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Abstract—In this paper we present a coordinating control
law for a network of mechanical systems with unstable
dynamics. The control law is derived using the Method
of Controlled Lagrangians together with potential shaping
designed to couple the mechanical systems. The coupled
system is Lagrangian with symmetry, and energy methods
are used to prove stability and coordinated behavior. The
class of mechanical systems we consider includes the planar
inverted pendulum on a cart as well as the spherical inverted
pendulum on a 2D cart. For these examples, the control law
stabilizes each inverted pendulum and coordinates the relative
motion of the carts.

1. Introduction

Coordinated motion and cooperative control have be-
come important topics of late because of growing interest in
the possibility of faster data processing and more efficient
decision-making by a network of autonomous systems. For
example, mobile sensor networks are expected to provide
better data about a distributed environment if the sensors
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from the coordination problem. In [5], an extension to a
previous work ([4]) on UAV motion planning is presented
for identical multiple-vehicle stabilization and coordina-
tion. The single vehicle motion planning was based on
the interconnection of a finite number of suitably defined
motion primitives. The problem was set in such a way
that multiple-vehicle motion coordination primitives are
obtained from the single-vehicle primitives. The technique
is applied to motion planning for a group of small model
helicopters.

In this paper, we investigate the problem of coordination
of mechanical systems with unstable dynamics and make
use of the Method of Controlled Lagrangians. The Method
of Controlled Lagrangians and the equivalent IDA-PBC
method use energy shaping for stabilization of underac-
tuated mechanical systems (see [1], [11] and references
therein). The Method of Controlled Lagrangians provides
a control law for underactuated mechanical systems such

can be made to cooperate towards optimal coverage and that the closed-loop dynamics derive from a Lagrangian.

efficient coordination.

Much of the recent work explores coordination and
cooperative control with very simple dynamical systems,
e.g., single or double integrator models (e.g., [6], [9],
[10]) or nonholonomic models (e.g., [3]). These authors
deliberately choose to focus on the coordination issues
independent of stabilization issues.

On the other hand, for networks of autonomous systems
such as unmanned helicopters or underwater vehicles,
stability issues are important, and it may not always be
possible (or desirable) to decouple the stabilization problem
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The approach is to choose the control law to shape the
controlled kinetic and potential energy for stability.

The class of mechanical systems we consider in this
paper includes the planar or spherical inverted pendulum
on a cart. The goal of the development in this paper is
to stabilize unstable dynamics and coordinate the actuated
configuration variables across the network. So, for a net-
work of pendulum/cart systems, the problem is to stabilize
each pendulum in the upright position while synchronizing
the motion of the carts.

The organization of the paper is as follows. 48, we
give a brief background on mechanical systems which
satisfy the simplified matching conditions and discuss how
unstable dynamics are stabilized with feedback control
that preserves Lagrangian structure. §8, we study a
network of n systems, each of which satisfies the sim-
plified matching conditions. We show that potentials that
couple the individual systems can be prescribed so that
the complete coupled system still satisfies the simplified
matching conditions. Using this result, we choose coupling
potentials ing4, and we prove stability and coordination of



the network. Asymptotic stabilization is investigatedsi
We llustrate the theory with the example of two planar,
inverted pendulum/cart systems §6. In §7 we introduce

equilibrium of interest is the origin. We further assume
that it is amaximumof the original potential energy
(the case when the origin is a minimum can be handled

an alternative approach to coordinating these systems which similarly). The inverted pendulum systems fall into this

relies on a kinematic model.

2. Simplified Matching Conditions

In [1] the method of controlled Lagrangian is used to
derive a control law that asymptotically stabilizes a class of

category. In this case; > 0 andp < 0 and the potential
V. can be chosen such that the energy function for the
controlled Lagrangiank,. has a maximum at the origin
of the full state space. Asymptotic stability is obtained by
adding a dissipative term to the control law which drives

underactuated mechanical systems with otherwise unstable the controlled system to the maximum value of the energy

dynamics. This class of systems satisfies a set of “simplified
matching conditions”, and we will denote such systems as
SMC systems. SMC systems lack gyroscopic forces; the
planar inverted pendulum on a cart is one such system.
Consider a mechanical system with gm + 7)-
dimensional configuration space. L&t denote the coordi-
nates for the unactuated directions with indegoing from
1 tom. 6% denotes the coordinates for the actuated direc-
tions with indexa going from1 to r. Let the Lagrangian
for this system be given by

L(wa,@a,iﬁ,éb)
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where summation over indices is impliegjs the kinetic
energy metric and’ is the potential energy. It is assumed
that the actuated directions are symmetry directions for the
kinetic energy, that is, we assumggs, gaa, go» are all
independent of“.

