Computational complexity of quantum optimal control landscapes
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We study the Hamiltonian-independent contribution to the complexity of quantum optimal con-
trol problems. The optimization of controls that steer quantum systems to desired objectives can
itself be considered a classical dynamical system that executes an analog computation. The system-
independent component of the equations of motion of this dynamical system can be integrated
analytically for various classes of discrete quantum control problems. For the maximization of
observable expectation values from an initial pure state and the maximization of the fidelity of
quantum gates, the time complexity of the corresponding computation belongs to the class contin-
uous log (CLOG), the lowest analog complexity class, equivalent to the discrete complexity class
NC. By contrast, the optimization of arbitrary nondegenerate observables from mixed initial states
belongs to the class continuous P (CP), equivalent to the discrete complexity class P. Observables
of different rank and degeneracy classes display qualitatively distinct polynomial scalings. These
results indicate that the optimization via gradient flows of quantum observables from pure initial
states is inherently less complex than that from mixed initial states, and suggest that local search

algorithms will be most effective when the quantum state is pure.

PACS numbers: 03.67.1Lx.,03.67.-2,02.30.Yy

I. INTRODUCTION

In recent years the methodology of optimal control
theory has been applied to achieve various objectives in
quantum systems. The two most common objectives are
the maximization of the expectation value of an observ-
able, and the maximization of the fidelity of a unitary
transformation of the wavefunction. Whereas the maxi-
mization of observable expectation values has met with
widespread success in experimental and computational
incarnations [1], the achievement of high fidelity unitary
transformations has proven more challenging [2], espe-
cially for large systems. However, it is not clear whether
these apparent distinctions are specific to the algorithms
employed, or whether they are indicative of universal
and inherent features of the quantum optimization prob-
lems.

Given the computational expense of propagating the
Schrodinger equation, the scaling with system size of
the expense of executing a search over the space of con-
trol fields — referred to as the problem’s computational
complexity — plays an essential role in determining the
feasibility and efficiency of control optimizations in large
quantum systems. The complexity of control optimiza-
tion for quantum gates is of particular interest, as it
corresponds to the classical complexity associated with
the physical implementation of quantum logical oper-
ations. Recent studies have addressed the computa-
tional complexity (and related, the critical topology)
of several associated problems in quantum information
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science, including quantum state and process identifi-
cation [3]. In contrast to these tasks, the variational
problem of quantum control optimization occurs on an
infinite-dimensional parameter space. However, for dis-
crete quantum systems, both the complexity and critical
topology of quantum control problems can be divided
into finite- and infinite-dimensional contributions, sim-
plifying their study.

Consider first the critical topology of quantum control
variational problems. Denoting the cost functional by J
and the control field by ¢(¢), we have according to the
chain rule

0J
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where U(T) is the dynamical propagator resulting from
application of the control £(t) over the time interval
0 <t <T. As such, the critical points of quantum con-
trol problems fall into two classes. The first type of min-
imizer corresponds to those control Hamiltonians that
are critical points of the control objective functional,
but are not critical points of the map between control
fields and associated dynamical propagators (i.e., points
at which VJ(U(T)) = 0, while the Frechet derivative
mapping from the control variation de(t) to dU(T) at
t = T is surjective). These critical points are called
normal extremal controls. The second type of mini-
mizer corresponds to critical points of the latter map
(i.e., points at which the mapping from de(t) to U (T)
is not locally surjective). These latter points are re-
ferred to as abnormal extremal controls. For several
low-dimensional quantum control problems, it has been
shown that abnormal extremals are particularly scarce



[4-6], suggesting that the normal extremal controls dom-
inate the critical point topology of these problems.

As such, attention has focused on characterizing the
system-independent (or kinematic) contribution to the
critical topology of quantum optimal control problems
[7-9]. For a given quantum system, several different
classes of quantum control problems may be envisioned,
each of which has its own associated kinematic critical
topology. Besides the distinction between quantum gate
and observable control, observable control itself may be
subdivided into several qualitatively distinct optimiza-
tion problems, depending on the initial state (density
matrix) of the system and the type of observable to be
maximized. Mathematically, the critical topologies of
observable control problems can be classified on the ba-
sis of the eigenvalue spectra of the initial density matrix
po and the observable operator © [8]. To date, how-
ever, the system-independent contribution to the com-
putational complexity of these problems has not been
addressed. Here, we show that this complexity can, re-
markably, be analytically determined.

Our primary goal is to not to establish bounds on
the absolute complexity of each of these problems, but
rather to assess the comparative expense of the distinct
classes (for the same system Hamiltonian), across a wide
variety of systems such that the dynamical contribution
to the local gradient will have no preferential orientation.

II. CONTROL OPTIMIZATION AS A
DYNAMICAL SYSTEM

A universal quantum optimal control cost functional
can be written as:

J = o(U(T),T)-

[ (B0 taeown) o) dt]
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where B(t) is a Lagrange multiplier constraining the
quantum system dynamics to obey the Schrodinger
equation, e(t) denotes the time-dependent control field,
s(t) denotes the pulse envelope, and A weights the impor-
tance of the penalty on the total field fluence. Solutions
to the optimal control problem correspond to %{t) =0.
The problem of maximizing the expectation value of an
observable corresponds to:

ReTr
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where pg is the initial density matrix of the system and
O is an arbitrary observable operator.

