 4 sothaty < % for |s| > C and we may apply the cosine inequality developed
in the preceding paragraph. Let B, denote a ball of radius r centered at 0 in %22,
and let %2 — B, denote R? excluding this ball. If r; > ro, let B,, — B,, denote B,
excluding B,,. Let p; (x5, 2;) = piy (@, Tje| Nije—1, - - Mij1). By Feller (1971, page
527) (or simply a short calculation), we have the first inequality in the following
display, where the rest follow from noting that g, (the characteristic function of &,
conditional on 7;;1, . .., 7;;1) could be subsituted for ¢5, in (A.11) with the identical
algebraic-tail result (only the conditioning is different, and Assumption 8 applies to

A-6



both conditioning situations), from (A.17), and from the definitions above.

sup Wz)j(f (51, 82)’ (A.18)
ijt
< sup / / Uiy (5123 + s25) iy (w5, 27) david;
) —0o0 J —00
< sup / Ui (s125 + s91) piyy (i, ;) d| +
gt R2 s|1/4
sup Ui (5125 + 825) piyy (4, 25) dae| +
Wt |/ By
sup / Uiy (12 + so;) Py, (i, ;) da
ut sj1/4=B1/s|
< S}}p/ |5, (125 + s0x) | piy, (i, ;) dae +
gt JR2 5|1/4
sgp/ ’w”t $1T; + So; }pi)](-t (i, z;) dv +
Wt J By
SUP/ |50 (s1i + s95)| D3y (3, 25) de
Wt J B 1/a=Biys)
< sup / Pije (w3, ;) dax +
it JR2=B, 1/4
sup / Pije (@, 27) d +
Wt J By
sup / Pije (@i, ;) do +
1yt J A
sup 650 (i + 82,)| D3y (1,25
ijt sj1/a—B1yjs| =4
C Csy 1/2
< =
< |1/2+| |+2| S|
sgp/ (s12; + Szwj)_Q pfj't (@, ;) do
it sj1/4=B1/1s =4
C Cy 1/2
— 5 |1/2 + W + 25|
sgp/ |s| 7% 2| % cos 2 957xpf§t (@i, x;) dz
1t 5174~ B1yls| A
C Cy 1/2
< | |1/2 +ﬂ+03\ |7y +

Z |S|*27‘2 Sup/ 2|72 py (w1, ;) da
Wt B 1/a=Bijjs—A
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IN

w2, 1
T ls 72 20427r11n<|s|>
C Cy Cs

< -
— |S|1/2 + |3‘ + |S|1/4 | |1/2 (| |)

< C +02+ Cy n Cs
— |S|1/2 |S| |1/4 |S|1/3

|s

where the second-to-last inequality follows from our choice of v = |s|_3/ 4. Thus,
Condition A is satisfied with a = 4, and we are finished.

Lemma S-3 (Rates for Additional Densities) Under Assumption 1 and Assump-
tion 6 through Assumption 8§ I C, Ky < o0 s.t.V K > Ky,

Sl;p} fic (5) — 6 (s)| < CK TlogK (a)

sup ’mm (b) —my <b> < CK tlogK (b)

sup )mK (b) ~ my <b> < CK tlogK (c)

ol () ()] < Xtk 0

sup )m’K (b) — <b> < CK %logK (c)

o [ (0is5) = mo (b)) mo (b5)] < CKFlog K (f)
s ‘?imUK () =ty (5) ma (3)| < Cx 10516 ()

Proof of Lemma S-3: Part (a) follows from Lemma S-1 and

sup’fK (s)— o (s )’ (A.19)
= | = (e (5) — 6 )

1
< e ;Sgp | fire (5) — ¢ ()]
< CK Y'ogK.
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Part (b) follows from Lemma S-1 and

sup e (be) = (1)
/ [ (b= 1) =0 (b - 0)] dc )

[e.9]

(A.20)

= sup
i,b;

< /OO Sup fix (Bz - bi) — ¢ <Bz - bi) dG (bz)

—00 ,b;

< CK Y*logK

Part (c) follows from part (b) in exactly the same way that part (a) follows from
Lemma S-1. Part (d) follows from Lemma S-1 and

sllg) ’m;K (l;l) — my (EZ) (A.21)

= s | [ e (=) =0 (=) a0
= sip /Z [fZ’K <IA)Z — bi> — ¢ (i)z - bz)] dG (b:)

dG (bs)

< /Z Szlg) fix (l;l — bi> — ¢ <[;z - bi)

< CK 'YlogK

where we can interchange differentiation and integration because of the uniformly
bounded derivatives of both of the likelihood functions (Theorem 8 of Part B implies
that 3Ky < oo such that f/x is uniformly bounded for all K > Kj, under our
assumptions). Part (e) follows from Part (d) just as Part (a) follows from Lemma S-
1.

Part (f) follows from Lemma S-2 and

Zsblj}; ’miﬂ( (lA)Z, ZSJ) — My (lA)Z, ZSJ) (A.22)
- /Z [fin <b — b b, — bj> — <b . bi> ¢ (13]- - bj)} dG (b;) dG (b;)
< /_ : s Fisrc (b= bisbs = 1) = 0 (b = 0i) & (B — b5) | 4G (8:) 4G (1)

< CK YSlogK.

Part (g) follows from Lemma S-2 and

a%mw (b.5) - a?;j my (b.5,)

sup
4,0 b;

(A.23)
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= s ;2 /_Z [fm <b — by, b bj) — ¢ (BZ — bl-) ¢ (AJ _ bj)] dG (b))
= s /Z %fﬂ( ( — by, b, — bj) _ <b . bi> & (z}j . @-)] G (b;)

S A RUED R CROICRD)

< CK Y2logK

where we can interchange differentiation and integration because of the uniformly
bounded derivatives of both of the likelihood functions (Theorem 9 of Part B implies
that 4Ky < oo such that % fijrx 1s uniformly bounded for all K > K;, under our

assumptions).

Lemma S-4 (Information and Related Bounds) Assumption 1, Assumption 2,
Assumption 4, and Assumption 6 through Assumption 8 imply that

Sup Imy (z)] < o0 (A.24)
sup iml, (z)] < oo (A.25)
sgp Imi ()] < o (A.26)
Sup |my ()] < o0 (A.27)
N (TZZ((?)) dr < o0 (A.28)

/
/

/Z (m;(%j)(i)SK 2<mK (a:)d;c — Z %m (A.31)
ro (070 0x) < oo (A.32)
re <I;INB, ¢K> < o (A.33)

Further, if in addition Assumption 3 holds,

sup }m;5 (z; 0)’ < 0 (A.34)
x, €O
2,/ 2
a Us"? (77;6,0—6)
sup m(z;0,02)+sy,

up 50 (A.35)

w%w| Q



o o2m’ (;0,62)
m(w;0,62)+sy <

sup (A.36)

=2
z, 0€0,52¢€[0.502,1.502] 9o

wcnm| Q

Proof of Lemma S-4: We shall prove the above lines in order, beginning with the
inequality of expression (A.24).

/as(x—b)dG(b)]
< /sgpwas(x—b)\d(;(b)

- / CodG (b)
= O,

sup [mg ()| = sup

where the first equality is by definition, the inequality is due to the convexity of

the sup function, the next equality uses sup, [¢ (v —b)| = - \1/ﬁ (and employs the

definition Cy = #g)’ and the final equality is trivial.
To see that the finite-derivative claim (A.25) holds use the following argument:

% / ¢ (x — b) dG (b)' (A.37)
[¢@-nacw)
< /sgpw'(a:—bndc;(b)

- / CodG (b)
= O

sup |mj, ()| = sup

= sup
x

where the first equality is by definition, the second equality is by the form of the
normal likelihood, which satisfies the conditions of Dudley (1999, Corollary A.12 on
page 394), the inequality is due to the convexity of the sup function, and the third
equality follows by the direct calculation that sup, |¢' (x — )| = 05\1/%6_ 1/2 b,
and by defining C 05\1/%6* 172
constant with respect to b.

Results (A.26) and (A.27) follow from (A.24) and (A.25) together with parts (c)
and (e) of Lemma S-3.

We now show that (A.28) holds.

/°° Md:ﬂ _ /OO (mib(w))zm(b(x)dx (A.38)

oo Mg (T) so \ 1M (1)

2 o0
< = x*my (z) dx

4
Oc J—oo

The fourth equality is trivial, since Cj is a
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2 [ /s 2
+a_§ - (bNB (x)) me (x) dx
= J% _Zx2m¢, (x) dx
2 [ ([bo (e -G B)\’
t o <f°°oo¢(x—b)dG(b)>m¢(x)dx
< 0%1 _Zx2m¢, (x) dx
< [* B¢ (x — b)dG (b)
o) T ew—vdam M
= —/ x*my (z) dx
+J—§/_Oo/_oob2¢(x—b)dG(b)dx
2 o0
= U—g/_ooﬁmd,(x)dx
+J%/_00b2{/_oo¢(x—b)dx}d0(b)
2 oo
= U—ﬁ/_mxzmd,(x)dx
2 oo
+0_§/_oob2dG(b)
< oo,

where the first equality follows from tr1v1a1 manlpulatlon the second equahty is
due to the fact that bVB (z) = z — o2

Em (z)

first inequality comes from the fact that (a —b)°> < 242 4 2%, the third equal—
ity is by definition, the second inequality is due to the convexity of the squaring
function and an almost-sure-in-z Jensen’s inequality result for conditional expec-
tations (since b¥B (z) is the conditional expectation of b given ) (see Billingsley
[1995, page 449, equation (34.7)]; note that the distribution for x for which the re-
sult holds almost surely is precisely the distribution With density me, so the stated
inequality holds), the fourth equality holds since m, (x f ¢ (z —b)dG (b),
the fifth equality follows from the Tonelli-Fubini theorem the SlXth equality holds
since ffooo ¢(z —b)dr = 1Vb e R, and the final inequality is a direct result of the
moment bounds given in Assumption 2 and Assumption 6.

Now we shall prove the convergence in (A.29).

/_Z (M)2m[( (x)de — /00 Mdm (A.39)

mg (T) + Sk oo Mg ()

-/ (M)Qw () — my (x)) do (Term 1)

— 0 mg (ZL‘)"‘SK
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LT @ N ey my (v) da (Term TT)
/_oo (mK@)JrSK) (m¢($)

iy 2
follows by adding and subtracting [~ (M) mg () dx. First we show that

mi (z)+sKk
Term I converges to zero. Let zx — oo such that szZzxK ~'/*log K — 0 and

sz — 0, which is certainly possible in light of Assumption 4. Then

/°° (WK—@))Q (M () —mg (z)) dz (A.40)

mK( )—I—SK

< C’osK —my (2)) dz
() = mg (2)) da

= Cosy’ +f ZK mK () —my (x)) dz
() —mg () dx

QZKC'K 1/ 4)og K

< Cosg’ +f Y mK (x) —my (x))dx
() —mg (90))43?

< {QZKC’K 1/4logK}

- + Csyz

— 0

where the first inequality follows from the positivity of mg () and the boundedness
of M’ (z) (from (A.27)), the first equality is trivial, the second inequality follows by
using Lemma S-3(c) to get

/ (MK () —mg (z))dz < / CK ~'/*log Kdx

2K

= 2:xkCK Y/ *logK,

the third inequality follows from Markov’s inequality and the (uniformly in K') finite
second moments (due to Assumption 2 and Assumption 6) of the distributions with
densities mg and m,. Finally, the convergence to zero is by the construction of zk.

Second we demonstrate that Term II converges to zero. Use the fact that

(a2 —b%) = (a—b)>+ 2b(a —b) to obtain

/Z [(%) ) (Zi EN ms (@) dz (A.41)

_ / h (m i () _m;ﬁ(xi me (z) dz (Term IIA)
(

[e.o]

+2/0o Emi (x)) ( M (1) ™ (xi) my (z) da. (Term I1B)




We deal with Term IIA, then Term IIB. Add and subtract % inside the
square, then use the fact that (a +b) < 2a® + 2b%, to obtain

/“’( Ml () _mib(xifmqﬁ(x)dx (A.42)

—00 m}( (.T) + Sk me (ZL'

<9 / OO( i (1) (@) )2m¢(x)dx (Term TIA)

o \M (T) +sx  my(z) + sk
N My @) —m;ﬁ () 2m x)dx erm i
w2 (G var ) M@ (Term ITAL)

Now Term ITAi can be shown to converge to zero by the following argument, which

uses the fact that (% - 5)2 = (% (%) + %)2 <2 (%)2 (%)2 +2 (%)2 to obtain

the first inequality below:

2 / Oo( i (7) ™ (2) )2m¢(x)dx (A.43)

mK(l‘)—i‘S}( B m¢(x)+sK

[e.o]

< [ (R () s
+4/°o (me <x>—m;<x>)2m¢(x)dx

0o m¢(x)+sK
o0 ) 2 ~1/4 2
CK "'/*logK
< 4/ (_mK(x) ) ( o8 )m¢(x)dx
oo \k (x) + 5K me (x) + sk
© (OK ~1/8log K\?
—|—4/ ( o8 ) mg (z) dx
oo \ My (T) + 5K
< 4s O K TV 2log K+ 45 2CPK M Mlog K

— 0

where the second inequality follows from Lemma S-3(c,e) and the third inequality
follows from the nonnegativity of my (z) and the boundedness (by (A.27)) of M/ (z).
Finally, the convergence to zero is by rate bounds given in equation (A.1).

