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A Introduction

In this Online Appendix, we report the detailed derivations for our baseline model with a single
traded sector from Section 2 of the paper.

B Baseline Dynamic Spatial Model

The model environment is summarized in Table 1 in the paper. We begin by providing additional
derivations for capital accumulation decisions.

B.1 Capital Accumulation

Combining landlords’ intertemporal utility (5) and budget constraint (6), the landlord’s intertem-
poral optimization problem is:
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Lemma. (Lemma 1 in the paper) We denote R;y = 1 — 0 + r;; /iy as the gross return on capital. The
optimal consumption of location i’s landlords satisfies c;; = i Ritkir, where ;; is defined recursively

as
1 Yp—1 1 w
Si =1+ 5¢ (Et [Ritilgitfl}) .

Landlord’s optimal saving and investment satisfies kj; 11 = (1 — <) Rtk
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Proof. For notational simplicity we drop the locational subscript. Consider a landlord facing lin-
ear returns R; on wealth k; for all ¢. Let v (k;;t) denote the value function at time ¢; we can
rewrite the landlord’s consumption-saving problem recursively as:

A1/
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where, with a slight abuse of notation, we denote landlord consumption as c instead of c* for the

1-1/%
purpose of this proof. We guess-and-verify that there exists a;, ¢; such that v (k;t) = (arReky) 7

1=1/y >
and that optimal ¢; = ¢, R;k;.
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The first-order conditions imply:
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Hence: i
¢ = B kK [a,%;lle;ll/ﬂ : (B.2)
The Envelope condition vy, (k¢; t) = & R; implies
al VRV RTYY = (YR, (B.3)

Substituting our guess that ¢; = ¢, R;k; into the Envelope condition (B.3), we obtain:

1_
a; V= Gt-

The budget constraint implies k1 = (1 — <) Rk, and substituting this result into (B.2), we get:

_ _ -
St = 5_wEt [aiﬂl/wRiﬂl/w] (1—a)
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In the special case of logarithmic flow utility (¢) = 1), landlord’s optimal consumption and saving
rate is independent of future returns to capital, and ¢; = (1 — () for all ¢, as in Moll (2014).

B.2 Existence and Uniqueness (Proof of Proposition 1 in the Paper)

We now use the system of general equilibrium equations (10)-(16) in the paper to characterize the
existence and uniqueness of a deterministic steady-state equilibrium with time-invariant funda-
mentals {z;, b;, Tni, £ni} and endogenous variables {v}, w}, R, (7, kf}. Given these time-invariant
fundamentals, we can drop the expectation over future fundamentals, such that E,vg, ,, = vg; ;.
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B.2.1 Capital Labor Ratio

In steady-state, kir 1 = kiy = k7, ¢k, = b = *, and G141 = ¢ = ¢/, whichimplies: 1—¢} = 3.
Using these results and the capital accumulation condition in equation (11) in the paper, we can
solve for the steady-state capital-labor ratio:

ki _ b L= pwi
G 1-B(1-6) p pi

(B.5)

B.2.2 Price Index

Using this result for the steady-state capital-labor ratio, we can re-write the price index in equa-
tion (10) in the paper as follows:

N
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B.2.3 Goods Market Clearing Condition

Using this result for the steady-state capital-labor ratio, we can also re-write the goods market
clearing condition in equation (12) in the paper as follows:

N
G (wp) " ()T =3 s () wi (B.7)
n=1

B.2.4 Value Function

The value function in equation (14) in the paper can be re-written as follows:

+\ B/ N
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Using this solution in the definition of ¢,, immediately above, we have:
= 810 (, B/
On =D _Fgn (1) (w5)™" 0. (B-9)
g=1

B.2.5 Population Flow Condition

The population flow condition in equation (15) in the paper can be re-written as follows:
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Now using the value function result (B.8) above, we have:

N

W) () 0,7 = Rilior . (B.10)

i=1

B.2.6 System of Equations

Collecting together these results, the steady-state equilibrium of the model {p}, w}, ¢}, ¢f} can
be expressed as the solution to the following system of equations:

N
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where we have the following definitions:

—0(1—p) )
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We now provide a sufficient condition for the existence of a unique steady-state equilibrium in
terms of the properties of a coefficient matrix (A) of model parameters {1, 0, 3, p, i, 0} following
the approach of Allen, Arkolakis and Li (2020).

Proposition. Existence and Uniqueness (Proposition 1in the paper) A sufficient condition for
the existence of a unique steady-state spatial distribution of economic actlvzty {ﬁj, k‘j, wi, Rf,vl}
(up to a choice of units) given time-invariant locational fundamentals {z}, b, 7., k,} is that the
spectral radius of a coefficient matrix (A) of model parameters {10, 0, B, p, p, 0} is less 'than or equal
to one.

Proof. We begin by deriving the sufficient conditlon for the existence a unique steady-state spatial
distribution of economic activity {¢}, k}, w}, R, v} }. The exponents on the variables on the left-

hand side of the system of equations (B. 11) (B 14) can be represented as the following matrix:

0 0 0 0
A 00=m a0 10
B/p —B/p 1 =P
0 0 0 1



The exponents on the variables on the right-hand side of the system of equations (B.11)-(B.14)
can be represented as the following matrix:

—0(1l—p) —0u 0 0O

0 1 1 0

I'= 0 0 1 -1
—B/p B/p 0 B

Let A = |T'A~!| and denote the spectral radius (eigenvalue with the largest absolute value) of
this matrix by p (A). From Theorem 1 in Allen, Arkolakis and Li (2020), a sufficient condition for
the existence of a unique equilibrium (up to a choice of units) is p (A) < 1.

We next derive a sharper sufficient condition for the case of quasi- symmetric trade and migration

costs: T, = TinTiT, 7' and K, = Rinkike, where T, = T,; and K;, = FKni, as assumed in our

2 n’

empirical applicatlon In this case of quasi-symmetric trade and migration costs, we can re-write
the system of equations (B.11)-(B.14) as follows:

N
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From equation (B.18), we know:
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the right-hand side to obtain: Z
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CQbﬁ B/P Z’Y’%m’% ﬁ/qug.