For such a system, the simplified matching conditions
are

e gu.p = constant
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Satisfaction of these simplified matching conditions allows
for a structured feedback shaping of kinetiod potential
energy. In particular, a control law is given in [1] such that
the closed-loop system is a Lagrangian system. The con-
trolled Lagrangian, parametrized by constant parameters
andp and by a potential tern;, is given by

Le(z®,0%, &7 ,0%) =
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The results in [1] further give conditions om x and
V. that ensure stability of the equilibrium in the full state
space. Without loss of generality, we assume that the

E..

In [1], it is also shown how to select new, useful
coordinates(z®, y*, %, ¢*). In particular, for any SMC
system, there exists a functidr{z®) defined on an open
subset of the configuration space of the unactuated variables
such that
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The new coordinates are defined as

(2, 5%) = (2, 6" +

)

Note that if the origin is an equilibrium in the original
coordinates it is also an equilibrium in the new coordinates.
In these coordinates, the closed-loop Lagrangian takes the
form
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Further, after adding dissipatiaif®*s, the Euler-Lagrange
equations in the new coordinates become
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where

3. Matching for Network of SMC Systems

In this section we examine a network af systems
each of which satisfies the simplified matching conditions
and determine what control design freedom remains under
the constraint that the complete network dynamics are
Lagrangian and satisfy the simplified matching conditions.

Considern SMC systems and let tha#h system have
dynamics described by Lagrangidn where

Li(z2,62, &7 6%
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The Lagrangian for the %otal (uncontrolled, uncoupled)
system isL = S0 1L = 5acTMac -3 Vi(a®,09),

(2RI

WherEm = (331 gee e ;xna 91 PRI QZ)T’ and
g(lw 0 géa 0
0 g 0 Yo
M| 0 Gy C o
Yaa Yab
0 Yaa | 0 Yab

Since each system satisfies the simplified matching con-
ditions, g¢, = constant for eacti = 1,...,n. It can be
easily verified that the simplified matching conditions are
satisfied for the total systerh, since they are satisfied for
each individual system.

For the total system, the symmetry coordinates are
(04,...,6%). As in [1], we can find a control law
and a change of coordinatésy,..., =2 0¢,...,0%)
(x§,..., 22 y¢,...,42) such that the closed-loop system
is equivalent to another Lagrangian system with mass
matrix and potential, respectively, given by

giﬁ 0 g(ia 0
0 gr 0 qgr
M, = | — ggﬁ - gga )
Yaa Yab
0 ggoz 0 ggb

(3.1)
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The control gains:; and p; and control potential¥; can
be chosen such that the mass mairix is negative definite
and the potential has a maximum when the configuration
of each system, i.e(z%,60?), is at the origin. This means
the control law brings each system independently to the
origin without coordination.

To determine what additional freedom exists in the
choice of the control, notably in the choice of control
potentialsV,;, such that the network system satisfies the
simplified matching conditions, we specialize to a network
of SMC systems which each satisfy the following condi-
tion.

AS. Assume that the potential energy for each
system in the original coordinates satisfies
Viz, 07) = Vii(x) + Vai (67).

The inverted pendulum examples all satisfy this assumption

in the general case that the cart moves on an inclined plane.

In the case that the cart moves in the horizontal plane,
Vo =0.

