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Realizing Low-Energy Classification Systems
by Implementing Matrix Multiplication

Directly Within an ADC
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Abstract—In wearable and implantable medical-sensor applica-
tions, low-energy classification systems are of importance for de-
riving high-quality inferences locally within the device. Given that
sensor instrumentation is typically followed by A-D conversion,
this paper presents a system implementation wherein the majority
of the computations required for classification are implemented
within the ADC. To achieve this, first an algorithmic formulation is
presented that combines linear feature extraction and classification
into a single matrix transformation. Second, a matrix-multiplying
ADC (MMADC) is presented that enables multiplication between
an analog input sample and a digital multiplier, with negligible ad-
ditional energy beyond that required for A-D conversion. Two sys-
temsmapped to theMMADCare demonstrated: (1) an ECG-based
cardiac arrhythmia detector; and (2) an image-pixel-based facial
gender detector. TheRMS error over all multiplication performed,
normalized to the RMS of ideal multiplication results is 0.018. Fur-
ther, compared to idealized versions of conventional systems, the
energy savings obtained are estimated to be and , re-
spectively, while achieving similar level of performance.
Index Terms—ADC, boosting, classification, embedded sensing.

I. INTRODUCTION

M EDICAL sensors used for long-term patient moni-
toring, especially outside the hospital setting, offer the

potential to substantially improve patient health, quality of life,
and outcomes [1], [2]. This potential depends on two aspects:
(1) the ability to acquire signals that are informative with
respect to a patient state; and (2) the ability to make relevant
inferences from such signals. Systems to address this face a
wide range of technical challenges, especially when size and
energy constraints, necessary for long-term patient comfort
and compliance, are considered. Motivated by recent progress
in wearable and implantable sensor technologies (e.g., [3]),
which are making a wide range of patient signals accessible
within such systems, this paper focuses on deriving inferences

Manuscript received July 30, 2015; revised October 27, 2015; accepted
November 07, 2015. Date of publication December 28, 2015; date of cur-
rent version January 27, 2016. This work was supported by SRC, NSF
(CCF-1253670), and Systems on Nanoscale Information fabriCs (SONIC), one
of the six SRC STARnet Centers, sponsored by MARCO and DARPA. This
paper was recommended by Associate Editor R. Genov.
The authors are with the Department of Electrical Engineering, Princeton

University, Princeton, NJ 08544 USA (e-mail: zhuow@princeton.edu;
jintao@princeton.edu; nverma@princeton.edu).
Color versions of one or more of the figures in this paper are available online

at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TBCAS.2015.2500101

Fig. 1. ECG patient data, showing (a) normal beats, (b) arrhythmia beats, and
(c) the discrete wavelet transform of both types of beats, as biomarkers for
detecting cardiac arrhythmia.

at minimal energy levels. Generally speaking, A-D conversion
follows sensor instrumentation, and digital computation follows
A-D conversion to derive the inferences. This paper presents an
ADC that performs data conversion as well as most of the com-
putations required to derive the inferences within a single stage.
In particular, this paper presents (1) an algorithmic formulation
that combines the operations of linear feature extraction and
classification into a single matrix transformation, and (2) an
ADC architecture that performs multiplication between analog
input samples and an arbitrary matrix of digital elements. The
ADC architecture is referred to as a matrix-multiplying ADC
(MMADC) [4].
The focus for deriving the inferences is on machine-learning

algorithms. The benefit of machine-learning algorithms is
motivated, on a high level, using the example considered in
Fig. 1. Electrocardiogram (ECG) data from a patient is shown
[5], [6], with beats in Fig. 1(a) being expert identified as normal
beats and those in Fig. 1(b) being expert identified as arrhyth-
mias (e.g., premature ventricular contraction, bundle branch
block beats, atrial premature beats, etc. [5]). We see, especially
from looking at the normal beats, that substantial physiologic
variances are prominent. This makes it difficult to detect the
pathophysiologic variances of the arrhythmias, which can be
much more minute. For example, time-frequency analysis of
the ECG is often used to expose biomarkers of arrhythmias [7].
Fig. 1(c) plots discrete-wavelet-transform (DWT) coefficients,
for normal beats (blue) and arrhythmias (red), with average
value and standard deviation shown over 2500 beats. While
for each coefficient, differences between the two classes are
noticeable, limited analytical understanding of such differences
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and large variances within the classes make it difficult to estab-
lish a robust decision rule. Related to this, both the differences
between the classes and the variances within each class are pa-
tient specific, making it likely that patient-customized decision
rules can substantially improve accuracy [8], [9].
This points to methods that can model statistical correlations

across a potentially large number of biomarkers (DWT coeffi-
cients) for enhanced robustness, and can do so efficiently on a
patient-by-patient basis. Machine-learning algorithms enable
data-driven methods for efficiently constructing decision rules
by modeling the statistics over a potentially large number
of dimensions. By starting with data, such modeling can be
performed to high order, without the need for strong analytical
representations. Thus, machine-learning algorithms are gaining
importance for performing inferences (e.g., classification)
across a broad range of physically-complex embedded signals,
but especially physiological signals acquired from medical
sensors [10]. With the increasing prominence of wearable and
implantable sensor technologies, the ability to perform such
inferences within a similar form-factor, namely under severe
battery constraints, can open up important system and use-case
possibilities [11].
The remaining paper is structured as follows. Section II

presents the system and algorithmic formulation for reducing
feature extraction and classification via a machine-learning
algorithm to a single matrix transformation. Then, Section III
presents an overview of the MMADC architecture, and Sec-
tion IV presents the circuit design details. Finally, Section V
presents testing results of the IC prototype, and Section VI
presents application system demonstrations.

