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Neil Tennant (Tennant, 2005) has offered an important observation about the AGM theory
of belief revision (Grdenfors, 1988). We attempt to restate and demonstrate his result in a
slightly different way. Fix a formal languagé that embeds sentential logic. Givénh C L
andy € £, K 1 ¢ denotes the class of maximally consistent subsefs tiat do not imply
. Thatis,A € K L ¢iff A C K, A [~ ¢, and there is n& C K such thatB > A and

B £ .

(1) ProPOSITION Let deductively closed{ C £ andy € L be such thaf = . Let
T C L be any satisfiable theory that implieg. Then for somd™ C K 1 ¢, T'is
logically equivalenttg " U {—}.

Inasmuch ag)I' U {—¢} is an AGM-style revision ofi" in face of contradicting-¢y, the
proposition seems to show thatything goesn the AGM framework. The latter framework

can also be characterized by the axioms presentecamddénfors (1988); accepting them as
conditions on belief revision is equivalent to using partial meet contraction as al®wéhe

AGM axioms are revealed by the proposition to be unrestrictive, which is what Tennant shows
by considering them directly.

To prove (1), let deductively closeH C L, ¢ € L, and satisfiabld” C L be given.
Suppose:

(2 @Ko
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(b) T = —g.
Let A= {-p — |1 €T} Then:

B @TEA
by ACK
(€) AW
ThatT' = Ais evident from the truth-functional definition e$. For (3)b, observe that = A
(again by the definition of-), hence by (2)aK = A, which implies (3)b by the deductive
closure of K. For (3)c, suppose that = . Then by (3)al E ¢ which in the presence
of (2)b contradicts the satisfiability assumed farLetl’ = {B € K L ¢ | A C B}. Then

" # () by (3)b,c via the usual construction for creating maximally consistent subs&tsttt
do not implyy. Thus,A C (I hence bymodus ponen$\T' U {—p} = T.

To prove the converse, it suffices to show tiiat= (\I" sinceT = —¢ by (2)b. It thus
suffices to show that for alf € £, if ' = x thenT |= x, equivalently, ifT" |~ y then
T [~ x. So choose € £ such that:

(4) T = x
Sincey = (I' forall v € T, to show thaf | ' j= , it is enough to exhibity C £ such that:

(5) @ACy
(b)) ye K Lo
(©) v~ x.

SinceK is deductively closed, (2)a yields:
6) x — ¢ € K.
Suppose for a contradiction thatu {x — ¢} & ¢. ThenAU{—¢} = —(x — ¢). Therefore

by (3)aand (2)b7 E —(x — ¢). Since—~(x — ¢) E x, it follows thatT |~ x, contradicting
(4). Therefore:

(7) AU{x — o} I~ ¢.



By (3)b, (6) and (7),A U {x — ¢)} can be extended to somee K L ¢. Sincey [ ¢,
v [~ x. Thus,y satisfies (5). W

A less arbitrary way to choodé C K | ¢ is to define a transitive binary relatidf over
pow(K) andl'g, € K L ¢ such that:

forallop e L,Tr,={ye K Lyp|Vre K Ly 7Ry}

Revision ofK’ in the face of contradictingy may then be identified with) 'z , U{—¢}. Intu-

itively, I'r ,, contains the most attractive theories that survive confrontation-witfthinking

of R as expressing epistemic preference). Revision of this kind is characterized by axioms
that extend those legitimating use of arbitranZ K 1 .2

Reliance on a transitive relatioR can be shown to restrict the pattern of contractions
provoked by different data, but it seems not to have much effect on revision. GIVEIC L,
callp € £ a K, T-disagreemenjust in casek’ = ¢ andT' = —p.

(8) PrROPOSITION Let deductively closedd C £ and satisfiabld” C £ be given. Then
there is a transitive relatioR overpow(K) such that for all, T-disagreementg, T’

is logically equivalent t¢I'r , U {—¢}.

Of course, Proposition (8) implies Proposition (1). For proof, let deductively clésed £
and satisfiabld” C £ be given. Define:

A={pV|pisaK, T-disagreement and = i }.
A={ye K 1 p| AC~andyisakK,T-disagreement

It is easy to verify:

9 (@ACK
(b) T | A.
Choosek to be any transitive ordering pow( K') that renders exactly the membersbmax-

imal. (There are many such orderings, including one that induces two equivalences classes,
and its complement, withl on top.)

2See @rdenfors (1988) and Hansson (1999), Ch. 2.
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Now let K, T-disagreemenp be given. For a contradiction, suppade= ¢. ThenT |= ¢
by (9)b. ButT = —p becausep is a K, T-disagreement. This exhibif as unsatisfiable,
contradicting the hypothesis of (8). TherefotgZ ¢ so by (9)a,A can be extended to some
member of K L . Hence AN (K L ¢) # 0. ThereforeI'r, of (8) is((AN (K L ¢)).
Since A is a subset of every member gfN (K L ¢), and((AN (K L)) # 0, A C
N(AN (K L ¢)). It follows immediately thaf (AN (K L)) U{-¢} ET.

For the converse, it suffices to pro¥el= (AN (K L ¢)) inasmuch ag’ = -y (be-
causey is a K, T-disagreement). So it suffices to show tfaimplies everyy € L that
N(AN (K L ¢)) implies, equivalently, that if” = x € £ then((AN (K L ¢)) = x. So
let y € £ be suchthal j~ x. Forally C L,if ACye K 1L ptheny e AN (K L ¢),and
vENAN (K L y)). Ittherefore suffices to exhibit C £ such that

(10) (@ ACy
b)veK Ly
(©) v I~ x-

SinceK is deductively closed and implies evely, T-disagreement, we have:
(11) y » ¢ € K.

Suppose for a contradiction thdtU {x — ¢} = ¢. ThenA U {—¢} E —(x — ¢). Hence,
T E —-(x — ¢) by (9)b and the fact thaf' = —¢ (becausep is a K, T-disagreement). But
-(x — ¢) E x, soT = x, contradicting the choice of. Hence,

(12) AU{x — ¢} ~ ».

From (9)a, (11), and (124 U {x — ¢} can be extended to somec K L . Sincey = ¢,
v ¥ x. Thus,y satisfies (10). B
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