We are interested in the convergence to the global
optimum of the gradient flow trajectories of the objec-
tive functions, which are the solutions to the differential

equations

de(s, t)
ds
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where s is a continuous variable parametrizing the algo-
rithmic time evolution of the search trajectory and « is
an arbitrary scalar that we will set to 1. The complexity
of quantum control optimization is associated with the
scaling with system size of the rate of convergence of the
function
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to zero. The gradients % can be shown to be, respec-
tively [10-12]:
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within the electric dipole approximation, where p(t) =
—1UT(t,0)uU(t,0) is the time-evolved dipole operator of
the quantum system and we have adopted the shorthand
notation U = U(T).

The gradient on €(¢) is related to the gradient on U(N)
through
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Now suppose that we have the gradient flow of £(s,t)
that follows (3) and let U(s), the system propagator at
time T driven by £(s,t), be the projected trajectory on
the unitary group U(N). The (algorithmic) time deriva-
tive of U(s) is then
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which, combined with (3) and (5), gives
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It is convenient to write this equation in vector form,
replacing the N x N matrix U(s) with the N? dimen-
sional complex vector u(s):

du(s) T su(s) suf(s)
ds [ 5. 0) © ve(e,p) O] Vel
= Gle(s,)]Va®[u(s)]  (9)

(where the ”vectorization” a of a N x N-dimensional ma-
trix A is given by a;yn; = A;j). This relation implies



that the variation of the propagator in U(N) caused by
the natural gradient flow in the space of control fields
is Hamiltonian-dependent, where the influence of the
Hamiltonian is contained in the N2-dimensional Hermi-
tian matrix G[e(s, -)]. Within the electric dipole approx-
imation, G is given by

— /O (U(T)u(t));; (wt)UN(D)),,, dt
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G is a N2 x N2-dimensional positive semidefinite Her-

mitian matrix. If G =1,

du(s)
ds

— 9 [u(s)

It can be shown (see below) that for any constant G-
matrix, the flow corresponding to the differential equa-
tion g—’s‘ = GVx®(x) is completely integrable, and corre-
sponds to the gradient flow for an assignment problem
with a modified (rotated) weight vector c¢. As such, for
any distribution of G’s, it is possible to analytically de-
termine the corresponding distribution of convergence
times for the integrated flow trajectories.

Moreover, for each of the corresponding assignment
problems, there exists a corresponding U-gradient flow
that also solves this assignment problem (although there
is no single complex G-matrix in the U-flow differential
equation that will reproduce this gradient flow). If we
use an x of dimension N2, the Hilbert space dimension
of the corresponding quantum system is V. In a second
approach, we numerically integrated a subset of these
U-gradient flows and compared the distribution in con-
vergence times to that analytically determined for the
x-flows.

As we will discuss below, it is possible to eliminate
G in this differential equation, and hence to explicitly
follow the U(T') gradient flow, by adopting an alterna-
tive algorithmic step on e(t). Importantly, the prop-
erties of the map e(-) — U(T) for finite-dimensional
quantum systems render this fairly simple to achieve
across many diverse systems, albeit with an error that
is Hamiltonian-dependent. For the present purpose, we
can effectively ignore G because we are interested in
comparing the complexity scalings of the flow trajec-
tories for gate and observable control problems on the
same quantum system. Averaged over many initial con-
ditions, the time required for convergence of the U(T)
gradient flows will determine this comparative scaling.

Because the kinematic gradient flows associated with
these differential equations evolve on the continuous
space of a Lie group (for ®5) or its adjoint orbit of skew-
Hermitian matrices (for @), the optimization processes
can be considered to be analog rather than discrete com-
putations. In prior work [12], we demonstrated that
these flow trajectories can in fact be viewed as dynamical

systems whose equations of motion guide the algorithmic
time evolution of gradient-based algorithms. Although
the infinite-dimensional gradient flow equations do not
admit analytical solutions, the equations of motion for
the gradient flow lines on the unitary group domain,
namely

dU
g = 7U[p07UT@U ]7

for ®; and®,, respectively, can be exactly solved and we
explicitly integrate them for all distinct cases of inter-
est. The solutions to the optimal control problem are
the critical points of the flow, i.e. V®(U) = 0, or equiv-
alently, the equilibria of the dynamical system. We use
the integrated gradient flow equations to derive upper
bounds on the time for convergence to the solutions of
these problems and thereby assign the problems to com-
putational complexity classes.

The possible outputs of the dynamical system exe-
cuting the analog computation are the attracting fixed
points of the gradient flow of the control objective func-
tional. Just as a discrete computation can be assigned
a measure of time complexity, i.e. the scaling with sys-
tem size (e.g., polynomial or exponential) of the time
required to solve the problem, analog computations can
be assigned time complexities, which correspond to the
scaling with system size of the time required for the dy-
namical system to converge to a vicinity of the optimal
fixed point. Time complexity of an analog computation
can be analytically determined for systems that are com-
pletely integrable; i.e., for those systems whose equa-
tions of motion can be exactly solved. For this purpose,
we apply the recently developed theory of complexity for
continuous time dynamics [13, 14].

III. ANALYTICAL INTEGRATION OF
GRADIENT FLOWS

For @4, the gradient flow evolves on a polytope whose
dimension varies depending on the spectrum of pg.
Rewriting the gradient flow as a quadratic function on
the domain of Hermitian operators pr = U(T)poUT(T)
[12], one can solve explicitly for a unique solution pr(s)
corresponding to J(s).