II. OVERVIEW OF SYSTEM FORMULATION

Fig. 2 shows the typical structure of a classification system.
The input signal from a sensor is first fed to an ADC,
so that digital computations may subsequently be performed.
On a high level, these computations correspond to feature ex-
traction and classification. Feature extraction involves creating
a representation of the signal that enhances pattern recogni-
tion. Most notably, this may imply dimensionality reduction
and/or computation of specific biomarkers. Though the precise
feature-extraction computations can be highly variable across
applications, simple linear operations are commonly used; for
instance, the system demonstrations presented in Section VI
employ principal components analysis (PCA) for dimension-
ality reduction and discrete wavelet transform (DWT) for com-
puting biomarkers. The resulting representation is referred to as
a feature vector, designated as . Feature vectors can be viewed
as points in a hyper-dimensional space, called a feature space.
Classification then involves mapping feature vectors to logical
classes. In typical machine-learning algorithms, this is achieved
through two phases. The first phase is training, which occurs
off-line and typically infrequently; hence, its energy is not the
primary focus. Training uses previously observed instances of
data represented in the feature space , together with their
known class labels, to form a model, often in the form of a hy-
perplane which then serves as a decision boundary. The second
phase is testing (detection), which occurs continuously and in

Fig. 2. System diagram of conventional classification system.

Fig. 3. Complexity of linear feature extraction in conventional system
corresponds to roughly multiplications and additions.

real time; hence, its energy is a primary concern. Testing em-
ploys themodel to make class decisions, designated numerically
as . Often a threshold is applied for mapping to binary classes,
leading to . The subsections below look more closely at
the complexity of the feature-extraction and classification oper-
ations, and then lead to the algorithmic formulation proposed.

A. System Complexity
Assuming linear feature extraction within the conventional

system, the computations required can be represented as shown
in Fig. 3. Namely, as multiplication of a matrix with a vector
, corresponding to samples of the input . For a fea-

ture-vector dimensionality of , this amounts to mul-
tiplications and additions.
For classification, we consider as an example a support-vector

machine (SVM), which is commonly used to implement a
strong classifier. A strong classifier is defined as one whose
model can be fitted to arbitrary training data, while a weak
classifier is defined as one whose model cannot. The computa-
tion required is shown in (1). Here, correspond to training
feature vectors selected to a set called the support vectors in
order to represent the decision boundary, while , correspond
to training parameters. Of key importance for realizing a strong
classifier is the kernel function , which introduces non-lin-
earity to achieve flexibility in the decision boundary. The
shown in (2) is for a radial-basis function (RBF) kernel

(1)

(2)

Fig. 4 shows the importance of non-linear using feature-
vector data derived from the ECG in an arrhythmia-detection
application [7] (due to high dimensionality of the actual fea-
ture vectors, the data is projected to two dimensions using PCA
for visualization). The figure also shows the decision bound-
aries that result from training a linear SVM and an RBF SVM.
As seen, the linear decision boundary achieves inadequate fit-
ting, resulting in misclassification of many points; generally,
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Fig. 4. Feature-vector data in arrhythmia detection application shown with
linear and RBF SVM decision boundaries derived from training.

non-linear is necessary for adequate fitting [12]. Taking
the computation in (1), approximately multiplications and

additions are required. Additionally, non-linear (ex-
ponential) operations are required, which can be implemented
using a CORDIC.

B. Proposed Algorithmic Formulation

The proposed algorithmic formulation is based on combining
feature-extraction computations with classification computa-
tions. Opportunities to achieve such combination have been
previously explored and leveraged towards efficient system
implementation. For instance, [13], [14] focuses on SVM
classification using weaker kernels than the RBF, but wherein
linear operations dominate. In this case, the total operations
required scale with the dimensionality of and the number of
support vectors . However, the proposed formulation focuses
on linear classifiers. Though these lead to inadequate fitting, a
method known as boosting is leveraged whereby fitting at the
level of a strong classifier can be achieved using multiple linear
classifiers, typically much fewer than the number of support
vectors required in an SVM kernel.
The system computation required for both linear feature

extraction and classification when a linear classifier is used
is shown in (3). The linear hyperplane is defined by a
classification vector . With the feature vector is computed
by multiplication between the matrix and the -di-
mensional vector , the classification vector can in fact be
combined with the feature-extraction matrix into a single

matrix . This avoids explicit computation of the feature
vector . Considering that the feature vector is an intermediate
representation which provides more general information than
required for classification, avoiding its computation has the
potential to reduce system complexity. In particular, the entire
classification system can now be reduced to just multiplica-
tion operations and addition operations.

(3)
(4)
(5)

Fig. 5. Illustration of AdaBoost algorithm for creating a strong classifier based
on multiple weak linear classifiers.

