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A Introduction

This Online Appendix reports the theoretical derivations for all results in the paper and additional
empirical evidence. Section B characterizes the allocation of wealth across countries within each
time period. Section C characterizes optimal consumption-saving decisions. Section D confirms
that the balance of payments accounting identities hold in our framework. Section E summarizes
the system of equations for general equilibrium, and establishes some key relationships between
capital and labor incomes and the trade and capital share matrices.

Section F analyzes the steady-state equilibrium of the full nonlinear model. Section G char-
acterizes its transition dynamics. Section H shows how the full nonlinear model can be inverted
to recover the unobserved location fundamentals that rationalize the observed data as an equi-
librium outcome.

Section I linearizes the model and derives a closed-form solution for the evolution of the state
variables, in terms of an impact matrix that captures the initial impact of shocks, and a transi-
tion matrix that governs the updating of the state variables. Section J analyzes the relationship
between goods and capital market integration and the speed of convergence to steady state.

Section K contains additional empirical results that supplement those reported in the paper.

Section L provides further information on the data sources and definitions.

B Wealth Allocation

In this section of the Online Appendix, we characterize the allocation of wealth within each
time period. In the next section of this Online Appendix, we characterize the intertemporal

consumption-saving decision.

B.1 Gravity Equation for Wealth Allocations

We have the following monotonic relationship between the return (v) and efficiency units () for

a unit of wealth invested from investor n in producer i:
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Using this monotonic relationship in the distribution of efficiency units (6), we obtain the follow-

ing distribution for bilateral returns:
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Each unit of wealth is allocated to the country with the highest return. Therefore the distribution

of returns across all producers 7 for investor n is

which can be written as
N
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Using these distributions of returns, the probability that a unit of wealth from investor n is allo-

cated to producer i is
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Using this result to evaluate the integral above, the probability that a unit of wealth from investor

n is allocated to producer i is
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B.2 Derivation of Capital Income Rate (v,,)

Using the above Fréchet distributions of returns to a unit of wealth, the capital income rate from

investor n across all producers i (vy,¢) is
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Now define the following change of variables:
y=U,0"°, dy = —e¥, v “qu.
Using this change of variables, the capital income rate from investor n can be written as
Unt = / Uy Moe vy,
0

which can be in turn written as

N
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We now show that the distribution of returns for investor n from each producer i conditional
on allocating wealth to that producer country is the same across all producers ¢ and equal to the
overall distribution of returns for investor n. The distribution of returns for investor n from each

producer ¢ conditional on allocating wealth to that producer country is
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which is the same as the overall distribution of returns for investor n above. Therefore the capital
income rate for investor n for each producer 7 conditional on allocating wealth to that producer

country (v,;;) is equal to the overall capital income rate from investor n across all producer coun-
tries above (V).



B.3 Derivation of Average Efficiency Units

Recall that the distribution of returns for investor n from producer i conditional on allocating

wealth to that producer country is
Fup (v) = e
Recall that we have the following relationship between returns and efficiency units:

T

Rnit
Therefore, the distribution of efficiency units for investments from investor n conditional on

investing in producer 7 is
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Expected efficiency units for investments from investor n conditional on investing in producer ¢
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where I (+) is the Gamma function. As a check on this derivation of average efficiency units, note

that we have two equivalent ways of writing the expected capital payment:
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Using our result for v,,;; = v,,; from equation (B.2) above, this becomes:
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Using our result for i, ;, from equation (B.3) above, this becomes:
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Using our result for b,,;; from equation (B.1) above, this becomes:
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and confirms our derivation of average efficiency units above.

C Optimal Consumption-Savings Decisions

In Subsection C.1, we characterize optimal consumption-savings decisions in the general model
with a representative agent and CRRA preferences. In Subsection C.2, we characterize optimal
consumption-savings decisions for a special case of the model with (i) a separation between work-

ers (who live hand to mouth) and capitalists (who can save) and (ii) log utility.

C.1 Representative Agent and CRRA Preferences

We begin with the general model with a representative agent and CRRA preferences. This rep-
resentative agent chooses consumption and saving to maximize intertemporal utility subject to
their intertemporal budget constraint.
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Following Angeletos (2007), we can rewrite this consumption-saving problem recursively as the

following value function:
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where we have defined R,,; = R"/ (pnt/Pni—1) and R™ = [pp (1 — 0) + Vpt] /Pnit—1. We

begin by defining h,,; = > .-, w"ﬁﬁ’”—%/ﬁ” as the present-discounted value of future wage
u=1 "nt+u

income. We now establish the following results:
Cnt = Snt (Rntant + wntgnt + hnt) 5 (C3)
where ¢,,; is defined recursively as

st = 14 BYRY ok (C.4)
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We setup the Lagrangian as
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+ BU (ant—O—l; t + 1) + £nt [Rntant + wntgnt — Cpt — ant—l—l] .

Taking first-order conditions:
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d7lzt_w = Snt-

Substituting a,;11 = (1 — ) (Rut@nt + Wpilng + hiy) — by and dit_w = G, into equation (C.5),

we obtain:
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Therefore, we have established that consumption and saving are linear functions of current-

period wealth: ¢,; and 1 — ¢, respectively.

C.2 Capitalists-Workers and Logarithmic Preferences

We now characterize optimal consumption-saving decisions for a special case of the model with

(i) a separation between workers (who live hand to mouth) and capitalists (who can save) and

(ii) log utility. Capitalists choose consumption and investment to maximize intertemporal utility

subject to their intertemporal budget constraint:

oo
max E B 1n ¢y,
iy
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SubjeCt to DntCnt + Pnt (ant+l - (1 - 5) ant) = UntQnt-

We can write this problem as the following Lagrangian:

‘C = Z ﬂt ln Cnt — ,unt [pntcnt + pnt (antJrl - (1 - 5) ant) - vntant] .

t=0

The first-order conditions are:
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Together these first-order conditions imply:
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where the transversality condition implies:
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With logarithmic utility, capitalists optimal consumption-saving decision involves a constant sav-

ing rate. We conjecture the following policy functions:
PntCnt = (1 - 6) (Unt +pnt (1 - 5)) Qnt,

Anpt+1 = 6 (Unt/pnt + (1 - 5)) Apt-

(C.10)
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Substituting the consumption policy function (C.10) into the Euler equation (C.8), we confirm

that these conjectured policy functions are indeed the optimal consumption-savings choice

Cnt+1 (Unt—l—l/pnt-l-l + (1 - 5)) Apt4+1

Cnt (Unt/pnt + (1 - 5)) Ant ’
= B (Vnt+1/Pt+1 + (1 = 9)).

D Balance of Payments

We now use our framework to illustrate the conventional balance of payments accounting iden-
tities. The financial account (F'A;;) is defined as the increase in foreign assets in country ¢ minus

the increase in country ¢’s assets abroad:

(. i
v~

~  Increase in country ¢’s assets abroad

N N
FA; = (Z PrtOnit+1 — ant—lam't) —  (PitQit41 — Dit—1Git) - (D.1)
n=1 n=1

-~
Increase in foreign assets in country ¢

Trade balance (7'B;;) corresponds to the difference between the value of goods produced in a

country and the value of goods used in that country:

n=1 n=1
NS > NS >

N N N
TBi = wil; + Z UntAnit — <pitcit + antam‘t—l-l —(1—9) antam't> . (D.2)
n=1

VvV Vv
Value of goods produced Value of goods used in the country

Net investment income (NI [;;) is the difference between income receipts from assets owned by

country ¢ minus income payments on foreign-owned assets used in country ¢:

N
Nom Nom
NIL; = (Rit - 1) Pit—1Qit  — E (Rnt - 1) Pnt—1Gnit - (D:3)
NS o
. A n=1
Income receipts from assets owned N ~

~
Income payments to foreign-owned assets

Combining these definitions in equations (D.1)-(D.3), we confirm that the conventional balance

of payments accounting identity holds:

In the special case of our model with capital autarky and open goods markets, the financial

account and the current account of the balance of payments in equation (D.4) are necessarily
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equal to zero (—F'A; = C'A;; = 0), but there can be a trade imbalance in equation (D.4) that is
offset by net investment income from domestic assets (1'B;; + NI11; = 0).

In the special case of our model with trade autarky and open capital markets, imports, exports
and the trade balance in equation (D.4) are all equal zero (7'B;; = 0), but there can be imbalances
in the current and financial accounts in equation (D.4), which are offset by net investment income
from wealth allocated at home and abroad (CA;; = NII;; = —F A, # 0).

In our baseline model with open goods and capital markets, trade can be imbalanced (7' B;; #
0) in equation (D.4), and there can be offsetting imbalances in the current and financial accounts
(CA;; = —F Ay # 0) in equation (D.4), which can be attributed to either trade imbalance (T'B;; #

0) or net investment income (N 11;; # 0).

E Conditions for General Equilibrium

In this section of the Online Appendix, we summarize the system of equations for general equi-
librium, and establish some relationships between capital and labor incomes and the trade and

capital share matrices.