Since we are isolating the linear contribution to
the control optimization problem (the part constant
across arbitrary system Hamiltonians and final dynami-
cal times), we reframe our problem in the language of lin-
ear programming (LP), where extensive work has been
done on establishing analytical complexity bounds. Lin-
ear programming [15] is generally concerned with con-
strained linear optimization problems of the form:

maxclx: x €R", Ax=b, x>0

where ¢ € R", b € R™*" and m < n. We show that
quantum observable optimization on the domain U(N)



is a linear programming problem. Our first task is to
identify A, b, and c. We write

p = RTpR:diag{’Vl,"' SV Y Y b
N—— ——
p1 Pr
O = ST0S =diag{\, - , A5 3 Xs, 5 Ash,
q1 qs

where 73 > --- > 7, and A\; > --- > A, are the distinct
eigenvalues of p and ©, respectively, and R, S are unitary
transformations that diagonalize p, © respectively. Since
R and S are unitary transformations, U = RTUS is an
automorphism on U(N). Thus we can write:

J(U) = Tt[(RTUS)p(RIUS) O] = Te(UpUTO).

Since F' is one-to-one, there is a one-to-one mapping
between the gradient flows of J(U) and J(U) and in
particular, they converge to the solution in the same
time. Thus, without loss of generality, we will assume
that p and © are diagonal, and redefine U — U since
this simplifies the analysis.

In this case, we can express J(U) as

J(U) = Z Ui 1%,
2%

where only the (real) norms of the N? elements of U
enter the expression. The parameters |Uij|2 can be as-
sembled into an IV 2-dimepsional vector, which we denote
as x with x(;_1)n+; = |Uy;|?. Then, if we define the N2
dimensional vector c;_1)n4; = YiAj, we can write

JU) = J(x) = cx,

which is in the correct form for linear programming.
Note that we have x; > 0 since our parameters are
squared norms.

The unitarity of U imposes the following constraints
on the parameters |U;;|?:

N
Z|ﬁij|2 = 1; ’L:]., ~,N
j=1
N
MUy =15 j=1,---,N.

=1

These constraints are not linearly independent, as can
be seen from the fact that summing all equations in each
set yields the identical constraint |Uy1 |2 +|U12|?+|Uss]*+
-+ 4+ |Unn|> = N. There are a total 2N — 1 indepen-
dent constraints; it suffices to remove the first constraint
in order to obtain a linearly independent set. The con-
straints can be expressed concisely in the form of the ma-
trix equation Ax = b, where b; =1, i =1,--- ;2N — 1
and

@ IL |i — j| = 0(mod N),
771 0, otherwise.

With these definitions, we can write our complete kine-
matic optimization problem as a LP problem in the
standard form above. Note that we have m < n, since
m=2N —1and n = N2,

In the language of linear programming, this problem is
isomorphic to the so-called mazimum weighted bipartite
matching (or assignment) problem, where the eigenval-
ues of p and © form bipartite sets and their respective
products provide weights to ”"edges” connecting them;
the goal is to find the matching (set of connecting edges)
that maximizes the associated cost,

N N
max E E CijTgj

i=1 j=1

where Z;‘V:1 zij=1,% 0 x;; =1, x;; >0,and ¢;; € R.
From this analogy, it is apparent that the constraint ma-
trix A is the node edge incidence matrix of an undirected
bipartite graph.

In linear programming problems, the constraint set
Ax = b has a natural geometric interpretation in the
form of a polytope, or closed polyhedron. The vertices
of the polyhedron correspond to critical points, or pos-
sible solutions to the optimization problem. In general,
a set of points defined by the intersection of a finite
number of linear equations is termed a convex poly-
hedron. Specifically, the interior of the constraint set
for observable maximization is more conveniently ex-
pressed in terms of N x N real matrices rather than
vectors. Let B denote the N x N matrix defined by
B;; = \Uij|2; hence Zfil By =1 j€1,---,N and
Z?f:l B;;=1,1i¢€1,---,N. Matrices of this type arise
frequently in probability theory, and are called doubly
stochastic or bistochastic matrices.

Definition 1 (Doubly stochastic matriz) A doubly
stochastic matriz is a square matriz of nonnegative real
numbers, each of whose rows and columns sum to 1.

We take A to be fixed, i.e., the polytope is fixed, while
the degeneracy structures of p and © are reflected in the
vector ¢ = (1, ,¢m;0,--+,0). The appearance of 0
in ¢ is from the zero eigenvalues in p and ©, represent-
ing the purity of the quantum states. So actually only
Z1,- -, T are effective in the N2-dimensional LP prob-
lem. There are degeneracies in ¢y, - - - , ¢, that affect the
behavior of the gradient flow within the polytope; the
effects of these degeneracies are discussed further below.
Alternatively, A could be varied with the degeneracies in
p, ©. In this case the constraint set is mapped to a lower
dimensional polytope due to the symmetries that exist in
higher dimensions, and the LP problem is formulated as
an m-dimensional problem where ¢ = (¢1, -+ ,¢p). In
selected cases (also considered below) this formulation
provides additional geometric insight.

In order to establish the geometry of the boundary of
the constraint set for observable maximization, within
which the gradient flow evolves, we will need to following
graph-theoretic result.



Theorem 1 (Birkhoff-von Neumann) [16, 17] The con-
vex constraint set (polytope) for the problem of observ-
able mazimization is the convex hull of all N x N per-
mutation matrices, which is equivalent to the set of all
N x N doubly stochastic matrices B over R.

Definition 2 (Birkhoff polytope) The class of N x N

doubly stochastic matrices is a convex polytope in RN’
known as the Birkhoff polytope, By [16]. Its dimension
is (N —1)2, and it has N! vertices.