However, the inadequate fitting of linear classifiers must be
overcome. For this, we consider a machine-learning algorithm
known as adaptive boosting (AdaBoost) [15]. AdaBoost uses
an ensemble of weak classifiers to construct a strong classi-
fier. The algorithm is illustrated in Fig. 5. Here, weak classi-
fiers are trained iteratively, such that data instances misclas-
sified in a given iteration are given increased weight during
training of the subsequent iteration. The total number of iter-
ations required, designated as , is determined from training.
Once the weak-classifier decisions are obtained, these are
fed to a weighted voter to arrive at the final classification deci-
sion. The voter weights are also determined during AdaBoost
training, and the voter hardware simply amounts to a signed
adder, adding or subtracting a weight depending on the deci-
sion of the corresponding weak classifier. As shown in Fig. 5,
for the case of linear weak classifiers, the AdaBoost algorithm
effectively results in a decision boundary formed from the mul-
tiple weak classifiers, thereby achieving fitting at the level of
a strong classifier. In fact, theoretical work on AdaBoost has
shown that perfect fitting to the training set can be achieved
with very weak classifiers, whose performance is only margin-
ally better than 50/50 guessing [15].
Compared to a conventional strong classifier, such as SVM

with RBF kernel, AdaBoost raises a number of benefits for
potentially reducing system complexity. First, the low perfor-
mance requirement of the weak classifiers allows us to choose
weak classifiers that are preferred from the perspective of
implementation resources. For instance, this leads to straight-
forward mixed-signal implementation within the MMADC.
Further, as described in the following subsection, it affords
robustness against non-idealities in the weak-classifier imple-
mentations. Second, particularly when linear weak classifiers
are used, it avoids explicit computation of the feature vector
, which is necessary when non-linear classifier kernels are

employed. As shown in Fig. 6, with iterations, the
weak classification vectors can now be represented as a

matrix. As before, this matrix can now be combined with
the feature-extraction matrix , reducing most of the feature
extraction and classification computations to multiplication by
a single matrix . This requires multiplications
and additions. After thresholding the elements of
the resultant vector, the weak classifier decisions are obtained
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Fig. 6. Computational complexity of AdaBoost with Linear Classifiers [4].

TABLE I
ENERGY COMPARISON

and can be fed to a weighted voter (requiring further
additions) to yield a final classification decision.
As we see from estimating the operations required, the pro-

posed formulation introduces a complexity tradeoff between the
number of weak classifier iterations and the dimensionality
of the feature vector . Because the weak classifiers are directly
optimized (through the AdaBoost algorithm) to achieve a strong
classification result, has the potential to be small; on the other
hand, is not directly optimized for classification. However,
we point out that this will not always be the case, generally de-
pending on the strength of the weak classifier, the complexity
of the features, and the distribution of the application data. To
be more concrete, we consider the system demonstrations pre-
sented in Section VI: (1) ECG-based cardiac arrhythmia detec-
tion; and (2) image-pixel-based gender detection. Table I com-
pares the operations required for a conventional system based
on RBF SVM (Fig. 2) with those for the proposed system. The
proposed formulation leads to over and over reduc-
tion, respectively, in the operations.

C. Robustness for Mixed-Signal Implementation
As mentioned, the proposed algorithmic formulation is real-

ized via a mixed-signal implementation within the MMADC.
As detailed in the following section, such an implementation
achieves low energy and low hardware complexity, but is also
somewhat affected by circuit non-idealities. Previous work has
shown how the AdaBoost algorithm can enable an approach
whereby static random non-idealities in the implementation
of the weak classifiers can be overcome during the training
process. The approach is referred to as Error-Adaptive Clas-
sifier Boosting (EACB) [16], [17]. EACB leverages iterative
training to not only overcome classifier fitting errors (as in the
case of AdaBoost), but also classifier errors due to non-ideali-
ties in the implementation. The approach is illustrated in Fig. 7,
where the ideal weak-classifier decision boundaries are shown
as being perturbed due to such errors. By using the actual
non-ideal weak-classifiers implemented, training data weights
are assigned such that subsequent iterations are specifically
trained to correct errors from the previous iterations. Through

Fig. 7. Illustration of Error-Adaptive Classifier Boosting (EACB) approach, to
correct errors due to non-ideal implementation of weak classifiers, in addition
to fitting errors [17].

Fig. 8. MMADC conversion process for matrix multiplication.

such a data-driven approach, adaptation to overcome complex
systematic non-idealities can be achieved without additional
hardware, simply by applying the training data to one or a
small number of implementations (to represent the systematic
component of non-idealities). Generally, chip-to-chip variable
component of non-idealities can also be handled, but by ap-
plying the training data to each implementation.

III. OVERVIEW OF MATRIX MULTIPLYING ADC (MMADC)

Analog implementation of classifiers has been explored in
various contexts. For instance, [13] presents a classifier taking
digital inputs but leveraging analog charge coupling to imple-
ment approximate multiply-accumulate operations, while [18]
presents a classifier based on thin-film transistors to reduce the
data from thin-film sensors. In the presented MMADC, the aim
is to expand the A-D conversion operations performed in con-
ventional systems ( Fig. 2) to include multiplication at nearly no
additional energy and throughput cost. The MMADC presents
an architecture wherein the conversions can thus be organized to
implement matrix multiplication between input samples, which
represent a vector, and stored digital samples, which represent
an arbitrary matrix. Taking the algorithmic formulation from
above, which combines most of the feature extraction and clas-
sification computations into multiplication by a single
matrix , the MMADC substantially mitigates the need for ad-
ditional computations following A-D conversion in a classifica-
tion system.
Fig. 8 illustrates the MMADC conversion process, involving

two inputs: (1) an analog sample , corresponding to the
input signal; and (2) a digital multiplier , corresponding to
the entries of the matrix. Inmatrixmultiplication, each analog
sample is converted and applied a different digital multiplier
corresponding to each of the rows. Recalling that refers
to the number of weak-classifier iterations, in cases involving a
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Fig. 9. Hardware block diagram of the MMADC [4].

small number of iterations, the MMADC can lead to system en-
ergy that is on the order of just an ADC. Following the multipli-
cation operations, matrix multiplication is completed by storing
the outputs and finally adding together those from each row to
yield the elements of the resultant vector. In the implementation
presented, this addition is performed off chip.
Fig. 9 shows a detailed hardware block diagram of the

MMADC [4], which is based on a SAR architecture. Multipli-
cation requires analog-domain computation, which raises two
major challenges. First, active analog circuits typically suffer
from substantial non-idealities, which makes their operation
imprecise or requires considerable energy to overcome. Second,
multiplication substantially increases the dynamic range re-
quirements, and, in the analog domain, increasing dynamic
range has severe energy cost compared to the digital domain
[19]. To overcome these challenges, the MMADC takes the
approaches described below.