As shown in [1], given the assumptiokS, eachV; in
the new coordinates can be chosen to take the form

Vei(z,yf) = —Vailyd — b (:)) + Ves (yf)

whereV,; is an arbitrary function andé¢(z;) satisfies
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Proposition 3.1: Under assumptionAS, the potential
V! = V + V. satisfies the simplified matching condition
with
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and each/,; an arbitrary function.
Proof. By [1], the simplified matching condition for the
potential shaping of the total system is equivalent to
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Prop 3.1 implies thatve can couple the: vehicles in
the network using the freedom in our choice 6f =
f/ei(y?, ..., y%), and the network dynamics will still satisify
the simplified matching conditionsThis result is com-
pletely independent of the degree of coupling, i.e., it
extends from a network of uncoupled systems to a network
of completely connected systems.

4. Stable Coordination of SMC Network

In this section we make use of Prop 3.1 to design
coupling potentials/,; for stable coordination of the net-
work of SMC systems. Here stable coordination refers to
stabilization of the unstable dynamics associated with the
unactuated variables$ and coordination of the actuated
variablesoy.

The goal of coordination is to synchronize the vari-
ables 67 with the variables#} for all 7,5 = 1,...,n.
Here, we will assume that the configuration space for the
actuated variables iR". We define synchronization of
these variables as stabilization 6f — 67 = 0 for all
1 # j. Since we can allow for coordinate transformations,
synchronization can be interpreted to mean that we stabilize
the equilibrium associated with constant relative actuated
variables. For example, in the case of a networknof
inverted pendulum/cart systems, we seek to stabilize each
pendulum in the network in the upright position and each




cart to a position that may change with time but is constant
relative to all the other carts. Note that the center of mass
of the network is unconstrained. For example, in the case of
the n pendulum/cart network, we can consider coordinated
maneuvers in which the carts move together with constant
linear momentum.

where(? corresponds tor{ times) the constant velocity of
the center of mass of the network.

Let V, = V/(z¢,...,28,2¢,. .., 28_1b) + §°Upcpa bE
the amended potential [7]. Herg, is the momentum
conjugate toz? at the relative equilibrium wheg? = ¢*.

Using the Routh criteria, one can see that the relative

To synchronize the actuated variables we use the results equilibrium is stable if the second variation of

of Prop. 3.1 and design coupling potentials for stabilization
of yi —y7 =0, for all i # j. Note thaty; —y; = 0 for
alli # j if 67 — 67 =0 forall i # j and if 2§ = 0 for all
i. This is the desired result. Howevey; — y¢ = 0 for all
i # j under more general conditions, e.g.pff — 6 =0
for all i # j and h;(xf) = h;(x§) # 0, i # j. This

1.7, - 1T
By = gy (Miy = Mo My, Mig)ae, + V. (4.4)
evaluated at origin is definite. Sincg, is a constant,
the second term in the amended potentigl does not

contribute to the second variation. So it follows that the

more general case makes possible interesting synchronized relative equilibrium with momentum,, is stable if(]\?[11 —

dynamics, when we add dissipation for asymptotic stability,
as will be discussed if5.

We chooseV, such that the closed-loop potentig’,
defined in Prop. 3.1, has a maximum whefi = 0 and
yi —y; = 0 forall i # j. This is possible since from
(3.2), the closed loop potential &' = Y7 | (Vii(z:)) +
f/ﬂ-(yf,...,yg) and theV;; are assumed to already be
maximized atz{ = 0. So, for example, we could choose
V. to be quadratic in terms of the forfy? — y$). In this

case, consider a graph with one node corresponding to each

individual system in the network. There is an edge between
nodesk and! if the term(y —y;*) appears in the quadratic
function V.. Then, V! has a maximum when$ = 0 and
yi —yj =0 for all i # j, if the graph is connected.

By coupling the systems in this way, we have introduced
a network system symmetry. The closed-loop Lagrangian
is invariant to translations af, ¢ = 1,...,n, each by the
same amount. Consider a new set of coordinates given by

-7Zn) -
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In this coordinate system, the controlled Lagrangian for the
total system (with abuse of notation fdf) is

= 1.

