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Abstract. The theory of nonlinear �ltering concerns the optimal estimation
of a Markov signal in noisy observations. Such estimates necessarily depend on
the model that is chosen for the signal and observations processes. This thesis
studies the sensitivity of the �lter to the choice of underlying model over long
periods of time, in the framework of continuous time �ltering with white noise
type observations. A good understanding of �lter sensitivity is important
for the practical application of nonlinear �lters: a physical system is never
exactly described by an idealized Markov model, so that high sensitivity to
the underlying model would be fatal to the reliable application of nonlinear
�lters on all but very short time scales. Sensitivity is also directly related to

the approximation error in approximate nonlinear �ltering.
The �rst topic of this thesis is the asymptotic stability of the �lter|i.e.,

the long-time sensitivity of the �lter to the initial measure. This is a much-
studied problem in nonlinear �ltering. Here I study �lter stability using the
theory of conditional di�usions. This leads to some improvements on pathwise
stability bounds, and to new insight into existing stability results in a fully
probabilistic setting. As a matter of independent interest, I develop in detail
the theory of conditional di�usions for �nite-state Markov signals and clarify
the duality between estimation and stochastic control in this context.

The second topic of this thesis is the sensitivity of the nonlinear �lter to
the model parameters of the signal and observations processes. This section
concentrates on the �nite state case, where the corresponding model parame-
ters are the jump rates of the signal, the observation function, and the initial
measure. The main result is that the expected di�erence between the �lters
with the true and modi�ed model parameters is bounded uniformly on the
in�nite time interval, and converges to zero uniformly in time as the approx-
imate model converges to the true model, provided that the signal process
satis�es a mixing property. Such �lters are consequently extremely robust to
variations in the model parameters. The proof of this result uses properties
of the stochastic 
ow generated by the �lter on the simplex, as well as the
Malliavin calculus and the associated anticipative stochastic calculus.

The third and �nal topic of this thesis is the asymptotic stability of non-
commutative (quantum) �lters. I begin by developing quantum �ltering theory
using reference probability methods. The stability of the resulting �lters is not
easily studied using the preceding methods, as smoothing violates the nonde-
molition requirement. Fortunately, progress can be made by randomizing the
initial state of the �lter. Using this technique, I prove that the �ltered estimate
of the measurement observable is stable regardless of the underlying model,
provided that the initial states are absolutely continuous in a suitable sense.
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Introduction

\Just what kind of a doctor are you?" he asked suspiciously.
\Well, you might say I’m a specialist," said the doctor. \I spe-
cialize in noise|all kinds|from the loudest to the softest, and
from the slightly annoying to the terribly unpleasant."

|Norton Juster, The Phantom Tollbooth

0.1. Nonlinear �ltering: Stability, robustness, and applications

Noise is ubiquitous both in nature and in engineering. Many systems are prone
to some form of noise in their dynamics, be it due to the coupling of the system to a
complex and unpredictable environment, due to our fundamental lack of knowledge
about the system dynamics at the fast time scales, or due to the inherent quantum
mechanical uncertainty that is unavoidably present at the smallest energy scales.
Similarly, any observations we make of a system are likely to be corrupted by some
amount of noise. Depending on the particular application, the presence of noise
may be terribly unpleasant or only slightly annoying; but in either case one needs
methodology to separate the useful signal from the noise. As such these methods
play an important role across a broad spectrum of science and technology.

This thesis is about one such method|the method of optimal �ltering, whose
goal is optimal estimation, in the L2 sense, of a Markov signal in noisy observations.
To �x some ideas, let us brie
y discuss this method in a fairly general context.

0.1.1. Optimal �ltering. As is usual in probability theory, we �x some un-
derlying probability space (
;F ;P). We presume that there is a Markov process
Xt that lives on this probability space and takes values in some state space S. In
this thesis we will consider the case of continuous time t 2 R+, though other time
sets are common as well (discrete time N, two-sided discrete or continuous time
Z or R, or even higher-dimensional \times", e.g., Zd, for image processing or the
estimation of random �elds). The process Xt represents the signal of interest|e.g.,
the dynamics of a physical system that we wish to observe.

Also on this probability space lives the observation process Yt, which takes
values in some space Yt 2 O. Yt need not be a Markov process itself, but the joint
process (Xt; Yt) is Markov. Yt is the process we are allowed to observe, and should
be correlated in some way with the signal process Xt. In this thesis, we will study
white noise type observations: i.e., we will take (with O = R or Rp)

_Yt = h(Xt) + �(t);

1



2 INTRODUCTION

where h is called the observation function and � is white noise. In practice, as is
usual in stochastic analysis, we will work with the integrated version

Yt =

Z t

0

h(Xs) ds+Bt;

where Bt is a Wiener process or Brownian motion. This circumvents questions of
mathematical well-posedness of white noise.