1. Effects of rank-deficiency and eigenvalue degeneracy on
the LP problem

As discussed in the previous section, assuming either p
or O is fully nondegenerate, degeneracies in the eigenval-
ues of the other matrix may merge critical manifolds and
render the dynamics symmetric with respect to several
parameters. They can alter the total number of param-
eters or constraints in the problem and hence alter the
dimension of the space in which the constraint polytope
resides, if we choose to use a variable constraint matrix
A. Consider the case where «y; = 5. Then both the cost
function and constraint equations are equivalent with re-
spect to interchange of |U;1|> and |Upp|?, i = 1,--- | N,
and the problem can be reformulated, e.g., by the repa-
rameterization |Uj1|? + |Ui|*> — 2|Unl?, i = 1,---, N.
As will be discussed further below, in addition to re-
ducing the number of independent parameters and con-
straints, eigenvalue degeneracies can also cause the dy-
namics of the gradient flow to converge to an edge or
face of the polyhedron and may alter the timescale for
convergence to the optimal solution (if they correspond
to the optimal vertices). If degeneracies exist in both
matrices, this does not result in any further reduction
in the number of independent parameters beyond that
caused by the individual degeneracies. For example, if
A1 = A2 and 1 = 73, the cost function is invariant un-
der interchange of |U;2|? and |Usz |2, but the constraint
set is not invariant under such an interchange.

The number of parameters and corresponding num-
ber of constraints is also reduced if one of the matrices
p, © is rank-deficient. When either p or © possess null
eigenvalues, the dimension of the vector x decreases from
its maximal value of N2. If any \;, v; = 0, the num-
ber of parameters in the problem decreases by N and
the number of constraints decreases by 1 since the pa-
rameters in the corresponding constraint equation dis-
appear. For example, consider the case where A\ = 0
and all other eigenvalues are nonzero. Then the pa-
rameters |Uy;]%, j = 1,--- , N are eliminated from the
LP problem, along with the corresponding constraint
Z;Vﬂ |U1;|> = 1. Note also that the equality constraints
Zﬁil |U;j|> = 1 are now replaced by the corresponding
inequality constraints 22112 |U;;|> < 1. If both p and ©
have null eigenvalues, all equality constraints in the orig-
inal LP problem are replaced by inequality constraints

in the reduced dimensional problem.

Although it is possible to hold the constraint matrix
A and hence the polytope fixed in the presence of deg-
neracies or rank deficiencies, greater geometric insight
can be obtained by projecting the polytope onto a lower
dimensional space based on the associated symmetries.
This reduced dimensional polytope resides in R”Z, where
n is the number of independent parameters, is of dimen-
sion R("_m)z, where m is the number of constraints,
and has a number of vertices equal to the number of
ways of matching the eigenvalues of p, © where match-
ings involving null eigenvalues are treated as equivalent.
For example, if p is fully nondegenerate and © has rank
N — k, the number of vertices is % For k = N —1, the
polytope is a simplex. Note that for the reduced dimen-
sional polytope corresponding to rank deficient or de-
generate p, O, the interior of the polytope will no longer
be populated with doubly stochastic matrices. Can we
further characterize the interior of the polytope?

These expressions for the total number of parameters
and constraints as functions of eigenvalue degeneracies
and the number of null eigenvalues will be required in
the complexity calculations below.

2. Basic and nonbasic sets

By an appropriate change of basis, any vertex of the
polytope can be written in terms of its basic and non-
basic sets: © = (zn,xp). A basic solution to the LP
problem is one where (under an appropriate change of
basis), n — m of the variables z; = 0. Basic solutions
correspond to vertices of the LP polytope. The basic
solution, i.e., the vertex, that maximizes the objective
function is called the optimal solution.

We define the m x (n —m) matrix Ay as the matrix
whose column vectors are the basis vectors correspond-
ing to the z; that are equal to zero at a given vertex,
and the corresponding m x m matrix A as the ma-
trix whose columns correspond to the remaining z;. An
consists of eigenvectors u; = e; + ZjGAB ajiej, © € N.
Then, in this basis, the constraint matrix can be par-
titioned A = (An,Ap), and xp = Aglb. Note it is
possible that some of the elements of xp can also be
zero; this phenomenon, referred to as degeneracy, is dis-
cussed further below. For the observable maximization
problem, for example, there will always be |U;;|*’s that
are zero (zeros in the permutation matrix vertices) in
the m-dimensional solution basis Ag.

8. Analytical solution to the gradient flow equations

The gradient flows corresponding to least squares
(maximum weighted bipartite) matching problems were
shown to be integrable by Brockett and Bloch [18], who
also established the equivalence of these flows to the no-
tion of a Lax pair from the theory of completely inte-



grable dynamical systems [19]. Specifically, it can be
shown that the gradient flow of cost function ¢; (How-
ever,) the formal analytical solution was established by
Faybusovich, who studied the explicit expression for the
gradient flow in terms of A, b and c from the LP formu-
lation of the problem [20, 21]. The gradient flow of the
cost, function evolves on the interior of the polytope de-
fined by the constraint set. The vector field introduced
by Faybusovich is a projection of the gradient of linear
cost function onto the constraint set, relative to a Rie-
mannian metric that enforces the positivity constraints
z>0:

grad J(z) = [D(z) — D(z)AT (AD(2)AT) "' AD(z)]c
where D(x) = diag{z1,--- ,x,} € R"*". Faybusovich

gave the following formal expression for the integrated
gradient flow:

zi(s)
z;(0)