’

m!, (z m, (z)\ 2
To see that Term ITAii converges to zero, note that ( 5@ _ gl )> clearly

mg(x)+sx  mg(x)
converges to zero pointwise (since sx — 0 by Assumption 4). Thus, if there is an
integrable (with respect to the measure having density m,) dominating function for

m’ (z m’, (z) 2
( o) _ )) , then we may apply the Dominated Convergence Theorem and

me(x)+sK Mg (x)
be finished. But since (a — b)* < 2a2 + 2%, we have that

(m my (@) my <;) (A44)

IN
)

IN
)
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and we know from our above proof of the inequality (A.28) that

/OO (mib(w)>2m¢(x)dx - /OO @)

0o \Myg (T) s Mg (T)
Thus, Term ITAii converges to zero.
We must still deal with Term IIB:

2 / h (m;5 (x)) ( i (x) ™ (x)) mg(@)dr  (A.45)

0o \g () ) \g (2) + s mg (2)

< o[ (E) o)

0 —/ m/ T 2
X / (mK(x) - ¢()) mg () dz
oo \g () + 55 my (2)
and we see that the first factor is, by our above proof of (A.28), simply a finite
constant, while the second factor is just the square root of Term IIA. But this

means that Term IIB converges to zero, so we have demonstrated the convergence
displayed in (A.29).

m’ (z 2
To show that the convergence (A.30) holds, simply note that <m¢(:";)( +)s;<) —

1/2

m’, (z) 2 m’ (z 2 m’ (z)\ 2
(ngx» pointwise certainly holds, and further that (m¢(i’)( +)s;<> < (miEID and

m’ (z)\ 2 0o (m (x ?
ffooo <ngz§) my (x)de = [ (mi((;)) dr < o0, so we may apply the Dominated
Convergence Theorem to obtain the desired conclusion.

To demonstrate the convergence (A.31) simply add and subtract
m!, (z 2
I <¢7()> mg (z) dx to obtain

—oo \mgle)For
/ Z (M>2m[( (2)de — / < (m@)” (A.46)

my () + s 2 —oo M (7)
(Gt - [

where the convergence to zero follows because the first integral can be treated in
exactly the same way that Term I above was, while the difference of the second and
third integrals goes to zero by the convergence (A.30) shown immediately above.

The finiteness of the Bayes risk in the Gaussian problem, as claimed in (A.32),
can be shown as follows:

re <I5NB, ¢K) (A.47)



= p//%é (B8 (0:) - bl->2<;5K (b b) b (v)
_ p% é// (5" (0) - bi)2 o (b — bi) dbidG (b)
- p/:/(ﬁfB(&)-—@)2¢<&-m)d&d0(m)

< p//b’qu (81 . bl) dbydG (by)

- p/if{/¢(&—bgd&}d0@n

= ,o/bfdG (b)

< o0

where the first equality is by definition, the second equality is trivial, the third
equality follows because each term in the sum of the expression on the second line
is identical, and we may rename all of the variables we are integrating over b; and
Bl, then take the average over K such identical terms, and the first inequality holds
because b8 is a Bayes decision rule, so it produces a Bayes risk no higher than that
of any other decision rule; in particular, it performs no worse, in Bayes-risk terms,
than the constant estimator 0. The fourth equality follows from the Tonelli-Fubini
theorem. Finally, the second inequality holds by Assumption 2.

Result (A.33) follows from |rq (Z;INB, ¢K> —ra(BVB, ¢x)| — 0 as shown in the
proof of Theorem 1(a).

To see that the finite-derivative claim (A.34) holds in the parametric case, use
an argument analogous to that used in demonstrating (A.25):

d
sup }m'd) (x;@)’ = sup —/gb(x—b) dG (b; 0)' (A.48)
z, €O z, 0EO dx
= sup /gb' (x —b)dG (b;@)‘
x, 0O
< sup [sup o/ (o~ )] G (136)
0cO T
= sup/CodG (b; 0)
0cO
= Co.
A trivial application of the quotient rule, and a recognition of the fact that
m > 0, shows that (A.35) follows from sup-bounds on the two derivatives W
and %. We demonstrate the bound for m; the bound for m’ is obtained in
an entirely similar fashion.
om (x;02,0)
Ve ) A.49
Tl o (A
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/_Ooaﬁ(x—y, E)é’g(y, )dyH

- 26
* 99 (y,0)
< - d
- S;,lf/ofs(y “o) |~ g ||
e 0g (2 +x,0)
= su 202 H—’ dz
w [ o(ot) |25
o 09 (z + x,0)
< /_Ooqﬁ(za)sup 0 dz
< C/ (b(z;ag)dz

where the first equality is by definition and the regularity of the integrand (so that
the derivative may be passed under the integral, see Richard M. Dudley (Uniform
Central Limit Theorems, 1999, Corollary A.10)), and the first inequality is by the
convexity of the norm, having exploited the symmetry of the normal density function
and applied Jensen’s inequality after regarding the integral as the expectation of a
function of a normally distributed random variable. The second equality is by a
change of variables, the second inequality is by the convexity of the supremum
function, and the third inequality is by Assumption 3(b). The final inequality is due
to the fact that a normal density integrates to one. Note that |¢'| is symmetric, so
exactly the same logic applies to m/.

Again, applying the quotient rule, and recalling that m > 0, result (A.36) is
implied by sup-bounds for m/, gmg, and ‘9 54z over the above region of o2. But the
restrictions on the region make this trlvwﬂ it is clear from 1nspect10n that the
functions concerned are bounded as long as 62 is bounded away from zero or oo,

which it evidently is.

Lemma S-5 (Lower Bounds for Densities) Under Assumption 1, Assumption
2, and Assumption 4 through Assumption 8 3C1,Cs, Ko < o0 st. VK > K

inf  mg(z) > O\K 1/ (a)

S [*dK,dK}

inf mik (x) > CoK ~ 1/32 (b)

i, S [—dK,dK]

sup { ! }sif(l/” (©

x e [—dg,dg] LMo (z) Gy
1 1
sup < —K! /32 d
i,z € [—dx,dx] { mir () } Cs W

where dg is defined in Definition 1 above.

Proof of Lemma S-5: We prove the parts of the lemma in order, from (a) to (d).

inf  my(x) = mde/ ¢ (xr —u)dG (u)

S [7dK,dK] dK,
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=

1 — L (z—u)?
{ [inf e 22! )}dG(u)
S

n e 29¢ U
—die =€ [-drdr] o,/ 2

% ] — 1442
> e 2 KdG (u)
/—dK o\ 2T

1 ue [0
= e wi K / dG (u)
O 2T —dg

v

S ( 14d2)/deG()
€ex —_— u
D27 P 20'3 K —dg
1 1 Cs
> ——Ad3 ) |1 - ==
- D\/QweXp( 20?2 KH di}
1
> Chiexp (—@40@)
1 log K
= —— 407
CleXp( 202 ¢ 64 )
— O K~1/%

where the first equality is by definition, the first inequality holds because the infimum
function is concave, the second equality is again by definition, the second inequality
is due to the fact that the integrand is nonnegative, the third inequality follows
because the infimum of the normal density over x and u both in [—dg, dk| can be
no smaller than if x and u were 2dg apart, the third equality follows because the
integrand in the previous line is not a function of u, the fourth inequality follows
from the fact that 0> < D < oo by Assumption 6, the fifth inequality is by the
existence of a second moment of G (Assumption 2) and Markov’s inequality, the
sixth equality holds because, for K beyond some K| large enough, we can simply
note that 1 — C%; is greater than some positive constant, the fourth equality is by the
definition of dy in Definition 1, and the last equality follows by simple calculation.

To see that the inequality of part (b) holds, note that inf; ;¢ [—a, %) Mk () >
inf, ¢ [—ax.d] Mo (2) — CK ~ ViAlog K > 1K ~1/3 - CK ~1'/*log K, where the
first inequality comes from Lemma S-3(b) and the second comes from part (a) of
this lemma, which we just proved. Now, for K beyond some K, which is sufficiently
large, we can simply absorb the K ~'/4log K term into the constant on the K —1/32
term, because the latter goes to zero more slowly. Doing so, we obtain the inequality
of part (b). To prove (c) and (d), simply invert the relations in (a) and (b).

Lemma S-6 (Kernel MSE Rates) Under Assumption 1, Assumption 2, and As-
sumption 4 through Assumption 9 3 C, Ky < o0 s.t.V K > Ky,

sup £ { [inae (i)~ (8)]" 15, (@

i,|b; |[<dk
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cof  moem KR Pleg’ K
- + 2K ~ B/ Bhlog K + K1/ 2log’? K

sup £ { [t (i) i (3)]" 15, (b

i7|8i|§dK

<C h%(;el) + R+ K%/ Blog’ K
- + 2K 5/ %hlog K + K~ 1/ *log? K

(5)

sup Pr [
i, |Bi | <dg

— 0

> g | b} (c)

Proof of Lemma S-6: If we have b; € [—dk, dk] then

£ { e (8) = (3)]” 15} (A50)

o (o () 1] 2 1)

<Var (ﬁziK (Z;Z> | IA)Z> (Term I)
+ 2 (E Pk b) | b] — my (b>)2 (Term 11)
+ 2 <m¢ (b — BZ-)>2. (Term T11)

First consider Term I. Now,

Var (miK (Z;Z) | BZ) (A.51)

1 b, — b .
= Var| ———= w | —2 b;
(a2 () 1)
1 b; — b, b; — b .
< — Cov|lw|—2],w| -+ b;
< maor e (s ()« (5) 1)

J# ni
1 b\
< D) 1B w2 2%) 15 ] «
< h%(K_l)QZZTm ) ( - ) |

J#i nF

B
= hx(K—1)

where the first equality is by definition, the first inequality is familiar, and the
second inequality holds by the following argument: first, note that the o-fields
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generated by random variables which are linear combinations of the elements of
the T x 1 vectors X, (where the weights in the linear combinations are fixed) are
certainly sub-o-fields of the o-fields generated by the X; vectors themselves (intu-
itively, we may lose information by taking linear combinations, but we will certainly
never gain information by doing so). Thus, if we recall the notation of Assump-
tion 9, and in addition define G: as the o-field generated by the random variables

{BZ = %X--s + b;: a<i<c}, we see that for any b and for any ¢, G¢ is a
sub-o-field of F¢, so that for any € and for any b,

7(n) > sup sup }C’orr (z, y| Xj,e)}

o m xeF" yeFe
Corr(x v | \/__] e + b)'

m—+n
but this means that the mixing coefficients 7 (n) apply to the b; as well as the X i
since we can certainly use the following bound (letting the o-fields generated by the

lA)i be denoted G¢ as before):

> sup sup
m z€G(€),y€9m 1, (€)

sup sup ’C’orr (:p, Y | l;j,s)’

m €GN YEGY,

= sup sup E HC’OT’T (% y | Eja&b) H

m z€G"yeqGR,

< supsup sup ’Corr <:1:, y|bj,e, b)’
eb m zeGMyeg®,

< 7(n)

which allows us to make use of Doukhan (1994, Theorem 3 (5) on page 9) to con-
clude that, if v and v are G{"-measurable and G, -measurable random variables,
respectively, and if £ [u?], E [v?}] < oo, then

|Cov (u,v)] < 7(n)+\/E[u?\/E[v?].

The final inequality in display (A.51) follows from a change of variables (so that the
argument of the kernel is no longer scaled by hg), the boundedness of the kernel,
and the summability of the 7 (n) (from Assumption 9).