Now suppose we have been observing the observation process Yt from the initial
time t = 0 up to some time t = T . The information we have collected through these
observations is characterized by the �-algebra FY

T = �fYt : 0 � t � Tg. The goal
of optimal �ltering theory is to �nd a best L2-estimate �T (f) of some function
of the signal process f(XT ) based on the observations: i.e., we wish to �nd an
FY

T -measurable random variable �T (f) that minimizes the L2-error k� � f(XT )k2
over all FY

T -measurable random variables �. It is well known that this estimate is
uniquely determined by the conditional expectation

�T (f) = E(f(XT )jFY
T );

up to a.s. equivalence. The goal of �ltering theory then becomes to provide an
explicit expression for �T (f) in terms of the observation history fYt : 0 � t � Tg.

If we wish to estimate f(Xt) for some t < T , or if we are interested in esti-
mating some functional f(X[0;T ]) of the entire history of the signal, we could form

the estimates E(f(Xt)jFY
T ) and E(f(X[0;T ])jFY

T ), respectively. This is known as
smoothing (as opposed to �ltering), and the latter case is also called path estimation.
Even when we are interested in properties of the optimal �lter, the consideration
of these smoothers will play an important role in our proofs.

One of the main results of optimal �ltering theory with white noise observations
can be stated as follows. Under suitable technical conditions, The �ltered estimate
�t(f) satis�es the Kushner-Stratonovich equation (in Itô form)

�T (f) = �(f) +

Z T

0

�t(L f) dt+

Z T

0

f�t(hf)� �t(h)�t(f)g (dYt � �t(h) dt);

where L is the in�nitesimal generator of the Markov process Xt and � is the law
of X0. Note that the expression for �T (f) does not close, i.e., it is not expressed
only in terms of �t(f) for t � T ; rather, we have to know �t(L f) as well, etc. To
obtain a closed form expression, de�ne formally

�t(f) =

Z

S

f(x) pt(x) dx; �(f) =

Z

f d� =

Z

S

f(x) p0(x) dx;

i.e., pt(x) is the density of the conditional law of Xt and p0(x) is the density of �.
Formally integrating by parts gives

pT (x) = p0(x) +

Z T

0

L
�pt(x) dt+

Z T

0

fh(x)� �t(h)g pt(x) (dYt � �t(h) dt);

which is a stochastic integro-di�erential equation (L � is the formal adjoint of L ).
Note that everything here is formal, as we have not imposed any technical condi-
tions, etc., but these manipulations can be given a precise meaning in many cases
of practical interest. Further details and references can be found in chapter 1.
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0.1.2. Approximations. The discussion above directly raises two points.

(1) To implement the �ltering equation one would have to propagate the entire
conditional density pt(x), which is usually an in�nite-dimensional object.
Hence �ltering often su�ers from the curse of dimensionality.

(2) The �lter depends explicitly on the model chosen for the signal process
Xt (through � and L ) and for the observations (through h).

There are two exceptions to the curse of dimensionality. First, it can be the case
that there is a �nite-dimensional family of densities fp�(x) : � 2 � � Rqg that is
invariant for the Kushner-Stratonovich equation, i.e., pt(x) = p�t(x). The optimal
�lter can then be reduced to a �nite-dimensional equation for �t. With the exception
of a few cases of marginal practical interest (such as the Bene�s �lter [Ben81]), this
is only the case if (Xt; Yt) is a Gauss-Markov process (i.e., (Xt; Yt) is the solution
of a linear stochastic di�erential equation). The family p� then consists of the
Gaussian distributions, and the corresponding �lter is the celebrated Kalman-Bucy
�lter which is used extensively in many engineering applications. Much is known
about linear �ltering (an excellent reference is [KSH00]), and the special structure
of this problem makes it amenable to simple and elegant methods of analysis that
usually do not generalize to the much more poorly understood nonlinear setting.
It is the latter case that we are chie
y concerned with in this thesis.

The second class of �lters that escape the curse of dimensionality are those
where S is a �nite set. In this case, the density pt(x) takes values in a �nite-
dimensional simplex and the Kushner-Stratonovich equation reduces to a �nite-
dimensional stochastic di�erential equation called the Wonham equation. Approx-
imately half of this thesis is devoted to the �nite state case. There are two good
reasons for this: First, being the simplest type of nonlinear �ltering problem, we can
obtain much valuable intuition about more general nonlinear situations by studying
the technically less demanding �nite state case. Second, being one of the few non-
linear �lters that admit direct implementation, the Wonham �lter is of signi�cant
practical value in engineering applications. In contrast, a \truly" nonlinear �lter
with continuous state space S is in�nite dimensional [CM84] and hence can not be
implemented without some form of (suboptimal) approximation.