E.1 General Equilibrium System

N

.1, the equilibrium objects {wyy, T'nt, Snt, Unt, bnt },,_; can be charac-

Given state variables {k,,}

terized by the following system of equations:

. . -0
wi1—p
(Tnith’tz i/ Zz‘t)

Snit = N n A—pn —0> (El)
> het (Tnhtwht T/ th)
N
wirl; = i > Smit (Untng + Woeln) (E.2)
n=1
by = (Th'ﬂ’ it / ffm’t) (E.3)

S (i ne/ )

N 1/e
Unt = [Z (nerne/ Knht)gl , (E.4)

h=1
N
1
Z UntbnitQne = a witl;, (E5)
n=1 i
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along with the normalization:

algy|
i— i
which also implies:
N
Yot (E.7)
n=1 1- Hi

The evolution of state variables follows:

Wp, En
Ant4+1 = (1 - gnt) (Rntant + ! + hnt) - hnt; (ES)
nt
= wnt—&-sgnt—i—s/pnt—&-s
hnt = E s ) (E9)
s—1 Hu:l Rnt—l—u

~1/6
Pnt = [Z (Tmtwﬁiﬁt“i/zn)_el ) (E.10)

where
Rnt =1-90 + Unt/pntv (Ell)

and ¢,,; is defined recursively as
_ -1 _
gntl =1+ 5¢th+1§nt£r1- (E.12)

E.2 Incomes and Trade and Capital Shares

We now establish some key relationships between labor and capital incomes and the trade and
capital share matrices. Throughout the following, we suppress the time subscript to simplify
notation. Let ¢,, = w,¢,, denote labor income in country n. Let (,, = v,a,, denote capital income

in country n. Let S,, = [s},] denote the share of country n’s expenditure on country h. Let
T‘ — Snz(vnan"l‘wnén)
T 0 Shi(vhantwn by

denote the share of country n’s wealth allocated to country 7. Let X;, = ZNM)% denote the
h=1 YhOhiQh

share of capital payments in country ¢ made to country n. Using these definitions, we have the

) denote the share of country i’s income from market n. Let B,,; = [b,]

12



following relationships:

(wl-& = 1 27]2[:1 Shi (Unay + wply,) ,
) iwi&Tm = Spi (Vpan +wply),

ZnN:1 UpbpiGn, = %wi&,

X = s —

Assuming the same labor share across countries for the remainder of this subsection (1; = ),

we have:! )

g =upl+q'S,

/T — + /’

q T@ ¢) (E13)
/ _l-p

CB - o qv

/ _ 1—p

\C - qu-a

Hence, we can recover q, ¢, S, T, B, X if we know either one of S, T" and either one of B, X.

For instance, if we know S and B, we can recover ¢ and q as eigenvectors:
¢=¢(1-pSUT—-pS) B,

q=q(1-—pX+pul)sS.

We also have the following results:

(g+¢)'ST =(q+¢),

qg =4q'TS,
¢'=(¢BX,
qd =4XB,

such that ¢’ is an eigenvector of T'S; ¢’ is an eigenvector of BX; and q’ is an eigenvector of
XB.

'If the labor share differs across countries, analogous results hold replacing 1 and (1 — p) /p with the diagonal
matrices D (p)and D (p) "' (I — D (), respectively, where p is the vector of countries’ labor shares.
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F Steady State

In this section of the Online Appendix, we characterize the steady-state equilibrium of the model.

We use an asterisk to denote the steady-state equilibrium values of variables.

F.1 Steady-State Equilibrium Conditions

The steady-state equilibrium is characterized by the following system of equations:

N 1 0 S G M) I
"L (ran ) ) )

N
Wil =i Y s (0nk + wily) |
n=1
* (nlr;,k/’%nl)e
ni N % €’
> ne1 (75 Fonn)

N 1/e
= [z <nhr;;/nnh>e] |

h=1

N

St = i

n=1
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F.2 Steady-State Equilibrium Values

Let{: = a%'fh% denote steady-state share of tangible wealth (as opposed to human capital wealth).
We know that: i} . .
e ay R;ar R;ar
n

wi ln '
ap +hy  Ruan +RAAG - Riah + =+ by
n

Hence the steady-state equation for capital (F.7) implies:

0
e a4+ 1) = (1— ) <R 1 nln h) .
—— D

n
.

— %
=an v

— % g%
7R7La7L

= 1=(1-¢)R;.

Substituting this result into the steady-state equation for the saving rate, we get:

Ri(L—ch) =BY(RL)Y,

Hence, the steady-state real return on wealth is equalized across countries and is equal to the

inverse of the discount rate, and

*

L =p5"1—1+0.
Dh

Collecting equations, the steady-state equilibrium {w}, 7}, v}, k;} is characterized by:

(%

0

N . * Hi * 1—p; ‘
Wil =i Y (i (W)™ (i) " /1)

N A\Hi (e L 5 (Unay +wiln)
n=1 Zh:l (Tnh (wh)# (Th) g /Zh)

N 1/e
= [z <nhr;;/nnh>e] |

h=1
N
1—p
koK ok Lok
§ :vnbm'an - ] wigw
n=1 ¢

N ~1/6
o= (BT = 140) | D (7 (w)™ () /%)9] :

i=1
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N

i=1 "
which provides a system of 4N + 1 equations and 4N unknowns, with 1 equation being the

normalization.

F.3 Steady-State Incomes and Trade and Capital Shares

Let x} = w;:% denote the steady-state capital income share of country n. Recall that £ =
affh* is the share of tangible wealth. In steady state, we have:

a, _ vpay/vn (1= B)vnay (1 — ) vpay

Tx - Bwi by - * * * = _ *

h'n (1-B)pz, ﬁwngnvn/pn (1 5 + 55) wngn
Hence:

o (-8
! A=8)xu+ A =8+06)(1-x3)
(1-8)xx

1=+ (1—x;)08

From Section E and the results above, we can recover x; and &’ once we know either one of S,
T and either one of B, X.

G Dynamic Exact-hat Algebra (Proof of Proposition 1)

In this section of the Online Appendix, we show that we can solve for the transition path
of the economy using dynamic exact-hat algebra techniques: Given observed initial popula-
tions {{;0}.",, an initial observed allocation of the economy, ({a;0}~,, {an}X |, {Suio}r . s
{Trio}Y 1 {Brio}Y._1, {Xnio}Y._,), and a convergent sequence of future changes in funda-
mentals under perfect foresight:
. N . N . N . N o
{{Zit}izl Anietiz {Tit}i,jzl , {“it}i,jzl}tzl ’
the solution for the sequence of changes in the model’s endogenous variables does not require

information on the level of fundamentals:

N N N N >
{{Zit}izl Anitise s {Tit}i,jzl ’ {“it}i,jzl}

t=1

We solve for this transition path using dynamic exact-hat algebra in the following steps:

16



T
1. Guess a path for wealth holdings {{agt}ﬁll} , and set wealth holdings for periods 0 and
t=2
1 according to their values in the data.

: N : :
2. For each period ¢, use {a?Lt}fl\;l, {agt_l }n:1’ and the trade and capital share matrices from

periodt—1,8; 1,T; 1, B; 1, X, 1, to solve for the contemporary equilibrium in relative
~ A A 4 AN
changes{twWnt, Pnt; Prt, Unt } s
(a) Make an initial guess for {wyy, ¢, Prts Ot}
g nty» Tnty Pnts Unt n=1-

(b) Update the price indices p,,; from:

~1/6
N ~ s Al—ps . —0
pi sl—p
N Tnitwitlrit ’
Pnt = E Spit—1 | — 5
— Zit
=1
(c) Update the return to wealth 9,,; from:
N o . 1/e
. b NhtTht
Unt = nht—1 P .
h=1 nht
(d) Update wage levels w;; from:
N
- N ~ A0 ~ 7
Wiplsy = E Unit Snit (Xm—lvmant + (1 = Xnt—1) wnt£nt> ;
n=1
where .
Iy s -
A TnitWe Ty 1
Snit = - X =X )
Zit Pnt
and we define x = Unt 10y
nt—1 = Unt—lagt_l"l‘wnt—lgnt—l.
(e) Update the return to capital 7;; from:
N A A A €
589 b — bl b — (NitTit [ Rt )
Tnit—1Unt Qg Onit = Witkit, nit — T e -
n=1 Unt

(f) Return to step (2.b) and repeat until convergence of the temporary equilibrium.

(g) Update the values of the matrices S;, T, B;, X; at period ¢t using their values at
periodt—1,8; 1,T; 1, B;_1, X;_1, and the relative changes in the trade and capital
flow shares:

) ) —6
A~ _ A L Al—'u, A A
Snit = (Tnitwi;?“it Z/ (zitpnt)) )
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fmt = Spit (Xmﬁntd%t + (1 - Xnt) UAJant) / <wit£it> )
buie = (Mieit] (Bnirtne))

A 7 ~  ~0 PN
Tint = bnitvntant/ <wit£z’t> .

T
. Compute the path for the gross rental rates {{Rnt}fj:l} by solving backwards:
t=1

Rt =1 =0+ (Rupsr — (1= 8)) J=2+L
Pnt+1

where recall that R, = 1/0.
. N T .
. Compute the path for consumption rates { {gnt}nzl} by solving backwards:
t=0
it = 1+ BURL G,
where recall that ¢,7 =1 — .

. Compute the path for human capital {{ Pt } _1} by solving backwards:

1 /1—~,
hnt = X i (Rnt—i-l —_ (1 — 5)) a’?lt+1 _|_ hnt—i—l 9
Rut+1 Xnt+1

where human capital in steady state is given by h,r = % (% —(1- 6)) 1XX;T al.