Next, turn to Term II in display (A.50). Because |a||b —c| + |ab— c*| >
el |a — ¢,

sup Mg }m (ylxz) —my (y)}
i,2€[—dk,dx],yeR
1 c
= sup g () | = D (mijx (ylz) —my (y)
i,2€[—dK ,dK],yeR (K —1) ; ( " )
< sup — 1 Zm¢ ’mz]K y|[L‘) me (y)}
i,ze[de,dK],yéR ]#Z
1
< sup mg () [mi (ylz) —mg (y)|

(K = 1) <= vel-dic dic] yen
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| { MG (yl) Imusc () — my () }

sup
(K - 1) i 1,2€[—dK,dK],yeR + |min (yv l’) — My (y) me (l’)|

IN

1 Z{ SUD; ze[—dg,dx],yeR m?jK (y|z) [mix () —

L mg ()] }
(K—1) i + SUD; pel-dg d]yeR Imijr (y, ©) —my (y) mg ()]

< {(Kl_l)z sup m§K<y|x>|mm<x>—m¢<x>|}

]75@ i,ze[de,dK],yéR

+ CK '/ 6log K

1
< sup  mi (yl) sup  |max () —mg ()]
{(K —-1) ; L,me[—dK,dK],yesfe " i,w€[—dx ,dK],yeR v
+ CK ~'/6logK
1 -
< {mz sup miCjK(y|x)CK 1MlogK}

j;ﬁ’t i,me[—dK,dK],yE%

+ CK ~'/%log K

< {;ZO*Kl/”CK‘l/“IogK}
(K—-1)

+ CK ~'/%log K
= C*'K'Y3?CK '/*logK + CK ~'/C®logK
< 3K~ YClogK
where the first equality is by definition, the first inequality is by the convexity of
the absolute value function, the second inequality is by the convexity of the sup
function, the third inequality is by the fact stated immediately above the display,
the fourth inequality is again by the convexity of the sup function, the fifth in-
equality is by Lemma S-3(f), the sixth inequality is again by the properties of the
sup function (the sup of the product may never be greater than the product of
the sups when the arguments are nonnegative), the seventh inequality follows from
Lemma S-3(b), and the eighth inequality follows because m . (y|z) = %((ymf) by
definition, the density m, is bounded (by (A.24)), and Lemma S-3(f) implies that
then the numerator of the fraction is bounded. But the denominator is bounded
by &K'/ as we know from Lemma S-5(d). The second equality follows since
the summand does not depend on j, and the final inequality is due to the fact
that K (/320 -0 /Yoo K = K ~7/32]og K converges to zero more quickly than
K ~1/6log K, so the K ~7/32log K term may be absorbed into the constant on the
K ~1'/6log K term for sufficiently large K.

But from the above calculation, it follows that

sup miz (yla) —my ()] (A.52)
i,zE[—dK,dK},y@R
_ sup o (1)

z‘,me[—dK,dK},yeS‘E md) (:C)

3

| (yla) —me (y)]
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1
sup
i we[—didic],yen Mg ()

X { sup mg () ]mﬁ,{ (ylz) —mg (y)’}

i,xE[—dK,dK},y@R
Loy s g —1/6
< =K 3K log K
Gy

= CjK '/ %logK

where the first equality follows by multiplication by one, the first inequality is due
to the fact that the product of the sups is always at least as large as the sup of
the products (for nonnegative arguments), the second inequality follows from the
above calculation and Lemma S-5(c), and the second equality comes from a trivial
computation. Now, the result immediately above implies that

i, bi€[—dx ,dK]
D) 2o J oo W (2) M <bi - hKZ|bi) dz
= sup "
i, bi€[—dg,dk] —MMy <bz>

_ sup /_OO w(2) mch (i)l — hKZ‘lA)Z') dz —my <i)@>

i, b;€|—dx,d] oo

= sup /_OO w(2) [mﬁ,{ <Z§Z - th\lA)Z) — My <ISZ>] dz

i, b;€|—dx,d] o0

(A.53)

< sup / w(2) M (Bz - th|BZ> — My (@) dz
i, lA)iE[*dK,dK] —0o0
< / w(z)  sup m&e (IA)Z - th|lA)Z) — My (Z;Z) dz
—0o0 i, I;iE[—dK,dK}
< / w(2) sup me (IA)Z — th|lA)l> — my (I;Z — th> ) dz
—0o0 i, i)iE[—dK,dK}
+ / w(z) sup ‘m(b <Z;Z - th> — My <Z;Z> dz
—00 lA)»;E[*dK,dK}
< [Twe s Gl - ma ()] d:
—00 i,a:E[—dK,dK},y@R
+ / w(2) Crhgzdz
< / w(2) C5K 13/ %log Kdz + CZhK/ zw (2) dz

< 3K B/ %og K + Cihg

where the first equality is by definition, the second equality follows from the linearity
of integration, the third equality is due to the fact that mg () = [ mg (z)w (2) dz
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as long as w is a probability density, the first inequality is by the convexity of the
absolute value function, the second inequality is by the convexity of the sup function,

the third inequality follows from adding and subtracting m <I§Z — th) and then

applying the triangle inequality (and the convexity of the sup function again), the
fourth inequality follows because my is uniformly Lipschitz continuous (since ¢ has
a uniformly bounded first derivative, and we can safely interchange the derivative
and the integral), the fifth inequality follows from the calculation immediately above
the current one, and the sixth inequality is due to the fact that the kernel w has
a bounded second, and thus first, moment (as well as the fact that it integrates to
one, in the case of the first of the two terms).
Finally, consider Term III in display (A.50) — we know that

sup (e (bi) = m (b))2 < CK 3 log? K (A.54)
i,b;

from Lemma S-3(c) above.

Substituting the bounds (A.51), (A.53), and (A.54) into display (A.50) yields
part (a) of this lemma.

In the case of part (b) of this lemma, concerning the derivative of the density,
everything is entirely similar, except that the rates slow somewhat, as we use the
rates from Lemma S-3 which pertain to the derivatives, rather than those which
pertain to the densities themselves.

We now have only to demonstrate part (c) of the lemma.

sup Pr [ I <Z;Z> > k| Z;Z} (A.55)

Z}‘i)i‘SdK
< sup Pr Hm;K <I;Z> > SkqK | I;Z}

Z}‘Bi‘ﬁd}(

1\’ S\N\2

< sup ( ) L [(m;K (bz)> |bz:|

i,|i)i|§dk SKA4K

1 2
- af)
SKAK

— 0

m/

where the first inequality follows from the definition of [ = o and the nonnega-
tivity of m, the second inequality is a direct application of Markov’s inequality, and
the third inequality follows from part (b) of this lemma and the uniform bounded-
ness of my (from (A.26)). Finally, the convergence to zero is by Assumption 4 and
the rate results in display (A.1). Q.E.D.

A.2 Proof of Lemma 1

Lemma 1 is Lemma S-4 above, for the Gaussian model. The additional Assumption
6 through Assumption 8 are not needed in this case because b ~ N (0, 021).
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A.3 Proof of Lemma 2

Lemma 2 is Lemma S-6 above, for the Gaussian model. The additional Assumption
6 through Assumption 9 are not needed in this case because b ~ N (0, 02[).

A.4 Proof of Theorem 2
The proof of Theorem 2(b) (given in the text) required the result

lim sup |R(b,bNFB) — R(b,bYP)| = 0.

)
K00 b, <M G

This is shown in the proof of Theorem 6 below, under a more general set of con-
ditions; see the limit in display (A.122). Note that the limit in (A.122) is proven
without reference to Theorem 2(b), though Theorem 2(b) is used later in the proof
of Theorem 6, so our logic is not circular.

A.5 Proof of Theorem 4

Before we begin, note that Assumption 7 implies the following summability inequal-
ities (due to the exponentially decaying upper bound on the v,)

S S w < D<o (A.56)
Z ny, < D < o0
which evidently yield (since v, is nonnegative by definition)

Zun < D < o0 (A.57)

n=1

Proof of Part (a): First, we show unbiasedness:

Elel] = Elé'e

ElXX' A.
] = XX (4.58)

]_T@—K)

K T T

= T TKO'S T (Tl_ K) Z Z Z E [Xiintgsgt]

i=1 t=1 s=1

K T
in]
t=1

2
g
— B E
T-K’ T(T—K)Z

=1

T ,  KTo?

T-K* T(T-K)

2
€

== g

where the first equality follows easily from the definition of 62, the second is by
Assumption 6 and calculation, for the first and second terms respectively, and the
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third equality is due to the fact that E [X;,Xyese] = 0if s # ¢, and = 02E [X?]
it s =¢. The fourth equality follows from the fact that Zthl X2 =T and from
trivial summation. The final equality follows by simple cancellation. Note that the
unbiasedness does not depend on Assumption 7, although Assumption 7 is crucial
later in the proof.

Before entering into the proof of the squared-error bound, it is worth noting that,
for any random variables Zi, ..., Z,, each of which has an n*" absolute moment, and
if p; >0, >, pi = n, then, by iterating Holder’s inequality,

B[R, 2] <nm Bz (A.59)

This fact will prove useful when we apply Assumption 6 to various cross-moments
below, and we will not explicitly cite it when it is applied, in the interest of brevity.
Now, using unbiasedness,

E [(02 ~o2)’] (A.60)
= EB|()°] - o

- sl () ()]
[ (

e'e) (€/%475¢) + H — ot

(22) (#57)

T
T T
E [(T,le Dot 2ot 5?’3?]
- T K T T
= +E |:T(T—2K)2 Zt:l Zz’:l Zs:l Zu:l €§Xiinu53€u]

K K T T T T
g | mE e e T T T T ]
/

Xiinthquwgsgtgugw

\

4
_05

and we shall address each of the three expectations in the final expression in turn.
The first expectation can be written as

1 T T )y B 1 T T )y
(T _ K)2 Zzgsgt] - (T— K)2 ZZE [gsgt] (A'61>

s=1 t=1

E

so that

(A.62)




< Zs:l

(T - K)?
DT
< 2
(T - K)
< G
- K

where the first inequality is clear, the second follows from Assumption 6, and the
third is by the asymptotic nesting which has been assumed, in which K is an asymp-
totically constant fraction of T'.

The second expectation may be evaluated as follows:

T K T T
(T K)? DY XX (A.63)
1

t=1 i=1 s=1 u=

E Xiinugsgu]
t=1 =1 s=1 u=1
Now we must break out six cases:
Case 1: s =t =u.

This contributes, in absolute value,

K T

2
T(T - K)2 ; tzl K [thgt} (A.64)
2D K T ,
sf@jyggmm
2D
IaﬁﬁF;E24
_ 2KTD
- T(T-K)?
C
< =
= K

where the first inequality is by Assumption 6, the first equality is by the
linearity of expectations, the second equality is by Zthl X2 =T, and the
second inequality is by the asymptotic nesting, in which K is asymptotically
a constant fraction of 7.

Case 2: All time subscripts are distinct.
Then F [X;sX;ues6467] = 0 by using the m. d. s. property of ¢, or, if ¢ is the
greatest subscript, by the homoskedastic m. d. s. property of ¢ followed by
the m. d. s. property.

Case 3: s=t>uoru=t>s.
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Suppose w. 1. 0. g. that s =t > u; then

|E [ X Xt | (A.65)
= |E [Xue} Xiueu] — E [Xue}] E [Xiucd]|
v (B X)) (B (X0

mwm-u

<
< My (A.66)

where the equality follows from the fact that F[X;e,] = 0, and the first
inequality follows from Doukhan (1994, Theorem 3 (5) on page 9), which states
that, if r and 2 are H*-measurable and H;;,  -measurable random variables,

respectively, and if £ [r?], E[2%] < oo, then

|Cov (r,2)] < vo/ E[r?\E[2%].

Note in particular that the moment bounds hold by Assumption 6, and that
the o-field H? is generated by the random variables {X,, e, ..., Xp, &,}. The
second inequality follows from the uniform (over i,u, and t) bounds on the
moments guaranteed by Assumption 6. Thus, the absolute value of the con-
tribution of these terms to the expectation is

9 K T T 5
TE_wr |22 2 BlXeeiXue) (A.67)

1=1 u=1 t=u+1

9 K T T ,
= (T - K)2 ;;tgl—l }E [XitEtXwgu} ’
M. K T T
WZZ > Ve

i=1 u=1 t=u+1

IN

AN
~
IS
3E
=
Ny
\d
N

2M,C*

T(T - K)*“
2MC*KT
T(T — K)’
Cs

K

where the first inequality is by the triangle inequality, the second inequality is
by the preceding display, the first equality is by setting n = t — u, the third
inequality is due to the fact that v, > 0 by definition, the fourth inequality
is by expression (A.57), and second equality is by trivial summation, and the

final inequality is due to the asymptotic nesting, in which K is asymptotically
a constant fraction of T

IN
—_

<
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Case 4: s =t < u.
Here F [X;e3 X,e,] = 0 by the m. d. s. property of €.