A. Passive Analog Multiplication
The idea of performing multiplication within ADC has

recently been explored [20], [21]. Different from previous
approaches, the MMADC performs multiplication using pas-
sive circuits by exploiting attenuation in a negative feedback
loop. The block diagram of a standard SAR ADC is shown in
Fig. 10(a). Conversion is achieved through a clocked capacitive
DAC (capDAC) within a discrete-time negative feedback loop.
With the comparator providing high gain , the overall transfer
function, is unity, yielding a digital code equivalent to the
sampled analog input

(6)

The MMADC extends the SAR architecture by adding a pas-
sive Feedback Divider (FB-Divider) block, which introduces a
gain of following the capDAC. The FB-Divider causes atten-
uation through a configurable capacitive voltage divider. Thus,
the overall transfer function is

(7)

yielding a digital code equivalent to the sampled analog input
multiplied by , a number larger than one. Thus multiplica-
tion is achieved passively through capacitors, which typically
benefit from both better matching and better stability than ac-
tive components. However, the maximum range of the sam-
pled analog input is limited to the maximum range of the feed-
back loop, under the largest attenuation condition. To address

Fig. 10. The block diagrams showing (a) a standard SAR ADC, and (b) the
MMADC, incorporating the feedback divider (FB-Divider) block to enable pas-
sive multiplication.

the reduced input analog range that occurs with large valued
multipliers , mixed-signal floating-point multiplication is
employed.

B. Mixed-Signal Floating-Point Multiplication

As shown in (8), the MMADC breaks the effective multi-
plier (corresponding to quantized ) into three el-
ements: (1) a sign bit ; (2) a significand ; and (3) an
exponent , with base 2.

(8)

The MMADC block diagram in Fig. 9 shows the hardware used
to apply each of these. As seen, only is applied via the
FB-Divider. In the implementation presented, is a 4-bit
number designed to give values of between 1 and in 16
steps: . Thus, analog
multiplication is only performed by a significand from 1 to 2.
Following SAR conversion and multiplication by the signifi-
cand, the MMADC applies the sign bit and multiplies by

in the digital domain, simply through barrel shifting. In
the implementation presented, is a 5-bit number, enabling
multiplication by a number between to . In this way, the
overall multiplier value can take on extremely large
values (up to 64 k), but the analog dynamic range is affected by
a factor less than 2.
Of course, such a floating-point multiplication impacts the

quantization error, changing the SQNR of the overall multipli-
cation operation. In fact, such a scheme substantially improves
the overall SQNR. This is because the output quantization levels
essentially shift based on the value to a range around the
multiplication result. On the other hand, with fixed-point multi-
plication, output quantization is fixed regardless of the multipli-
cation result, causing the SQNR for low-valued results (which
are obtained when the multiplier is small) to be degraded.
To illustrate this, Fig. 11 shows a simulation considering mul-

tiplication of an analog input having infinite precision (to the
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Fig. 11. The signal-to-quantization-noise ratio (SQNR) of linear fixed-point
multiplication versus floating-point multiplication [4].

limit of the simulator) with a digital multiplier . For this ex-
ample, is assumed to be uniformly distributed in the range of

, while for illustration integer values of up to 32 are con-
sidered. The blue lines show the SQNR for different fixed-point
quantization levels of the output multiplication result, from 8
to 13 bits. As seen, the SQNR varies substantially with the
multiplier value. In particular, small-valued multipliers lead to
small-valued outputs; though, with fixed-point linear quanti-
zation, the output quantization error remains constant. Conse-
quently, the SQNR is low for low-valued multipliers. In many
applications, including the ones demonstrated in Section VI,
low-valued multipliers occur with high frequency. This implies
inefficient use of the hardware’s dynamic range.
However, with the proposed floating-point multiplication,

the SQNR essentially jumps between the linear fixed-point
quantization curves as the value changes. Namely, in the
MMADC different values of cause barrel shifting of the
output result, while different values of cause the SQNR to
follow the linear fixed-point quantization curves. With barrel
shifting in this way, causes both the quantization error
and the multiplier value to scale similarly. Since scaling of
the multiplier value causes the output result to also scale, the
overall SQNR remains more constant over a large range of
multiplier values. Thus, more efficient use of the hardware’s
dynamic range is achieved.