x;(s) = z;(0)exp | —A;s + Z a;; log
JjEAB

where the index ¢ € Ay, Ap is the basic set for the
optimal solution (with corresponding nonbasic set Ay),
A, = —c¢; + Z'EAB ajici and oy = |(A§1AN)]-Z-\. This
solution describes the evolution of the n — m indepen-
dent variables x as they converge to zero, in terms of
the m constrained variables x,. It can be shown that
A; is the inner product {(c;, pt;), where u;, i € Ay is a
set of vectors perpendicular to the rows of A, and par-
allel to faces of polyhedron. An important feature of
the Faybusovich solution is that it only applies to LP
problems formulated on nondegenerate constraint poly-
hedra, i.e. polyhedra whose vertices have only nonzero
components ;. Although general observable maximiza-
tion gradient flows do not satisfy this condition, a simple
perturbation, described in the next section, enables the
analytical solution to be applied.

We consider the special case where p represents a pure
state (i.e., only one \; is nonzero) and © has an arbi-
trary spectrum. In this case, we have only one con-
straint (m = 1), and N variables (n = N) which we
write as x1,--- ,xn. The constraint polyhedron in this
case is nondegenerate, permitting direct application of
the Faybusovich flow.

In the case that py has only one nonzero eigen-
value, corresponding to an initial pure state, it then
follows that under the change of variables pr(s) =
RN W), [0(s) = (ei(s)e- en(s)), als) =
(le1(s)2, -+, |en(s)[?), the gradient flow can be explic-
itly integrated to give [12]:

(€)1 (0)]%,- -, e* ¥ en (0) )

U TR

(10)

where Ap, .-+, Ay denote the eigenvalues of ©.

IV. ANALOG COMPLEXITY OF QUANTUM
CONTROL OPTIMIZATION

In the case of objective functional ®;, the input for
the computation may be viewed as being the eigenvalues
of the observable operator, while the initial density ma-
trix determines the initial condition. For the purpose of
assigning a complexity class to the problem, the latter is
generally taken as fixed. The time complexity is then ex-
pressed as a function of the eigenvalues of ©. However,
as discussed below, the complexity of the optimal con-
trol problem can vary sharply as a function of the initial
state as well. For objective functional ®5, we consider
the input for the computation to be the target unitary
transformation W. The time complexity is expressed in
terms of the eigenvalues of W. Again, time complexity
can be modulated by varying the initial condition of the
search away from the identity matrix I.

It is possible to assess the convergence of the opti-
mal control search in terms of the difference in objec-
tive function values ®(s) — ®(c0), but because of the
degeneracy of solutions corresponding to a given value
of &, a more precise assessment of complexity can be
achieved in terms of the convergence of the distance be-
tween the current guess and the global solution to the
problem. As mentioned, the distance || E(s)— E(c0)||? =

fOT E(s,t)E(co,t)dt is not an appropriate measure be-
cause it is highly system-specific (precluding uniform
behavior as a function of system size) and obscures the
underlying geometry of convergence since ® is not ex-
plicitly a function of E(t). The most appropriate choice
is a distance on the space of solutions that displays the
lowest degeneracy for a given value of ®, while remain-
ing independent of the system Hamiltonian. For &g,
this distance is |U(s) — U(00)||%, whereas for @, it is
the Euclidean distance on the polytope wherein the flow
evolves.

The attracting region R of an attracting fixed point
is the subset of phase space wherein the distance to
the point is monotonically decreasing with time. We
consider the quantum control optimization problem to
be solved to a desired precision, and the computation
halted, if the gradient flow trajectory enters within an
ep-radius of the global optimum and is also within its
attracting region. This definition ensures that for in-
puts on which the ¢,-vicinity of the attractor is larger
than the attracting region, entrance into the attracting
region is required for halting of the computation. The
computational complexity of the control optimization al-
gorithm is then defined as the scaling with system size
of the convergence time t.(H) = max [t.(€),t.(R)] to
the intersection of the attracting region and the ball of
radius €,, starting from a given initial condition.



A. Quantum observable maximization

From the Faybusovich flow, it is apparent that the
computation time is determined primarily by the sys-
tem size dependence of A; and «;;. Let 8; =

j+n—m(8) . :
YAy (aji log I”i(g)) Then the computation time

Tjtn—m

is roughly given by T = max; (g— + “Z—g,d). In order
to obtain bounds on the complexity scaling of observ-
able maximization problems, we therefore need to obtain
bounds on f; and min(A;). We first derive two results

that enable analytical calculation of these bounds.

1. Unimodularity of the constraint matriz

In principle, it is possible for arbitrary LP problems
to have exponential complexity. Analytical derivation
of the complexity of observable maximization problems
is simplified by a property displayed by the constraint
matrix A called total unimodularity. An integer ma-
trix A is totally unimodular if every square nonsingular
submatrix B of A satisfies det B = 41, 0.

Theorem 2 A sufficient condition for a totally unimod-
ular (TUM) constraint matriz A is satisfaction of the
following three conditions:

1) Every column of A consists of two nonzero entries.
2) Every entry in A is 0,1 or —1.

3) If two nonzero entries in a column have same sign,
the row of one is in B, and the row of other is in C,
where B, C are two disjoint sets.

Moreover, for a TUM constraint matriz with only 0,1
entries, all basic and nonbasic sets Ag, An correspond-
ing to such a constraint matriz will have only 0,1 en-
tries.

Proof. Perform induction on size of (square) matri-
ces. For single matrix entries, true by hypothesis. Let
B be any submatrix of size k.

If B has a zero column, det B = 0.