Case b: s=u > t.

Here E [X2e2e?] = o?E [X2e?] by the homoskedastic m. d. s. property of €,
and
|E [X]e}] — E[X] E[¢]]| (A.68)
< wa (B (B[]
< MQstt

where the first inequality is that of Doukhan (1994, Theorem 3 (5) on page 9)
used above (noting that Assumption 6 guarantees moment existence), while

the second follows from Assumption 6’s uniform (over ¢, s, and ¢) bound on
the moments. But F [X2] F [ef] = 02F [X?2]. Thus
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Case 6: t > s = u.
Here E [X2e2%e?] = o2F [X2] by the homoskedastic m. d. s. property of ¢ as

given in Assumption 6. Thus the overall contribution of these terms is:
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Now that we have broken out the cases, we may pull them back together again:

[T(T K)? Zt 12@( 15{;12; 1 Xiinugsg“} (A.71)
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Finally, the third expectation is

K K T T T T
TQ(%_[()? ZiZI Zj:l 25:1 ZtZI ZuZI Zw:l (A72)
Xis Xit XjuXjuwesEtEuuw
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i=1 j=1 s=1 t=1 u=1 w=1

E [ X Xit X ju X jweseteutw)
for which we will need to consider eleven different cases.
Case l: s=t=u=w.

E[X2 Xie et] < DE [stXJZS] < D? by Assumption 6 (and nonnegativity, for
the first inequality), so the absolute value of the contribution of these terms is

K K T

oK ZZZE [(X2X2el (A.73)

i=1 j=1 s=1
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D2 K K
S g2
= 2
T (T_K) i=1 j=1 s=1
K?D?
- T(T-K)
Cs
<

?.
Case 2: All time subscripts are distinct.

Here E [ X;s Xy X;uXjwes€teucw] = 0 by the m. d. s. property of € (Assump-
tion 6).

Case 3: s=t>u>w (w. L. 0. g.;also, t =u>w > s, etc.).

The terms here are of the form F [X2e?X;,6,Xue,]. Noting that, by the m.

d. s. property of ¢ (Assumption 6), £ [X;,e,X wew] = 0, we see that

|E [ X5e] XjueuXjuweu] | (A.74)
|E [X5e; XjueuXjwenw| — B [Xie] E [XjueuXjuwew)|

< n (B[XED) (B XG0X)

< M3Vt—u

where the first inequality follows by the observation preceding the display,
the second inequality is by Doukhan (1994, Theorem 3 (5) on page 9) and
Assumption 7, and the third inequality follows from Assumption 6.

Observing that £ [Xj,e,] = 0by them. d. s. property of ¢ (Assumption
6), we also obtain

|E [ XGe; XjueuXjweu] | (A.75)
|E [X7e] XjueuXjwenw| — B [ Xei Xjueu] E [ Xjuew|

v (B [XielX3el]) 2 (B [XGuet])
M4Vu—w

]uu jww

(VAN VAN VAN

in an entirely similar fashion.

Thus, the total absolute-value of the contribution of the terms covered by
this case satisfies
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where the first inequality is clear, the second inequality follows from the two
bounds given above (since each of the previous two bounds holds for each
term, the smaller of them must hold), the third inequality is evident, the
fourth inequality follows from Assumption 7, the first equality follows from
the fact that ¢ —u > v — w if and only if ¢ > 2u — w (and the monotonicity of
e~ "), the second equality follows from trivial summation and rearrangement,
the third equality follows upon setting m =t — u and n = u — w, the fifth
inequality follows from the nonnegativity of v, and n, the sixth inequality
follows directly from the bounds of expression (A.56), the third equality is due
to simple summation, and the seventh and final inequality follows from the
asymptotic nesting, in which K is asymptotically a constant fraction of T'.

Case 4: s >t =wu > w (w. 1. o. g.; this case includes all terms whose time
subscripts take this form, with one greatest, two equal, and one least).

Here we obtain, by the m. d. s. property of ¢ (Assumption 6),
E[XisngithtE?ijgw] = 0.

Case b: s >t >u =w (w. 1. o. g.; this case includes all terms whose time

subscripts take this form, with one greatest, one intermediate, and two equal and
minimal).
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Just as in Case 4, F [X;e,Xye, X7,e2] = 0 by the m. d. s. property of e.

JjuSu
Case 6: s=t=wu>w (w. l. 0. g.; this case includes all terms which have three

equal time subscripts and one lesser time subscript).

Noting that E [X;,e,] = 0 by the m. d. s. property of ¢ (Assumption 6), we
have that

|E [ X;X 5! Xjwew]| (A.77)
|E [ X3 Xe} Xjwew| — B [ X5 Xje}] E [ Xjuew|

view (B [XEX28) 2 (B [X2,2])

JwSw
M5Vt7w

VAN VAN VAN

where the first inequality follows from the preceding observation, the second
is due to Doukhan (1994, Theorem 3 (5) on page 9) and Assumption 7, and
the final inequality is due to the uniform moment bounds of Assumption 6.

The total absolute-value contribution of the terms handled in this case is
thus

1 K K T T 2 3
WZZZ Z E[Xithtthngw] (A.78)
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oy & PR
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- T(T-K)
Cs
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where the first inequality is standard, the second follows from the above bound
on each summand, the third inequality follows from the summability condition
of expression (A.57), the equality follows by simple summation, and the final
inequality is due to the asymptotic nesting, in which K is a constant fraction
of T" asymptotically.

Case 7: s >t =u=w (w. 1. 0. g.; this case handles all terms which have three
equal time subscripts and one greater time subscript).

By the m. d. s. property of the ¢, we have that E [XisngitX]?tes?] = 0.
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Case 8: s =t > u = w (note that here, we deal only with the specific subscript
ordering given).

We have that E [X2e7X2,62] = 0?E [X2X2,2], E[X2e}] = 02E[X2], and
E[X}.e] = 02E[X},], s0
|E[XieiX:,en] — ot E [X7] B [X,]] (A.79)
= O?|E[X3X2e] - o?E (X2 B [X2)])
= 2|E[X2x22] - E[X2] E (X2
< otu (B[N (B XL
< Mgy

where the first two equalities follow from the observations made immediately
above the display, the first inequality comes from Hall and Heyde (1980, The-
orem A.6 on page 278) and Assumption 7, and the final inequality comes from
the uniform moment bounds given by Assumption 6.

We can now bound the absolute value of the difference between the total
contribution of the terms handled by this case and

K T T
o
FEF LY Y BRI ()
This is done as follows:

T2(T K2 Zz 12] 1Zu 1Zt ut1 [ Ztngjzu i}
T2(T K2 Zz IZ] 1Zu IZt u+1 [Xzzt]E [iju]
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MY Y
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where the first inequality is standard, the second is by the above bound on
each summand, the third follows from nonnegativity of the v, and setting
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n =t — u, the fourth follows from expression (A.57), the equality is by simple
summation, and the final inequality is due to the asymptotic nesting, in which
K is an asymptotically constant fraction of T'.

Case 9: u =w > s =t (note that here, we deal only with the specific subscript
ordering given).

This is identical to Case 8 above, except that we get the time terms ¢t < u
rather than the terms ¢t > w. Thus, the result is that the total contribution
of the terms to which this case applies is close to

K K T u-—

T K2 Uz;u

1
E X E[X:] (A.82)

1= 1 t=1

in the sense of the following bound:

T2 (T—K)? Zz 1Zj 1Zu 1 t 1 [Xlt€2X]2u zﬂ (A.83)
TKQZZ 12] IZul tl [Xzzt]E[X]zu}
Cu
J— K .
Case 10: s = u >t = w (note that here, we deal only with the specific ordering
of the subscripts given).

F (X Xjse2XuXje?) = 02E [XisX;s X X;:e7] by the homoskedastic m. d. s.
property of ¢ (from Assumption 6). Now, F[X;Xjei] = 02E[XuX; for
the same reason, so

|E [ X5 X522 X Xjue}| — 02F [XuXj1] B [XisXjs)| (A.84)

= |02E [Xis X XuXje]| — 02 F [XuXjuer] B [Xis Xy
o2 |E [XisXjs XuXjer | — E [XuXjuer| B [Xis X
1/2 1/2

otves (B [XiX0e]) 7 (B [x2X2])Y
M?”s—t

IAINA

where the first two equalities are by the identities noted immediately above the
display, the first inequality is by Doukhan (1994, Theorem 3 (5) on page 9) and
Assumption 7, and the final inequality is by the uniform moment bounds given
in Assumption 6. Thus, we can obtain, exactly as in Cases 8 and 9 above, a
bound on the absolute value of the difference between the total contribution
of the terms handled here and the object

where the bound is:

T2(T K)2 Zz 1 Z] 1 Zt 1 Zs i B [Xis Xjs€3 X0 X ji27)

(A.86)
T K) T2(T—K)2 Zz 1 Z] 1 Zt 1 ZS t+1 E [XZtXJt] E [XZSXJS]
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Case 11: t = w > s = u (note that here, we deal only with the specific ordering
of the subscripts given).

This is entirely similar to Case 10, except that the bound is derived on the
distance between the total contribution of the terms handled here and

K t—1

TQ(T—E—K)Q Z Z Z E[XuX| B[ X Xjs] . (A.87)

i=1 j=1 t=1 s=1

The bound is:

T?(T K T2(T—K)? Zz 1 Z] 1 Zt 1 Zt B [X X; 852Xitht€?]

(A.88)
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Now we may pull all the cases back together again to get:
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We may finally combine the bounds we have obtained for each of the three
expectations involved, and notice that o2 = % to yield:
E[(@2)7] - (A.90)
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which completes the proof of Theorem 4(a). Q.E.D.
Proof of (b):

(T/K)R (b.bi fi) =

(h-0) (- b)} (A.91)

1 1 1
el )
) K T
= —F Xz Xis s
78 (B3 e
| KT
= 7 Z Z Z B[ X Xisei6s]

- o

where the first four equalities follow from simple calculation, the fifth equality holds
because if s # t, then E[X;sX;ese;] = 0 by the m. d. s. property of e (from
Assumption 6), the sixth equality is due to the fact that F [X2e?] = o2FE [X?2], the
seventh equality follows from Zthl X2 = T (by Assumption 1), and the eighth

equality follows from simple summation. Since (T/K)R <l;, b) does not depend on

b, we have (T'/K)rg (l;, fK) =02 Q. E. D.

A.6 Proof of Theorem 5

The proof of part (a) exactly mimics the proof of Theorem 1(a) using the more
general results in Lemma S-4 above.

The proof of part (b) differs somewhat from the proof of Theorem 1(b) and we
provide the details here.
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cisEp 7 o mic(bi)
Let 557 = b — o2 Tl

estimator based on the true average marginal myg. Now write

; this is the infeasible simple empirical Bayes

TG (ENSEB, fK) —rg (ENB, <Z5K> (A.92)
=rg (ENSEB, fK) —rg (BISEB, fK> (Term 1)
+rg <BISEB, fK> —rg <I;NB, QSK) (Term 1II)

We will show that both Term I and Term II go to zero. Recall that r¢ (EN B ék
< 00 from Lemma S-4. First, let us deal with the easier term, Term II:

ra (0557, fic) = re (87, ok ) (A.93)
— o] [ (1) =0 s (1) i
o f [ (7 (1) =) o (1=1) v 0
- 2 [ [ (1) =0 s () s
2o ] [0 () =n) o () b
- %fjp [ (57 @) ) e (0 = ) G )

= p//<B{SEB (x)—y>2fz< (z — y) dzdG (y)
_p//@iw (x)—y>2¢($—y)d$dG(y)

The second equality comes from the fact that both B{V B and l;fSEB depend only
on b; and not on b_;, while the third equality follows from the fact that the functional
form of both b¥2 and bI5FP is the same for each i.

From the bounds in Lemma S-3, and the definition of b/SFE we see that the
first integrand in the final line converges to the second pointwise. Thus, if we can
produce a dominating function for the first integrand, we may apply the Dominated
Convergence Theorem and be finished. But

(01555 () ~y) Fie 2~ ) (4.94)

— ((x—y) —03%)2& (z—y)

mr () + Sk
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The first term in this bound is evidently integrable by Assumption 6. The second
term is integrable by Lemma S-4, so we have shown that Term II converges to zero.