. Compute the implied price index in period 0 for each location using the relationship

1- 1=Xno

Xn0 Xm0 Un0 ano

pn() - a%1+hn0

T—¢no - Rnoano - hn()

T
. Update the path for wealth levels {{a}lt}le} from

t=2
1 0 I — Xnt Unt a0
Opip1 = (1 = Gut) | Rt + nt + ot | — Do
Xnt  Dnt
Where is obtained by updatlng 20 with the relative changes from the contemporary

equ1hbr1um ;”i, U0 1s taken as glven in the data from the ratio of capital income to a,,;
n

and p,, is recovered in step (6).
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8. Normalize all nominal variables to ensure that the sum of global GDP in each period is

equal to 1: 31V | w#&t = 1.

9. Return to step (2) and repeat until convergence of the path for wealth levels {{am}ﬁll } .
t=2

H Model Inversion

We now show how we can invert the model to recover fundamentals: trade frictions (7,,;;), finan-
cial frictions (k,;), goods productivity (z,), and capital use efficiency (7),;). As part of this model
inversion, we show how to solve for unobserved endogenous variables, such as the rental rate
for capital (r,;), the consumption price index (p,;), and total income from wealth (v,,;a,;).

In our quantitative analysis, we only use this model inversion to recover total income from
wealth (v,;a,,) in a model-consistent way from the observed national accounts, trade and capital
holdings data. When we undertake counterfactuals, we use either dynamic exact-hat algebra or

our linearization, neither of which requires us to solve for fundamentals (K¢, Thits Znt> Mnt)-

H.1 Capital Frictions (k)

We can recover capital frictions from the portfolio allocation shares:

by = (NitTit [ Fonit ) ' (H.1)

22[21 (77ht7"ht/"‘fnhzt)E

We can represent these portfolio shares as the following gravity equation:

—€
nit?

bpit = wn¥ik

where we can estimate «_/, as the residual from a Poisson Pseudo Maximum Likelihood (PPML)
regression of portfolio shares on investor fixed effects and producer fixed effects. Any common
components of capital frictions across countries are absorbed into the fixed effects here and will

be captured in our solutions for capital productivities below.

H.2 Trade Frictions (7,,;;)

From the trade shares:

L —0
(Tmtwgfﬁlt M/zit)

N il —Hi —0°
> oh—1 (Tnhtwgt"”llzt . /th)

(H.2)

Snit =
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We can represent these trade shares as the following gravity equation:
o= oY
Snit = Wnt thmta

where we can estimate 7.0 as the residual from a Poisson Pseudo Maximum Likelihood (PPML)
regression of trade shares on importer fixed effects and exporter fixed effects. Any common
components of trade frictions across countries are absorbed into the fixed effects here and will

be captured in our solutions for productivities below.

H.3 Real Rental Rate (r;;/p;;)

Suppose that we observe GDP (G D P;; = w;l;; + ritki;) and labor compensation (w;¢;;). We can

recover capital payments from:

1
Tikis = GDPy — wyly = —wit&m (H3)

1
where for internal consistency in the model, we allow the labor share (11;) to vary across countries.
Given data on nominal capital stocks (p; k;;) we recover the real rental rate (7;; = r;;/p;) using:
Tt Titki GDPy — wily

771‘ = — = =
! Dit Ditkit pitkit

H.4 Capital Income (v;;a;;)

In the model, GDP in each country ¢ must equal to the sum of expenditure by all other countries

on the output of country i:

N
Witlie [ i = Z Snit (Wntlnt + Vntnt) - (H.4)

n=1

Using data on GDP (w;0;;/ 1i1), labor compensation (w;;¢;;) and expenditure shares (s,;), we use

the above equation to recover capital income v,,;a,,; for each country.

H.5 Goods Productivity (z;;) and Capital Use Efficiency (7);;)

Using these solutions for the real rental rate (7';), capital income (v;;a;), trade frictions (7,),
and capital frictions (k,;:), we jointly recover goods productivity (z;;), capital use efficiency (7;;),

and the consumption price index (p;;) by iterating over the definition of the price index and the
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market clearing conditions for goods and capital:

~1/0

Nt (7; p-t)l_’“ -0
nit Yy (59 %%
= |3 (Pt ) 9
i=1 i
N €
1—pi itTitDit | Koni
K wily = Z N(?7 al tp,t/l{ 2 “UntQnt, (H.6)
‘ n=1 thl (MeTheDhi [ Knht)
N Bi (oo \L—Hi -0
TnitW; (Titpit) / Zit
wltﬁn/ﬂz - Z ( t ) —0 (wntgnt + vnta/nt) 5 (H7)

n—1 Zflvzl (Tnhth: (fhtpht)liuh /th)
where we can solve for unique vectors of capital productivities (1;;), goods productivities (z;;), and
price indices (p;;), in each country up to a normalization. We impose the normalization that the
geometric mean of the capital productivities is equal to one. We impose a similar normalization
for goods productivities. Note that the price indices (p;;) are recovered as auxiliary variables, and

we do not directly use them in our quantitative analysis.

I Linearization

In this section of the Online Appendix, we linearize the model, and derive a closed-form solution
for the evolution of the state variables along the transition path towards steady state. In Sub-
section 1.1, we linearize the general equilibrium conditions of the model. In Subsection 1.2, we

represent the linearized general equilibrium conditions in matrix form.

I.1 Linearized Equilibrium Conditions

Let 7,4 = Inz,; — Inz} denote log deviation relative to the initial steady state. We begin by
totally differentiating the conditions for general equilibrium in equations (E.1)-(E.12) with respect
to shocks to fundamentals in the form of goods productivity (z;;), capital use efficiency (7);;), trade
frictions (7,,;), and capital market frictions (k,,;). We thus obtain the following system of linearized
equilibrium conditions:

1~ ~ ~ -~ ~ ~ ~ ~
— gPnit = Tnit T [iWit + (L — pa) Tie — Zie — Z Snh (Taht + iWht + (1 — 1) The — Zpe) . (L1)
h

N
n=1
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1~ ~ ~ ~
_ant — nzt + th /{m't - Z Bnh (nht + Tht — /{nht) .
h

Upt = Z Bk (Mt + The — Fnne) -
h

Tt + ZXm <ﬁzt +(1—-1/¢) ém’t + Ay — %nit) = Wj.

Z i%&;it = 0.

)

Pt = Z Sni (Tnit + Wi + (1 — i) Tie — Zit) -

7

%nt % Z ﬁs (ﬁjnt+s - ﬁnt—&-s - Z 7/émt—i-u> )
s=1

u=1

(L3)

(L4)

(L5)

(L6)

(L7)

(L8)

S ) SLICHS AEE) SED B A
s=1 s=1 _

1 gﬁ Zﬂs (Wnt+s — Pntts) — Tﬁ (Zﬂ Rt +ﬁ25 Rtz —l—) ,
s=1

- % s_zlﬁs (@ntJrs - ﬁntJrs - < nt+1 er; + .. ) s

= % ;Bs (Wntts — Dntts) — (ﬁmﬂ + ﬁﬁmm + .. > )
= T Z 58 (@nt+s - ﬁnt-ﬁ-s) - % Z ﬁsﬁnt—&-s-
s=1 s=1
Rt = (1= B+ B0) (Ut — Put) -
gnant-i-l = - ! ; 657/1 + gn <7€nt + Zint)

(1= &) (1= B) (@ar = s — o)

~Gu =8V =) Russ1 =G )

(L9)

(L.10)

(L11)

In this system of linear equations, there are no terms in the change in the trade and capital

share matrices, because these terms are second-order in the underlying Taylor-series expansion,
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involving interactions between the shocks to fundamentals and the resulting changes in trade and
capital share matrices. As we consider first-order changes in fundamentals, these second-order,
nonlinear terms drop out of the linearization. Therefore, we can write the trade and capital share

matrices with no time subscript (Sy;, Tin, Bni, Xin) for first-order changes in fundamentals.

I.2 Matrix Representation

We now represent this system of linearized equations in matrix form. We proceed in two steps.
First, we derive prices and allocation in the static block as a function of the current-period state
variable a;. Second, we then derive the law of motion for the state variable as a second-order
difference equation. To simplify the exposition, we assume a common labor share across countries

(1; = p) throughout this section of the Online Appendix.

