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Reducing Quantization Errors for Inner-Product Operations  
in Embedded Digital Signal Processing Systems

I nner-product operations are used 
extensively in embedded digital sig-
nal processing (DSP) systems. Their 

applications range from signal process-
ing (filtering/convolution) to inference 
(classification). In embedded systems, 
resources (energy, area, etc.) are typically 
highly constrained, making  tradeoffs 
with computational precision a funda-
mental concern. Indeed, with increasing 
re  quirements on algorithmic per-
formance, many systems are trending 
 toward higher computational precision to 
ensure accuracy of results. 

This article describes an approach 
to significantly enhance accuracy for 
inner-product operations at very low bit 
precisions, significantly improving the 
energy/area-versus-accuracy tradeoffs 
traditionally incurred [1]. Low-energy 
embedded systems often employ linear, 
fixed-precision representation for oper-
ands due to the simplicity and  relative 
efficiency at lower dynamic range. We 
focus on the use of a floating-point rep-
resentation. For specific distributions 
of operands very commonly observed, 
such a representation substantially 
enhances the accuracy of most oper-
ands. However, particularly at the low 
bit precisions we focus on, it raises the 
issue that many operands can incur a 
large quantization error, much greater 
than that with  standard linear, fixed-
precision re p re sen tation. To address 
this, a simple  optimization is applied 

within the quantization process, which 
is shown to significantly improve accu-
racy at a given bit precision. By targeting 
the way in which operands are repre-
sented, the approach incurs no added 
hardware or computational overheads 
and in fact is shown to reduce energy 
and area thanks to simplified computa-
tion associated with the representation.

A distribution of operands 
commonly encountered
An inner-product operation can be repre-
sented as follows:

 .y h x
i i i=/  (1)

Here, xi  is input data, while hi  is 
typically predefined coefficients. For 
example, in the case of a finite impulse 
response (FIR) filter, xi  are signal sam-
ples to be filtered, while hi  are the filter 
coefficients; in the case of a perceptron 
(i.e., linear classifier), xi  are input fea-
ture elements, while hi  are the weights 
and bias. Quite often, the distribution 
of hi  values can result in severe quan-
tization errors when implementing the 
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FIgure 1. The distribution of filter coefficients for a low-pass FIR filter, with (a) standard linear fixed-
point quantization and (b) floating-point representation.
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inner-product operation in finite preci-
sion, as in an embedded DSP system. 
As an example, Figure 1 shows the dis-
tribution of hi  values for a low-pass 
FIR filter (plotted is sinh c ni i~= ^ h 
for ,  ).n 10 10i !~ r r-6 @ ). The situa-
tion is similar for band-pass filters, for 
instance, achieved by modulating the 
low-pass impulse response with a sinu-
soid. With standard linear, fixed-point 
quantization, as shown in Figure 1(a), 
the majority of the coefficients fall in 
low-value bins. This implies inefficient 
use of the available dynamic range. 
Even worse, depending on the level 
of quantization, many of the hi  values 
fall in the zero-valued bin, resulting in 
severe output errors, as the number of 
such elements can generally be quite 
high. Such a result is commonly ob-
served, e.g., high-order FIR filters 
(low pass, band pass), linear regression 
under near colinearity conditions, etc. 
[2]. To address this, we consider em-
ploying a floating-point representation. 
First, we examine a standard floating-
point representation in terms of how it 
impacts the quantization error. Then, 
we examine the new opportunity this 
raises for optimizing the quantization 
error. Note that we assume that xi  re-
mains in a fixed-point representation, as 
this may be determined by the preced-
ing signal processing stage and there-
fore required for system simpl icity (i.e., 
to avoid the overhead of  explicitly al-
tering the representation). Thus, the 
approach actually employs a mixed 
fixed-/floating-point representation.