Before dealing with the more challenging Term I, it is worth noting that we will
never encounter a “division by zero” problem, because of three facts: 1) the limit
density m,, (x) is positive everywhere (since it is a convolution of a normal density
with the prior); 2) the approximation error given by Lemma S-3 is less than sx by
construction (for large enough K, see Assumption 4); 3) the denominator of l;{ SEB ig
thus always greater than m,, since we take mg (z) > my (v) — sk (for large enough
K) and add sk to both sides of the inequality, so that we never encounter difficulties.

Now we shall demonstrate that Term I converges to zero. Our proof is in the
spirit of Bickel et al. (1993, p. 405 ff) and van der Vaart (1988, p. 169 ff), but we
extend their approaches to handle cross-sectional dependence of the b; and to deal
with a nonconstant sequence of likelihoods.

Note that, from (2.10) through (2.13) of the body of this paper, we can write

lik (x) = ZA<IA)Z ; l;_i>, where the function (-,-) does not depend on i.  This

representation, and a similar one for Z, are adopted here.  Although 62 depends
on the full data, rather than only Z;, this dependence is suppressed for notational
convenience; the treatment below does, however, account for the fact that 62 is a
function of the full data (see display (A.99)). Now,

re <Z;ISEB, fK) — g (Z;NSEB’ fK) (A.95)
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In the above, the first and second equalities are by definition; the third is a
consequence of the fact that a2 — b2 = 2a(a—b) — (a — b)*; the fourth equality
simply breaks out the two terms of the integrand; the first inequality is an applica-
tion of Holder’s inequality, and the second is an application of the Cauchy-Schwarz
inequality.

From the final bound given above, we see that if we can show that

) 2
K 27 (5.7 g mic(bi)
1 O'El bi,b_z‘ —O'EAi) A
§ZP / / ( ( ) ( e (bi) + s dbdG (b) (A.96)
i=1 Xk lb—10
— 0

then we will have demonstrated that Term I converges to zero, because

A 2
K by — by — g2—aclb) ) )
%ZP / / ( o i (bi) + s dbdG (b)  (A.97)
i=1 X fx (b —b
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from the fact that Term II converges to zero, and, as noted above, rg <Z;N B ¢K> <
00.
Using (a + b) < 2a® + 2b%, and adding and subtracting 02l (bl b Z), we have

~ 2
K . mhe (b,
R S re R

< %ip// (62— 02)° 1% (b ( ) fx <b - b) dbdG e (b) (Term A)

. 2
201 & VI M (bz)
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i=1 Mg <bz> + Sk

i (zS . b) dbdG e (b)

which separates the problem of nonparametric score estimation from the problem of
estimating the residual variance. Now, Term A satisfies

%Zf;p / / (62 — 02)* 1 (Bi;i;_i) fx (B - b) dbdGy (b)  (A.99)
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— 204 / / (62 — 02) fx (6—@) dbdG e (b)

= 2pq;Var [63]
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where the first inequality comes from the truncation of our estimator [ of the score,
and the second inequality comes from Theorem 4(a). The convergence of the final

— 0. Thus, Term A
Now consider Term B. Define

o= (b < /== [(b:b)| <
D, {b < \/12810gKand )l(bl,b ) < qK},

and let Ep, fbe D ) mg <b> db (so that the area of integration is restricted,

bound to zero is by construction: by display (A.1), %

converges to zero.

but in a way Wthh may dlffer for each i). Now,

M ( ) fx (z;_ b) dbdGg (b)  (A.100)
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2 4 K RV m/K < i . R
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where the first equality is by the Tonelli-Fubini Theorem, the second is by defini-
tion, and the inequality follows from the truncation of the estimated score function
according to the definition of D;.

Consider Term Bi first.
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<2p0 / " (Mym (x) da

—dg an (l’) + SK

+  sup Pr<

bi|<dx

The equality is trivial; the first inequality follows from the boundedness of (/. (z))?
(by (A.27)), the second inequality follows by Pr(A) < Pr(B) + Pr(C) whenever

A cC (BUC) (if IA)Z’ > 1&2?8 log K, then either |b; 2"56
both), and the third inequality follows from Chebyshev’s inequality and the variance
bound of Theorem 4(a) (along with ¢ > 0 by Assumption 6). Of the terms in
the final expression, we see immediately that the first term converges to zero by
Assumption 4 and the second converges to zero by the uniform integrability of its
integrand, which was shown in the course of the proof that Term II converges to
zero, and by dx — oo. The third term converges to zero by Lemmas S-4 and S-6(c).
Thus, Term Bi converges to zero.

Finally, turn to Term Bii. Consider the i* term of the average which makes up

Term Bii. We define EZ* [(+)] to be fBeDiﬁ{62>202} (1) mg <l;> db and Egrd [() | BZ}

>

52 1.2
log K or 67 < 07, or

to be féeDi (-)mg <l;_l | BZ) db_; (so that both the probability measure and the area

(5 () + 590" <2(5)° (47 +

of integration depend on b;). Since (¢ — 9)2 =

) b d
2 (%) we have:
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_ A' 2
Ep || <l§i;3_i> _ K (b> (A.102)

dK 62) ‘l‘ SK
< 20 (g% + 5:2) Pr (62 > 20?)
~ 2 N ~ 2
dx M bz) My <bz> — My (bz) . N .
42 / i Egnd i b, | i (b) db;
—dx \ Mg <bl> + Sk miK (bz> + Sk
~ N 2
dx il (b) — <b> )
49 / Eeond i 1b, | s <b> db;
dr Mik <bz> + Sk
oy C
<2 (QK + K2) K?
2
) dk 777, <b>
+ — (Term Biia)
SK —dg ( ) + Sk
Ep, |:(mK (&) — Mk <Bz>> |6z:| miK (&) db;
2 di R R R
w2 [ | (it () = i (8 e (i) . (Term Biib)
K J—dk

where the first inequality follows from splitting the area of integration and 2a%+2b >
(a +b)? (and from the definition of dg ), the second inequality is due to the truncation
of our score estimator and the boundedness of (77 (x))? (by (A.27)), and applying

the fact that (— — 3)2 = (% (%) + %)2 < 2 (%)2 (%) + 2( ) to the third
term in the previous line. The final inequality is by Theorem 4( ) (for the first
term) and is clear for the other two terms. The first term of the final line converges
to zero (uniformly in ¢) due to Assumption 4, so we consider only the remaining two
terms.

Term Biia satisfies

i« (b) (A.103)




< 20 ( el K13/ 10g? K )

5% +2K13/% ], Jog K + K~ Y2 log? K

A~

o0 My (bl) + Sk

- . 2
X /OO m/K <bl> mik (Bz) di)i

by Lemma S-6(a), since omitting the restriction to b € D; can only make the expec-
tation larger. Also, Term Biib satisfies

2 dK Ep, {(mﬁK (&) — M (&))2 |Z;za be Di:| mik (Z;z) db;

Sk —dg
2 1

< SO0 +hk + K /®log? K + 2K 5% hylog K + K~ /*log? K
S hiy (K —1)

by Lemma S-6(b), by the same logic. Thus we have that

Term Bii (A.104)

etk B+ K 1 log? K
+ 2K B/ Bplog K + K1/ 21og? K

2
4pod o0 e (bi) Y
S 82 X f*OO (mK(l;i) + sk MK <bz> dbl
K
e b+ K77 B log? K )

+ h(
+ 2K ~%/Shglog K + K~/ *log® K

— 0

by display (A.1) and Lemma S-4 (which applies upon averaging), and we are finished
with the proof that r¢g (Z;NSEB, fK) —re (Z;NB, (bK) — 0.

Proof of Theorem 5(b)(ii):

We show

lim inf {sup ra (l;, fK>} = rg <I;NB, gb) (A.105)

K=oob L e

where the supremum is taken over the set of likelihoods satisfying the assumptions
of the theorem. First,

lim inf inf {sup ra <l~), fK>} > rg (BNB,gb) (A.106)

K=oob U e

follows from sup, rg (E, fK> > rg <Z~9, ¢> Vb, VK, so that VK,

i%f {s}g{p ra (E, fK>} > irgf {TG <Z~9, ¢>} (A.107)

= ra (lA)NB, gb) .
Further,
irgf {sz{p rg <l~), fK>} < s}g{p rG (l;INB, fK> (A.108)
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so that

lim sup ir}f{sup ra <ZN9, fK>} < lim sup suprg <BINB,fK> (A.109)

= rg <I;NB,¢>.

The last equality is obviously the key to the entire result. It holds because each
of the bounding constants in the proof that Terms II and III converge to zero in
part (i) depends on the primitive bounding constants in the assumptions. Thus, as
long as these primitive bounding constants are fixed, the bounds in the proof of part
(i) hold uniformly for fr satisfying the assumptions, and the final equality above
follows.

A.7 Proof of Theorem 6

We first show that ’R <b, YNSEB, fK> - R <b bNB, ¢K> ’ — 0, uniformly in ||b]], <
M for all fx satisfying the assumptions of the theorem (Note that setting fx = ¢k

yields the result needed for the Theorem 2.) Let b/5F8 = b, — agm(lzi()bj this is
MK SK

the infeasible simple empirical Bayes estimator based on the average marginal

1 o .
=— ) frx(x—=1b)
K;K

(with respect to the empirical ¢. d. f. of the true b;). Likewise, we have the
modified definitions

me(e) = =D 6—b)

1 K
miK(17) = ?me(x
j=1

With these definitions, and imposing ||b||, < M uniformly along the K sequence,
we note that Lemmas S-1 through S-6 hold uniformly along the K sequence. This
is a critical conclusion, and is used throughout the following. The reason we may
make this observation is that the only feature of the prior used in the lemmas is
that the variance is bounded, and our assumption that [|b||, < M implies that the
(empirical) variance of the b; is uniformly bounded along the K sequence.

Now write
R(b BNSEB. f ) ( by"; qu) (A.110)
—R (b, bNSEB, ¢ ) (b bISEB, § ) (Term 1)
+R (b, bISEE, fK> - R< . BYP; qu) (Term I1)
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We will show that both Term I and Term II go to zero.
Note that supp, <pr limsupy_ R <b, Z;gf; qﬁK) < oo (for any M < oo, where

1]]* = % Zfil b?) from reasoning exactly similar to that of Lemma S-4. First, let
us deal with the easier term, Term II:

)R(b, bISEE, f ) (b by”; ¢K)) (A111)
T, (595 () -4 s (1)

o IR (2, (5) —0) o (b-0) a
G RN A R
~LyK 1pf(bNB (b)—b) 6 (b —bi) db
5 ] ) -8 - 2, () -0)
><¢<b;b>db

voge 3 [ (0% (i) =)
x)fiK@—b-)—qs(b—b-))di)- 2
%i/ G ORHAOY)

NB (1
+2 (037 (5) - )
K
1 . )
—i—p?Z/ b.fSEB bl- —bi> CK~/*1og Kdb,

< (o) 050 (0)
ot Z / bISEB )_ )2
)

IN

IN

P ) <Bz - bi) dl;i

|>K

< fin) 0 0-0)

b;
db;

IN
e
=
—
(bl
S
0
ol
Sy
o>
=z
o
o~
N
no
<
—
o>
|
o~
N
QU
>



PKZ/ bISEB >_bi>2
(fK(b _b>+¢<b _b>>d?3i
PKZ/ bISEB be,z (@))%(@ _bi) db,

+20<_Z/ bng' [}Z bz‘)2¢(8ibi>d8i>l/2
( N ICORGH (@))%(am)d@i)”z

2 ~
+'O?Z/ZK biISEB bi _bi) CK~'/*1og Kdb,

IN

Hp(%Z/ (537, (i) _bi> ¢(bz-bl-)dz;i>l/2
(1<)

_ b —1/4 .
TR Z/ bz bz) CK™'/"log Kdb,
7 2
+p J Z/ ~ > OK_1/410ngbZ
K i=1 —ZK mK <bz> + SK

207 K() 2
50 )
< (fure (b= bi) + 0 (b = b)) db
+p2[0(: Z/M”(b _b>2
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X (fzK <Z;z - bi) + o (ZA% - bz)) di?i

The second equality comes from the fact that both I;gfl and lA)Z-ISEB depend

only on b; and not on IA),i, the first inequality is trivial, the second inequality
follows from a? — b® = (a —b)* + 2b(a — b) applied to the integrand of the first
term of the preceding expression, splitting up the area of integration of the second

term of the preceding expression, and noting that ‘fzK <BZ — bi> — 0 (EZ — bi> <

Jix <BZ — bi> + ¢ (?3@ — bi>, the third inequality follows from applying the triangle
inequality and then Holder’s inequality to the first term of the preceding display,
the fourth inequality follows from applying the Cauchy-Schwarz inequality to the
second term of the preceding display, the fifth inequality follows from rewriting the
first two terms of the preceding display and using (a + b)2 < 2a? 4 2b? on the last
two terms of the preceding display, and the last expression converges to zero by
the Dominated Convergence Theorem through Lemma S-4 (for the first two terms),
and zx = 3[_(2 (for the remaining terms) along with Chebyshev’s inequality and the
observation that (L(bl)

mK(bi) + sk
the boundedness of mj, and the nonnegativity of my.