I.2.1 Static Bloc of Equations

We begin by defining the following measures of incoming and outgoing changes in trade and
capital market frictions: 7% = > SpiuTnit, T4 = Y., TintTnits kst = >, Buithnits Ry =
>, Xintknit. Let D (x) denote the diagonal matrix with the vector « on the diagonal. Using
this notation, we can represent the system of linearized equations from Subsection I.1 in the

following form:

w, = T[D(x)(B(m+7)— K" +a;) + (I - D (x))w] (L12)
0 {7 — 704 (TS — T) (i + (1 — )72 — 2)}

7o+t (e—1) (I - XB) (M +71) + XEM - R") + Xa, — K" = w,. (L13)
1,
~ ', = . (L14)
0

The first two equations and the normalization equation can be solved to express changes in wages

(w;) and changes in rental rates (7;) as functions of changes in the state variable a; and funda-
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mental shocks (2;, 7;, K., K2, 77, 7711):

(L15)

Note that our choice of numeraire implies the following normalization equations: ilq’ wy; =0

and . . .
— 1¢'Bri=———1¢a+—1¢'|0 B 0 I 0 0|7
1—p 1—p 1—p ° L
=F

Derivation of normalization equations We begin by deriving these normalization equation

from our choice of numeraire. Given our choice of world GDP as numeraire, we know q'w; = 0,

1 ~
(I — —lq’) w,; = 0.
L

Likewise, our choice of numeraire implies:

and hence:

27]:[:1 UntOnt -1
1—pn N

1 N

N N
1 - - - -
m Z Cn (Z Bun (Mnt + The — Knne) + ant) =0
n=1

h=1

e [B(n+7)— k™" +a)] =0

1 —p
1 . 1 e 1 ) ~
e 1UBF = —— 14+ ——1¢ [0 B O0OTIO o]f
1—p 1—p L—p 7 L
=F

Matrix definitions We now provide the definitions of the matrices (L", L, M", M") in
equation (I.15):

1
L= — (I — 114/3) <A1 <I — 1]_q,> Bs + Bl> (Al <I — 11q/> Cy + Cl> — qul
1—p 7 p 1—p
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LY = <I — ;1(],) (CQ + BQLT)

o ) (o o)) o o))
A4w=:<l—;14>(02+1ﬁﬂ4w
Ay = (T(I-D(x))+6(TS D T)
By = (TD(x)B+0(TS—I)(1— p))
C1=TD (x)
By=((c—1)(I- XB)+1)
Cy =
Dlz{—NTS—I% TD(x)B, 0, -TD(x), 6T, —M}
Dy=|0, I+(-1)(I-XB), —eI, (¢-1)X, 0, 0|

E— 0—30_100}

I.2.2 Dynamic Bloc of Equations

We now show that the evolution of the wealth state variables can be written as a second-order dif-

ference equation. We start with the dynamic bloc of linearized equations for general equilibrium
from Section 1.1 above. We have the following relationships:

D=7"+ S (pw + (1 — p) 7 — %)

h, = 1_5258 ’lEH—s pt+s Zﬁth-Fs

R, = (1— B+ B9) (B (7 +7) — K™ — pr)

&= 5= 1) Rers — G

D()ay, = 1;ﬁ€t+D(£) <ﬁt+at>

+(I-D () (1-B) (@~ —h)
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6D (€)ana =~ G + D (€) (R + )

+8(I — D (&) (1—p) (wtﬂ — Piy1 — Et+1>

D (§) (at11 — Bary2) = — ! g A (St — BSi41) + D (€) <ﬁt +a;—f (ﬁtJrl + at+1>)

+(I =D () (1= ) (@ — B~ i) =8 (B2 = Prvr — i) )

‘ Sy

Z wt+s - ﬁt-i—s) - % Z 5s7~3«t+s
s=1 s=1

= @

Il

~
@‘ |
Mg

~ . _ 1 & =
hiiq B (wt+s+1 - pt+s+1) - B Z B*Riyst1
s=1

s=1

- Bﬁt—i-l = (1 - 6) (’lEt—H _ﬁt—&-l) - kt-&-l

D (€) @y — ) = (1-0) (0~ 1)Rui)
+D (§) (ﬁt +a;—f <7~3t+1 + at+1>>
(

+ (=D (&) (1 = B) (@ = B1) = (@1 = Prt) + R )

R, = (1— B+ 86) (% — pr)

Assume fundamentals are constant along the transition (with a possible initial shock), so

D (€) (a1+1 — Bary2) = D (€)(ar — Bai1)
+ (1= B) YR
+D (§) (fkt - 'kt+1>
+(I =D (&) (1—-8) (I —pS) (W —wey1) — S (1 —p) (Py — Tr41))
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D (§) (ar+1 — Ba2) = D (&) (ar — Ba1)

+(1 =B (1= B+ 80) (B (M +7i41) — R = 7" = S (ur1 + (1 — p) Frp1 — 2))

+D (§) (1 = B+ B0) (B (v — Te41) — S (p (W — wigr) + (1 — p) (P — Te41)))
+(I =D (&) (1—=8)((I—pS)(wy —wiy1) —S(1—p) (Fe — Tey1))
= D(§) (at — Bai+1)

+ [(I—D(é))( B)—n(1—=pB+pD(§)) S]w

I -DE)A=p)+n(l=F+pD(&)S—pu(l—-p)¢ (1 - B+ p0)Swin

[+(1-B+B0)D(E)B—(1-5+p6D(§))S(1—p)r
(1=B+p5)D(E)B+(1—-p5+pB0D(§)S(1—p))rm

(-
+(1=8)yY(1—B+B0)(B~8(1—p)ri
+(1—=08)(1 -+ Bd) (BT]—EOW ~m+52).

Let [AY A"T A" A"*] be defined such that

z
Wy n
. . - ’LB Ezn
D () (—Ba2+ (1 +B) a1 —a,) = Av AWt AT ATT ;+1 +J ~out
t
Tip1 Fin
%’out

= (AYFLY 4+ A" L) Gy + (AYLY + A'L") @,
+ [T+ AT MY+ AT M+ AYMY + ATM] .

Then the law of motion for the wealth state variables is
‘I’at+2 — Fat+1 —|— @675 —|— Hf (116)

¥ = 4D (&)
I'=—(1+8)D(&) +(A“TL" + ATL")
© =D (€) + (A"L” + A'L")
J=4¢(1—8)(1=5+ 56) [ S. B, 0 —I -I, 0}

M= (A"+ A" ) M" + (A" + A")M" + J.
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I.3 Proof of Proposition 3 (Closed-Form Transition Path)

Proof. We now solve the second-order difference equation (I.16) using the method of undeter-
mined coefficients following Uhlig (1999). We first conjecture the following linear closed-form
solution:

a, = Pa, , + Rf. (1.17)

We next show that this conjecture is indeed the solution to the second-order difference equation.
We being by substituting this conjecture into the second-order difference equation (I.16) to obtain

a matrix system of quadratic equations:
(P2 -TP-©)a, +[(YP+¥ -T)R-T| f =0. (1.18)
For the system (I.18) to have a solution for a; # 0 and f # 0, we require:
YP?-TP-0© =0, (1.19)

R=(UP+¥—T)"IL (1.20)

Following Uhlig (1999), we can write this first condition (I.19) as the following generalized
eigenvector-eigenvalue problem, where e is a generalized eigenvector and £ is a generalized

eigenvalue of = with respect to A:

(N

If e, is a generalized eigenvector and &, is a generalized eigenvalue of E with respect to A, then

where:

(11

es, can be written for some h € RY as

Assuming that the transition matrix has distinct eigenvalues, which we verify empirically, there

are 2N linearly independent generalized eigenvectors (ej, ..., esy) and corresponding stable
eigenvalues ({1, ..., &), and the transition matrix (P) is given by:
P=UAU",
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where A is the diagonal matrix of the 2/V eigenvalues and U is the matrix stacking the corre-
sponding 2N eigenvectors {€;,}. The impact matrix (R) in the second condition (I.20) can be

recovered using:

R=(¥P+ ¥ -T) 'II,

and our conjecture (1.17) is satisfied. O

I.4 Proof of Proposition 4 (Spectral Analysis)

Proof. The proposition follows from the eigendecomposition of the transition matrix: P =
UAV,where V = U~!, which implies P* = ,221 Ajupvy,, and hence:

t—1 _ t=1 /2N 2N /-1 2N Y _
@ = §P5Rf = ZZ:O (Z )\‘,";uhv;L> Rf=> (ZO A;) upvy Rf = }; - )\huhv;LRf.

h=1 h=1 h

To decompose the impact of any observed shock f as a linear combination g of the impact of the
eigen-shocks { fv(h) }, let F' denote the matrix whose h-th column is the i-th eigen-shock. Then
RFo=Rf < o= ((RF) (RF)) - (RF) f, which implies that g can be recovered as the

coefficients from a regression of R f on the impact of the eigen-shocks. O]

I.5 Proof of Proposition 5 (Speed of Convergence)

Proof. If the initial impact of the shock to fundamentals on the state variables (R f) coincides
with a real eigenvector (R f(h) = uy,), we can rewrite equation (41) in Proposition 4 in the paper

as follows:

~ = X;L ' DF = 1—- )‘3 / 1 - /\I;z
a=2 (2%, uhvhRf:Zl—Ajujvjuh:?Ahuh’
h=2 j=2

where we have used v/u;, = 0 for i # h and v/u;, = 1 for i = h. Taking differences between

periods t 4+ 1 and ¢, we have:

- ~ 1=\t 1— A
a —a; = up — Uup,
t+1 t 1_>\h h 1_>\h h

which simplifies to: (1 — \,) (@1 — ar) = (1 — A\p) A uy. Therefore: (a1 — ar) = A up.