C. Optimization for Reducing Analog Sensitivities

Even though the approach above allows us to limit the range
of and thus minimize the impact on the analog dynamic
range, generally larger values of are preferred to further
reduce sensitivities to analog imprecisions. As an illustration,
we can see from Fig. 9 that larger values of (corresponding
to smaller values of ), lead to larger signals at the input of
the comparator. The floating-point multiplication used in the
MMADC, enables a simple optimization knob by which this can
be achieved.
In [22] an optimization was presented for minimizing the

quantization error when mapping a set of multipliers to finite-
precision floating-point representation. This is based on the in-
sight shown in Fig. 12. With floating-point representation, a
fixed-sized set of quantization levels are linearly spaced, and
then the set is repeated by exponentially increasing the spacing.
This exponential spacing means that the multipliers, regardless
of their original values, can all be scaled by a single factor to
shift them closer to nearby quantization levels. The impact on

Fig. 12. When mapping a set of multipliers to floating-point representation, a
single scaling factor can be used to shift the values closer to the quantization
levels, thereby reducing quantization error [22].

Fig. 13. Analysis of the proposed optimization, showing (a) the cost function
value for , with both the optimal point (blue dot) and the default value
without optimization (green dot), and (b) comparison of the classifier output,
comparing ideal multiplication (blue), MMADC-measured multiplication with
the optimization (red), and MMADC-measured multiplication without the
optimization (green).

the final result is simply an overall scaling by , which is typi-
cally easily tolerated.
The optimization of interest for the MMADC is to shift the

multipliers such that most of themmap to large-valued quantiza-
tion levels among those linearly spaced within a given set. This
is shown in Fig. 12 for the case of only two quantization levels
within the linearly-spaced set, i.e., one-bit ; in the MMADC
implementation presented, is actually four bits. Since the
rows of the matrix each correspond to a linear classifier, the
optimal can be determined for each row. Further, this can be
done off line following the training process, by employing the
same data used for training. The objective function we define
for performing this optimization is as follows:

(9)

where

(10)

As described in [22], such an objective function exhibits peri-
odicity, implying that the globally-optimal solution can be found
within the range of . For illustration, Fig. 13 a plots
the objective function for a set of linear classifier coefficients
obtained from training. We can see that the optimal is ap-
proximately (1.85), which is larger than the default value
of obtained if no such optimization is performed. Fig.
13(b) compares the corresponding classifier outputs for the
training data, considering ideal double-precision multiplication
(blue curve), MMADC hardware measurement results with the
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Fig. 14. Comparison of input sampling (a) charging and (b) holding time with
(blue solid) and without (red dashed) stacked effect.

optimization (red curve), and MMADC hardware measurement
results without the optimization (green curve) (for visualization,
the classifier outputs are sorted based on increasing value of the
ideal output). We can see that the optimization substantially re-
duces error, with the RMS value of error normalized to the RMS
value of the ideal output being reduced from 2.0 down to 1.2.

IV. CIRCUIT DESIGN

This section describes the circuit implementation of the
MMADC, focusing on the block diagram shown in Fig. 9. As
mentioned, the MMADC expands on a tradition SAR ADC,
designed to provide 8-bit output codes in the implementa-
tion presented. The major difference between the MMADC
and a conventional SAR ADC are the use of an explicit
sample-and-hold (S/H) circuit, as well as the feedback divider
(FB-Divider) and barrel-shifter blocks for implementing mul-
tiplication. Combining the sign bit, 5 b barrel shifting (0 to
31), and 8 b SAR ADC output, the total bit width of the output
code needed is 40 b. These blocks are discussed in detail next,
followed by analysis of the error sources resulting from the
hardware implementation.

A. Input Sampling

In a SAR ADC, the S/H block is typically combined with
the capDAC. However, as discussed in Section Section III,
to implement matrix multiplication, multiple conversions are
needed of each analog sample. This necessitates resetting the
capDAC, which will cause charge from the input sample to be
lost. Thus, in the implementation presented, the sample’s charge
is stored on a separated capacitor. Further, the charge must be
held for a longer period spanning the multiple conversions.
To mitigate charge leakage during this period, the sampling
switch uses two series connected CMOS switches, as shown in
Fig. 14. Such a connection exploits the stacked effect, which
reduces the leakage current more than the on current [23].
Across all corners and input-sample bias levels, the worst-case
charge leakage is simulated to be less than 0.5 LSB over 50
conversions, thus allowing the matrix to have 50 rows (cor-
responding to 50 weak-classifier iterations, in the formulation
of Section II). Bootstrapping techniques to reduce the distortion
of input sampling are not employed in the implementation
presented due to the focus on relatively low-bandwidth signals
in the system demonstrations (Section VI); however, standard
bootstrapping approaches can be employed [24], [25].

Fig. 15. The feedback divider block, consists of a coupling capacitor and a
variable capacitor , the feedback gain is as shown [4].

B. Feedback Divider (FB-Divider)
The FB-Divider block is used to implement attenuation via

capacitive voltage division in the feedback path following the
capDAC. The capDAC and FB-Divider circuits are shown in
Fig. 15. The capDAC has a total capacitance of ; with
binary-weighted unit capacitors , has a value
of for the 8-bit DAC.
The capDAC output drives the FB-Divider. The

FB-Divider then performs voltage division between a coupling
capacitor and a switchable-valued capacitor ,
yielding the output voltage to the comparator.
is formed from four selectable binary-weighted capacitors,
based on the 4-bit value. The unit capacitor for binary
weighting is designed to have a nominal value of ,
where . With set to , the unit
capacitor is roughly 23 fF. Setting the capacitances in this way,
the feedback gain , applied to the ideal capDAC output, is
given as follows:

(11)

(12)

Thus, with taking values from 0 to (in 16
steps of ), takes values between 1 and , imple-
menting maximum attenuation just less than .
At the start of the conversion, the signal is asserted

and the bottom plates in the capDAC are biased as shown in
Fig. 15. This causes the charge of the capDAC and FB-Divider
capacitors to be reset, setting and to a nominally
mid-rail voltage . With the capDAC thus configured for
MSB comparison, the analog input sample can be posi-
tive or negative with respect to . This, along with the
bit of the digital multiplier, allows the analog input and digital
multiplier used by the MMADC to be signed. Thus, overall, the
8-bit output code is derived to correspond to the
following analog voltage:

(13)

(14)

(15)
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Fig. 16. Schematic of the comparator [26].