By the Perron-Frobenius theorem, ¢;k%/¢; = x%fqbf q; 9/% for some constant z. Since the scale of
¢; is not pinned down by the system of equations—if {/;} is part of a solution to the system of
equations, so is {2/;}—we can without loss of generality set z = 1. Hence:

=R (RE) ot Pl (B.19)

(2

Now we use the same strategy to reduce equations (B.15) and (B.16) down to one. Re-write
equation (B.15) as:

N ~ ~ _
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Substitute (B.15) into equation (B.16), then multiply the left-hand side by Z
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Again by the Perron-Frobenius theorem, 7¢p!~ Z+'B /e o1 e (~d) — y7p;0q; %" for some

constant y. Since p; is a nominal variable, we can without loss of generality set y = 1. Hence:

Pl g AR (R T (R T = g,
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Now substitute (B.19) and (B.20) into (B.15) and (B.18):
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N
n=1

We now have two sets of equations in two sets of endogenous variables g;, ¢;. We now again
apply Theorem 1 in Allen, Arkolakis and Li (2020) for this system of two equations:

A { _91+6u+ﬁ/p _pltB 1+ }

126 1-20
0 1

14+-6u+8/ 148
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A sufficient condition for a unique equilibrium is again that the spectral radius of A isless than
or equal to one (p (A) < 1), which is satisfied for our baseline parameter values and symmetric
trade and migration costs in our empirical application.

B.3 Dynamic Exact-hat Algebra (Proof of Proposition 2 in the Paper)

Given an initial allocation of the economy ({le}Z s {klg}l 1 {kzl}z . {Smo}n i—1:1Dni, ,1}

n,i=1 )’
and an anticipated sequence of changes in fundamentals,
. YN o
{{zlt}i\il : {bit} : {ﬁ‘jt}ivj:l , {fim}f\;l} , the solution to the sequential equilibrium
i=1 : : 1

in time differences solves the following system of nonlinear equations:
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where we define u; = exp (%v}@ ) ,! and we use a dot above a variable to denote a time difference:

Zit+1 = Ti11/Ti. Note that the solution to this system of equations does not require information

on the level of fundamentals, {{zlt}f\il bt {Tijt}f\g.zl , {K:Z'jt},f\;zl} .
’ 7= o

B.4 Linearization

We now derive our main linearization results for the comparative statics of the economy’s steady-
state and its transition path.

B.4.1 Comparative Statics

Expenditure Shares Totally differentiating expenditure shares (s,,;), we get:
N
dln S, =0 (Z Some d1Inpum — dln pm-t> . (B.21)
h=1

Prices Totally differentiating the pricing rule from equation (2) in the paper, using equations
(9) and (2) in the paper, we have:

dlnpp = dlntpy + dlnwy — (1 — p) dlnxy — dlnzy. (B.22)

Price Indices Totally differentiating the price index in equation (4) in the paper, we have:

N
d lnpnt = Z Snmt d lnpnmt- (B23)

m=1

Real Income. Totally differentiating real income we have:

N
dln (ﬂ> = dlnwy — > St [dIn T + dInwye — (1= 1) dIn Xne — dIn zny], (B.24)
Dit

m=1

'Note that we express the set of equilibrium conditions in terms of transformed workers utility u;; = exp (;vﬁ ) ,

whereas in Caliendo et al. (2018), the equilibrium conditions are expressed in terms of exp (v%)).



Migration Shares Totally differentiating the outmigration share in equation (16) in the paper,
we get:

N
1
dln Digt = ; (ﬁEt dvgtJrl — dln "igit) — E Diht (B]Et dvhtJrl — dln "ihit) . (BZS)
h=1

Goods Market Clearing Totally differentiating the goods market clearing condition from
equation (12) in the paper, and using equations (B.21) and (B.22), we have:

dlnw. Zﬁle Tint (dInwy; + dln )
[ +dns, } = | 0 S TitSnme (A Ty + dInwyng — (1 — 1) dInYome — dInzp,) |- (B.26)
o —0 ZT]:/:I Tine (dInT + dlnwy — (1 — p) dln iy — dlnzy)
T _ Snitwntgnt
nt — —
wily

Population Flow. Totally differentiating the population flow condition in equation (15) in the
paper we have:

N
dln Egt—&-l = Z Egit

i=1

N
1
dln git + - <6Et dvgt-‘,—l — dln Rgi — E Dimt (BEt dvmt—i—l — dln Hmit))] . (B27)
1%

m=1

Value Function. Totally differentiating the value function, we have:
1
dv;; = ~3 dIn Sy + dlnwy — dInp; + dInb; + K, dvy — pdIn Dy.

Using the total derivatives of dInS;;; and dIn D;; in this expression for dv;; above, we have:
dU' _ |: d hl Wiz — Zi\izl Simt d ln Pimt 1
L by + YN D (B dvesr — A1) |

where we have used dlInk;;; = 0. Using the total derivative of the pricing rule (B.22), we can
re-write this derivative of the value function as follows:

B.28
+dnbi + N Dignt (BB dvg1 — d1n ki) (B.28)

m=1

o — l Al wis — SN Sime (A1 Tt + dInwpy — (1= ) d1n Xome — d1n 2pn) ]
it — .

B.4.2 Steady-State Sufficient Statistics

Suppose that the economy starts from an initial steady-state with constant values of the endoge-
nous variables: ki1 = ki = k, lyp1 = by = 0}, wj, | = wj, = w; and v}, | = v}, = v], where
we use an asterisk to denote a steady-state value, and drop the time subscript for the remainder of
this subsection, since we are concerned with steady-states. We consider small shocks to produc-

tivity (d In z) and amenities (d In b) in each location, holding constant the economy’s aggregate
labor endowment (d In ¢ = 0), trade costs (d In 7 = 0) and commuting costs (d In & = 0).