L.= §$ZMCwC — V(@1 o 0, 21,22,y Zn1)
1.7~ ST 1, - .
= §$,TM1133T + 2l Mgz, + §ZnM222n
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where z, = (z¢,...,2%,2¢,....28)T and =, =
(x‘f,...,x,ﬁl,zf,...,zz_l) and
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Note that in these coordinate§ is the symmetry vari-
able. We are interested in the relative equilibria given by

(G P -1 SRS A T 1 T L1 ARSI AP A
d
:(0,...,0,0,...,0,0,...,0,0,...,O,C) (4.3)

Mo M, M) evaluated at the origin is negative definite,
since the potential is already maximum at equilibrium. We
now prove that this matrix is negative definite using the
following results from linear algebra.

Result 4.1:Consider the negative definite symmetric

matrix
T2
T =
(i)

Here, this is any partition of the matrik. Then7}; and
Tso are also negative definite.
Proof. This follows by evaluating the definite matriX on
the vectors(z,0) and (0, y) respectively. |

Result 4.2:T; — T12T251T17; is also negative definite.
Proof. Let (T55)? = —Ts,. Then,

(z,9) " T(x,y)

111
11,

2T Ty o+ 2yTT1T2x + yTngy
IT(Tll — T12T2_21T1€)$
— (Tooy — Toy ' Thha)" (Tooy — Toy ' Tiha).

For any z, one can choosg = —T,,'Tihz so that the
second term is made zero. Hence, it follows taf —
T12T2;1T1T2 < 0 since the left hand side is less than zero
for all nonzero vectorgz,y). ||

Theorem 4.3:Consider a network ofs SMC systems
that each satisfy AssumptiokS. Suppose for each system
that the origin is an equilibrium and that the original
potential energy is maximum at the origin. Consider the
kinetic energy shaping defined 8 and potential energy
coupling defined above with connected graph so that the
closed-loop dynamics derive from the Lagrangiangiven
by (4.1) and the potential enerdy/ is maximized at the
relative equilibrium (4.3). Then, the relative equilibrium
(4.3) is stable for any?.
Proof. By Results 4.1 and 4.2(M;; — Mo My,' ML)
evaluated at the origin is negative definite. Thus, the second
variation of £, evaluated at the origin is definite. Hence,
the relative equilibrium (4.3) is stable for the total network
system independent of momentum vajug



5. Asymptotic stability

In this section we investigate asymptotic stabilization
of the coordinated network to a constant velocity (or
momentum), i.e., asymptotic stabilization of the relative
equilibrium (4.3). The first step is to choose a controlled
dissipation by means of a Lyapunov function analysis.
as defined in (4.4) has a maximum at the origin in its
variables(x.., ). One can construct a Lyapunov function
which WiII be maximum at the origin in the variables
(, &, 22 — () as follows. Let

Eyi= By + Ae™(Ju — pa)(Jy — o)

where \ is a positive constant,J, is the momentum
conjugate toz¢ and c® is a constant negative definite
matrix. E# serves as the required Lyapunov function.

Let the Euler-Lagrange equations in the original coordi-
nates for the uncontrolled systems be

ELZ(I'?) =0 3 ELZ(Gf) =Uu

Here, ugo® is the conservative part of the control law for
the i'" vehicle that we already have defined angf:®

is the dissipative part to be designed. Then, in the new
coordinates, we have

cons diss
a,i + ua,i .

where
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a,i+1

~dle
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_ § : udlSS_
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~diss
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j=1
It can be calculated that
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Jj=1

+ Z udlss

Choose
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k=1 kZj—1
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dab
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whered,; is a positive definite, possibly$,z¢ dependent,

control gain matrix. With this dissipationﬁEu > 0.

d - . o
Let M = {(z, 2, &, 2)| - E,, = 0}. On this set, it is easy
to show thatzf =0fore=1,...,n—1 andJ, = u,.

By the LaSalle Invariance Principle, solutions approach
the setM. The trivial solution on a constant momentum
surface is contained in the skf. However, trivial solutions
are not the only solutions in this set. A deeper investigation
of asymptotic convergence will be pursued in future work.

6. Coordination of Two Inverted
Pendulum/Cart Systems

m

a=ml?
B=ml
Y=M+m
D=-mgl

g = acceleration due to gravity

| = pendulum length
m = pendulum bob mass

M = cart mass
M

= 0

Fig. 6.1. The planar pendulum on a cart.