Mixed fixed-/floating-point 
computation
The potential benefit of using float-
ing-point representation for hi  is that 
increased resolution is allocated where 
the density of hi  values is greatest, i.e., 
low-valued bins. Further, no hi  values fall 
in a zero-valued bin. As illustrated in Fig-
ure 1(b), by spanning more quantization 
bins, such a representation leads to more 
efficient use of the available dynamic 
range for the example of the low-pass 
FIR filter.

To be more precise, the floating-
point representation used for hi  is shown 
in (2)–(5), where li  represents the sign 

of ,hi  si  represents the exponent, and 
m1 i+  represents the significand in the 

range of ,1 2h6 . Among these param-
eters, only mi  can take on continuous 
values. Thus, values of mi  in the range 
of ,0 1h6  must be quantized (mit ) for sys-
tem implementation.

 h l m2 1i i
s

i
i# #= +^ h (2)

 l sign hi i= ^ h (3)

 logs hi i2= 6 @ (4)

   .m
h

2
1logi h

i

i2
= -6 @  (5)

There is a practical consideration in 
choosing the number of bits assigned 
to mi  and si . For example, (6) and (7) 
show two approaches to represent the 
number 100-  with 6 bits when using 
floating-point representation. The first 
approach assigns more bits to si , thus 
can represent a larger range of hi  (i.e., 

 ).minmax h h 2 2 versusi i
16 8.^ ^h h

On the other hand, the second approach 
achieves a higher resolution within the 
range by assigning more bits to mi  (i.e., 
∆ .   .m 0 5 0 25versusi = ). Thus, how to 
best allocate the bits is determined by 
the distribution of hi ; as a rule of thumb, 
we start by allocating just enough bits 
for si  to cover the full range of hi  (i.e., 

minmax h hi i^ ^h h), and then allo-
cate bits to mi  to achieve the highest 
bin resolution

;  ;  l b s b m b1 0 4 0110 1 1i i i= = =l l lt  (6)

;  ;  .l b s b m b1 0 3 110 2 10i i i= = =l l lt  
 (7)

Now, let’s explore the benefits afforded 
by such a mixed fixed-/-floating-point re -
presentation. The first benefit, first seen in 
Figure 1, is shown more explicitly through 
quantization-error histograms in Figure 2. 
Here, we consider two types of FIR filters 
that are used within a  seizure-detection 
system [3], which is employed later in the 
experimental demonstration for detailed 
analysis of the approach. The system 
extracts spectral-energy features from 
electroencephalogram (EEG) data sam-
pled at 256 Hz. Since seizure-detection 
features correspond to low-frequency 
ranges, the system employs front-
end decimation, implemented using a 

256-order low-pass FIR filter. Follow-
ing this, eight 64-order band-pass FIR 
filters (centered from 0 to 21 Hz) are 
used to isolate the signal in 3-Hz bands, 
for subsequent energy accumulation 
over a 2-second epoch. Then, the spec-
tral-energy features from three consec-
utive epochs are combined to form the 
overall feature vector. Note that only 
one band-pass feature-extraction filter 
is considered for illustration, though all 
have similar coefficient distributions

As seen in Figure 2, floating-point 
representation has a quantization error 
with greatest density at values well be-
low 1 least significant bit (LSB),  while 
fixed-point representation has a quanti-
zation error more evenly distributed up 
to 1 LSB. However, we also see that, 
with fixed-point representation, the 
quantization error is limited to 1 LSB; on 
the other hand, with floating-point rep-
resentation, the quantization error can 
exceed 1 LSB. Indeed, for the examples 
shown, there are many cases where the 
errors far exceed 1 LSB. This can lead 
to a significant error. To address this, the 
error can be further minimized thanks 
to a simple optimization enabled by the 
floating-point representation. This is de-
scribed next, using the concrete example 
of the seizure-detection system to illus-
trate the approach and its rationale.

However, before proceeding, we 
high  light an additional benefit of float-
ing-point representation, which is that it 
leads to an implementation for multiplier 
hardware that consumes less energy and 
area. The reason is that input signals now 
only need to multiply with mit , which is 
represented by fewer bits compared to 
hi . The remaining operations are sim-
ply barrel shifting and sign application, 
which can be trivially implemented. 
Given the prominence of multiplica-
tion operations in DSP systems, this can 
present a significant advantage.