Capital Accumulation. From the capital accumulation equation (11) in the paper, the steady-
state stock of capital solves:

1-B1-68)x =(1-pB(1-90) ki _ pl—puy

oo o
Totally differentiating, we have:

dlny; = dln (w—)
b;

Using the total derivative of real income (B.24) above, this becomes:

N
diny; = dlnw] = Y 8h, [dinw), = (1— 1) dlng, — dlnz,],

m=1
where we have used and dIn 7, = 0. This relationship has the matrix representation:

(I-(1-p)8)dlnx* = (I —8) dlnw* + Sdlnz. (B.29)

Goods Market Clearing. The total derivative of the goods market clearing condition (B.26)
has the following matrix representation:

dlnwy + dInfy =T (dInw; + dInky) + 0 (TS —I)(dlnwy — (1 — p) dlnxs — dlnz),
where we have used dIn 7 = 0. We can re-write this relationship as:
I-T+0(I—-TS)dhw,=—I—-T)dnl+6(I—-TS)(dlnz+ (1 —p) dlnx).

In steady-state we have:

I-T+0(I-TS) dnhw* =[-T-T)dne* +0(I—TS)(dlnz+ (1 —p) dlnx*)].  (B.30)

Population Flow. The total derivative of the population flow condition (B.27) has the following
matrix representation:

dln£t+1 = Edlnft + é (I - ED) d'l)t_|_1.
P

In steady-state, we have:

dlne* :Edlnﬂ*—i—g(I—ED) dv*. (B.31)

Value function. The total derivative of the value function (B.28) has the following matrix rep-
resentation:

dvy=(I—-S)dlnws+ S(dlnz+ (1 —p) dlnxe) + dlndb + D dvgyq,
where we have used dInT = dIn k = 0. In steady-state, we have:

dv* = (I—S) dlnw* + S(dlnz + (1 — p) dlnx*) + dInb + 8D dv*. (B.32)
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System of Steady-State Equations. Collecting together the system of steady-state equations,
we have:

dlnx* =T —(1-p)S) ' ((I—8) dlnw* + Sdlnz). (B.33)

dnw* =T -T+60 (I -TS)) " (—(I -T)dne* + (I -TS)H(dInz+ (1 —p) dlnx*)).  (B.34)

B

dlng* = B (I —E)"' (I — ED) dv*. (B.35)

dv* = (I —8D) ' {dlnw* — S (dlnw* — dlnz — (1 — ) dlnx*) + dInb}. (B.36)

B.4.3 Steady-State Elasticities
We now use equation (B.33) to substitute for dIn x* in the value function (B.36) to obtain:
dv* = (I-BD) '{dhw*—S(dlnw*— dlnz—(1—p) dlnx*)+ dInb}, (B.37)
= (I-BD) " {(I-S)dnw*+Sdlnz+S(1-p) dlnx*+ dlnb},
— (I-8D)" (I+ SA—p)I—(1-p) S)_l) (I—S)dnw*+Sdlnz+ dlnb],

— (I-8D)" [d1nb+ (I—(1—p)8) ' ((I-S)dnw* +Sd1nz)] .
We now use equation (B.33) to substitute for dIn x* in the wage equation (B.34) to obtain:
I-T+0(I-TS))dnhw*=—I-T)dln€*+I-TS)0(dlnz+ (1 —p) dlnx™),

(I—T+0(I—TS)) dinw* —I-T)dln&*+(I—-TS)0dnz }

- [ FI-TS) 01 —p)(I—(1—p)8S)  ((I-8) dlnw* + Sdlnz)

(I—T+8(I-TS)) dlnw* = l —(I-T) dln£*+(I—TS)0(I+(I—(1—u)S)_1(1—u)S> dlnz ]
+I-TS)01—p)I—-(1—p)S) ' (I—-8)dnw* ’

(I-T+0(I—-TS)dnw* = —T—T)dne*+(I—TS8)0(dInz+ (1 —p) dx*)

— (

(I-T)dlne* +(I-TS)0dlnz

FI-TS)0(L—p)(I—(1—p)S) " ((I-S)dnw* + Sdlnz)
—(I—-T)dlne* +(I-TS)0 (I+(I—(17u)5)*1(1fﬂ)s) dlnz
( )

+(I-TS)0(1—p)I—(1—p)S) " (I-8)dnw*

<I7T+0(17TS) (If Q)T —(1-p)8)" (175))) dlnw*
—(I=T)dne*+0(I—-TS)(I—(1—p)8) " dnz,

(I—T+9(I—TS) ((1_ Q-8 = —p)(I—(1-p) S)—l)) dlnw*
=—(I-T)dIn*+0(I—-TS)(I—-(1—p)8) " dlnz,

(I7T+¢9(17TS),u(If(17;1)5)71) dInw*
—(I=T)dne*+0(I—-TS)(I—(1—p)S) "' dlnz. (B.38)
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Collecting together the capital accumulation equation (B.33), the population equation (B.35), the
value function (B.37) and the wage equation (B.38), we have:

dv* = (I —BD) " |dlnb+ (I —(1—p)8S) ' (I-8) dlnw* + Sdlnz)} , (B.39)

. _ ]! —(I—T)dne*
dlnw* = [I7T+0(I7TS)M(I7(17/¢)S) } {+9(I—TS)(I—(1—/¢)S)ldlnz]’ (B.40)
dlnx* =T —-(1—-p)8S) " [(I-8)dlnw* + Sdlnz], (B.41)
dlne* = %(I—E)_I(I—ED) dv*. (B.42)

We now show that we can further simplify this system of equations. We begin by defining the
following composite matrices:

G=I-E)'I-ED)(I-3D)"', (B.43)
O=I-(1-pS)™",
M= (TS—1I).

which implies the following relationships:

I+(1-p)8S0=o0,
I-1-pOI-S)=I+(1—p)OS—(1—u)O =uo.