Fig. 17. Summary of error sources due to the modified SAR structure.

C. Comparator
The comparator is based on a dynamic latch structure, as

shown in Fig. 16 [26]. At every positive edge of , the latch
resets. At negative edges, the latch dynamically regenerates de-
pending on the differential inputs.

D. Error Sources
Compared to a conventional SAR ADC, whose primary error

sources at the 8-bit level are capacitor mismatch in the capDAC
and distortion due to varying resistance of the input switch, the
MMADC introduces additional error sources. These are sum-
marized in Fig. 17 as , along with an additional non-ide-
ality (4), which does not lead to errors of importance.
The first two error sources (1, 2) are input dependent charge-

injection error and input dependent comparator-offset, respec-
tively. Both of these arise due to the fact that the S/H is sepa-
rated from the capDAC. Done this way, the bias voltage of the
sample switch varies with the input voltage leading to corre-
sponding variations in the charge-injection error. Further, with
the input sample serving as the reference voltage for comparison
with the feedback path, the comparator biasing also changes
with the input voltage. Typically, the comparator offset is de-
pendent on its input biasing [27], thus leading to input-depen-
dent conversion error. The third error source (3) arises due to
parasitic capacitance on the top plate of the FB-Divider. Con-
sidering (12), this adds a fixed term to the denominator, causing
error in the overall value. Measurements in Section V show
that the resulting error is modest, and can be further reduced
through appropriate sizing of the comparator input devices and
the use of FB-Divider capacitors with low top-plate parasitics.
The remaining non-ideality noted arises due to parasitic

capacitance on the top plate of the capDAC. Such a parasitic is
also seen in SAR ADCs that employ a sub-DAC; such capaci-
tance is easily handled by appropriately adjusting the value of
the coupling capacitor [27]. In the case of theMMADC, this

Fig. 18. Die photo of the MMADC prototype [4].

TABLE II
SUMMARY OF MEASUREMENT RESULTS [4]

can be seen in (12), where only appears in terms with
(i.e., ).
Overall, measurement results in Section V show that the

error sources have modest impact. Further, within an appli-
cation these are readily overcome using the EACB approach
previously described (Section II-C).

V. PROTOTYPE MEASUREMENTS

The MMADC prototype is fabricated in an IBM 130 nm
CMOS technology [4]. Fig. 18 shows the die photo, and
Table II provides a summary of the measurement results. The
total MMADC area is , with the FB-Divider
(implemented) and digital barrel shifter (from post-layout area
estimation) representing less than 5% area overhead compared
to a standard SAR layout. The IC operates from a 1.2 V supply;
however, the analog input range is from 0.35 V to 0.85 V,
reduced by roughly a factor of 2, due to the analog-domain
multiplication. The ADC power is seen to scale linearly with
the sampling rate, giving roughly constant energy. The max-
imum sampling rate is 20 kHz. With an input signal of 1 kHz, a
figure-of-merit (FoM) of 209 fJ per conversion-step is achieved.
Beyond static non-linearity, the primary degradation of SNDR
(45.8 dB with 1 kHz input, 38.9 dB with 9 kHz input) is due
to distortion from the input switch; as mentioned, this can be
addressed through bootstrapping techniques. We also point out
that, based on recent designs reported, the SAR architecture
enables the potential for signficant FoM reduction through
various optimizations (e.g., amenability to scaled technologies,
lower supply voltages, improved matching of unit capacitors).
For the most part, these can readily be applied to the MMADC,
giving the potential for further energy reductions.
For INL/DNL testing, different values of result in dif-

ferent range of codes that can be reached (over the 0.35–0.85 V
analog input range). For characterization over the entire range,
Fig. 19 shows the INL/DNL with set to 4’b1111. As seen,
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Fig. 19. INL and DNL of the MMADC with set to 4’b1111 [4].

Fig. 20. Measured multiplication transfer function [4].

the worst case INL and DNL are 0.30 LSB and 0.32 LSB,
respectively.
The measured multiplication transfer function is shown in

Fig. 20. Fig. 20(a) shows the output code versus input voltage
for different values of . Fig. 20(b) uses these results to derive
the overall multiplication transfer function verses . As men-
tioned in Section IV-D, parasitic capacitance on the top plate of
the FB-Divider causes some error. This error can be attributed
to any value of by selecting an overall scaling factor; in
the plot shown, the error is attributed to largest , amounting
to 9% worst-case error for the capacitance values and MIM ca-
pacitors used. Note, application of simply involves digital
barrel shifting, and thus introduces no error beyond the quanti-
zation noise analyzed in Section III-B. Over all of the multipli-
cations performed in the system demonstrations presented next,
the RMS error of multiplication, normalized to the RMS of ideal
multiplication is just 0.018. Thus, the MMADC provides robust
computation combined with data conversion.

VI. SYSTEM DEMONSTRATIONS

Two applications have been demonstrated using the
MMADC: (1) ECG-based cardiac arrhythmia detection; and
(2) image-pixel-based gender detection. These applications, as
well as their implementation and characterization details, are
discussed in the following subsections.

