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correspond to the eigenmodes of the Schmidt
decomposition of the biphoton wave function
created in the 4WM process. This type of
theoretical analysis was carried out for PDC
(33). A measure of the spatial entanglement is
provided by the Schmidt number, which is the
“average” number of Schmidt modes involved.
A rough estimate of that number is given by the
number of gain-medium diffraction-limited
Gaussian twin beams that fit into the solid angle
of acceptance (23), and it naturally matches the
previous estimate of the number of independent
modes, counted in terms of non-overlapping
coherence areas (25, 34). Such a large Schmidt
number highlights the potential of this system as
a source of high-dimensional entanglement. The
exact details of the entanglement, contained in
the coefficients of the Schmidt decomposition,
depend on the spatial gain profile and can be
tuned by varying the spatial mode of the pump
laser. Amajor challenge will be to use that degree
of freedom to generate and detect useful multi-
mode states.
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Phase Transitions of Dirac
Electrons in Bismuth
Lu Li,1* J. G. Checkelsky,1 Y. S. Hor,2 C. Uher,3 A. F. Hebard,4 R. J. Cava,2 N. P. Ong1*

The Dirac Hamiltonian, which successfully describes relativistic fermions, applies equally well to
electrons in solids with linear energy dispersion, for example, in bismuth and graphene. A
characteristic of these materials is that a magnetic field less than 10 tesla suffices to force the
Dirac electrons into the lowest Landau level, with resultant strong enhancement of the Coulomb
interaction energy. Moreover, the Dirac electrons usually come with multiple flavors or valley
degeneracy. These ingredients favor transitions to a collective state with novel quantum
properties in large field. By using torque magnetometry, we have investigated the magnetization of
bismuth to fields of 31 tesla. We report the observation of sharp field-induced phase transitions
into a state with striking magnetic anisotropy, consistent with the breaking of the threefold
valley degeneracy.

The Dirac Hamiltonian, long the accepted
theory of relativistic fermions, is equally
successful in describing electrons in

solids, notably bismuth (1–3), Bi1–xSbx (4), and
graphene (5, 6). Unlike in regular solids, the
electron energy, E(p), in these materials is lin-
ear in the momentum, p, just as in relativistic

fermions. However, Dirac electrons living in
solids have two distinguishing features. First,
because of their small (or zero) mass gap, the
Dirac bands become quantized into Landau
levels in a modest magnetic field, H. A strik-
ing consequence in graphene is the observa-
tion of the integer quantum Hall effect (QHE)
(5, 6). The Coulomb interaction energy is
crucially important when all electrons are con-
fined to the lowest Landau level. Secondly,
the Dirac electrons in solids come in different
“flavors,” corresponding to orbital valley de-
generacy. The interplay of strong interaction
and degeneracy suggests that, in intense H, a
phase transition may occur to a collective state

with novel quantum properties (7). In bis-
muth, the Dirac electrons occupy three Fermi
surface (FS) ellipsoids. By using a torque
cantilever to measure its magnetization, we
have observed sharp field-induced transitions.
The high-field ordered state is magnetically
anisotropic, consistent with the breaking of
the flavor (valley) degeneracy.

In bismuth, the hole FS ellipsoid is aligned
with the trigonal axis z (8) (Fig. 1A, inset). The
three-electron FS ellipsoids, arrayed symmet-
rically around the hole FS, are tilted by a
small angle b (~6.5°) out of the plane defined
by the bisectrix (x) and binary (y) axes. Exten-
sive studies have established that the electron
ellipsoids have a Dirac dispersion (1, 2, 9, 10).
In the geometry with H||z, each Landau level of
the electrons has a threefold valley degeneracy.
However, the near-equality of the hole and
electron FS areas (projected onto the xy plane)
has long stymied efforts to resolve the quan-
tum oscillations of the electrons from the holes
(11–14). This roadblock has to be overcome
before the Dirac electrons can be investigated.
We solved this problem with torque magnetom-
etry (8) [section I of supporting online material
(SOM)]. Two sets of data were taken to
maximum H =14 T and to 31 T (at temperatures
of 1.5 and 0.3 mK, respectively) on single
crystals in which the resistance ratio (between
300 K and 4 K) RRR is ~100.