Using these definitions and relationships, we can re-write the wage equation (B.40) as:

(I-T—0M)dnw*=—T—-T)dne*—0M[dlnz+(1—p)OI—S)dnw*+ (1 —p)0Sdlnz],

I-T—-6MI—(1-p)O(I—S)]dnw*=—(I—-T)dlne* —MOdInz,

—~(I-T)dne*
[ +0(I-TS)(I—(1—p)S) " dnz ]

dlnw* = [I—T—i—H(I—TS)M(I—(1—)\)5’)_1}

dlnw* =[I - T — 0uMO] ' [- (I - T) dln£* — MO dIn z|. (B.44)

Using the value function (B.39), we can re-write the employment equation (B.42) as:

dlne* =

™

(I-E)'(I-ED)(I-p3D)"" [dlnb+ (I—(1—p)S) ' [(I-S)dnw*+Sdlnz]|.

Using the capital accumulation equation (B.41) and our definitions (B.43), we can further re-write
this employment equation as:

ame = Pa [dInx* + dInb]. (B.45)
P

Using the definitions (B.43), we can re-write the capital accumulation equation (B.41) as follows:

dlnx*=0 |(I-S)(I-T - 0Mpuo)~" ((IT)BG[dlnX* + dlnb] 9MOdlnz> +Sdlnz} :
P
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I+0(I-S)(I-T—-0Mpo)* (I—T)’iG} dlnx*

[05 90 (I~ S)(I - T — 6MuO) ™" MO} dlnz

. 1 . (B.46)
—O(I-S)(I-T—-0MuO) ' (I-T)2GdInb

We thus obtain the following representation of the steady-state elasticity of the endogenous vari-
ables in each location with respect to a shock in any location (omitted from the paper for brevity).

Proposition A.1. The general equilibrium response of the steady-state distribution of economic
activity {w;, v}, 07, kI'} to small productivity (d1n z) and amenity shocks (d1nb) is uniquely de-
termined by the matrices {L**, K**, W**, V', LY, KU W, Vb*}, which depend solely on the

structural parameters {0, 5, p, 11, d} and the observed matrices of expenditure shares (S), income
shares (T'), outmigration shares (D) and inmigration shares (E ):

dln£* L* Lb
dInk* K** Kb
dnw | = | we dlnz + Wb dlnb, (B.47)
dlnv* \ % A

Proof. The proposition follows from the value function (B.39), wage equation (B.44), population
equation (B.45), and capital-labor equation (B.46). In particular, from the population equation
(B.45) and the capital-labor equation (B.46), we have:

B
p
X (os 90 (I~ S)(I - T — §MuO)™" Mo) ,

L™ = G[I+O(I—S)(I—T—0MMO)1(I—T)iG]1

bg-ta {I+O(I—S)(I—T—HMMO)_l(I—T)gG}

L =
xO(I-8)(I-T—0Mp0O)" (I -T)2G

From the capital-labor equation (B.46) and population equation (B.45), we have:

X (05 90 (I~ S)(I - T — 0MuO)™" Mo) ,

LY — [I+0(I— S)(I-T—-60MpuO)™ (I -T) %Gr

Kb =
xO(I-8)(I-T—0Mu0) ' (I-T)2G

From the wage equation (B.44) and population equation (B.45), we have:
W =[I-T—-0MpO) ' [-(I-T)L* —MO],

WY =[I - T — §MuO] ™ [— (I-T)L"].
From the value function (B.39) and the wage equation (B.44), we have:

VF=(I-BD)" (I - (1-p)S)" [(I-S)W™ +5],

13



Vr=I-D) ' +(I-8D) "I -1—-p)S) (I -S) W,

Note that the matrices of steady-state elasticities {L**, K**, W**, V**, LY, Kb Wb, v
are linear combinations of the structural parameters {#, 3, p, i1, 0} and the observed matrices of
expenditure shares (.S), income shares ("), outmigration shares (D) and inmigration shares (E).
Therefore, the steady-state changes in the endogenous variables {w}, v}, ¢, k}} in response to

PR

productivity and amenity shocks are unique (up to a choice of numeraire for Wages).

As the expenditure shares (S) and income shares (T') are homogeneous of degree zero in
factor prices, we require a numeraire in order for solve for changes in wages. We choose the

total income of all locations as our numeraire (El L Wil = Zfil q; = q = 1), which implies
g dlng* = XN ¢ding =3V, ¢ iqi = YV dgf = 0, where ¢* is a row vector of the
steady-state income of each location. Simllarly, the outmigration shares (D) and inmigration

shares (E) are homogeneous of degree zero in the total population of all locations, which requires
a choice of units to solve for population levels. We solve for population shares, imposing the

requirement that the population shares sum to one: Zf\il ¢; = ¢ = 1, which implies £* d In £* =
Zl L Ui dInt; = 0, where £* is a row vector of the steady-state population of each location.

B.4.4 Derivations of the Linearized Equilibrium Conditions

We suppose that we observe the initial values of the state variables (£, ky) and the trade and
migration share matrices (S, T', D, F) at time ¢t = 0, which need not correspond to a steady-
state of the model. Throughout the following, we use a tilde above a variable to denote a log
deviation from the steady-state implied by the initial fundamentals (the “initial steady-state”),
such that ;111 = In x40 — In X} 5 for all Variables except for the worker value function v;;; with
a slight abuse of notation we use v; = v;; — v to denote the deviation in levels for the worker
value function. We consider stochastic shocks to productivity (d In z;) and amenities (d In b;) in

each location, holding constant the economy’s aggregate labor endowment (dIn/ = 0), trade
costs (dIn 73 = 0) and commuting costs (d In Ky = 0).