If B has no zero columns and has a column with one
l-entry, then we can expand its determinant along that
column and the result follows from the induction hy-
pothesis.

If B has only columns with two l-entries, from hy-
pothesis we have that

Zaij22aij:1, Vj

i€l i€ly

and therefore, we can find a linear combination of the
rows that is equal to zero. Hence, det(C) = 0. QED.

Moreover, A will remain unimodular under any
change of basis. As such, the unimodularity of the con-
straint matrix A implies that the basic and nonbasic sets
Ap, An at each of the vertices of the LP polytope will
only have elements equal to zero or one.

2. Perturbation of degenerate Birkhoff polyhedra

Since the vertices of the Birkhoff polyhedron are per-
mutation matrices, and since these matrices contain only
n nonzero elements, it is apparent that each vertex of the
polyhedron is associated with more than one Ag. A de-
generate polyhedron is one with more than one Ap that
defines a vertex. Hence, the Birkhoff polyhedron is de-
generate. The Faybusovich vector field can only be used
to integrate interior point flows for nondegenerate poly-
hedra. However, it is possible to infinitesimally perturb
a degenerate polyhedron so that it becomes nondegen-
erate, while preserving the original solutions.

Finding extreme points of the convex set of solutions
of Y .2;A; = b is equivalent to finding intersections
of the ray ab |a > 0 with hypertetrahedra formed on
linearly independent sets of A; from (A;,---,A,). Ge-
ometrically, a degenerate situation is one in which the
vector b lies on a bounding hyperplane or edge of the
convex cone determined by its vectors.

We need to perturb b so that it lies on the interior
of this convex cone. We achieve this by adding a vector
function db(e) of a real parameter € to b. This vector can
be expanded on the basis of columns of the constraint
matrix A. Each coefficient in this expansion must act on
an entirely different scale from all the other coefficients
and the data for the problem. Then, there will only
be a finite number of values of € for which the new ray
hits boundaries of the tetrahedra. Thus for e sufficiently
small, degeneracy is avoided. The following standard
procedure achieves this effect.

Theorem 3 [22] Let A; denote the column vectors of
the constraint matriz A. Define x;; by the relations
Aj = Z?Ll l’iin, and let Z5 = sz ZijCj, ] = 17 cec N
The constraint equations in the original LP problem can
then be expressed x1Aq,--- ,xpA, = b. Perturb b by
replacing it with b+ Z;‘L:1 e/ A;. We then obtain a per-
turbed LP problem with constraint set

£U1A17 e ;ann = b+ €A1, e 76nAn = b(E),
and cost function f.(x) =), civ; + Z?zl €l zj.

Then every extreme point in the original problem has
a counterpart in the new € problem, and in the limit
of small €, these counterparts can be brought arbitrarily
close to the original solutions while avoiding LP degen-
eracies.

See Supporting Information for proof.

3. Derivation of the complezity bound

For observable maximization, we first derive the com-
plexity bound for control of pure states before consid-
ering the more general case of mixed states. For opti-
mization of ®; starting from an initial pure state, we
can establish a bound on t.(€) as follows. We assume



without loss of generality that the eigenvalues of © are
arranged such that Ay > Ao > A3 > .-+ > Ay. For
nondegenerate O, the global optimum is then the unit
vector e;, = e and the distance of the current point
x(s) on the search trajectory to the global optimum can
be written:

lx(s) — @(c0)||* =

(M er (O, ¥ en (O)) - e

z(s)||* -2 +1
) iy lei(0) e
<o AP
= vazl 25X\ Ci(0)|2
since YN 2, = YN ¢2 = 1 and therefore Y1 | 22 =

Ef\;l ¢} < 1. Defining pp = A\; — A2, we then have
N
3 O 0) < e 4 e 0)F
i=1

such that the bound on the distance to the solution be-
comes

lz(s) — 2 (00)[[* <2 = 2(1 + e™*|er (0)| 7).

For simplicity, we choose the identity vector % (1,---,1)
as the initial state. More generally, ;. (0) will scale in-
versely with IV for randomly chosen initial conditions on
the interior of the simplex. We then obtain the following
bound on the convergence time to the global optimum:

m(“@F) N
o < [P L, 2
24 24 €2

for € small. Note that the time scale for convergence
to the global optimum (the linearization of the coeffi-
cient in the exponential) is given by u. This is equal
to the lowest eigenvalue of the Hessian of the objec-
tive function, H(p(o0)) = — Zjil(afl +65)(A = A1),
where ajy, 81 are the real, complex parts of an arbi-
trary Hermitian matrix A, obtained in [8] !. If the max-
imum eigenvalue of © is degenerate with multiplicity k,
such that Ay = Ao = -+ = A, and Ay > A, j =
k+1,---,N, then the dynamics converges to the point
Too = %(17~-- ,1,0,---,0) [12]. In this case, the dis-
tance to the global optimum becomes

625%1 k 2
LS 60
() — e ? < 2 — 3 T 2z 150

ST 2] (0)

J

corresponding to

L Tt can be shown that the expression derived in [8] for H 4 (U(c0))
is equivalent to that for H 4 (p(c0)).