Now we shall demonstrate that Term I converges to zero. Our proof is in the
spirit of Bickel et al. (1993, p. 405 ff) and van der Vaart (1988, p. 169 ff), but we
extend their approaches to handle cross-sectional dependence of the b; and to deal
with a nonconstant sequence of likelihoods.

Note that, from (2.10) through (2.13) of the body of this paper, we can write

lig (x) = Z(I;Z ; Z;,i>, where the function [(-,-) does not depend on 4. This

2
) < Csj? for sufficiently large K by Lemma S-3(e),

representation, and a similar representation for Z, are adopted here.  Although
62 depends on the full data, rather than only I;, this dependence is suppressed for
notational convenience; the treatment below does, however, account for the fact that
62 is a function of the full data (see display (A.116)). Now,

R <b, bISEE, fK> “R (b, pNSEE, fK> (A.112)

r ~ ~ 2
<3S | sy 0

I
/N
s@‘

2
n
=
o
VR
N——
g‘
——
N

ko[ (5 — - o2 mil) )2_
_ %Zp/ (bz b; UsmK(bi)—i—s;( fx (6_[)) db
=1 . . . .

1 & ;
- e '
Kz‘:1 Q(b._b_o—i
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In the above, the first and second equalities are by definition; the third is a
consequence of the fact that a® — b? 2a (a — b) — (a — b)*; the fourth equality
simply breaks out the two terms of the integrand; the first inequality is an applica-

tion of Holder’s inequality, and the second is an application of the Cauchy-Schwarz
inequality.

From the final bound given above, we see that if we can show that

VNN 2

K &fl bi; b ) .
=1 amK<gi>+sK

— 0
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then we will have demonstrated that Term I converges to zero, because

~ 2
—Z / bi — b; — o ”E )<b2 fK<zS_b)dB (A.114)
SK
_ R(b, pISEB. fK)
< oo uniformly along the K, T sequence

from the fact that Term I[I = R <b, Z;ISEB; fK) —R (b Z;]YB; gbK) converges to zero,
and, as noted above, supj <y limsupy_ ., R ( bNB, qﬁK)

Using (a + b) < 2a* 4+ 2b?, and adding and subtracting o? 2] (bz ; IA),Z), we have

N 2
K =/ b
1 A mK(Z)
=5 jp/ 52 (bl-;b,l-> e x (A.115)

K i=1 mg (@) + Sk
i (13 _ b) db
< %Zilp/ (652 — 05)2 & (Z;Z, ZALZ) fr (E — b) db (Term A)
20;1 K e mhe <l§l> ’
+ % ;p/ l<b¢,b,i> — - (@) o X (Term B)

fx (B—b) db

which separates the problem of nonparametric score estimation from the problem of
estimating the residual variance. Now, Term A satisfies

%ip [y (z}i;i)_i> i (z;_ N (a1

= 2qu</(02—0) fK<b—b>db
= 2pq%<Var [63}
C
< 2/)6]%?
— 0

where the first inequality comes from the truncation of our estimator [ of the score,
and the second inequality comes from Theorem 4(a). The convergence of the final

2
bound to zero is by construction: by display (A.1), %K — 0. Thus, Term A
converges to zero.
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Now consider Term B. Define

52 L
< /2109 K and )z <bz~;b_l->

bi| <
128

S QK}>

and let Ep, [(1)] = fBeDi () fx (l;— b) db (so that the area of integration is re-

stricted, but in a way which may differ for each 7). Now,

R 2
4 K R R T_TL/ b@ ~ ~
o L e KGO LIt

g " b — b T B
< £ . ], .
- K i=1 /—oo mK <Z;Z> + SK flK ( Z Z) * ( o 1)

A~

v A A A /\2 ~ ~
(Pr ( I <bl-;b,i> > g | bl-,b) + Pr ( bi| > 1/ 1"258 log K | bl-,b>> db;
K (b ?
290! . i (i)
+ PN By || <bz~; b_l-> B b (Term Bii)
K & = (b)
i=1 mrg (0;] + Sk

where the first equality is by definition, and the inequality follows from the trunca-
tion of the estimated score function according to the definition of D;.
Consider Term Bi first.




IN

IN

FL L, GEIR) miewe

=1

+ sup Pr <’lv<l;z,l;,z

Z}V)i‘ﬁd}(

200t 5~ [ (e (@) N
S M e RIEUL

i=1

+ sup Pr < lv(i)l, l;_z)
i7|8i|§d}<

x%"éli/di( (_WK—(”“"))QJ%K (x — b)) dz

200! & (@) N\,
" 72/9@@ (mK (z) + 3K> e Lo =i e

=1

+ sup Pr < Z(i)l, l;_z>
Z}‘Bi‘SdK

i=1 7 —dx

> gk | l;i,b>

The equality is trivial; the first inequality follows from the boundedness of (. (z))?
(by (A.27)), the second inequality follows by Pr(A) < Pr(B) + Pr(C) whenever
A C (BN(), and the third inequality follows from Chebyshev’s inequality and the
variance bound of Theorem 4(a) (along with o

€

expression, we see immediately that the first term converges to zero by Assumption
4 and the second converges to zero by the uniform integrability of its integrand,
which was shown in the course of the proof that Term II converges to zero, and by
dxg — o0. The third term converges to zero by Lemmas S-4 and S-6(c).
Bi converges to zero.

Finally, turn to Term Bii. Consider the i term of the average which makes up
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Term Bii. We define

EB 1) 1]

[ (o)
beD;N{62>202}
gt [0 1] = [ s (bt hb) by

(so that both the probability measure and the area of integration depend on IA)Z)
Since (§ — )" = (5 (42) + 439" <2(5)” (%) +2(%°)" we have:

Ep, || <Ei;l§,i> - m:é(;bj SK) b (A.119)
< 2ot [(z (134;151-))2 \b} +2Ee (Km:><b+) - 2 b
R
v Z(Ei;éi)—m:z;) +) | i (b~ ) iy

<2C (g + si°) Pr (62 > 207

i e (00) + o )

w2 HORMOI "
—d cond mg(\bi)—m;K (0; A‘ ) A‘ s
LR ( ixc (i) +sx ) |b“b] fux (bz bz)

—dk MK

A~ 2
i i (b)) = e () A A
42 / Egnd < b3, b| fixc <bi — bl-> db;

sﬂﬁ&s}f)%

X (Term Biia)

[( o (8) s (1)) ] 2 ()

2 [

w2 [ | (it () = (8)) 0] i (b= ) . (Term i)
Sk Jdx

where the first inequality follows from splitting the area of integration and 2a%+42b% >

(a + b)? (and from the definition of dg ), the second inequality is due to the truncation

of our score estimator and the boundedness of (1 () (by (A.27)), and applying

the fact that (£ — )" = (¢ (42) + <€)% < 2(2)? (42)” + 2 (%) to the third
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term in the previous line. The final inequality is by Theorem 4(a) (for the first
term) and is clear for the other two terms. The first term of the final line converges
to zero (uniformly in ¢) due to Assumption 4, so we consider only the remaining two
terms.

Term Biia satisfies

i« (3) (A.120)

B, | (e (8) = e (8)) 1| e (5 0)
20( mthQ + K~ 13/%8]0g” K >

2\ 42K~ 1B3/%p 10g K + K~/ 2log? K

B A 2
X /OO m%{ (bl> fir <I;z - bi) db;

IN

by Lemma S-6(a), since omitting the restriction to b € D; can only make the expec-
tation larger, and conditioning on any b such that ||b]|> < M < oo will not change
the results of that lemma, as can be easily verified. Also, Term Biib satisfies

2 _Z Ep, [(mK <b> mK< )) 1bs, b € Dl,b] i (b —b)d&-

Sk
2 ( m"‘fﬂ —|—K 5/4810gK )

2

< —C
- s —|—2K*5/96hKlogK+K /4 og? K

by Lemma S-6(b), by the same logic. Thus we have that

Term Bii (A.121)
+2K‘13 96hKlogK+ K~ 1/210g K

4(721 ~
< = < [ (7)3) f@K( )dbi
i m"—hQ —|—K_5/4810g K

+2K*5/96hKlogK + K~ '/40g* K

by display (A.1) and Lemma S-4 (after averaging), and we are finished with the
proof that

)R (b, bNSEB, fK) R(b bY5; ¢K)) ) (A.122)

Examination of the proof shows that this results holds uniformly over all fx
satisfying Assumption 6 through Assumption 9 with the same constants and over
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all b is the set ||b||, < M. (The only restriction on b was that the “prior” Gx had
a finite variance.) Thus,

I;L{noo ||biu£M ‘R <b, pVSEB. fK> — R <b, ng; QSK)‘ =0 (A.123)
and
lim sup p’R(b pVSEB. fK) R(b b5, ¢K)’ — 0. (A.124)
llolly <M fK
Now

lim sup sup
K=o jpll,<v fxe

< lim sup p’R( pNSEB. fK) R(b, bNB, ¢K>’

=00 |jp|| ,<M fK

+ lim sup ’R (b b B, ¢K) — R(b, pNSEB, ¢K>’

K=00p||, <M

R (b, ¥SE2; i) — inf R(b,b, o)
beB

(A.125)

+ lim sup 'R (b, pNIEB. gbK) — inf R(b,g, OK)

KHOOHbH <M beB

= 0,

where the final equality obtains from (A.124) applied the first term after the inequal-
ity, (A.123) with fx = ¢x applied to the second term, and Theorem 2(b) applied
to the final term (note that Theorem 2(b) relies on the limit (A.122), but that the
limit (A.122) is proven above without reference to Theorem 2(b), so our logic here
is not circular).

A.8 Including Additional Regressors

Section 4.3 of the text considers the regression model y = Uy 4+ X3 + ¢, where U is
a T x L matrix of regressors, v is a L x 1 vector of regressor coefficients, and L is
fixed as T, K — oo (where K = pT). When UTX = 0, then b — b = == 2 X,
so that Theorem 1 through Theorem 6 continue to hold without modification. The
following theorem shows that the results in Theorem 1 and Theorem 2 continue to
hold when UT X # 0 if the regressors are nicely behaved.

Theorem 7: Let Ty, Cy, and C; denote finite constants. Suppose that, for T >
To, () B {tr | (+270Mx2) "] } < Coand (i) E {tr | (+27Px2) (+27Mx2) '] } <

O, where Py = X (XTX)_1 X7 and Mx = I—Px. Then in the Gaussian regression
model,

(a) given Assumption 1 through Assumption 4,

o (B577) v (%) — o (4120
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(b) given Assumption 1, Assumption 2, and Assumption 4,
ra <5§VSEB> —rg <lA),]yVB> — 0 (A.127)
(¢) given Assumption 1 and Assumption 4,

sup 'R (b,05552) — inf R (v.0,)

ol <M by€B

—0 (A.128)

for all M < oo, where B is defined as in Theorem 2.

Proof of Theorem 7: The proof of this theorem utilizes the results in Theorem
5 and Theorem 6. Notice that the results in Theorem 7 are special cases of the
results listed in Theorem 5 and Theorem 6, and thus we just need to verify that
all of the steps in those theorems continue to hold under the assumptions of this
theorem. Comparing the conditions, we see that every assumption is satisfied except

the assumption
Z Z 7 (4, nli)

j—l n=1,
J#FL nFi

for some absolute constant C, where

7 (j, nli) = L ’Corr (f (@) .9 (Ii) |@> .