Population Flow (equation (20) in the Paper). The total derivative of the population flow
condition (B.27) relative to the initial steady-state has the following matrix representation:

B

'Zt—{-l = EZt + ; (I - ED) ]Etgt—l—l- (B48)

Capital Accumulation (equation (18) in the Paper). Note that in a deterministic steady-
state, BR* = 1,and ¢* ! = 1+ 8% (R*)""' ¢*~1, thereby implying ¢* = 1 — 3. We now linearize

(B.4) relative to the deterministic steady-state (let z; = Inx; — In z*),
L+ 6% (R (R /R
I+ Bgt:rll
L+ % (Rt+1/R*)w_1 (§t+1/§*)_1
1+6/(1-5)
~ =B (148 (B /R = 1) 4+ 8 (51 /s = 1))
= ﬁEta-i-l - (w - 1) 6Et§t+1

,C\;g ~ —Et In

L

= _]Et ln

14



G = %t+§t+5:Et‘Fét_(w_l)EtzﬁsEHS'
s=1

—_—

ki = kit R+ (1-)=k+R -3, (B.49)

= %t + ﬁt + % W —-1E> 2, 5S§¢+s-

We now derive éHS. Note R;; = 1—9+7;/pis, and we know in steady-state 5 (1 — 6 + r*/p*) =
land r*/p* = 7' + 0 — 1. Thus

é' - ] 1—=0+rit /it
it 1=0+r*/p* |
In(B(1 =08+ (ry/r* =14+1) (p* ' (0" /pie — 1+ 1)))), (B.50)

Q

In (1 + Br*/p* ((rae/r* = 1) + (*7" (0" /pi — 1)))) = Br*/p* (Tie — Pir) ,
(1 _5(1 _6)) (?fit_ﬁit) = (1 _5(1 _5)) (ﬁ;it — Dit —iit)-

where we have used x;; = ki /iy and 7y = %witﬁit / k. Note (B.49) and (B.50) imply:

ki =k + (1= 8(1-0) [(at — P Xe) + % (0= DE DB (Wra = Pros = Xita)| - (BSD

s=1

Value Function (equation (21) in the Paper). The total derivative of the value function (B.28)
relative to the initial steady-state has the following matrix representation:

By = W, — Py + by + LDE D1 (B.52)

Goods Market Clearing (equation (19) in the Paper). The total derivative of the goods mar-
ket clearing condition (B.26) relative to the initial steady-state has the following matrix represen-
tation:

G+ & =T (@, + &) +0(TS 1) (@~ (1= 1) %~ 2).
where we have used dIn 7T = 0. We can re-write this relationship as:
I—-T+0(I—TS)|w, = [— (I-T)8+0(—TS)(Z+(1 —u)sgt)] . (B53)

Price Index (equation (17) in the Paper). We obtain the equation (17) by substituting (B.22)
into (B.23) and stack into a matrix to obtain:

po=5 (@ —2—(1-p(k-2)) (B.54)

System of Equations for Transition Dynamics Relative to the Initial Steady-State. Col-
lecting together capital dynamics (B.51), goods market clearing (B.53), the population flow condi-
tion (B.48), the value function (B.52), and the price index equation (B.54), the system of equations
for the transition dynamics relative to the initial steady-state is:

kia = kit (1= 8(1=9)) (@ — 5 — ke + £2) (B.55)
+ (1 - B (1 - 5)) %ﬁ <w - 1) Et Zﬁs (ﬁt-&-s - ﬁt—i—s - %t—&-s + Zt—&-s)
s=1
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Wy =[I-T+6(—TS)" [_<1_T>Zt+9<1—:r5)(2t+(1-@@) . (B56)

by = El, + g (I — ED)E,¥p41. (B.57)
Oy = (I —8) W, + Sz + (1 — p) SX¢ + by + BDE D41 (B.58)
=S (w2~ (- (k- 2)). (B.59)

B.4.5 Equilibrium Conditions in terms of the State Variables

We now re-express the equilibrium conditions (B.55) through (B.59) and solve for the law of
motion of the endogenous state variables (¢; and k;). For notational convenience, we re-express
the state variables as labor and the capital-labor ratio (¢; and ), but note that a law of motion
for capital can always recovered since k; = ¢;;x;;. We begin by using the wage equation (B.56)
to substitute for dInwy in the value function (B.58):

. —(I-T)&
g, = | I-SU-T+6(I-TS) +e(I—T§)(2t+)<1—N)gt) . (®B60)

+Sgt + (]. - /L) Sit + bt + 5DEt'Et+1

— (I =S I-T+6(I-TS) ' I-T)¢,
- | +A-p)[SHOI-S)I-T+0(I-TS)] " (I-TS)]Xs
B +[S+0(I-S)I-T+0(I-TS)| " (I-TS)]z
+by + BDE w41
which can be re-written more compactly as:
Uy = Al + BXy + CZ + by + DE 41, (B.61)
= (I-S)I-T+0(I-TS)]'(I-T),
B=(1-u){S+6(I-8)[I-T+6(I—-TS)|" (I-TS)},
C=8S+0I-S)I-T+6(I-TS) ' (I-TS).

Iterating equation (B.61) forward in time, we have:
v = E, Z (D)* (A‘et-i-s + BXt+s + CZi4s + bt+s) . (B.62)
s=0
Using equation (B.62) to substitute for v;; in equation (B.57), we obtain the following autore-
gressive representation of the log deviations of population from steady-state value (£;):

Zt—i—l — Ezt = [g (I - ED)E, Z (BD)* (AEt+s+1 + BXtts+1 + CZiysi1 + 5t+s+1)
s=0

(B.63)
Likewise, capital dynamics (B.55) can be re-written as (noting w, — p;, = A€, + Bx; + CZz,):

Xevi +ha = Xe+&+(1-8(1-0) (AL +(B-1)x+C%) (B.64)
HU=B1-0) 0 - DE Y 8 (Al + (B~ Dura + Chirs).
s=1
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B.4.6 Proof of Proposition 3 in the Paper

We suppose that agents learn at time ¢ = 0 about a one-time, unexpected, and permanent change
in productivity and amenities from time ¢ = 1 onwards. Under this assumption, we can write
the sequence of future fundamentals (productivities and amenities) relative to the initial level as

<Et,gt> = <2, E) fort > 1.