A bound on the convergence time to the attracting re-
gion of the solution, ¢.(R), can be derived as follows for
the general case of a k-fold degenerate maximal eigen-
value of ©. Again, without loss of generality, we assume
ALk = A1) > Akg1 > - > An. In the present case,
t.(R) = t. such that for all s > t.,

d
3 le(s) = z(o0)||* =

k N
223 e (0)2 Y e e (0)[* (A — Aj) < 0. (13)
i=1 Jj=1

This corresponds to the condition ; < 0 for i > k
[12]. This condition holds iff Z;\le Ajxg > N, 4=
k+1,---,N. Insertion of the analytical solution above
gives

N N
Z Aj|cj(0)|2@)\j8 > )\k+1 Z |cj(0)‘2€>\js.
j=1

Jj=1

For the purposes of obtaining a bound on t., we can
rewrite this

k
S Awles ) = Mesalerri (0))rmte >

i=1
(N — k — 2)Agy1|cr1(0) [P errte, (14)

which can be solved for t.(R) to give:

1
tea(R) < ——~—
1(R) A1) = Akt
n{ (N = k= 2)Msfersa (0
k
S

[A<1>|Ci(0)|2—Ak+1|Ck+1(0)l2]}' "

Therefore, the attracting region of the solution z(c0) =

%(17 -+-,1,0,---,0) does not cover the entire domain.

Again taking the initial condition +(1,---,1), this
(N—=k—=2)A\pt1

bound becomes t.1(R) < iln erES e The upper

bound on the computation time of the problem is then
given by

teq(H) = max [te1(€),te1(R) ] <

11, (2Nk (N —k—2)Mps
—[m(Z55) + 21 .
2u[ n ( e )+2m k(A1) — Mes1) | ao)

Now let us consider the general case of observable
maximization for mixed states.

Theorem 4 The CT complexity of observable maxi-
mization with n,m given for various rank, degeneracy
classes of p, © in section III 1 is to be completed...

Proof.

Bound on |a;|. a;; = (A" An)ij corresponds to the
elements of a product of two matrices whose compo-
nents are 1,0, according to theorem 2. Therefore, if



each column of Ag, Ay has at most k nonzero entries,
lajs| < k Vi € Ap,j € An; here, k = 2, so we have
established a bound on |aj;| < 2.

Bound on A;. Next consider the bound on A; yp.
Since A; = (¢, i) = _Ci"‘ZjeAB ;¢ is the dot prod-
uct of a real-valued vector with an integer valued vector,
it can be arbitrarily small in general, unlike |o;;|. Note,
however, that since for the purpose of the complexity
calculation we are assuming Ap is the optimal vertex,
the integrality of c;; implies that A; i, > 0. (If it is
equal to zero, the flow converges to an edge or face of
the polyhedron rather than a vertex.) {From the above
expression, it is apparent that A; ,,,;, will generally scale
as the difference of m times the mean value of the prod-
ucts of the nonzero eigenvalues of p, © and the largest
¢i, © € An.} Because these eigenvalues are generally ran-
domly distributed, their scaling cannot be considered in
the complexity bound.

Bound on 377, |logx (o).

Here again, oo denotes the parameter vector corre-
sponding to the optimal vertex. Recall that we need
to break the degeneracy in the polytope vertices. We
therefore write b’ = b + db, where from theorem 3, the
perturbation that breaks the degeneracy of the polytope
is db = (8,62, .,8™) (renaming € — § to avoid redun-
dancy).

We have x’ = x+0x = A5'b+ A" 5b. Since the opti-
mal solution is a permutation matrix, the corresponding
x is a m-dimensional vector with exactly N elements
equal to 1 and all others null. The rows of Ag can be
written al € {0,1}™. To calculate a bound we assume
the worst case for A;l, i.e. that each row contains m
elements equal to 1. Then we obtain

m
6Xj226i7 .7:17 , M,
i=1

and x’ is the sum of this with a permutation vector.
Thus, 337 |logz;(c0)| < log N +m|log(3 ", 6%)] <
log N + mlog(mdé™).

Total bound. We can now apply the above bounds on
|aiz], Az, and 377 logxj(00) to calculate the complex-
ity of observable maximization gradient flows. In order
to avoid divergences near the boundary of the polytope,
we choose the center of the polytope as the initial con-
dition. In the center of the Birkhoff polytope is the van
der Waerden matrix, all of whose entries are equal to
1/N.

The distance between the current parameter vector at
algorithmic time s and the optimal vertex z(co) can be
written:

lz(s) = @(00)* = lo(s)II* + m + 2(a(s), (c0))
< 2m + 2(x(s), z(c0)). (17)

Inserting the integrated flow into this equation (ig-
noring the contribution of the initial condition in the
logarithm), and applying the various bounds estimated
above, we have

1
xi(8) = — exp

z;(s)
N 7AZS+ Z ajilog ;

= ;(0)
1
< N eXP (—Ais + 2(log N + mlogm + m?log 5))

Assuming A; does not scale, it can then be shown that
Ja(s) — w(o0)]| < e if

TO BE COMPLETED; estimates including
degeneracy-breaking suggest polynomial scaling.

So the complexity class is polynomial for any problem
where the rank deficiency or number of degeneracies does
not scale with the problem size. Only for those where
the number of constraints m is constant with problem
(system) size does the scaling become logarithmic.

4. Summary of rank, degeneracy effects on complexity

We give results for a few cases of special interest for
illustrative purposes: (give explicit scaling with N and
several choices of ny, -, n.;my, -+ ., ms.)

Degeneracies or rank deficiencies decrease the number
of vertices and faces of the polyhedron; number of ver-
tices change very quickly, but complexity is not sensitive
to that rapid change

Note that the scaling is not determined by the number
of free parameters or natural coordinates, but rather the
number of constrained parameters.