Optimizing the quantization error
This section discusses the optimization 
enabled by floating-point representation 
to further reduce the quantization error. 
The opportunity arises from the fact 
that, in DSP systems, outputs can often 
be scaled arbitrarily. For instance, in the 
case of fixed-point representation, this is 
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often done to best utilize the available 
dynamic range of the system. On the 
other hand, in the case of a floating-point 
representation, which affords represen-
tation of very large-valued numbers, 
let’s consider how multiplication of all 
hi  values by a single positive factor a  
improves utilization of dynamic range, 
but in a different way. The approach is 
shown in Figure 3. With floating-point 
representation of the quantization lev-
els, multiplication by a  can be used to 
move the hi s closer to the quantization 
levels. This is made possible because, 
with the large range that can be covered 

using floating-point representation, we 
can ensure that all values remain within 
the representation bounds even after the 
multiplication. With this ensured, the 
question now is simply how to find an 
optimal a  that leads to minimum output 
error yf t  for the inner-product operation.

With the scaling parameter a  applied 
to each hi , the resulting outputs y  can 
now be expressed as in (8). Quantiza-
tion of hia  ( hia\) then affects the output 
value as shown in (9). Thus, the output 
error caused by quantization of hi  can 
be expressed as in (10). Notice here hi  is 
assumed to be predefined values, while 

xi  is assumed to be drawn from a sta-
tistical distribution corres po nding to the 
input Xi . As a result, output error yf t  is 
also a statistical distribution, which is 
parameterized by .a

 y h x
i i i$a a=^ ^h h/  (8)

 y h x
i i i$a a=t^ ^h h\/  (9)

.
h x h x

y
i

i i
i

i i
f

a

a a
=

-/ /
t

^ ^h h\
 (10)

To find the optimal a  that minimize out-
put error yf t , we proceed by first finding 
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FIgure 2. A comparison of quantization error for fixed-point and floating-point quantization of FIR filter coefficients. FIR filters are from an EEG-based 
seizure-detection application consisting of low-pass decimation and band-pass feature extraction.
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the distribution of output error .EYt  This 
requires us to know the distribution of 
inputs .Xi  Note here that capital letters 
are used for representing the distribution 
of signal samples, rather than a signal. 
For simplifying our discussion without 
loss of generality, we present the optimi-
zation approach through an example. We 
focus on FIR filtering required within 
the EEG-based seizure-detection system 
[3], which allows us to specify Xi  for the 
EEG data. For other applications, the 
same approach may be applied but with a 
corresponding assumption on the statisti-
cal distribution Xi .

First, for FIR filtering, we assume 
the distribution of Xi  over i  is identi-
cal as all samples are drawn from the 
same signal source. We also make the 
assumption here that all Xi  is indepen-
dently distributed. Notice that inde-
pendence may not hold in many cases. 
Nonetheless, the assumption is made 
for convenience of the derivation, and 
its validity is later verified through 
simulation of a practical application.  
The distribution of EEG samples 
(derived from actual patient signals) 
is shown in Figure 4(a). We model 
samples of the EEG data by a normal 
distribution ~ ,  .X N 0i

2v^ h  The vari-
able of interest, EYt , can be derived as 
shown in (11). Note that we deliber-
ately leave out the scaling parameter  a  
here for simplicity of expression. With 
the previously stated assumptions on 
the input ,Xi  the distribution of EYt  
can be derived, as shown in (12). As 
seen, the output error is also normally 

distributed, with zero mean and vari-
ance dependent on the squared sum 
of the error on all hi . Notice, it can be 
concluded from the previous deriva-
tions that the output Yt  itself also fol-
lows a zero-mean normal distribution. 
This implies that the same analysis can 
be applied in a scenario where inner-
product operations are cascaded