Proposition. Transition Path (Proposition 3 in the paper). There exists a2 N x 2N transition
matrix (P) and a2N x 2N impact matrix (R) such that the second-order difference equation system
in (22) has a closed-form solution of the form:

Z = PZ, + Rf, fort>0, (B.65)

where x; = ét isa 2N x 2N wvector of the state variables; f; = [ gt ] isa2N x 2N wvector of
t t

the shocks to fundamentals; and {P, R} are 2N x 2N matrices that depend only on the structural

parameters {1, 0, B, p, i, 0} and the observed trade and migration matrices {S, T, D, E].

Proof. We prove the proposition using the equivalent representation of ¢, and Xt = k; — ¢, as
the state variables, where X; is the vector of capital-labor ratios in each location. Since agents
expect fundamentals to be constant for all £ > 1, we can drop the expectation signs in equations

(B.63) and (B.64) and write <Zt, Et> = <E, E)

(I~ ED)™ (f41 — Bl = % > (8D)" (Aliysts + BRutots + CZ+b). (B.66)
s=0
Xievi Tl = Xe+lo+ (1-B(1-9)) (Al +(B-I)% +C3) (B.67)

+1=50-0) 5 =1L 8 (Al + (B - DRuss + CF).

Analogously,
N N 5 -
(I—ED)™ (£33 — Bluyr) = > (8D) (Afutssz+ BRitorz+ CZ+0). (B.68)
s=0
Xt+2 + Zt+2 = X1+ Zt+1 +(1-p5(1-9)) (AZH»l + (B —1I) X141+ CZ)
1-— > ~ - o
HU= =02 =)D 6 (Alisass + (B~ DRurers + CF). (869

s=1

Multiply (B.68) by D, subtract from (B.66), and re-arrange to obtain:

- [5D (I-ED)'E+(I-ED)"' ~ 24|y,
BD(I—ED)_ £t+2: _(I_ED)flE‘et
—9BXt11 - 20z - b

Likewise, multiply (B.69) by /3, subtract from (B.67) to obtain:
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B(Reso+liz) = ((I-(1=81=8) A+ (-I—(1-B(1-0)(B-D)%

+((A+/HI-(1-5(1=0) % —1-p¢)(B—-1))Xi+1
1+ BT - (1=B(1-0) (% —1- ) A) b
—(1-p(1=0)y(1-p)Cz

Stacking these two, second-order difference equations, we obtain:

R AR SN S NS A N A |

[SAR\Y]
[

(B.70)

BI BI Xt42 Y21 Y22 Xt41 ®31 O3 Xt —-H
_ -1 1 B _ B
Y.=pD(I-ED) 'E+(I-ED)"'-2A,  Ti,=-"B,
p p

Yo = |1+ AT+ 1 =B(1-8)(—1-8)(I-S)I-T+0(I-TS) ' (I-T)|,

(+B)T-{(1-801-0)@—1-50)x

s [(1—u){S+9(1_s)[I—T+0(I—TS)V1(I_TS)}_I}}

i

©,=-(I-ED)'E, ©Oyu=-I+(1-801-0)I-8)I-T+0I-TS) '(I-T).
On=-T-(1-8(1-9) ((1fu){S+9(I75)(17T+9(I7T5’))_1(I—TS)}fI).
H=y(1-8)(1-80-0)[0(I-8)[I-T+0(I-TS) " (I-TS)+S5|.

We first conjecture the linear closed-form solution (B.65) and substitute it into the second-order
difference equation (B.70) to obtain a matrix system of quadratic equations. We next solve this
matrix system of quadratic equations and confirm that our conjecture of a linear closed-form
solution is indeed satisfied. Using our conjecture (B.65) in the system of second-order difference
equations (B.70), we obtain:

(\IIPQ—I‘P—G)){%}+[(\IIP+\I'—I‘)R—H]{§]:O, (B.71)
¢
@:[UHDU—EDrlt)] F:[Tu Tu]
- pI gI |’ T Y1 Yoo |
g B
B2 Oy —-H 0
For the system (B.71) to have a solution for [ )%t 1 # (0 and [ :z } # 0, we require:
t
vP?_TP-0=0, (B.72)
R=(YP+¥-T)'II (B.73)

Following Uhlig (1999), we can write this first condition (B.72) as the following generalized
eigenvector-eigenvalue problem, where e is a generalized eigenvector and ¢ is a generalized
eigenvalue of = with respect to A:

EAe =

[l

€,

18



where:

—
=
o

r ® T o0
VRIS
If e, is a generalized eigenvector and &, is a generalized eigenvalue of = with respect to A, then
ej, can be written for some h € R as:
| &neén
€np = [ éh .

Assuming that the transition matrix has distinct eigenvalues, which we verify empirically, there

are 2N linearly independent generalized eigenvectors (ej, ..., esy) and corresponding stable
eigenvalues ({1, ..., ), and the transition matrix (P) is given by:
P=QAQ 1,

where A is the diagonal matrix of the 2NV eigenvalues and €2 is the matrix stacking the corre-
sponding 2N eigenvectors {€j,}. The impact matrix (R) in the second condition (B.73) can be
recovered using:

R=(VP+¥-T)'II,

and our conjecture (B.65) is satisfied. [

B.4.7 Properties of the Transition Path.

We now use the eigenvalue-eigenvector representation in Proposition 3 in the paper to establish
some properties of the transition path towards the new steady-state.