A. ECG-Based Cardiac Arrhythmia Detection

Cardiac arrhythmias, in addition to causing considerable
adverse symptoms, are also an indicator of a range of other
important diseases. For this reason, arrhythmia detection is
gaining prominence in patient-monitoring applications. The
ECG presents strong biomarkers for detection, and a variety of
methods for detection based on the ECG have been proposed
[28], [29], [7].

Fig. 21. ECG-based cardiac arrhythmia detection systems, showing
conventional system (above) and proposed system (below). The systems
correspond to the following parameter values: , , ,
and .

Specifically, Fig. 21 shows the block diagrams corresponding
to the demonstrations presented, including a conventional
system implementation (based on an ADC, feature extractor,
and RBF SVM classifier) and the proposed system implemen-
tation (MMADC and adder for weighted voting). The systems
presented employ features extracted from a discrete wavelet
transform (DWT) taken over 256 samples of the ECG (which
is itself sampled at 256 Hz) [7]. The DWT corresponds to a
seven-stage level-four DWT [7]. This can be reformulated into
a 256 256 matrix. For the conventional system, the RBF SVM
is trained and found to require 170 support vectors. Similarly,
for the proposed system, boosted linear classifiers are trained.
As we show, boosting enables a knob for energy and precision
scaling, wherein fewer iterations can be used to reduce energy.
Thus, referring to the parameters from Section II, ,

, , and .
The conventional system is simulated in MATLAB to the full

precision of the simulator to characterize its performance and in
NanoSim to estimate its energy (following transistor-level cir-
cuit design and layout); the proposed system is implemented and
tested experimentally. Expert-annotated ECG data of patients
(identifying bundle branch block beats, atrial premature beats,
nodal premature beats, premature ventricular contractions, atrial
escape beats, nodal escape beats, supraventricular escape beats,
ventricular escape beats and paced beats) are obtained from the
MIT-BIH arrhythmia database [5], [6]. For the experimental
demonstration, the signals are replayed using a 14-bit arbitrary
waveform generator and provided to the MMADC.
1) System Performance: The metrics used to measure clas-

sification performance are true-positive rate and true-negative
rate (TPR/TNR). TPR corresponds to the number of correctly
classified testing-data instances from the positive class, divided
by the total number of testing-data instances from the positive
class (TNR is defined similarly). The false-positive/false-nega-
tive rates (FPR/FNR) can be derived as and

, respectively. For system training and testing,
10-fold cross validation is used. Fig. 22(a) and (b) compare
the classification performance for the conventional system, the
MMADC system with EACB (described in Section II-C) and
with the multiplier optimization (described in Section III-C),
the MMADC with EACB but without the optimization, and the
MMADC without EACB and with the optimization. As seen,
theMMADC system, together with EACB and the optimization,
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Fig. 22. ECG arrhythmia detection system performance [(a) true negative rate
and (b) true positive rate] comparison for conventional system (blue), MMADC
system without EACB (pink) and MMADC system with EACB without (green)
and with (red) the heuristic.

is able to approach the performance of the ideal MATLAB-im-
plemented conventional system within a small number of weak
classifier iterations. We point out that various algorithms em-
ploying different features and classifiers have been proposed
for arrhythmia detection, giving rise to various trade-offs in de-
tection [30]. The performance of the systems considered here
are representative of the performance levels that have been re-
ported. Though some small performance difference remains be-
tween the MMADC sysetm and the conventional systems, such
a system can be adequate for very-low-energy initial detection.
The benefits of EACB, for improving accuracy, and the opti-
mization, for improving boosting convergence are apparent.
2) System Energy: Though the performance levels of the

conventional and MMADC systems are similar, the energy of
the MMADC system, particularly when employing the system
formulation presented in Section II, can be substantially lower.
For energy comparison, the conventional system is represented
as follows. The energy per ADC conversion is
taken to be that measured from theMMADC, since the multipli-
cation functionality added has negligible impact on energy. The
feature-extraction energy, which corresponds to matrix multi-
plication, is estimated from post-layout simulation of a mul-
tiply-accumulate unit [13 b multiplication , 40b
addition ] in the same 130 nm CMOS tech-
nology. The classifier energy, which corresponds to computa-
tion of the RBF SVM kernel (1), is estimated from post-layout
simulation of the multiply-accumulate unit, a 40-bit adder, and
a CORDIC unit [31], all implemented in the
same 130 nm technology. For energy comparison, the MMADC
system is estimated as follows. The MMADC energy, which
corresponds to A-D conversion with matrix element multipli-
cation, is measured from the prototype. Accumulation for ma-

Fig. 23. Energy comparison of conventional and MMADC systems with
increasing weak classifier iterations.