Noting that a; = lna; — Ina} we have: Ina;;; — Ina; = A, uy,. This implies exponential

initial>

B — exp (AL ugp,) . We measure the

convergence to steady state, such that for each location ¢:
speed of convergence to steady state using the conventional measure of the half-life. In particular,

we define the half-life of a shock f for the ¢-th state variable as the time it takes for that state
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variable to converge half of the way to steady state:

- ]
arg max |a“~ awo~| > -, (L.21)
t o maxg |dis — Aioo| 2

— @] i Using this definition, we can solve for the half-life as

1-X%
—, Un 1 1 1 In2
w22 s M=2, = Is=th), = t=-——
—x, Uh 2 2 2 In )\h
—Ah
Imposing the requirement that ¢ is an integer, we obtain: ¢ = — Lilnfh—‘ , for all state variables
i=2,---,2N, where [-] is the ceiling function. O

J Goods and Capital Market Integration and Convergence

We begin by considering the special case of the model with a separation between (i) workers,
who earn wage income and live hand to mouth, and (ii) capitalists, who have log utility and
make forward-looking consumption-saving decisions. We later generalize our analysis to a rep-
resentative agent and CRRA preferences. We assume a common labor share across countries

(1; = p) throughout this section of the Online Appendix.

J.1 Worker-Capitalists with Log Utility

In this special case of a separation between workers and capitalists with log utility, the solution
to capitalists’ optimal consumption-saving decision is given by equation (C.11) in Subsection C.2,

as reproduced below:

Ant4+1 = ﬁ [Unt/pnt + (1 - 5)] Ant - Ul)

Dividing both sides of this wealth accumulation equation by a,,;, we obtain:

Qp,
o = Bvn/pu+ B (1= 9).

Now recall from Subsection F that the steady-state real return is given by:

o8 ’ (1=9) B
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Therefore, we can rewrite the wealth accumulation equation above as

Ane1/ay, 61_5(1_5)U”t/p”t+ﬁ(1—5)

nt/ a3, B v /D%

et (1) By (1),

At/ a vy /P

which can be further written as

Wit/ g g1 ] {M_ll'

At/ @ v /D

I—Z: — 1 ~log (x—f) .
L L

Therefore, we can further rewrite the wealth accumulation equation as

log (M) =[1-5(1-0)]log (M) |

Now note that:

and hence:
ant—‘rl - ant - (1 - 6 + 65) (;Jnt - ﬁnt) ) 02)

which corresponds to equation (42) in the paper.

A conventional measure of the speed of convergence to steady state is the ordinary least
squares (OLS) regression slope coefficient of the log change in the deviations of the wealth state
variables from steady state on the log initial level of the deviation of the wealth state variables
from steady state. From the properties of OLS, this regression slope coeflicient is given by:
CoV (Apgy1 — Qnt, Gne) /Var (apg).

Using equation (J.2), this regression slope coeflicient capturing the speed of convergence de-
pends on the covariance between the log deviation of the real return from steady state and the

log deviation of the initial level of wealth from steady state:

Cov (EimH — Ent, Ent) . Cov (57115 - 5nta ant)
Var (a,;) ==p =0 Var (@) . 03)

Recall that the nominal return (v,;) is given by:

€

N
Unt = [Z 77ht7”ht/ Knht ] . J.4)
h=1
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Note also that cost minimization with our Cobb-Douglas production technology implies:

(L—p) (b \" 1 o _
Prnt 2 ,Uknt 1 7 = Tnt-

Taking log deviations from steady state, we obtain:

ﬁnnt - ,u’l;nt = 7’;/mf- 05)

J.2 Proof of Proposition 6

We now generalize our analysis to a representative agent and CRRA preferences.

Proposition. Goods and Capital Market Integration (Proposition 6 in the paper). The speed
of convergence to steady state is faster than in the CNGM with either (i) frictionless trade and capital
autarky or (ii) trade autarky and perfect capital markets. This speed of convergence is slower than

in the CNGM with (iii) both frictionless trade and perfect capital markets.

Proof. We now characterize the speed of convergence to steady state for four limiting cases of
goods and capital market integration, assuming steady-state levels of fundamentals. Recall q is
the vector of labor income across countries, and Q = ilq’ , where each row of @ is equal to the

vector of GDP across countries. We consider the following four limiting cases:
1. Trade Autarky and Capital Autarky (CNGM): T =S =B = X = 1.
2. Frictionless Trade and Capital Autarky: T =S =Q, B = X = 1.
3. Perfect capital markets and Trade Autarky: B=X =Q, T =5 = 1.
4. Frictionless Trade and Perfect capital markets: T'= S = B = X = Q.

In all of these cases, capital income in each country ¢ is proportional to labor income q ({ =
177“q), the capital income share (x, = ;7**——)isx =1—p,and TS = S, XB = B. Let
LY, L*, L", L?, be defined such that v, = L'a;, w;, = L"a,, v, = L"a;, p; = LPa,;. From
our linearization of the general equilibrium conditions of the model in Section 1.2 of this Online

Appendix, we have derived that:

L'=-(I-QB)(A/(I-Q)By+B) ' (AA(I-QX+(1—-p)S)—Q, (6

LY = (I-Q)(X+B.L"), J.7)
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A =p0+1)S—TI(1+6p),
B =((1-p)SB+0(S—1I)(1—p),
By=(e-1)(I-B)+1).
L = uSLY + (1 —p) SL, J.8)
L' =BL". J.9)

We also know that the share of capital wealth in steady state &, follows

(n (1-0)x (1-8)(1—p)

tnthn (L-Bx+A-B+0B)(I—x) 1-B+us

&n

From our derivations in Section I.2 of this Online Appendix, the dynamic bloc of the model follows

D (&) (@r1 — Baryo)
= D(§) (a: — fas+1)
+ (1= B) ¥Ry
+D (&) (Ro ~Rin)
+{ =D (&) (1 - 5) (W — wer1) — (P — Pes1))

R,=(1-3+B6)(BL — L") a,

(1—p) P(I - BP)a

= (1—p) (I - BP)a
+ (1= B+ pudB)w (1 — B+ B5) (BL — L?) Pa
+(1— ) (1— B+ B8) (BL" — L") (I - P)a,
+u (L= B+ B8) (LY — I*) (I — P)a

which can be rewritten as

(1-p)P(I-8P)a& = (1-pu)(I-BP)a 0.10)
+ (1= B+ pdB)v (1— B+ B6) (L' — LP) P&,
+(1—p)(1—B8+pB0)(L"— L") (I - P)a,
(1 — B+ B8) (L* — L) (I — P) @,
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Note that in all four limiting cases, capital income must equal to capital expenditure, thus 7;; +

ki = a;+v;. Also note that for each country i, the total payments to labor is always proportional
to capital payments, implying w;; = 73 + K;;. These facts imply that we can write the deviation

of real wages from steady state as
Wiy — Pit = Tt + kit — Dit = Qi + Vit — D
thereby implying L" — L” = I 4+ LY — L”. Equation (J.10) can be written as

0 = [(1—p)(I~BP)+u(l-p+p8)I(I-P)a,
+(1— B+ p6B) ¢ (1 B+ B) (L' — L?) P&,
+(1— B+ 86)(L" — L*) (I - P)a

Recall v; — p; = (LY — LP) a;; hence, the object (L” — L?), which determines how variations in
capital wealth a; translates into variations in the real return of capital wealth, is key in pinning
down the rate of convergence.

The four special cases (combination of autarky and frictionless trade or capital flow) differ in
the object (LY — LP). In what follows, we show that in all four cases, LY — L” takes the form:

L' — L? = oI + anQ,

for some scalars ; and 5. The constant vector 1 is an eigenvector of the transition matrix P.
Noting that (L" — L?) 1 = oy 114+ a2Q1 = (a1 + o) 1, the associated rate of convergence (the

eigenvalue) is the solution A®Y¢M to the quadratic equation

0 = [(1—p) (L= BXTNM) + (1= B+ p6)] (1 - ANM)
+ (1= B+ péB) v (1 — B+ B0) (ar + ag) AN
F(L— B4 4) (o + ag) (1 XONGM)

and it captures the rate of convergence in the CNGM. To derive the eigenvalue )\ associated
with the rate of convergence when the world total capital wealth is at its steady-state level (but
each country’s capital wealth may deviate from steady state), note that for any state variable
a, (I — Q) a captures the deviation from the (iq-weighted) world average capital wealth. Also
note that Q (I — Q) is zero; hence

v —pr= (L' = L") (I - Q)a; = (I + Q) - Q)a; = va,.
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The eigenvalue is thus the solution A to the quadratic equation

0 = [(1—p)(1—BN) +u(l—5+p6)(1—N
(1= B+ ubB) (1 — B+ B6) ar
F(1—B+B8)ar(1—))

We now derive the values of oy and o, in each of the 4 cases. As we show below, in the case of

)\CNGM

both trade and capital autarky, ay = 0, thus coincides with \ and is the only eigenvalue,

with algebraic multiplicity V. In the other three cases, ay # 0, and the eigenvalue ) is distinct
from A“N¢M and has an algebraic multiplicity of (N — 1). We also show that a; < 0. The
quadratic equation implies that A decreases in the absolute value of oy (dA/day > 0); hence, a
more negative oy implies a higher rate of convergence when the total capital wealth in the world

is initially in steady state.

Case 1. Trade Autarky and Capital Autarky (CNGM) Under capital autarky (k,,;; — oo for

n # 1) and trade autarky (7,,;; — oo for n # 1), we have:
T=S=B=X-=1.
Using these results in (J.6)-(J.9), we get that
L’ — L? = —ul.
Hence oy = —p, ag = 0.