B.4.8 Convergence Dynamics Versus Fundamental Shocks

In particular, we now consider the case in which agents at time ¢ = 0 learn of a permanent change
in fundamentals (z, b) at time ¢ = 1. From Proposition 3 in the paper and equation (B.65) above,
the initial impact of the productivity (z) and amenity (b) shocks in the first period is:

5’31:Rf

More generally, the impact of these productivity and amenity shocks in period ¢t > 1 is:

.1 = Pz, +Rf = <Z P“”) Rf. (B.74)
s=0

If the spectral radius of P is less than one, a condition that we verify empirically, the summation

lim; ZZ:O P? converges, and we can re-write the impact of the productivity and amenity
shocks in period ¢ > 1 as:

T = (Z P - PS) Rf=(I-P"")(I-P)'Rf.
s=0 s=t+1
From this relationship, the new steady-state must satisfy:

lim & = x*,, — 75y = (I — P)'Rf,

o0 initial
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where (I — P)™' R coincides with the explicit solution for the changes-in-steady-states in
Proposition A.1 in Online Appendix B.4.3:

o, [ I
(I_P) R_|:Kz Kb:|

Using Proposition 3 in the paper, we can also decompose the evolution of the spatial dis-
tribution of economic activity across locations into the contributions of convergence towards
steady-state and shocks to fundamentals. In particular, from Proposition 3 in the paper, we have:

T, = Pz, + RJE )
Ti-1 = Pro+ Rf,
%l = P%O + Rfv
550 = P';E—la
where the last equation at ¢ = 0 differs from others, because agents become aware at time ¢ = 0

of the shock to fundamentals a time ¢ = 1, after they have migrated between time ¢ = —1 and
time ¢ = 0. Taking the difference between the equations for time ¢ and ¢ — 1, we have:

Iz, —Inz, ; =P(nx,; —Inz o) =P (Inz; —Inwg) = P (Inzg —Inz_y) + PtflR]T.
Therefore, we have:

Inz, —Inz_ 1 = [Inzy—Inzy 4]+ [Inz, —Inxg o] +--- (B.75)
+[Inz; —Inzg] + [Inzg — Inx_4]

— [Pt (Inzo —Inz_;) + PHR}‘] + [Pt‘l (Inzo —Inw_;) + Pt‘QRf]

S [P (Inxg —Inx_4) + Rﬂ + [Inzg — Inx_4]
t t—1

— P (lnxo—lnI_1)+ZP8Rfv
s=0

s=0

which corresponds to equation (24) in the paper.

B.4.9 Spectral Analysis of the Transition Matrix P

We now show that we can further characterize the economy’s transition path in terms of the
lower-dimensional components of the eigenvectors and eigenvalues of the transition matrix (P).
We have already shown in that we can decompose the dynamic path of the economy into one
component capturing shocks to fundamentals and another component capturing convergence to
the initial steady-state. Therefore, for the remainder of this subsection, we focus for expositional
simplicity on an economy that is initially in steady-state.

Eigendecomposition of the Transition Matrix We use the eigendecomposition of the tran-
sition matrix, P = UAV, where A is a diagonal matrix of eigenvalues arranged in decreasing
order by absolute values, and V' = U~!. For each eigenvalue ), the h-th column of U (uy,)
and the h-th row of V' (v},) are the corresponding right- and left-eigenvectors of P, respectively,
such that

)\huh = Puh, /\h’l);L = ’U;ZP
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That is, uy, (v}, is the vector that, when left-multiplied (right-multiplied) by P, is proportional
to itself but scaled by the corresponding eigenvalue \j,.> We refer to u; simply as eigenvectors.
Both {u;,} and {v} } are bases that span the 2/NV-dimensional vector space.

We next introduce a particular type of shock to productivity and amenities that proves use-
ful for characterizing the model’s transition dynamics. We define an eigen-shock as a shock

to productivity and amenities ( j?(h)) for which the initial impact of these shocks on the state
variables (R f()) coincides with a real eigenvector of the transition matrix (u;) or the zero

vector. The eigen-shock that corresponds to each eigenvector u; can be recovered as f(,) =

17! (PP + ¥ — T') uy. Recall that all matrices involved in this operation and the eigenvectors
of the transition matrix (u;,) can be computed using only our observed trade and migration share
matrices (S, T', D, FE) and the structural parameters of the model {¢, 6, 3, p, i1, 6}. Therefore,
we can solve for the eigen-shocks from these observed data and the structural parameters of the
model.

Using our eigendecomposition and definition of an eigen-shock, we can undertake a spectral
analysis of the economy’s dynamic response to shocks.

Proposition. Spectral Analysis (Proposition 4 in the paper). Consider an economy that is
initially in steady-state at timet = O when agents learn about one-time, permanent shocks to pro-

~ z
ductivity and amenities (f = [ 3 })from timet = 1 onwards. The transition path of the state

variables can be written as a linear combination the eigenvalues ()\},) and eigenvectors (uy,) of the
transition matrix:

2N ¢

—\
'u,hvhR f= Z W hwpan,, (B.76)

DRTE

where the weights in this linear combination (a;,) can be recovered as the coefficients from a linear
projection (regression) of the observed shocks ( f ) on the eigen-shocks ( f (h))-

Proof. The proposition follows from the eigendecomposition of the transition matrix: P =

U AV, which implies P° = Zh 1 Ajupvy, and hence:

ZPSRf ti (Z )\huhvh> Rf = Z (Z )\h> u vy Rf = Z

uhvhRf

To decompose any observed shock f as a linear combination a of the eigen-shocks { fw }, let

F' denote the matrix whose h-th column is the h-th eigen-shock. Then Fa = f — a=
(F’ F)_1 F f, which implies that a can be recovered as the coefficients from a regression of f on

the eigen-shocks. [

We now show how this proposition can be used to characterize both the speed of convergence
to steady-state and the heterogeneous impact of shocks across locations.

Note that P need not be symmetric. This eigendecomposition exists if the transition matrix has distinct eigen-
values, a condition that we verify is satisfied empirically. We construct the right-eigenvectors such that the 2-norm
of uy, is equal to 1 for all h, where note that v u;, = 1if i = h and is equal to zero otherwise.
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Speed of Convergence We measure the speed of convergence to steady-state using the con-

ventional measure of the half-life. In particular, we define the half-life of a shock f for the i-th
state variable as the time it takes for that state variable to converge half of the way to steady-state:

arg max

= = =, B.77
t Max, |Tis — Tico| 2 (B.77)

where Lico = x;'k,new - x;initial'

We begin by considering the speed of convergence for nontrivial eigen-shocks, for which the
initial impact on the state variables corresponds to a real eigenvector of the transition matrix.
For these eigen-shocks, the state variables converge exponentially towards steady-state, and the
speed of convergence depends solely on the corresponding eigenvalue (\p,).