In an increasing H, the Landau level
energies rise. As each sublevel crosses the
chemical potential m and empties, a break-in-
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slope appears in the free energy F versus H
(eq. S5 of SOM). We assume H is at an angle
q to a FS symmetry axis ê. In terms of the area
S(q) of the FS section normal to H, the breaks
occur at the fields Bn(q) given by

1

Bn
¼ 2pe

ħ
½nþ g� 1

SðqÞ , ðn ¼ 0, 1, 2,:::Þ ð1Þ

where e is the electron charge, 2pħ is Planck’s
constant, and g the Onsager phase. We label
the sublevels as (n, s), where s = ±1 indexes
the Kramers doublet.

In the tilted H, a torque, t, appears with
magnitude given by t = –∂F/∂q. The torque
arises because the orbital, diamagnetic mo-
ment m tends to align with ê if q << 1.
Hence, the Landau eve crossings may be
observed as a series of sharp anomalies in a
trace of t versus H (fig. S1). In addition to the
high-field oscillations, the torque also senses a
featureless “background” term Dcb arising
from the unusually large diamagnetic suscep-
tibility (3).

The symmetry between the three ellipsoids is
broken by tilting H in the yz plane (Fig. 1A
inset). Because the cantilever by design
responds to the x component of t only, it is
sensitive to the torques from ellipsoids 2 and 3
and less so to the holes (ellipsoid 3 is nearly
invisible; see eq. S16 of SOM).

We expressed the torque signal t as a
transverse magnetization, viz. MT = t/VH, with
V the sample volume. In Fig. 1, curves of MT

versus H are displayed with q confined to the
narrow window (–4°, 4°) in which the transitions
occur. As shown, MT(H) contains a dense set of
quantum oscillations, which mostly arise from
the electron FS. At large H, we observed sharp,
hysteretic jumps at a field H2 that shifts rapidly
with q. As q increases from –3.5° to –0.3° (Fig.
1A), the transition field H2 (black arrows)
increases from 14 to 24 T. For q > 0 (Fig. 1B),
H2 falls back to 13 T asH2→ 2.1°. In addition, a
transition occurs at the lower field H1 (red
arrows).

First, we identified the electron quantum
oscillations by using the derivatives ∂MT/∂H in
the low-field set. Figure 2, A and B, shows
curves measured at q = –3.1° and 3.4°,
respectively. As indicated, the index fields Bn,s
appear as sharp minima for q < 0 and as sharp
maxima for q > 0 (fig. S3).When displayed in the
q – H plane, the index fields Bn,s describe a
nominally symmetric pattern (Fig. 2C). The set
of 19 angles investigated and the smooth
variations versus q allow us to sort out most of
the sublevels. By Eq. 1, the q dependence of Bn,s
reflects the angular dependence of S in ellipsoids
2 and 3. FieldsBn,s that increase with increasing q
arise from 2, and those that decrease with
increasing q arise from 3. At large H, the sign
of t provides further guidance. When a sublevel
(n, s) crosses the symmetry line q = 0, its
contribution to t changes sign. The changes

(1, –) → (1′, –) and (2, ±) → (2′, ±) are indi-
cated in Fig. 2, A and B (the high-field partner
is primed).

A plot of 1/Bn,± versus the integers n (at a
fixed q) gives a straight line with a slope cor-
responding to an electron FS area Se = 6.21 T
(fig. S6). The large number of oscillations (n =
0, · · ·, 10) allows a test of the Dirac spectrum
(1–3) compared with the conventional spectrum.
Ourmeasurements agreewell with the former but
are incompatible with the latter in the limit n→ 0
(section IVof SOM). Hence, the Dirac spectrum
underlies the sublevel indexing shown in Figs. 2
and 3.

In Fig. 2C, the lower transition field H1(q)
stands out because its dispersion is anomalous
(open circles). In contrast to the indexed sub-
levels, H1(q) displays a hull-shaped bottom with
sides rising steeply as |q| → 4° (fig. S5).
Remarkably, within the region shaded white,
the curve of the sublevel (0, –), which intersects
H1, loses its intensity abruptly, as discussed
below.