Case 2. Frictionless Trade and Capital Autarky Under capital autarky (x,,;; — oo forn # 1)

and frictionless trade (7,,;; = 1 for all n, ), we have:

knt = zinta
/5nt = ?nta
ﬁnt = ﬁta
T-S-0, B=X-1I
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Using these results in (J.6)-(J.9), we have:

1+06u

_ 1+06p 0(1—p)
__1+9I_ 1+6 Q.

LY = I-Q)(I+L"),

0(1—p)
BRI

L' = pQL"+(1-p)QL,
= —(1-pQ.

L' = BL'",

1+0u 0(1—p)
= — I — .
1446 1+6 Q

1+0u 1—p
L' - LP=— I
1+86 +1+9Q’

where 0 = o0 — 1. Hence, a; = — (,u + 1—;’1), = £,

g

Case 3. Trade Autarky and Perfect capital markets Under trade autarky (7,,; — oo for

n # 1) and perfect capital markets (x,;; = 1 for all n, 7), we have

ﬁnt = ﬁnnta
/6nt = :Jta
L,
B =X =—-1q, T=S=1I
1
Using these results in (J.6)-(J.9), we have:
1 1
r - -1-“"g
€ €
LY = I-Q
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L’ =

1-@+ (- (1~ "),

€

1

- (u+1_“)1—(1+1_“)Q.
€ €

L' = QL = —-Q.

1 1
L“—Lp:—<,u+TM)I+ a¥s)

€

Hence, oy = — (,u + 1—2’1), Qg = Lu

€

Case 4. Frictionless Trade and Perfect capital markets Under frictionless trade (7,,;; = 1

for all n, ) and perfect capital markets (x,;; = 1 for all n, i), we have:

ﬁnt:ﬁ/ta
,17nt:/17t7
T-S-B=X-=0Q.

Using these results in (J.6)-(J.9), we have:

]
LY =10,
LP=-(1-p)Q,
L'=-Q.

Hence oy = 0, ag = —pu.
Finally, to see that the solution to the quadratic equation decreases in the absolute value of

a1 (dM/dag > 0),lety = —2:¢ (1 — B + B6) o1 The quadratic equation can be written as

0 = [A=p)A=BA)+p(l—p+p0)
— (1 =B+ pdp)y+ (1 =5+ 50)a

Totally differentiating, we note

(1=A) dy=~dr— M (1 — B+ 88) day — ¢ (1 — 5+ B6) g dX
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dr (1= B+85) (1= A+ (1= B+ pusp) M)
don — [(1=N)BL—p)+ A= B+pdf)ly— (1 -+ p50) o]

Because o; < 0 in all four special cases, both the numerator and the denominator are positive.
Hence f—A > (), as desired.

a1
J.2.1 Marginal Changes in Goods and Capital Market Integration and the Rate of Con-

vergence

We now characterize how a marginal change in trade and capital frictions affect the speed of
convergence to steady state, assuming that the initial total stock of world capital wealth is at its
steady-state level, but the initial distribution of capital wealth across countries may not be at its
steady-state value. Following the main text Section 3.6, we focus on the special case of the model
with a separation between (i) workers, who earn wage income and live hand to mouth, and (ii)
capitalists, who have log utility and make forward-looking consumption-saving decisions. In this
case, the slope coefficient from a regression of the log real returns on log initial levels of capital

wealth is a sufficient statistic for the rate of convergence:

Cov (:Jnt - ﬁnty ant)
Var (a,)

Cov <6nt+1 - Eimh ant)
Var ()

= (1 -8+ o)

To parametrize intermediate degrees of frictions to trade and capital markets, we focus on the
case where all countries in the world have identical labor share p. Recall q is the vector of labor
income across countries, and Q = ilq’ , where each row of @ is equal to the vector of GDP

across countries. We assume:

1. Trade income and expenditure share matrices follow

T=S=ol+(1-a)Q. (J.11)

2. Capital portfolio and payment share matrices follow
B=X=0¢0I+(1-9)Q. (J.12)

The parameters «, ¢ € [0, 1] respectively parametrize the global degree of frictions to trade and
capital markets. A value of & = 1 captures the case where all countries are in trade autarky, as
the trade income and expenditure share are identity matrices. A value of o = 0 captures global
frictionless trade, where every country has identical expenditure and income shares across trade

partners. Likewise, ¢ = 1 captures global capital autarky, and ¢ = 0 captures global perfect
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capital markets. For any «, ¢ € [0, 1], capital income in each country ¢ is proportional to labor

VUnan

income q (¢ = 1_T’”q), the capital income share (x, = 72"——)isx =1 — .

Given our parametrization, we have
TS =o’IT+ (1-0%)Q
BX =¢’'I+(1-¢°)Q
SX =apl + (1 —ap)Q

QB=Q5=Q

Let LV and L? be defined such that v, = L"a,, p; = L”a,. Define

— (¢ (pa—fp(1—a®) = 1)+ (1 - p)a)

v= ((1—M)(O@—Q(l—042))+€(M04—9M(1—042)—1)(1—¢2)+¢2(ua—0u(1—ozzl)lg)l))
(=¢r—alp(e+(1+(—1)(1-9¢*))z)+z(1—p)] (J.14)

From our linearization of the general equilibrium conditions of the model in Section 1.2 of this
Online Appendix, and substituting using our parametrization of T', S, B, X from the above, we

have:
(L'=L)(I-Q)a=((I-Q)a

Following our discussion in Section 3.6 of the paper, this implies that ( is the regression coefficient
of (a;11 — a;) on a; when the cross-country distribution of capital wealth deviates from the
steady state at time ¢ (while the total world capital wealth is at the steady state).

The following result generalizes the discussion in Section 3.6 of the paper to marginal changes

in goods and capital market integration.

Proposition 7. Consider a world economy with trade and capital flow matrices parametrized ac-
cording to (.11) and (7.12), and assume the initial total stock of world capital wealth is at its steady-
state level, but the initial distribution of capital wealth across countries may not be at its steady-state
value. In the model with a separation between workers and capitalists with log utility, changing the

degrees of trade and capital frictions has the following effects on the rate of convergence:

1. Under trade autarky (o« = 1), reducing capital frictions increases the rate of convergence
d
Iila:l > 0):

2. Under capital autarky (¢ = 1), reducing trade frictions increases the rate of convergence
d¢ .
@|¢:1 > 0);
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3. Under frictionless trade (o = 0), reducing capital frictions reduces the rate of convergence
d
(d_ilazo < 0);

4. Under perfect capital markets (p = 0), reducing trade frictions reduces the rate of convergence
d
(S5m0 < 0);

5. When trade and capital markets have symmetric frictions (o = ¢), reducing both frictions

reduces the rate of convergence ((% + g—é) laze < 0).

Proof. These results can be derived by substituting «, ¢ into ( (equation J.14) and then taking

derivatives. Specifically, we have:
1. Under trade autarky (o = 1),

et = o
1+p(e—1)(1+9¢)

Cla=1 = —p¢ — (1 - 9)

(e—=1)p+e
& epe-D04e) . (e—D(1-p)
ol T T T e T T Tt
Q-
(e=1)p+e)
> 0

2. Under capital autarky (¢ = 1):

| _ u(l+a)+1
Fle=1 O(1+a)+1
O (1 1
(o=t = —pa—=({1-0) :<<1:a03):1

d¢|¢:1:9(1+a)+1 O(1+a)+1)° ~

3. Under frictionless trade (o = 0):

¢ (1+6u)
0(1—p)+e(l+0u)(1—¢%)+¢*(1+0u)

x’a:O = -
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¢* (1 +0p)
0(1—p)+e(l+0u)(1—¢%)+¢*(1+0p)

C’a:O = -

Y 26 (14 60p) (1 =€) ¢* (1 +6p)
de ™ (01— p) + € (1+6p) (1= ¢2) + ¢* (1+6p))°
C20(0(1—p) +e(L+0p) (1 —¢°) +¢* (1 +6u)) (1+0p)
(01— p) +e(140u) (1 ¢2) + ¢ (1 +6p))”
2¢ (1+ 0p)
(01— p) +e(1+0u) (1 ¢2) + ¢ (14 0p))”
[e(1+0p)¢* +0(1—p)+e(1+6p) (1—9¢)]

X
< 0

4. Under perfect capital markets (¢ = 0):

oo = (1-—p)a
(- a?) (1—p) —e(ua —Gu(l-a?) ~ 1)

Qs = — (1= [1+p(e—1)]a
- 0(1—0a?)(1—p) — e(ua—Ou (1l —a?) — 1)

L 2001 —p) + p+2a0p] (1 — p) [1 + pu (e — 1] o
dg ™" (0(1—a?) (1 —p) —e(pa—0u(l—a?) — 1))
20[0(1-a*) (1 —p) +ebu(l—a)+e(l—pa)] (1—p)[1+p(e—1)
(0(1—a?) (1 —p) —e(ua —Op (1 - a?) — 1))

IN

0
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5. When trade and capital markets have symmetric frictions (o = ¢):

. d¢ d¢
—Sign ((a + d_gb) |a¢)

= Sign(aPepu+ aPuf (1 — p) + 2026210 (1 — ) + 20262 (1 — p)”

202 ep0 + 20l (0 — 1) + 4a2ed (1 — p) + 20260 (1 — p)

+ae’uf (1 — p) + (4o — ’p) € (1 — p) + Soep®d + 3oep?