Proposition. Speed of Convergence (Proposition 5 in the paper). Consider an economy that
is initially in steady-state at time t = 0 when agents learn about one-time, permanent shocks to

productivity and amenities (f = { % ])from timet = 1 onwards. Suppose that these shocks are

a nontrivial eigen-shock (f(h)), for which the initial impact on the state variables at timet = 1
coincides with a real eigenvector (uy,) of the transition matrix (P): Rf ) = wy,. The transition path

of the state variables (x;) in response to such an eigen-shock (f(h)) is :

T, = Z - Ajujv;uh =1 )\hUh =  Inxzyy —Inx, = Ny,
=2

and the half-life is given by: t§1/2) (f) = — P“—{‘ , for all state variablesi = 2,--- 2N, where

In\p,
[-] is the ceiling function. The eigen-shock with associated eigenvalue of zero has zero half-life.
Proof. If the initial impact impact of the shock to productivity and amenities on the state variables

(R f) coincides with a real eigenvector (R fv(h) = uy,), we can re-write equation (28) in Proposition
4 in the paper as follows:

~ = /\7;1 ' DE X 1 - /\3 / 1— X;L

h=2 =2

where we have used vju;, = 0 for i # h and vju;, = 1 for i = h. Taking differences between
periods ¢ 4+ 1 and ¢, we have:

. 1= 11—\
T — Ly = uy — u
t+1 t 1_>\h h 1_>\h h»

which simplifies to: (1 — Ap) (Ze41 — @) = (1 — A\p) Ny up. Therefore: (Tiy1 — @) = A up,.
Noting that ¢, = Inx, — Inx} ., we have: Inx;,; — Inx; = A, w,. This implies exponential
convergence to steady-state, such that for each location i: 1 = exp (A} u;;,) . Using the half-life

definition (B.77), we can solve for the half-life as: !

1-X%
T uh 1 1 1 In2
1-X\p t
==, = N ==, = In-=tln),, = t=-— .
11/\ u, 2’ h =9 n2 A In )\,
—/h
Imposing the requirement that ¢ is an integer, we obtain: ¢ = — Linfh-‘ , for all state variables
i=2,---,2N, where [-] is the ceiling function. O
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B.4.10 Two-Region Example

In Section 3.3 of the paper, we illustrate our spectral analysis using a simple example of two sym-
metric locations that begin in steady-state. By location symmetry and trade and migration fric-
tions, the expenditure and migration share matrices (S and D) are both symmetric and diagonal-
dominant, with T' = S and E = D. In this section of the Online Appendix, we provide a further
characterization of the four eigenvectors of the transition matrix (P) in this simple example.
Following the Proof of Proposition 3 in Section B.4.6 of this appendix, we provide this character-

ization using the equivalent representation of ¢; and x; = k; — £; as the state variables, where
X: is the vector of capital-labor ratios in each location.

As discussed in the paper, the four eigenvectors of the transition matrix (P) in this example
take the following simple form:

1 1
-1 -1
) C ) _g )
—¢ §
for some constants (, ¢ that depend on the model parameters and the trade and migration share
matrices (S =T, D = E).
We now provide a further analytical characterization of the properties of these four eigenvec-
tors. We know w is an eigenvector of P iff

(B.78)

SO = =
_ = O O

MWy = A\u + Ou (B.79)

for some constant A\, which is the corresponding eigenvalue. ¥, I', and © are all 4 x 4 matrices
from equation (22) in the paper. It is thus easy to verify by brute force (for instance, using Matlab
symbolic toolbox to express U, I', © as a function of model parameters and the entries in the
S and D matrices) that [1, 1,0, 0]’ is an eigenvector with eigenvalue 0 and [0,0, 1, 1]’ is also an
eigenvector. The eigenvalue corresponding to the latter is 1 — p (1 — 5 (1 — §)) if landlord’s in-
tertemporal elasticity of substitution () is equal to one (logarithmic preferences). More generally,
for values of the intertemporal elasticity of substitution (¢) different from one, the eigenvalue (\)

corresponding to the eigenvector [0, 0, 1, 1]’ is the solution to the following quadratic equation:

(B4 (1= 8) (1= X)+X) = (B + 01— B) (1 —X) + X)* — 46X
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where X =1 —p (1 —(1-19)).
We can similarly verify that [1, —1,0,0] and [0,0, 1, —1]" are not eigenvectors. By symme-
try, and because the eigenvectors form a basis, the remaining eigenvectors must take the form

[1,—1,¢, (] and [1, —1, —¢, &]' for some constants ¢, €. To find the corresponding eigen-shocks,
use:

vpP?-TP-0 =0, (PP+¥% -T)R=1I
Hence, for any eigenvector u with the corresponding eigen-shock f such that R f = u, it must
be the case that
1 1
A A

Because eigenvectors and eigen-shocks are scale-invariant, we can ignore the constant % and
write eigen-shocks as

f = (PP+¥-Tu=- (AN +P¥P?-TP)u=-(\¥+0O)u.

F=T"0\T+0)u.
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One can then verify that the eigen-shock corresponding to w = [1,1,0,0]" is f = [0,0,1,1]’,
while the eigen-shock corresponding to w = [0,0,1,1] is f = [1,1,0,0]. One can
also verify that generically [0,0,1, —1]" is not an eigen-shock (since the first two entries of
I (AP + ©)[1,—1,¢,—(] are generically non-zero). Since the eigen-shocks must span the
vector space, by symmetry the two remaining eigen-shocks must be of the form [1, -1, ¢, —c|’

and [1,—1,d, —d]/ for some constants c, d.
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