Extending the analysis to 31 T, we can
map out the high-field phase diagram. In Fig.
3, the white area is now apparent as a cone-

shaped region bounded by H1 from below and
by H2 from above (black curves). As |q| → 4°,
the two curves meet at the field ~ 13 T. From
Fig. 1A we see that, in curves with q > 0, MT

displays a step downward (red arrow) as we
enter this region, followed by a step upward
(black arrow) as we exit. The sublevel (0, –)
line vanishes on entering this region (fig. S5).
At angles |q| > 4°, it reappears outside the
cone region, rising to 17.5 T at q = 11° (blue
circles). Within the cone region, the electronic
state is distinct from that outside.

This difference is apparent if we make H-
constant cuts of the transverse magnetization
MT(q, H) versus q. Figure 4A shows curves at
several H values increasing from 10 to 31 T in
1-T steps (curves are displaced by 10 A/m for
clarity). All the curves display a “background”
term that is q-linear with a nominally H-
independent slope. By its sign, we may identify
it with the anisotropy Dcb = cz – cy of the
unusually large diamagnetic susceptibility (3).

At the lower field values (10 to 14 T), MT

exhibits jumps when q crosses the curve of H1

(shown as red circles). These are the jumps
indicated by the red arrows in Fig. 1. As H rises

Fig. 1. The H depen-
dence of the torque sig-
nal displayed as MT =
t/VH, with H at angles
|q| < 4°. (A) and (B)
show curves with q < 0
and q > 0, respectively.
In each curve, electronic
transitions are observed
atH1 (red arrows) and at
H2 (black arrows). [(A)
inset] The hole (gray)
and electron (red) FS
ellipsoids. H lies in the
yz plane. The sign of MT
is that of t ·x. m0 is the
vacuum permeability.
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to values 14 to 25 T, the jumps occur when q
crosses H2 (black circles). With increasingH, the
interval bounded by the curve H2(q) steadily
shrinks, until it falls below our angular spacing
dq ~ 1° above 25 T.

A striking feature is the uniform topography
of MT(q, H) throughout the cone region. This is
emphasized in Fig. 4B, which replots the low-
field curves without displacing them. Within the
cone,MT(q, H) stays independent of H despite a
40% increase inH. Identifying the common slope
ofMT versus qwith the background termDcb, we
infer that there is no further contribution to the
torque in the quantum limit; the high-field torque
is clamped at zero inside the cone region. This
accounts for the vanishing of the signal from (0, –)
as its trajectory enters the cone region. When
we leave this region, by changing either H or q,
a finite high-field torque reappears as a jump
discontinuity at the boundaries H1 and H2. The
first-order nature of the jumps and the finite
angular width of the cone region suggest that,
as H is tilted slightly from z, the system
persists in the zero-torque state. The steep
decrease of H2(q) with increasing |q| also
emphasizes the importance of the threefold
degeneracy to the zero-torque state. A slight
tilt of H allows the state to be destabilized at a
lower H2.

The state above the curve of H2(q) is also
unexpected (Fig. 4A). In constant-H cuts at large
H, MT(q) undergoes a finite jump at q = 0,
abruptly reaching a nominally constant value on
both sides. Ignoring the background slope, we
may express the profile as MT = sgn(q)M0, with
M0 independent of q andH. This profile implies
saturation of the transverse magnetization, as
well as an abrupt sign change at q = 0. If
viewed as a plot of MT versus Hy, it is sug-
gestive of a ferromagnetic response (but not
involving the physical spins). By contrast, MT

at n = 0 for noninteracting electrons does not
saturate (see eq. S13 of SOM). Both the satu-
ration and sign change imply that the non-
interacting Landau level scheme is inadequate
in high fields.

The problem of interacting electrons with
several valley degrees is also of importance in the
2D (two-dimensional) QHE systems based on
bilayer GaAs (7, 15, 16) and graphene (17–19).
In the large-H limit, the electrons gain exchange
energy if they all occupy the same valley (or a
linear combination of valleys). This state,
involving “valley polarization,” is called valley
ferromagnetism. In bismuth (with H||z), the
presence of a threefold valley degeneracy
enriches the problem in a novel way; the
system may either form a symmetric combina-
tion of the three valleys or occupy two of them.
The magnetic anisotropy and ferromagnetic-like
profile revealed in Fig. 4 strongly suggest a
valley-polarized state.