+aepl (0 — 1) + 4ep®0 + 2ep6” + aep (1 — p) + (8av — o’p) €6 (1 — p)
o (1 —p) b +4 (1 — p) ad? + 2620 (1 — p) + (2 — ap) € (1 — )
+4ef (1 — p) 4 2u0 (1 — p) 4+ 26% (1 — p1) + 2€p)

0

Y]

K Additional Empirical Evidence

In this section of the Online Appendix, we present additional empirical results than supplement
those reported in the paper. Section K.1 provides further evidence that the gravity equation
provides a good approximation to observed data on trade and capital holdings, as considered in
Section 4.3 of the paper. Section K.2 estimates gravity equations for subcomponents of capital
holdings, as discussed in Section 4.3 of the paper. Section K.3 presents impulse responses to
productivity shocks for a country that is large relative to global aggregates, complementing those
for a small country in Section 4.4 of the paper. Section K.4 examines how the speed of convergence

to steady state varies with model parameters, as discussed in Section 4.5 of the paper.

K.1 Gravity in Trade and Capital Holdings

In Table 1 in Section 4.3 of the paper, we report gravity equation estimates for bilateral trade
and capital holdings. We show that the gravity equation provides a good approximation for
both observed bilateral trade and capital holdings. Although capital holdings are not subject to
transportation costs in the way that goods flows are, we find an estimated coefficient on bilateral
distance that if anything is larger in absolute value for capital holdings than for trade.

While Table 1 provides evidence on the explanatory power of the gravity equation specifica-
tion for trade and capital holdings, it does not reveal the relative importance of bilateral distance
and the fixed effects for this explanatory power. To separate out the contribution from bilateral

distance, we use the Frisch-Waugh-Lovell Theorem. We first run two separate OLS regressions
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of log values and log distance on origin and destination fixed effects, and generate the two resid-
uals. We next regress these two residuals against one another. In Figures K.1 and K.2, we display
these conditional correlations between bilateral log values and log distance, for trade and capital
holdings respectively. In both cases, we find negative and highly statistically significant relation-
ships, with a regression R-squared for the conditional correlation of more than 0.25. Therefore,
even after removing the origin and destination fixed effects, we find that bilateral distance has a

similar explanatory power for capital holdings as for trade.

Figure K.1: Conditional Correlation Between Bilateral Trade and Bilateral Distance

2
1

Residual Log Trade
0
1

4 3 2 K 0 1
Residual Log Distance

Note: Residuals conditioning on origin and destination fixed effects
Slope coefficient: -1.1813; standard error: 0.0289; R-squared: 0.5416.

Note: Cross-section of origin and destination countries in 2017; residual log trade and residual log distance are

residuals from OLS regressions of log trade and log distance on origin and destination fixed effects, respectively;
Blue dots correspond to origin-destination pairs; Red solid line shows the linear fit between these two residuals.
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Figure K.2: Conditional Correlation Between Bilateral Capital Holdings and Bilateral Distance
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Residual Log Capital Holdings
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Residual Log Distance

Note: Residuals conditioning on origin and destination fixed effects
Slope coefficient: -1.4058; standard error: 0.0510; R-squared: 0.3187.

Note: Cross-section of origin and destination countries in 2017; residual log capital holdings and residual log dis-
tance are residuals from OLS regressions of log capital holdings and distance on origin and destination fixed effects,
respectively; Blue dots correspond to origin-destination pairs; Red solid line shows the linear fit between these two
residuals.

K.2 Gravity for Subcomponents of Capital Holdings

To stay as close to the CNGM as possible, we aggregate all components of capital holdings (e.g.,
debt, equity, portfolio and direct) together in our baseline specification. In this section of the
Online Appendix, we report a robustness test in which we estimate separate gravity equations
for both overall and portfolio capital holdings, and show that we find similar elasticities of capital
holdings with respect to distance in both specifications.
We estimate the same gravity equation specification between countries for a single year as in
Section 4.3 of the paper:
Y, = 9992 distd ju,;, (K.1)

where H,,; is the capital holdings of investor n in producer 4; ¥ is an origin fixed effect; ¥”
is a destination fixed effect; dist,; is bilateral distance; and u,, is a stochastic error. We report
standard errors clustered by origin and destination.

In Column (1) of Table K.1, report the results of taking logs in equation (K.1) and estimating
this gravity equation for our baseline measure of capital holdings that includes both direct and
portfolio investment using ordinary least squares (OLS) with origin and destination fixed effects
(Column (3) in Table 1 in the paper). In Column (2) of Table K.1, we demonstrate the same
pattern of results if we estimate this gravity equation in levels using the Poisson Pseudo Maximum
Likelihood (PPML) estimator (Column (4) in Table 1 in the paper). In Columns (3) and (4) of Table
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K.1, we report our robustness test in which we reestimate these specifications using a measure of
capital holdings based only on portfolio investment (excluding direct investment). We find similar
distance elasticities for portfolio capital holdings as for overall capital holdings, consistent with

our aggregating all types of capital holdings together in our baseline specification.

Table K.1: Gravity Equation Regressions For Subcomponents of Capital Holdings
(1) (2) (3) (4)

Overall Portfolio Overall Portfolio

Log Distance -1.409 -0.627 -1.242 -0.581
(0.0466)  (0.0512) (0.0463) (0.0511)

Estimation OLS PPML OLS PPML

Origin and Destination Fixed Effects Yes Yes Yes Yes

Observations 2042 2070 2019 2070

R-squared 0.821 0.831

Pseudo R-squared 0.917 0.924

Note: Cross-section of origin and destination countries in 2017; all columns include origin and destination fixed
effects (FEs); Columns (1)-(2) show results for our baseline measure of bilateral capital holdings; Columns (3) and (4)
reestimate the specifications in Columns (1) and (2) using a measure of capital holdings that includes only portfolio
investment (excluding direct investment). Columns (1) and (3) estimated in logs using ordinary least squares (OLS);
Columns (2) and (4) estimated using the Poisson Pseudo Maximum Likelihood (PPML) estimator; standard errors
two-way clustered by origin and destination.

K.3 Impulse Responses to Productivity Shocks

In Section 4.4 of the paper, we provide evidence on the impulse responses of the model’s endoge-
nous variables to productivity shocks in a country that is small relative to global aggregates. In
this Section of the Online Appendix, we provide evidence on these impulse responses to produc-
tivity shocks for a country that is large relative to global aggregates, in which case the produc-
tivity shocks in the large country have non-negligible effects on wealth and capital accumulation
in other countries.

Figure K.3 shows impulse responses for wealth (top row) and capital (bottom row) with re-
spect to a 10 percent productivity shock in a large country (China). Again we display these
impulse responses for our baseline model of trade and capital market frictions and imperfect sub-
stitutability of goods and capital across countries (far-left panel); the CNGM (middle-left panel);
the special case of our model with no goods or capital market frictions and imperfect capital
substitutability: 7,,; = Ty, = Kni = Kpn = 1 and € = 3.15 (middle-right panel); and the special
case of our model with no goods or capital market frictions and perfect capital substitutability:
Tni = Tnn = Kni = Kpn = 1 and € — oo (far-right panel).

The solid red line shows the transition path for the large country’s wealth (top row), while
the dashed blue line shows the transition path for the large country’s capital stock (bottom row).

The transition paths for wealth and capital for all other countries are shown by gray lines. For
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ease of comparison, we reproduce the transition path for the large country’s capital stock in our
baseline model (purple dashed line) across each of the panels.

In the CNGM (middle-left panel), the positive productivity shock increases the large country’s
steady-state levels of wealth and capital. However, with autarky in goods and capital markets, this
productivity shock in the large country has no effect on steady-state levels of wealth and capital
in other countries. With autarky in capital markets, domestic capital in the large country only
can be accumulated through domestic wealth accumulation. Therefore, consumption smoothing
implies a gradual accumulation of domestic capital and wealth in the large country along the
transition path to steady state, at a rate determined by diminishing marginal returns to capital in

the production technology (as controlled by the labor share).

Figure K.3: Large Country Productivity Shock
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Note: Impulse responses to a 10 percent productivity shock in a large country (China) for our baseline parameter
values; first panel from the left shows impulse responses in our baseline model with trade frictions and imperfect
capital markets (7,,; > 1 and k,,; > 1 for n # i) and imperfect substitutability (0 < ¢ < oo and 0 < € < 00); second
panel from the left shows impulse responses in the CNGM,; third panel from the left shows impulse responses with
no trade and capital market frictions (7,,; = k,; = 1) and imperfect substitutability (0 < o < oo and 0 < € < o0);
fourth panel from the left shows impulse responses with no trade and capital market frictions (7,,; = kn; = 1) and
imperfect substitutability in goods markets (0 < o < oo ) but a perfectly elastic supply of capital (¢ — 00); the red
line in the top panel shows impulse responses for wealth in China; the dashed blue line in the bottom panel shows
impulse responses for capital in China; the purple dashed line in the bottom panel reproduces the impulse responses
for capital in China for our baseline model (first panel from the left) in all other panels for ease of comparison.