B. Assignment to complexity classes

A continuous time problem is said to be in the com-
plexity class CLOG (continuous log) if it has a polyno-
mial number of variables (here, the system dimension)
and a logarithmic time complexity. Kinematic optimiza-
tion of objective functions ®;, where p is a pure state,
and ®, therefore belong to the complexity class CLOG.
CLOG is the analog counterpart of the classical com-
plexity class NCy, the class of problems that can be effi-
ciently solved on a discrete parallel computer, meaning
problems that are decidable in polylogarithmic time on
a parallel computer with a polynomial number of pro-
cessors. It is the lowest time complexity class, lying im-
mediately below P (polynomial time complexity). For
real control optimization algorithms evolving in discrete
time, the kinematic component of these problems will
have NC; complexity. By contrast, kinematic optimiza-
tions of objective function ®; where p is a mixed state



belong to the complexity class CP, equivalent to the dis-
crete complexity class P. The order of the polynomial
scaling depends on the rank and degeneracy structure
of p and ©.

Quantum optimal control problems aimed at maxi-
mizing the expectation value of any observable operator
starting from a pure state of the system all belong to the
same analog time complexity class. However, their char-
acteristic time scale for exponential convergence, when
the optimization algorithm follows the gradient flow tra-
jectories as faithfully as possible, differs in a predictable
fashion. Specifically, the characteristic time scale for
exponential convergence is given by minj.q [A; — A,
i.e., the magnitude of the difference between the largest
and second largest eigenvalue of the observable opera-
tor. This corresponds to the magnitude of the smallest
Hessian eigenvalue of the objective functional near the
solution. As such, the rate of convergence for the prob-
lem of driving a pure initial state to a pure final state
- which corresponds to Ay =1, X\; =0 Vi > 1 above
- is the greatest, such that this problem has the lowest
computational complexity of all observable maximiza-
tion problems.

Although the problems of pure state observable maxi-
mization and gate control belong to the same complexity
class with respect to the scaling of the number of itera-
tions required as a function of system size, they display
distinct behavior in other regards. In particular, it can
be shown [12] that for both problems, there exists a set
of initial conditions from which the flow does not con-
verge to the solution. For &®;, initial conditions where
cix = 0 (i.e., where the initial state resides on the so-
called basin boundary of the simplex) do not converge.
The scaling of the convergence time as a function of the
distance to this pathological initial condition differs for
the two problems [12]. In these cases, the initial guess
Uy should be modulated to facilitate the convergence of
gradient algorithms.

As such, a central issue concerns the accessibility of
these lower bounds on scaling through the design of
gradient-based algorithms in both the laboratory and
in simulations.

V. DISCUSSION

The complexity results derived herein are based on
analysis of the kinematic contribution to optimal control
gradient flows, and have neglected the dynamical contri-
bution of the e(-) — U(T) map to the scaling of search
effort. For an arbitrary Hamiltonian, if one averages over
many initial conditions and target gates/states, the rel-
ative convergence times of gate and state control opti-
mization should correspond to those of the kinematic
gradient flows [12]. However, since the Hamiltonian,
and hence the properties of the e(-) — U(T) map must
change with system dimension, the absolute scaling for
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either problem may in principle deviate from that pre-
dicted here.

From a practical perspective, since the kinematic com-
plexity of these problems is either logartihmic or poly-
nomial, the scaling of control search effort should not
prohibit the efficient application of gradient-based algo-
rithms to high-dimensional systems. For state-to-state
coherence transfer problems, this prediction is borne
out by both simulations and experimental evidence [23].
However, the reported scaling of gate optimization sim-
ulations [2] is worse than that predicted according to
the present theory, suggesting that a reexamination of
current quantum gate control algorithms is warranted.
For control problems whose kinematic complexity class
exceeds CLOG, it may be advantageous to apply matrix
tracking algorithms (below) rather than gradient-based
algorithms in order to achieve the above lower bounds.
Evidence suggests that observable maximization prob-
lems starting from an initial nondegenerate mixed state
belong to this category [24].

For general py and ©, the gradient flow for objec-
tive function @4 is an ”isospectral” flow [20, 25, 26]. In
N dimensions, this flow has N integrals of the motion
that are in involution, which is the classical definition
of complete integrability for a dynamical system. From
the point of view of the modern theory of integrable
systems, the double bracket flow can be shown to rep-
resent a type of Lax pair, a general form that can be
adopted by all completely integrable dynamical systems
[19]. For this reason [12], the system-independent com-
plexity of all discrete quantum observable maximization
problems can in principle be analytically determined, as
shown above. In contrast, the kinematic gradient flows
of the gate and observable control problems in classical
mechanics [4, 27] are not integrable, and hence cannot
be assigned to analytic complexity classes.

In the present work, we have focused attention on
the complexity of optimizations that employ local gra-
dient search algorithms. The favorable scaling of the
convergence times for kinematic gradient flows, and the
scarcity of abnormal extremals in discrete quantum con-
trol problems [4] motivate a rigorous definition of the
universal complexity of quantum control problems in
terms of the scaling of the expense of tracking such kine-
matic paths through elimination of the matrix G in the
algorithmic step (9). These global algorithms require
an additional computational overhead of N* in order to
invert the matrix G, as well as overhead for statistical
estimation of the states or dynamical propagators based
on experimental observations [4]. Assignment of quan-
tum control problems to complexity classes based on the
convergence of such global algorithms must account for
deviations from the desired track induced by properties
of e(+) — U(T) that vary across homologous families of
Hamiltonians. Such assignment, which requires exten-
sive sampling over Hamiltonian space, is the subject of
a separate work.
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