Our results confirm that, in bismuth, the Dirac
electrons with three flavors are unstable to the
formation of a novel ground state in intense mag-

Fig. 2. Traces of the
derivative dMT/dH versus
H = |H| at q = –3.1° and
3.4° [(A) and (B), respec-
tively] at 1.5 K. The
sublevels (n, s) are iden-
tified by minima for q <
0, and sublevels (s = ±)
are identified by maxima
for q > 0. Primed labels,
for example, (2′, +), indi-
cate sublevels that have
crossed the line q = 0. At
low H, the label (n, +) is
shortened to n. (C) The
dispersion of sublevels
(n, s) versus q in the q-H
plane with H in log scale.
As q increases, sublevels
with Bn,s decreasing be-
long to ellipsoid 2, and
sublevels with Bn,s in-
creasing belong to ellip-
soid 3. At large H, the
sublevels (1, ±) and (2, ±)
may be followed over a
broad range of q. The
hole sublevel n= 1 is the
q-independent curve at
9.2 T (triangles). The
curve H1 (open circles)
is the lower boundary of
a new state.

Fig. 3. High-field phase diagram in
the B-q plane (T = 0.3 K). The two
transition fields H2 (red circles) and
H1 (open circles) enclose a region
(white) in which the torque signal
vanishes (apart from the back-
ground Dcb). The sublevel (0,–)
vanishes in amplitude when it enters
this region but reappears at larger
tilt |q|. The horizontal line at 9.3 T
is the n = 1 sublevel of the hole
ellipsoid.
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netic fields. The 3D electronic state in bismuth is
easier to probe with thermodynamic and spec-
troscopic tools and hence promising for elucidat-
ing the high-field instability of the Dirac gas.
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Did Cooling Oceans Trigger Ordovician
Biodiversification? Evidence from
Conodont Thermometry
Julie A. Trotter,1,2* Ian S. Williams,1 Christopher R. Barnes,3 Christophe Lécuyer,4 Robert S. Nicoll5

The Ordovician Period, long considered a supergreenhouse state, saw one of the greatest radiations
of life in Earth’s history. Previous temperature estimates of up to ~70°C have spawned controversial
speculation that the oxygen isotopic composition of seawater must have evolved over geological
time. We present a very different global climate record determined by ion microprobe oxygen
isotope analyses of Early Ordovician–Silurian conodonts. This record shows a steady cooling
trend through the Early Ordovician reaching modern equatorial temperatures that were sustained
throughout the Middle and Late Ordovician. This favorable climate regime implies not only that
the oxygen isotopic composition of Ordovician seawater was similar to that of today, but also
that climate played an overarching role in promoting the unprecedented increases in biodiversity
that characterized this period.

Oxygen isotopes provide a valuable means
for tracking environmental change, with
oxygen isotopic compositions of marine

fossil carbonates (d18Ocarb) being especially use-

ful for reconstructing Cenozoic sea-surface tem-
peratures (1). This approach, however, has proven
less reliable for older biogenic carbonates, which
are more prone to diagenetic modification. Anom-

alously low oxygen isotope compositions of Early
Paleozoic biogenic carbonates have driven con-
tentious debate about the implied high seawater
temperatures and variability in seawater oxygen
isotopic composition (d18Oseawater). Resolution of
these issues has important implications for un-
derstanding fundamental Earth processes and ma-
jor events in Earth history.

The Paleozoic marine d18Ocarb record is de-
rived mainly from calcitic brachiopods (2, 3) that
exhibit a wide range in composition from about
−2 per mil (‰) to −10‰ Vienna Pee Dee bel-
emnite (V-PDB). It has been argued that this re-

Fig. 4. Constant-field cuts
of the transverse magnetiza-
tion MT(q, H). (A) Cuts for
10 < H < 31 T in 1-T steps,
displaced by 10 A/m between
adjacent curves (blue bar
indicates DMT = 20 A/m).
Transitions occur when q
crosses the curves H1 (red
circles) and H2 (black circles).
The background tilt arises
from the susceptibility an-
isotropy Dcb. At high fields
(H > 25 T), MT retains its
discontinuity at q = 0. (B)
Cuts at 10 to 14 T without
displacement. In the angular
window |q| < 4°, MT is
independent of H.
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Petroleum Resources, North Ryde, NSW 1670, Australia.
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