Note that the above is actually a relaxation of the assumption used, and is the

condition actually relevant in display (A.51). Since (l;;, l;;|l/);) are jointly Gaussian

(by the joint Gaussianity of (l;;,l;;,b?)), we may apply Rozanov (1967, Theorem
10.1 [page 181]) to conclude that

T (4, nli) = )Corr (5;,5;\(;;) ,

Thus, our problem is reduced to that of proving the summability of the absolute
values of the elements of the correlation matrix, conditional on b;, of the b_;. First

let us consider the matrix Cov <b/,\z|gz> From the familiar formula for conditioning
under joint Gaussianity, we will be able to obtain this readily as soon as we have
found a simple form for Cov <b> To simplify notation, we assume o2 = 1 in the

following.

I +

= T T -1
Cov <b> - B XU (U MXU) Xl (A.129)

T T T

where the equality follows from Theil (1971, Exercise 7.3, page 146), using XX X =

I.

A-57



Now we are ready to apply the standard Gaussian conditioning formula to obtain:

Cov <b/_\l|l;;>

I+

1

1477

=1
uTMxU )
i T i

T

Ti1

T

Tt

T’T

T

—1
UTMxU
()

(
(

(

K

xXTu

T

—1
U MxU
—r ) T

-1
U
) Tit1

UT Mx
T

T

—1
T
U MXU> e

UTx_,;
T
i UTMxU) 1"
T X
L ( T ) T
v (UTmyu) !
X .
Ti—1 ( T ) Ti—1
-1
7 (UTMxU ,
Tit1 T Ti+1
r -1
T (U MxU
- TK T TK —

where X_; is the X matrix with column ¢ deleted, and r; =

% Zthl xjiu. By the

Rozanov result cited above, it suffices to demonstrate that

oo (5.2)

\/Var <l§;|l/);> Var <l§;|l/);>

<C

J=1
J#i

n=1,

for some absolute constant C'. To do so, first observe that

v

>

where the first

Var (@\@-) (A.130)
_ 1 (TT <7UTM)(U>1 r-)2
UTMxU\ "~ ' T ’
E |1+ T’]T (7)() Ty — 1
T L+r) (7UTAT4XU) T
- -1
Ltrf (%) T
E| (uTTXu>T<uT#Xu> (A.131)
N 1+r?<7UTATlXU>71m
[ UTMyU\ ™" UTMxU\ ™
E|1+r] (TX) ri =Tl (TX) rj] (A.132)
1 (A.133)

inequality follows from the generalized Cauchy-Schwarz inequal-
ity (see Magnus and Neudecker (1999, page 200, problem 1)) and the fact that

(%)_ is positive semidefinite. The second inequality comes from simple cal-

A-58




culation. The above display shows that

1 K K )OOU <6;7b/;1|6;>
=1 2 X =
j = ]_7 n = 1’ \/V(IT’ <b]|bl> Var <bn|bz>

j%z’ n#z‘
Z Z ’Cov(l;l;Z;)
j—l n =1,
JFEL nFi

It will be convenient to define Abs (A) = {|a;;|}. Then

K K L
D ’C’ov (bj, bn|bz~> (A.134)
=1 n=1,
J#FEL n#Fi
1 —~
o )
L bs (Cov (b_;]b;) ) 1
1 [ 1TAbS ([K 1)l
< —F XTU (UTMxU ) UTX_, (A.135)
K -1 1TAb ( T < TX ) T 1
1 T 1 T
+ —F |17 Abs —RLRT, |1
K -1 1+ 7,. <UT]\’1/{XU> i
-1 -1
where RT, = [ rT (%) rooo-- 7k %) rK } with the i element

removed, the equality is by the definition of the function Abs (- ) and the inequality
follows from the triangle inequality applied elementwise and from the distributive
property of matrix multiplication (and, of course, from the fact that the expectation
of the absolute value exceeds the absolute value of the expectation)

NOW, K— 1E [1TAbS (IK 1) ]_] = 1 ]_TIK 11 =
and 0 as elements. Further,

ﬁ = 1, since Ix_; has only 1

——F |17 Abs — R ,RT, |1 (A.136)

- _~ E (A.137)
K-1 r
Ty, ()
J#i
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1 2
< E arer) ! (A.138)
LR Ry Y (TJ‘T(U ) ”)
JF#i
r 1
1+rT<4UTJ¥XU>71n
< -1 1
< E S (THUTJ;IXU) Tj) (THUWXU) 7AZ,) (A.139)
JFi
K -1
UTMxU
< E| > T (Tx) r (A.140)
.j - 15
L J#i i
MK T -1
M
< 5|37 (YY) (A1)
Li=1
L (UTPyU (UT MU\
= E|t A.142
( () (A1
< (. (A.143)
In the above display, the first equality is due to matrix multiplication, |ab| = |al |b],
and
TM -1
1477 (w) ri > 0. (A.144)

The first inequality is by Cauchy-Schwarz, the second inequality is by the cancel-
lation of K — 1 and ﬁ and by the generalized Cauchy-Schwarz inequality (see
Magnus and Neudecker (1999, page 200, problem 1)), the third inequality is by
the fact that - < 1 for a > 0, and the fourth inequality is due to the fact that

T (UTMxU\

1
r; > 0. The second equality is by the usual method of rearranging

the order of matrix multiplication within a trace and the definition of the r; (we

also exploit the fact that X;X = Ik), and the final inequality is by the assumption
of the theorem. Finally,
TR XTU (UTMxU\ ' UTX_,
1 UTMxU\ ™"
= Z Z (7) T (A.146)
j=1 n=1,
L JFT nFd _
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RS SR 0 R |

S k=it —1
=1 =1, x\/ﬁ(—U%U) n
L JFT n#Fl |
- 2_
-1
K rT <7UTMXU> T
J T J
= E A4
2 = (A.148)
j=1,
J# |
-1
K 4T (M) .
J T J
< E|(K-1 A4
< ( ) Z 7] (A.149)
j=1,
i J# |
K -1
UTMxU
= E| Y (TX) r (A.150)
J=1
K i
[ K T -1
M
< E|) rf <¥> rj] (A.151)
[ j=1
[ (UTPyU (UTMxUN
= E tr( = < = ) (A.152)
< O (A.153)

The logic of the display above is as follows: the first equality holds by matrix
multiplication and the definition of the r;; the first inequality is by the generalized
Caucy-Schwarz inequality (see Magnus and Neudecker (1999, page 200, problem 1));
the second equality follows from simply regrouping terms; the second inequality is

due to Cauchy-Schwarz; the third equality is by the cancellation of K — 1 and +;

-1
the third inequality is due to the fact that r] (%) r; > 0; the fourth equality

is by the usual trace trick and the definition of the r; (we also exploit the fact that
XTTX = Ik); the final inequality is by the assumption of the theorem.

Combining the above bounds yields:

(A.154)

K-t jj?@ 7:;1@ \/Var (B316:) Var (0u10:)
< 1420, (A.155)
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which gives the desired bound in terms of an absolute constant C' = 1 + 2.

A.9 The Case K = pT°, § < 1

The bound on the mean squared error of the standard residual variance estimator
given in Theorem 4(a) depends on K. An examination of the proof of Theorem
4(a) above shows that this bound could actually be stated in terms of T'; however, if
0 < 1, the bound as stated (in terms of K') is weaker than the corresponding bound
with T" substituted for K, and certainly remains valid.

In the proofs above, note that all of the risks include the factor p. This is a
consequence of the fact that, under the simplifying assumption that 6 =1, p = %
When 6 < 1, all of the risks in these proofs actually include the factor % = pT° 1.
Thus, scaling the risks by % = T~ just returns us to the situation considered in the
proofs, in which each risk includes the (constant) factor p. Every other element of
the proofs is completely unchanged, so the results continue to hold with the stated
scaling of the risks.
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B Berry-Esseen Theorems for Densities and Their
Derivatives

This part provides Berry-Esseen-type theorems for the densities and derivatives of
densities of univariate and bivariate random variables. These theorems are referred
to below as local limit results.

The presentation proceeds in two steps. First, local limit results are proven as-
suming that a Berry-Esseen theorem (for c.d.f.’s) and a smoothness condition hold.
Because Berry-Esseen theorems hold under a variety of primitive conditions, this
provides general conditions under which the local limit results hold. Second, it is
shown that a (multivariate) Berry-Esseen theorem does in fact hold for averages of
strongly mixing random variables satisfying certain moment and mixing-rate condi-
tions. This theorem is an adaptation of Tikhomirov’s (1980) univariate result.

B.1 Local Limit Result

Let 11,12, . . . be a sequence of m-dimensional random variables with mean zero, finite
second moments, and finite long-run covariance matrix. Without loss of generality,
let
1 T )
e (G2 (Vi) |-
1= 1=

Let J,, denote the distribution function of \/g >, i and let @ denote the m-variate

standard normal distribution function. The local limit results will be proven under
the following two conditions.

Condition A: The random variables 7y, 17s, ... have conditional characteristic
functions 1,9, ... (so that 1); is the characteristic function of the distribution of
n; conditional on n;, 1 < j < i) with the property that

Jda > 0, Cy < 00, My < oo s. t. (B.1)
sup [¢; (1)) < Mo lt|™ V[t] > Co.

Condition A is weaker than requiring, for instance, that the conditional densities of
the n; be uniformly bounded, or even that any of them be bounded, though it does
rule out discreteness.

Condition B: A Berry-Esseen theorem holds for 1, 7., ..., that is,

36>0, p<oo, Mj < oo st. sup |J,(2) —®(2)] < MinPlog"(n) (B.2)
zeR™

Typical Berry-Esseen theorems specify a particular constant M; and have g = %

and p =0 (c. f. Feller (1971), F. Gotze (1991), Hall and Heyde (1980)). However,
the local limit results here do not rely on these specific values, and so are proven for
the more general statement (B.2).
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Lemma S-7 (Cramér 1937) Suppose t,(,x € R™. If ¥ (t) is a characteristic
function such that |3 (t)] < v < 1 for all [t| > M, then we have for |t| < M

2 |t
SM?

W) <1-01-v) (B.3)

Proof of Lemma S-7. A terse proof for m = 1 is to be found on page 26 of Cramér
(1937). However, it is given in an expanded form here for the reader’s convenience.
Recall first that for scalars A and B, cos A < 3 + 1cos(2A) (since 1 cos (24) —

cos (A) + 2 = 1cos? (A) —cos(A) + 3 = 1 (cos(A) — 1)> > 0) and sin (A — B) =
sin (A) cos (B) — sin (B) cos (A).

PR = / / YA () dJ () (B.4)

/ / i [sin (¢'C) cos (t'x) — sin (t'x) cos (£'C)] +

[cos (' (¢ = x))] dJ (¢) dJ (x)
_ [ f f sin (¢'C) cos (t'x) dJ (¢)dJ (x) —
f f sin (t'x) cos (t'C) dJ () dJ (x)

N / / cos (¢ (C = x)) dJ () dJ (x)
_ / / cos (t' (¢ — x)) dJ (¢) dJ (x)
< 2.1l / / cos (2t' (¢ = X)) dJ (¢) dJ (x)

s 1 [f ~ 7 sin (2°¢) cos (2t'x) dJ () dJ (x) —
= 7t1 s f sin (2t'x) cos (2¢/¢) dJ (¢) dJ (x)
P T cos (20 (C = x)) T () dT ()
= 2+ jlwenP

where the first equality holds because the square of a complex number’s modulus
equals its product (in complex multiplication) with its complex conjugate, the second
equality holds by the trigonometric identity recalled above, the third is merely a
rearrangement, and the fourth follows from the fact that the two integrals in the
imaginary part are equal, so their difference is zero (we may simply relabel the
variables). The inequality comes from the trigonometric inequality noted above,
and the last two equalities are simply the first four “in reverse.” Thus, we have that
for |t| € [%, M)

2

1
WP < 1= (1-v)’ (B.5)
and we may repeat this argument to show that for [t| € [2£, 52%) (for any integer
q=1)
por < 1- (1) 0w < 1-aop I (B.6)
- 4 4M? .
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so that, in the same region,

2 [t

POl < 1-1-v)? Sk

(B.7)
as can be seen by squaring the righthand side of the inequality immediately above
and comparing it to the rightmost quantity of the inequality in the previous display.
Now, ¢ is arbitrary, so the desired conclusion must hold for |t| € (0, M). But we
know that ¢ (0) = 1, so we are finished. Q.E.D.

Theorem 8 (Univariate Local Limit Theorem) Suppose that Conditions A and
B hold, and let m = 1. ThenV d € N, 3 B(d) < oo and ng(d) < oo such that,
Vn > ng (d),

sup [ (2) = 6@ (2)] < B(d)n ="/ [log ()" />

ZER

where jT(Ld) is the d' derivative, d = 0,1,2,..., of the density of W (this
density will be shown to exist for sufficiently large n as part of the proof), and ¢'@
is the d* derivative of the standard normal density.