In the special case of our framework with no goods and capital market frictions and imperfect
capital substitutability (middle-right panel), the positive productivity shock leads to an immedi-
ate international capital reallocation, which increases the capital stock in the large country and
reduces the capital stock in other countries. With no goods and capital market frictions, the rep-

resentative agent in each country holds the same global capital portfolio. The increase in the
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large country’s productivity increases the real return for this global capital portfolio, such that
all countries accumulate wealth and capital along the transition path to the new steady state.
Although all countries hold the same global capital portfolio, they differ in terms of the relative
importance of capital and labor in overall wealth, which generates the observed differences in
the impact of the productivity shock on wealth and capital across other countries, both along the
transition path and in steady state.

In the special case of our framework with both no goods and capital market frictions and
perfect substitutability of capital (far-right panel), we obtain the limiting case of the conventional
open-economy neoclassical growth model. Following the positive productivity shock, there is
again an immediate international capital reallocation, which is now larger in absolute magnitude
because of the greater substitutability of capital. The increase in the large country’s productivity
again increases the real return for this global capital portfolio, such that all countries accumulate
wealth and capital along the transition path to the new steady state. Since countries’ differ in
terms of the relative importance of capital and labor wealth, the increase in productivity in the
large countries has heterogeneous effects on wealth and capital in other countries. With a greater
substitutability of capital, the positive productivity shock not only leads to a larger initial capital
reallocation but also has a greater impact on the steady-state capital stock in the large country.

In our baseline model with trade and capital market frictions and imperfect substitutability
(far-left panel), the predicted impacts of the productivity shock lie in between the extremes of the
closed and the open-economy neoclassical growth models. The increase in the large country’s
productivity leads to an immediate international capital reallocation and affects the real return
in other countries. With frictions in goods and capital market, both the initial outflow of capital
and the impact on the real return in other countries are heterogeneous. On the one hand, the
increase in the large country’s productivity makes it more competitive in goods markets, which
reduces the demand for other countries’ goods through a negative cross-substitution effect, and
hence reduces the marginal product of capital and the real return in other countries. On the other
hand, the increase in the large country’s productivity increases its income, which increases the
demand for other countries’ through a positive market size effect, and hence reduces the marginal
product of capital and the real return in other countries. Depending on the balance between these
cross-substitution and market size effects, other countries’ can accumulate or decumulate capital
and wealth along the transition path to steady state.

Therefore, our framework implies that adjustment to domestic productivity shocks occurs
through a combination of the international capital reallocation and domestic capital accumula-
tion. We avoid the extreme predictions of the CNGM (in which all adjustment occurs through
domestic wealth accumulation) and the open-economy neoclassical growth model with perfect

capital substitutability (in which all adjustment occurs through international reallocations of cap-
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ital). Our model provides a natural rationalization for two key features of the data: international
capital holdings to take advantage of differences in investment opportunities combined with a
strong positive correlation between domestic saving and investment. When a country is large
relative to global aggregates shocks to its productivity are transmitted through goods and capital
markets to affect capital and wealth accumulation along the transition path in other countries

and the steady-state stocks of capital and wealth in other countries.

K.4 Comparative Statics of Speed of Convergence

We now examine how the speed of convergence to steady state in our model varies with model
parameters. For each alternative value of the model’s parameters, we use our eigendecomposi-
tion of the transition matrix (P) to recover the full spectrum of eigenvalues and eigenvectors (and
their associated eigen-shocks). Since the eigen-shocks span all possible fundamental shocks, un-
derstanding how parameters affect the entire spectrum of half-lives translates into an analytically
sharp understanding of how convergence rates are affected by model parameters.

In Figure K.4, we display the half-lives of convergence to steady state across the entire spec-
trum of eigen-shocks for different values of model parameters, based on the observed trade and
capital shares for the year 2017. Each panel varies the noted parameter, holding constant the
other parameters at their baseline values. On the vertical axis, we display the half-life of conver-
gence to steady state. On the horizontal axis, we rank the eigen-shocks in terms of increasing
half-lives of convergence to steady state for our baseline parameter values.

In the top-left panel, a higher capital elasticity (¢) implies a longer half-life (slower conver-
gence), because greater substitutability of capital across countries reduces the absolute value of
the covariance between the real return and the initial level of wealth. In the top-middle panel,
a higher trade elasticity (¢) also implies a longer half-life (slower convergence), because greater
substitutability of goods across countries also reduces the absolute value of the covariance be-
tween the real return and the initial level of wealth. In the top-right panel, a higher discount
factor () implies a longer half-life (slower convergence), because the representative agent has a
higher saving rate, which implies a greater role for wealth accumulation, thereby magnifying the
impact of fundamental shocks, and implying a longer length of time for adjustment to occur in
response to these shocks.

In the bottom-right panel, we solve the model for alternative values of a common labor share
(1; = p) across countries. A lower labor share (1) implies a longer half-life (slower convergence),
because it implies a greater role for wealth accumulation, which again magnifies the impact of
fundamental shocks, and hence requires a greater length of time for adjustment to occur. In the

bottom-middle panel, a lower elasticity of intertemporal substitution (¢) implies a longer half-
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Figure K.4: Half Lives of Convergence to Steady State for Alternative Parameter Values
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life (slower convergence), because consumption becomes less substitutable across time, which
reduces the willingness of the representative agent to respond to investment opportunities. Fi-
nally, in the bottom-left panel, a smaller depreciation rate (9) implies a longer half-life (slower
convergence), because it takes longer for investments to depreciate, implying a longer length of

time for the distribution of wealth to adjust in response to shocks.

L. Data on Bilateral Investment

We construct the data on bilateral investment as follows.

1. We construct the total amounts outstanding by producer country and asset class (i.e., debt
securities, equity securities, and fund shares). For the OECD countries, the data are from
the OECD (2013-2017). For the non-OECD countries, the data are from the Bank for Inter-
national Settlements (2013-2017) for debt securities and the market capitalization of listed
domestic companies (World Bank, 2013-2017) for equity securities. We restate debt and
equity securities from the issuer’s residency to nationality, using the issuance-based re-
statement matrices of the Global Capital Allocation Project (Coppola et al., 2021). We do

not restate fund shares, for which the restatement matrices are not available, following
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Coppola et al. (2021).

. Based on the Coordinated Portfolio Investment Survey (International Monetary Fund,
2013-2017), we construct bilateral portfolio investment by asset class. We drop observa-
tions for which the investor country is an offshore financial center to avoid double counting
of pass-through investment. We define offshore financial centers as eight countries whose
ratio of portfolio assets to GDP is above five (Zoromé, 2007): Bermuda, the Cayman Islands,
Guernsey, Ireland, the Isle of Man, Jersey, Luxembourg, and the Netherlands Antilles. We
split common equity and fund shares, based on the estimates from the Capital Allocation
Project. We then restate debt and equity securities (but not fund shares) from the issuer’s
residency to nationality, using the restatement matrices of the Global Capital Allocation
Project. In the order of availability, we use the restatement matrices based on enhanced

fund holdings, fund holdings, and issuance.

. For each producer country and asset class, we construct domestic portfolio investment as
the amount outstanding from step 1 minus the sum of foreign portfolio investment from
step 2. We then aggregate across asset classes to construct a matrix of bilateral portfolio
investment, where each column adds up to the amount outstanding by producer country.
We divide each element by the column sum to compute portfolio ownership shares by

producer country.

. We construct the sum of bilateral portfolio investment from step 3 and bilateral direct in-
vestment, restated from residency to nationality by Damgaard, Elkjaer, and Johannesen
(2019). The data on bilateral direct investment cover only cross-country investment. There-
fore, we compute portfolio and direct ownership shares by producer country, excluding

domestic investment.

. We combine steps 3 and 4 to construct a matrix of bilateral ownership shares that sum to one
for each producer country. The diagonal elements of the matrix are the domestic portfolio
ownership shares from step 3. The off-diagonal elements are the cross-country portfolio
and direct ownership shares from step 4, scaled by one minus the domestic portfolio owner-
ship share. The working assumption is that the unobservable domestic portfolio and direct
ownership share is equal to the observable domestic portfolio ownership share. That is, the

degree of home bias for direct investment is similar to that for portfolio investment.

. We multiply the capital payment r;;k;; by the bilateral ownership shares from step 5 to
construct the capital income a,,;;v,,;; earned by investor n in producer . We then construct

the capital income earned by investor n in the rest of the world (ROW) as the residual:
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Un, ROWUn,ROWt = AntUnt — D ; £ROW (nitUnit- This step addresses potential measurement
error in the bilateral portfolio investment data outside our sample of 46 countries and en-
sures that the capital income earned by each investor country satisfies the budget con-

straint.

7. For a small number of cases, step 6 implies negative capital income earned in the rest of the
world. Therefore, we rescale each row of the bilateral ownership shares from step 5 by a
positive constant such that step 6 implies positive capital income earned in the rest of the
world and the adjusted bilateral capital income a,,;;v,,;; sums to total capital income a,,;v;,¢

by investor country and total capital payment r;;:k;; by producer country.

8. We construct the bilateral investment shares of investor n as B, =

it Vnit ] Zflvzl AnhtUnnt. We construct the bilateral capital payment shares of producer 7 as

N
Xint = Gm‘tvmt/ thl QhitVhit-
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