Let us now turn to the second issue, i.e., to the dependence of the �lter on
the model parameters �, L , and h. Any mathematical model is necessarily an
idealization of a true physical system; but even if we are willing to accept the validity
of the model, as we will do, one rarely has access to the exact model parameters:
these have to be obtained through some system identi�cation procedure. Hence
even if the curse of dimensionality can be overcome, one still deals in practice with
suboptimal �lters where the model parameters match only approximately those of
the underlying system. The main theme of this thesis is the study of the sensitivity
of various �lters with respect to variations in the model parameters �, L , and h.
This is a matter of signi�cant practical importance, as almost all applications of
nonlinear �ltering necessarily operate with approximate model parameters. We also
note at this point that the approximation of the model parameters is not unrelated
to the type of approximation needed to circumvent the curse of dimensionality; this
is mostly a topic for further research, but see section 0.2 and chapter 3.

0.1.3. Filter stability. A much studied problem in nonlinear �ltering theory
is the sensitivity of the �lter to the initial measure �. In particular, if the signal and
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observations are su�ciently nice, the �lter will \forget" the initial measure � after
some period of time: i.e., the sensitivity of the �lter ��

t (f) (where ��
0 (f) = �(f))

to changes in the initial measure � decays to zero as t!1. In this case, the �lter
is said to be stable. Clearly this is a desirable state of a�airs: we do not want a
small error made at t = 0 to haunt us forever.

Filter stability gains extra signi�cance if we interpret the �lter as a statistical
procedure. Nonlinear �ltering can be thought of in the context of Bayesian infer-
ence, where � plays the role of the prior distribution in our setup. Unlike in the
probabilistic context, however, where � = � is the correct initial measure and any
other choice of � leads to suboptimal results (i.e., ��

t (f) has a larger mean-square
error than ��

t (f)), the choice of prior is much more subjective in Bayesian infer-
ence. As a Bayesian estimator, the �lter can only be used reliably if the information
gained from the observations over a long period of time completely supersedes the
prior, i.e., if the �lter is stable. (In the remainder of this thesis we will always
consider �ltering in the probabilistic context, not in a statistical sense.)

The main questions are now:

(1) Under what conditions is the optimal �lter guaranteed to be stable?
(2) If the �lter is stable, how fast is the initial measure forgotten?

In the Kalman-Bucy case, there are some simple and powerful results in this direc-
tion, see, e.g., [OP96]. Roughly speaking, if the linear system (Xt; Yt) is control-
lable and observable, then the �lter is stable and the initial condition is forgotten
at an explicitly computable exponential rate.

In the nonlinear setting, matters are not as clear cut. An excellent survey of the
results to date can be found in [Chi06], to which we refer for a detailed discussion
and an exhaustive list of references. Let us brie
y highlight, however, some of the
major results that are currently available (concentrating on the continuous time
case). Many of the results are variations on a statement of the following form, �rst
considered in [DZ91]. These results state that under certain conditions

lim sup
t!1

1

t
log k��

t � ��
t kTV � � < 0;

where k � kTV denotes the total variation norm of a signed measure. It follows
immediately that k��

t ���
t kTV ! 0 at an exponential rate as t!1. The analysis is

signi�cantly simpli�ed when a particularly convenient metric, the Hilbert projective
metric, is used in the proofs. This fact is exploited in [AZ97b, AZ97a] and in
much of the subsequent literature. In the �nite state case, stability is guaranteed
in the following main cases: (i) if the signal process obeys a mixing condition, i.e.,
if all its transition rates are strictly positive [AZ97b] (see [BCL04] for slightly
weaker conditions); (ii) in the low signal-to-noise limit [DZ91]; (iii) in the high
signal-to-noise limit, with a nondegeneracy condition on the observation function
[AZ97b]. In all these cases, estimates on the rate � are available. The case that Xt

is a strictly elliptic di�usion on a compact manifold also implies stability [AZ97a],
but no useful estimate on � is given. In a noncompact state space these methods
are much less useful, as the Hilbert metric is not well suited to this situation; some
progress can be made, however (see [Chi06] for discussion and references).

A much stronger form of �lter stability is implied by the following statement:

k��
t � ��

t kTV � C(�; �) e��t;
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for some rate � > 0 and deterministic positive constant C(�; �). Such a bound
was �rst obtained in the �nite state case in [BCL04], where the condition for
stability is the mixing condition mentioned above. The technique used to prove
this bound relies on the fact that the �lter ��

t (f) with initial measure � can be
related to a smoothing problem under the initial measure �, at least in the case
that the two initial measures are equivalent � � � (see also [COC99]). One can
thus express k��

t � ��
t kTV in terms of conditional expectations with respect to

a single initial measure �, and the exponential bound follows from analysis of the
corresponding smoothing problem. In the di�usion case (state space Rd), bounds of
this form are obtained in [Sta04, Sta05, Sta06]. The method used in these papers
is analytic in 
avor, relying on transformations of PDEs and properties of certain
Feynman-Kac integrals. This is the only method to date that can accommodate
nonergodic signal processes Xt on a noncompact state space, and that provides
explicit stability bounds for di�usions. On the other hand, the method only works
for a very restrictive class of di�usions, observations and initial measures.