Proof of Theorem 8: We will proceed by induction on the order d of the derivative
to be taken. First we will prove that the result holds for d = 0. Note that if the
first derivative of j,, is uniformly bounded for all n greater than some given ng, then
Jn will clearly satisfy a Lipschitz condition uniformly beyond ng, that is, we will
have Sup. wen SUP,>p, [Jn (2) — Jn (w)| < Bo |z — w] for some By < oo. Clearly, ¢
satisfies such a smoothness condition (all its derivatives exist and are bounded). Let
By < oo be the Lipschitz constant for ¢. Now, if the Lipschitz constant holds for

Ins

| . J7 g (w) dw
sup |jn (2) — ¢ (2)| < sup|jn(2) — + (B.8)
2€R 2€R r
1 z4+r z4+r
sup — / jn(w)dw—/ Qﬁ(w)dw‘ +
z€ER r z z
z+r
.9 (w) dw
sup |¢ (z) — . elwdw
zZER r
< sup |]n (Z) — Jn (Cf)| +
zZER
1 z4r z4r
sup — / jn(w)dw—/ gb(w)dw‘ +
zeR T z z
sup ¢ (2) — ¢ (cy)|
zZER
< Bole—c| +
1
;sup|Jn(z—|—r) — T (2) =P (z+7r)+P(2) +
zeR

By |z — ¢4
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2
< 2(Bo+By)r + ;sup\Jn(z)—CI)(zﬂ
zeR

2M,
< B B — log"*
< (Bo+Bi)r + B og! (n)

< 222 (By+ B M 00 210t 2 (n)

where cf, ¢y € [2, 2 + 7] by the mean value theorem. The second term in the fifth in-
equality uses Condition B, and the final inequality follows by setting

r= @/%n_ﬂ /21og"/ 2 (n), which is certainly permitted, since r is arbitrary.

Thus the lemma is proven with B (0) = 2 [21 /2(By+ By 2 M)/ 2] if we can
show that the Lipschitz condition holds.

This is where Cramér’s (1937) lemma is useful: consider general d € N. By the
Fourier inversion theorem,

0 ()] < /ZIH{H wi(%)'}dt (B.9)
AR Lol ()

<[ ()

Now choose 6 = max {(2]\/[0)1/ “ ,CO}, where the parameters refer to Condition A.

Then, by Condition A, Vt > 4, sup, |¢; (t)| < % = v. We can now apply Cramér’s
lemma to obtain sup; [¢; ()] < 1 — (1 —v)? |8tT|z V |[t|] < 6. Thus, we have

(@) < Mtd 1—(1— 28/ n ndt B.10
sup [\ (z)] < sup |t] (1-v) <52 + (B.10)
n>no nzno J —8v/n

& M mn
n—m d 0
sup v / |t] (7(1) dt +
n>no 5v/m it/ \/nl

_5\/ﬁ M m
— d 0
sup """ | ——=5] dt
nZVIL)O /oo | | (‘t / \/ﬁ‘ )

NG
< sup/ 1| exp (=Ct*)dt +
nzno J —8y/n
—sym
2 sup V”_mMg"no‘mm/ o™ dt
n>no —00
<

5v/n
sup/ |tlexp (—Ct*) dt +
nzno J —8v/n

n>no 4

S M2 (d) < o0,
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(1-1)?

where the second inequality follows by setting C' = and observing that

852
ct*\"
exp (—CtQ) = sup (1 — —) ,
n n
and the third inequality follows by choosing m = (%w , where [-] is the least greater

(or equal) integer function. The desired Lipschitz condition is now verified. We have
only to set d = 0 to prove the existence and boundedness of the density itself for
sufficiently large n in an identical fashion.

We have now proven the d = 0 case. To prove higher-d cases, we now simply
substitute 5\” for j, and ¢@ for ¢ in (B.8) and, following the steps in (B.8), we
obtain

sup 79 (2) = 919 (2)| (B.11)
< (Bold)+ i) + ~supli (2) — 64 (o)

where the Lipschitz condition holds as a consequence of (B.10). It is readily verified
that the bound in the statement of the theorem satisfies the recursion (B.11), and
since we have shown the bound for d = 0, we are finished. Q. E. D.

Theorem 9 (Bivariate Local Limit Theorem) Suppose that Conditions A and
B hold with m = 2. Let jT(LO) (z,w) denote the density of \/22?21 N, and let ¢ (z,w)

denote the bivariate standard normal density. Then¥ d € N, 3 B(d) < oo such
that

sup [0 (2,0) = 09 (2,w)| < B(d)n ! ) flog () ()
zeR,wWER
where jT(Ld) is the d" derivative, d = 0,1,2,..., of jT(LO) (z,w) with respect to z (this
density will be shown to exist for sufficiently large n as part of the proof) and ¢'@
is the d'™ derivative of ¢ (z,w) with respect to z.

Proof of Theorem 9: We will proceed by induction on the order d of the deriva-
tive to be taken. First we will prove that the result holds for d = 0. Note that if
the first derivative of j, with respect to z is uniformly bounded for all n greater
than some given ng, then j, will clearly satisfy a Lipschitz condition in z uni-
formly beyond ng, that is, we will have SUp. w u,ven SUP,>p, [Jn (2, W) = jn (u,v)] <

z u
()= (]
dition holds, we can easily show that, since ¢ clearly satisfies such a smoothness
condition (all its derivatives exist and are bounded),

and for some By < co. Now, if such a uniform Lipschitz con-

sup |jn (Za w) - (b (Za IU)‘ (B12>
zZ,WER
z+r rw4+r .
n (u,v) dudv
< sup jn(z,w)—fz Ju ‘72< )
z,weR r
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wtr z+r  pwr
/ / (u,v) dudv —/ / ¢ (u,v) dudv

sup —
zweiﬁr
z+r w+r
dud
wup |6 (2 w) — & I» (u,v) dudv
z,weR
< Sup%\jn (z,w) — Jn (cy, df)\ +
Z,Wwe
1 z4r  pwtr z+r  pwtr
sup — / / Jn (u,v)dudv—/ / ¢ (u,v)dudv| +
sz?Rr z w z w
sup [ (2, w) — ¢ (cg, dy)|
z,wER
z c 2
C A(2)-(5)] Emmen-se
Z . C¢
5|4 ) (% )
My
< (Bo+ Bi)r + 5 log (n)

< [(41/3—1-41/6) (Bo+31)2/3M11/3] nfﬁ/BIOgu/g(n)

where ¢y, ¢y € [2,2+ 7] and dy,dy, € [w,w+ 7] by the mean value theorem. The
second term in the fourth inequality uses Condition B, and the final inequality

follows by setting r = ¢/ %n_ﬁ /31ogh/? (n), which is certainly permitted, since
r is arbitrary.

Thus the lemma is proven with B (0) = [(41/3 + 41/ 8) (By + By)?/3 M'll/3 if
we can show that the Lipschitz condition holds.

This is where Cramér’s (1937) lemma is useful: consider general d € N. By the

Fourier inversion theorem,
[} (S C | YT
J, {11 ()
()}

d
n / " {H
R2—B;s /m im1

where B; ,, = {t : [t| < Jdy/n}, and, by choosing 6 = max{(QMO)l/a,C’o}, we
1

(d) ) ‘

IN

|5

IN

will have v = 5 such that sup; [¢; (t)] < vV [t| > 6. But then Cramér’s lemma
proves that we have sup; [¢; (t)] < 1— (1 —v)? % V |t|] < 6. Thus, we have
sup 7, (z,w)| (B.14)
n>ng

’ N /n)
< sup/ [t 11— (1 —v) 52 dt +
n>no J Bs =
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M m
n—m d 0

sup v / |t1] (7&) dt
A SN

< sup/ ti|“exp (—C [t]*) dt +
n2no J B m
sup Ménljn_mno‘m/Q/ |t1|d |t|fam dt
n>no §R27Bé\/ﬁ
< sup/ |t1|dexp (—C’|t|2) dt +
n>ng Bs /n
sup Mo((d+4) /ol n=[(d+4) / o], (d+4) / 2 / | t1|d | t|7(d+4) dt
nano R2-Bj
< sup / It]% exp (-C |t|2) dt +
n>ng J RN2
sup M@ /1 n=T(+4) / ol (a+4) /2 / 1 dt
n>ng R2-Bj /7
< sup / |t1| exp (—C |t|2) dt +
n>ng J 2
sup M@+ /ol () /o () / 2 / =3 drdd
n>no Q)?Q*B(S\/H
< M2 + sup Mo((d+4) / o] il [(d+4) / a] n(d+2) / 227T /oo ,r_gd,r
n>ng s

§M3<OO

where the second inequality follows by setting C' = (1;;)2 and noting that

1— )% t? !
ooteei) - (-5

and the third inequality follows by setting m = [‘%ﬂ, where [-] is the least in-
teger greater function.  The fourth inequality is due to the fact that |751|2
(10 --- 0)t)> < [t|* by the Cauchy-Schwarz inequality, so that |t;| < [t|, and
the fifth inequality follows upon a change of variables into polar coordinates. So
the d*™® derivative of j, w. 1. t. 2 is bounded. An identical proof in which |t,|
is substituted for |t;| shows that the d' derivative of j, w. r. t. w is bounded.
Together, these two bounds produce the Lipschitz condition. We have only to set
d = 0 in the proof above to prove the existence and boundedness of the density itself
for sufficiently large n.

We have now proven the d = 0 case. To prove higher-d cases, we now simply
substitute 5% for j, and ¢@ for ¢ in (B.12), and, only slightly modifying the steps
in (B.12), we obtain

sup. 3 (z,w) = ¢ (2, w)| (B.15)
ZWwe
z+r . (d)
n (u,w)du
< sup jﬁd)(%w)—fz n”{uw) +
z,weR r



1 zZ+r (d) z+r @
sup — In (ufw)du'_ ¢ (ufw)du +
z,mer z z
@D (y,w) du
sup (6 () — =02
z,weR r

2 (d— _
< (Bo(d)+ Bi(d)r + - SupgvE ‘jfld U (z,w) — ¢4 (2, w)|.
Z,Wwe

Note that the second term of the upper bound is, as a function of r, only an inverse,
rather than an inverse squared, because we have taken only a first partial derivative,
rather than a cross or second partial. It is readily verified that the bound in the
statement of the theorem satisfies the recursion (B.15), and since we have shown the
bound for d = 0, we are finished. Q. E. D.

B.2 Multivariate Berry-Esseen Theorem Under Strong Mix-
ing

We now provide a multivariate Berry-Esseen theorem that applies to sequences
{n;};2, of random variables in R™ which satisfy a strong mixing condition and a
moment condition.

Definition 2 A sequence of random variables ny,ns, ... will be said to be strongly
mixing with coefficients o (n) if

a(n) = sup |P(AB) — P(A) P (B)] (B.16)
k,AcFF,BEF

where F? is the o-algebra generated by n;, j € {a,a+1,...b}.

a

Condition C. Let 71,75, ... be a sequence of R™-valued random variables with
Eln) = 0, sup, E [|77i|4ﬂ] < oo for some v > 0, and a (n) < Mze P for some
M5 < oo and some 3 > 0.

Theorem 10 provides a m-variate Berry-Esseen theorem which holds under Con-
dition C. The results of this theorem satisfy Condition B. Thus the local limit
results given above hold under, in particular, Conditions A and C.

This section concludes with the statement of this theorem, which is minor mod-
ification of a result of Tikhomirov (1980).

Theorem 10 Suppose Condition C' is satisfied. Then there is a constant Cy de-
pending only on m, (3,~, M3 such that

sup |J, (2) — @ (2)] < Con ?logn (B.17)

zER™

where J, (2) = Pr(Spi1 < z1,5.2<20,...,S0m < 2zm), with S, = H;*> " ni,
where H, = Cholesky {E [(3 1, m) (i, m)']} (the Cholesky factor of the term

given).
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Proof: Consider Tikhomirov’s (1980) Theorem 4. Although this is a univariate
result, we see that minor modifications make it applicable to R™. Namely, the
ordinary differential equation that Tikhomirov derives for the characteristic function
becomes a system of ordinary differential equations, and the solution, naturally,
becomes a multivariate characteristic function. However, the structure of his proof
remains exactly the same; his lemmas transfer naturally to the multivariate case.
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