TABLE III
ENERGY AND PERFORMANCE COMPARISON FOR ECG-BASED

ARRHYTHMIA-DETECTION SYSTEMS

trix multiplication is estimated from post-layout simulation of
an adder. Weighted voting, which corresponds to signed addi-
tion, is also estimated from post-layout simulation of an adder
in the same 130 nm technology.
Fig. 23 compares the energy of the conventional system with

MMADC system. While the energy for the MMADC system
scales with weak classifier iterations, it remains much lower
than the conventional system, even at 20 iterations. Using the
system parameters with , the energies of the conven-
tional and MMADC systems are shown in detail in Table III.
The conventional system achieves an energy per classification
of 566 nJ, while the MMADC system achieves an energy per
classification of 43.7 nJ, representing lower energy.
3) Quantization Error: As discussed in Section III-B, the

MMADC uses a mixed floating-point (for ) and fixed-point
(for ) multiplication. It was mentioned that conventional
linear fixed-point multiplication leads to degraded SQNR
for low-valued multipliers, leading to inefficient use of the
hardware’s dynamic range. For the arrhythmia-detection
application, Fig. 24(a) normalizes the multiplier values (cor-
responding to entries of the matrix) to , and plots
their histograms. Indeed, we find that low-valued multipliers
are most prominent. Further, Fig. 24(b) plots a histogram
of the quantization error of the multiplier values using both
linear fixed-point representation (at 5-bit precision) and the
floating-point representation of the MMADC (with 1 bit for
and 4 bits for ). As seen, the fixed-point representation has
much more uniformly distributed error between , while
the floating-point representation has error distributed much
more densely near smaller values. This motivates the multi-
plication approach of the MMADC, particularly since similar
distributions are observed more broadly. As an example, the
multipliers involved in window-based FIR filtering matrices,
which are commonly used in signal-processing systems, exhibit
similar distribution [22].

B. Image-Pixel-Based Gender Detection

Gender detection from facial images is used widely in image-
processing systems for applications ranging from biometrics
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Fig. 24. Analysis of quantization errors in the ECG-based arrhythmia-
detection system, showing (a) histogram of multiplier values normalized to
5 bits, and (b) corresponding histogram of quantization errors with 5-bit linear
quantization and 5 bit , floating-point quantization, as applied in the
MMADC.

Fig. 25. Image-pixel-based gender-detection systems, showing conventional
system (above) and proposed system (below). The systems correspond to the
following parameter values: , , , and .

[32] to public security [33]. Fig. 25 shows block diagrams cor-
responding to the conventional-system and MMADC-system
demonstrations presented. Each facial image is an aligned and
sized to 160 120 pixels. Feature extraction corresponds to prin-
cipal component analysis (PCA) applied to the 19,200-dimen-
sional image-pixel vector. The first 200 principal components
are referred to as projections onto eigen faces, and correspond
to the feature vector used for classification [34]. Thus, feature
extraction can be formulated into a 200 19200 matrix. For the
conventional system, the RBF SVM is trained and found to re-
quire 180 support vectors. The proposed system, using boosted
linear classifiers is found to require just one iteration. Thus,
referring to the parameters from Section II, ,

, , and .
The conventional and proposed systems are simulated and

measured as described previously. Application data is obtained
from the FERET facial-image dataset [35]. Once again, for ex-
perimental demonstration of the proposed system, the image
data is replayed through a 14-bit arbitrary waveform generator
and provided one pixel at a time to the MMADC.
1) System Performance: Once again using the metrics of

TPR/TNR, Fig. 26 shows the performance of the conventional
system and the MMADC system (for training and testing 2-fold
cross validation is used). As seen once again, the MMADC
system achieves performance at the level of the idealMATLAB-
implemented conventional system. Further, the performance of
both the systems considered is in the range of the state-of-the-art
performance that has been reported for this application [36].
2) System Energy: The energies of the systems are estimated

as described previously. Using the system parameters ( , , ,
), the energies of the conventional and MMADC systems are

Fig. 26. image gender detection system performance comparison for
conventional system and MMADC system [4].

TABLE IV
ENERGY AND PERFORMANCE COMPARISION FOR IMAGE-PIXEL-BASED

GENDER-DETECTION SYSTEMS

Fig. 27. Analysis of quantization errors in the image-pixel-based gender-
detection system, showing (a) histogram of multiplier values normalized to
5 bits, and (b) corresponding histogram of quantization errors with 5-bit linear
quantization and 5-bit , floating-point quantization, as applied in the
MMADC.

shown in detail in Table IV. The conventional system achieves
an energy per classification of , while the MMADC
system achieves an energy per classification of 655 nJ, repre-
senting lower energy.
3) Quantization Error: The quantization error incurred in

this application is analyzed as described previously. As shown
in Fig. 27(a), the histogram of multiplier values exhibits the
same behavior, with low-valued multipliers occurring most fre-
quently. As shown in Fig. 27(b), the quantization error of the
multiplier values are once again distributed uniformly for the
fixed-point representation and densely near smaller values for
the floating-point representation used in the MMADC.
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VII. CONCLUSIONS

Machine-learning algorithms for classification raise distinct
benefits for analyzing physically complex embedded signals,
such as those derived from medical sensors. For wearable
and implantable systems, realizing such algorithm at minimal
energy levels is of critical importance. This paper presents
an algorithmic formulation that leverages classification via
boosted linear classifiers, such that feature extraction and clas-
sification can be combined into a single matrix transformation.
This eliminates explicit computations required to compute the
feature vector and thus potentially leads to substantial energy
savings. Further, this paper presents a matrix-multiplying ADC
(MMADC) that enables this transformation to be largely per-
formed within conversion process of a SAR ADC, by treating
analog input samples as the elements of a source vector. When
implementing systems in this way, a tradeoff is introduced
between the dimensionality of the original feature vector and
the number of linear classifiers required. Typically, the number
of linear classifiers can be small leading to substantial energy
savings. Further, recent work has shown that the energy of SAR
ADCs can be substantially reduced, with designs today in the
6 to 9-bit range routinely achieving an energy per conversion
step . This makes the integration of multiplication func-
tions in the ADC even more compelling, enabling increasingly
complex computations to be performed at minimal additional
energy.
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