As an illustration, we now consider the coordination
of two identical inverted pendulum/cart systems. Let the
Lagrangian for each system shown in Figure 6.1 be

L, = %ai? + ﬂcosxiiiéi + %7912 + Dcosx;; i=1,2.
One can see tha®;, which is the position of the
ith cart on the line is a symmetry variable. It can be
easily verified that each pendulum/cart system satisfies
the simplified matching conditions [1], [2]. The closed-
loop Lagrangian for the total system in the coordinates

T = (371,33‘2,21,22) = (.131,.232,:1;1 — Y2,Y1 + yg) where

yi =0; + psinz; andp=x+1——is
p
L. =

1 -
§¢TMC¢ — V/(x1,20,21) (6.1)

where M. is as in (4.2) and\/, is as in (3.1),
. ﬁ2 )
Jap = —(k+1- LE cos?(a1), ghe = Boos(as)
P
2

feD— 2,

D cos(z2) + A

Jap = Py, V! =—Dcos(z)) -

with € > 0.
The final control law is

ov! )
K0 (sin T; (aﬁv% + cos xiD) — B, ( 896 . u;hss))
i

a— %2(1 + k) cos? z;

32 cosz(a:i)> and

U; =

(6.2)

p

1
whereB; = — (a —
2

. g A
u?‘ss:c(—lzﬂm—i—{]—u).
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This control law stabilizes the relative equilibrium cor-
responding to the two pendula in the upright position
and the two carts moving together at a constant velocity.
Simulations suggest that there are stable periodic solutions
nearby the stable equilibrium. In particular, the simulation
in Figure 6.2 shows asymptotic stabilization to a periodic
solution in which the cart positions synchronize and the
pendulum angles oscillate in phase as the whole network
moves with a steady average forward velocity. In this
MATLAB simulation, parameters for the pendulum/cart
systems as well as values 6f p and e are the same as
those described in [1]. Remaining control parameters are
A =2, p=—1kg-m/s,c=0.05 kg/s.

500

400+
E 300
o 2001

100

0 I I I I I I I
0 10 20 30 40 50 60 70

time (sec)

80

Fig. 6.2. Simulation of coordination and stabilization of two pendu-
lum/cart systems.

7. Kinematic Coordination Approach

An alternative line of research that we are currently
investigating concerns the coordination of mechanical sys-
tems via a “kinematic coordination” approach. In this
approach, we first endow each individual mechanical sys-
tem with a set-point controllesS” (;, 6;, ;, i;, 6;), which
steersf; — 6; and z; — 0 when the set-point; is
constant. In addition we also require that, when the set-
point @, is time-varying but approaches exponentially,
then the mechanical system comes to a rest configuration
f; — constant ande; — 0. Such a set-point controller
could possibly be designed via the Method of Controlled
Lagrangians, at least for SMC systems.

Under these assumptions, we may then propose a kine-
matic coordination module that guarantees coordination
of the mechanical systems on a slow time-scale. This
would replace the coupling potentials described §ih
The kinematic coordination module consists of first-order
dynamics for the set-points which take the following form:

0 = Suem™™ @y, ... B,) + 6 + A8, — 0,).

where A; are Hurwitz matrices of appropriate dimension.
The first term on the right-hand side represents inter-system
communication whereas the second term is decoupled from
the other mechanical systems. The paramgtsrchosen to
be small and enables the analysis of the closed-loop system
via time-scale separation techniques.

First, ignoring the slow time-scale (that is, setting- 0)
we obtain tha¥); — §; converges exponentially to zero and
thus that each individual system approaches a rest config-
uration §; — constant andc; — 0. The reduced system
on the slow time-scale then becomes a dynamical system
for the set-point®; which depends on the communication
termsduso™™® (4, .. .,0,). The coordination problem now
corresponds to the design af°™™(d,,...,0,) such that
for the reduced system all set-poirftsconverge to a com-
mon value. This is essentially a fully actuated kinematic
control problem. With this approach, we expect to be able
to incorporate both bi-directional and uni-directional, time-
dependent communication between the agents [8].
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