E Y Y h X h X

h h X X

   

  
i i

i i

Y i i i i

i i i h ii

$ $

$ $f

= - = -

= - =

t t

t

t

t^ h
/ /

/ /
 (11)

~ ,  .E N 0
iY h

2 2
if vt t^ h/  (12)

Using (12), a reasonable objective fun -
ction Ch a^ h would be one as shown 
in (13) that minimizes the variance 
of output error over possible values 
of the scaling factor .a  Within this 
function, hif t  can be derived as shown 
in (14), where li , ,si  and mi  can be 
directly specified from hi  as previ-
ously shown in (3)–(5), and mit  can 
be obtained from quantizing mi , as 

in (15), with k  being the quantization 
level. Consequently, for a given set of 
hi , hif t  is only a function of .a  Note, 
however, this function is not convex. 
It is not even continuous due to the 
quantization operation applied to .mit  
Fortunately, there is a structure to this 
function, making the optimization pro  -
blem trivial to solve.

,  ,  min C Rh !a a
a

+^ h  
             where C

ih h
2
ia f a= t^ ^h h/  (13)

h h l m

l m
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 (14)

.m m 2 2i i
k k$=t 6 @  (15)

To see the structure, (16) modifies (14) 
by applying the a  scaling factor. After 
plugging in (3)–(5) and (15), it can be 
seen that a  only appears in the cost 
function in the form of ,f a^ h  shown 
in (17). From this, it can be easily 
seen that f f 2a a=^ ^h h for .R6 !a +  
This indicates that the cost function in 
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FIgure 3. Introducing the scaling parameter a to enable coefficient optimization.
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(13) is a repeating function of .a  As 
a result, a global minimum of Ch a^ h 
exists in the range ,1 2h6 . Thus, the 
optimization is easily solved numeri-
cally by sweeping a  within this range. 
For the filter considered, Figure 4 
shows the resulting cost function and 
how its value is improved by the opti-
mal choice of a

h h

l m m2

h
i i

i

s

i i

i

i

$ $

f a
a

a a

a
a a

= -

= -
a

t

t ^

^ ^
^

h

h h
h
6 @

\
 

 (16)

   .f 2 log hi2a a= a^ ^h h6 @  (17)

Summary of approach
Below, the specific procedure for apply-
ing the optimization generally to mini-
mize quantization error is provided.
1) Select a precision requirement for 

hi  (based on preferred tradeoff of 
computational accuracy and hard-
ware complexity), e.g., 6 bits in our 
application.

2) Perform floating-point quanti-
zation of hi  [assigning bits to sig-
nificand and exponent based on 
the corresponding dynamic range 

minmax h hii^ ^h h].
3) Determine the scaling parameter a .

a) Model the statistical distribution 
of inputs Xi .

b) Compute the distribution of out-
put error yf t  due to quantization 
of hi  [see (10)].

c) Define a cost function based 
on the distribution of output 
error .yf t

d) Minimize the cost function to 
find optimal .a

4) Redetermine the quantization for hi  
with the scaling parameter .a

5) Only if the absolute value of output 
y  is critical, apply multiplication by 
/1 a  to the outputs.

Note that, when required, the energy 
of Step 5 is greatly amortized since 
it involves one multiplication, com-
pared to many in the preceding con-
volution operation.

Experimental demonstration
For demonstration, the presented app-
roach is applied to the EEG-based 
seizure-detection system of Figure 2. 
For analysis and demonstration of the 
approach, three hardware implemen-
tations of filters are compared, each 
employing 6–10 bits for representing .hi

The first implementation is a conven-
tional fixed-point FIR filter. The second 
implementation is the mixed fixed-/float-
ing-point FIR filter without any a  opti-
mizaton. For this, si  is assigned 4 b for 
the decimation filter and 3 b for the band-
pass filter to address the required range 

of hi  minmax h h k37i i .^^ ^h h  for  
the decimation filter, and 500 for the  
band-pass filter). mi  is assigned corre-
spondingly for 6–10 bit overall precision 
of hi . The third implementation is the 
presented mixed fixed-/floating-point 
FIR filter with a  optimization. Simula-
tion results are presented using 210 sec-
onds of EEG data (sampled at 256 Hz). 
All implementations are developed in 
both MATLAB and Verilog RTL. For 
analysis of quantization error, the MAT-
LAB implementations are used. For 
hardware energy and area analysis, the 
Verilog implementations are synthesized 
to standard cells and laid out in a 32-nm 
complementary metal–oxide–semicon-
ductor technology, with transistor-level 
postlayout simulations performed using 
NanoSim.

The results in Figure 5 focus on quan-
tization errors. The histograms show the 
quantization error distributions for the 
decimation filter and band-pass filter 
after applying the optimization. Com-
paring Figure 5 to Figure 2, we can see 
that with a  optimization applied to the 
mixed fixed-/floating-point approach, 
the quantization errors are more densely 
clustered close to zero. The output error 
resulting from the three implementa-
tions for 6-bit coefficient representa-
tion are also compared. The samples 
are ordered based on the magnitude of 
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the output values to aid visualization. 
As seen, fixed-point coefficient repre-
sentation results in substantial error. 
While floating-point coefficient repre-
sentation reduces this, the error is sub-
stantially reduced even further thanks 
to a  optimization.

Figure 6 provides an overall summary, 
showing the output error (due to quantiza-
tion), computational energy, and hardware 
area, versus bit level 
for representing ,hi  for 
the three implemen-
tations. The output 
error corresponds to 
the root-mean-square 
error of the output 
computed with 6-bit 
quantized filter co-
efficients hi  versus double-precision 

,hi  normalized to the root-mean-
square value of the output computed 
with double -precision .hi  The com-
putational ener   gy is the average energy 
per inner-product operation determined 

from postlayout transistor-level (Nano-
Sim) simulation of the accelerator, and 
the hardware area is represented as the 
equivalent number of NAND gates for 
the implementation (note that the en-
ergy and area of the mixed fixed-/
floating-point representation imple-
mentation is the same with and with-
out a  optimization). The presented 
implementation with optimization leads to 

a substantially lower 
error than an imple-
mentation based on 
fixed-point coeffi-
cient representation, 
especially at low bit 
levels. For example, 
for the decimation 
filter alone, the pre-

sented approach leads to a 37# error 
reduction compared to a conventional 
fixed-point implementation at the 6-bit 
level. When considering cascading of the 
decimation filter and band-pass filter, the 
corresponding error reduction is 28 .#   

Comparing the energy consumption  
and hardware complexity, for the fixed-
point and mixed fixed-/floating-point 
implementations, the presented ap-
proaches also lead to hardware-re-
source savings in addition to reducing 
errors (note, the computational energy 
and hardware area with and without a  
optimization are equivalent). As an ex-
ample, at the 6-bit level, the presented 
approach leads to 1.4# energy savings 
and 1.2# area savings compared to con-
ventional fixed-point implementation. 
Indeed, that approach is shown to yield 
such advantages in a broad range of sys-
tem implementations, involving convo-
lution operations for various tasks (e.g., 
[4] presents its use for optimizing the 
implementation of a linear classifier).

Summary
The energy-precision tradeoff as-
sociated with quantization in a DSP 
system has always been a critical con-
cern during design. Considering the 
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The energy-precision 
tradeoff associated
with quantization in a DSP
system has always been a 
critical concern
during design.
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im  portance of inner-product operations, 
this article focuses on an approach by 
which this tradeoff can be substan-
tially improved. The first aspect of the 
approach is the use of a mixed fixed-/
floating-point representation, by which 
the dynamic range is more efficiently 
used. The second aspect is a simple op-
timization enabled by the representation 
whereby quantized coefficients can all 
be scaled to minimize the overall error 
incurred. Filters within an EEG-based 
seizure-detection system are used to 
demonstrate the approach. Substantial 
reduction in the error, computational 
energy, and hardware area is observed 
as a result of the approach.
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