Finally, we mention some general results of a more qualitative type. In [OP96],
it is argued that (roughly) if the signal process Xt is ergodic, then

lim
t!1

E(��
t (f)� ��

t (f))2 = 0;

for any bounded, continuous f . This is intuitively quite plausible, as ergodicity
implies that the unconditional law of Xt becomes insensitive to the initial measure
� at long times; the statement is then, essentially, that this property is inherited
by the �lter. Unfortunately, there is a serious gap in the proof of this result, see
[BCL04], so that the extent to which this statement holds remains unclear. A
much weaker result still is proved in [COC99]: these authors show that

Z 1

0

(��
t (h)� ��

t (h))2 dt <1;

where h is the observation function, provided that � � �. Hence in a very weak
sense, at least the estimate of the observation function is always stable. The beauty
of this result is its generality: other than the absolute continuity condition on the
initial measures, the result holds for any Markov signal observed in white noise,
without any further assumption on the structure of the signal or observations.

It can be concluded from the discussion above that the stability problem in
nonlinear �ltering theory is still far from being completely understood. Conditions
that guarantee �lter stability are only known in a restricted set of cases, and it
is often di�cult to obtain explicit estimates. As such, the development of new
approaches to studying these problems is still of signi�cant interest.

0.1.4. Conditional di�usions and �lter stability. In this thesis, I propose
to study �lter stability using the method of conditional di�usions. The application
of this method to the �lter stability problem appears to be new, though we will see
that it is closely related to the seemingly quite di�erent methods of P. Chigansky
et al. [BCL04] and of W. Stannat [Sta04, Sta05, Sta06].

To introduce the notion of a conditional di�usion, let us consider the path
estimation problem for a signal process that is an Itô di�usion in Rd

dXt = b(Xt) dt+ �(Xt) dWt; X0 = x;
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where Wt is a k-dimensional Wiener process, x is some nonrandom vector in Rd,
and b : Rd ! Rd, � : Rd ! Rd�k. We consider the usual white noise type observa-
tions Yt. In the path estimation problem we are interested in calculating conditional
expectations of the form E(f(X[0;T ])jFY

T ), where f : C ! R is a measurable func-

tional on the space C = C([0; T ]; Rd) of signal sample paths. Equivalently, we are
interested in conditional probabilities of the form P(X�1

[0;T ](A)jFY
T ), where A is an

event in the Borel �-algebra C of C (under the uniform topology). As in the rest of
this introductory chapter, we forgo any form of technical precision here and below.

Now assume that we have chosen a regular version of the conditional probability
P( � jFY

T ) (a technicality that we do not worry about at this point). Then for any

event A 2 C, the quantity P(X�1
[0;T ](A)jFY

T ) can be expressed as a measurable

functional �T (A; �) of the sample paths of the observation, i.e.

P(X�1
[0;T ](A)jFY

T ) = �T (A; Y[0;T ]) a.s. 8A 2 C;
such that for every �xed observation sample path y 2 C([0; T ]) the map �T (�; y)
is a probability measure on the space of signal sample paths (C; C). The path
estimation problem can now be stated more precisely: for any �xed y 2 C([0; T ]),
we would like to �nd an explicit way to calculate �T (A; y) for any event A 2 C.

An elegant solution to this problem follows from the remarkable fact that for
�xed y 2 C([0; T ]), the measure �T (�; y) can be characterized as the measure in-

duced on C by a di�usion processXT;y
t which is a simple modi�cation of the original

di�usion Xt. In fact, XT;y
t may be obtained as the solution of

dXT;y
t = b(XT;y

t ) dt+ �(XT;y
t ) (d ~Wt + uT;y(t;XT;y

t ) dt); XT;y
0 = x;

where ~Wt is a Wiener process that is independent of Yt and uT;y(t; x) is a time-
dependent drift which depends on the observation sample path y 2 C([0; T ]) (this
function can be obtained, e.g., by solving backwards in time a PDE that is driven by
y; we postpone the details for later). The key point is that for every y 2 C([0; T ]),

the law of the conditional di�usion XT;y
t on [0; T ] is precisely the conditional law

�T (�; y) of the signal process Xt given the observation path y. Explicitly,

E(f(X[0;T ])jY[0;T ] = y) =

Z

C

f(�) �T (d�; y) = ~E(f(XT;y
[0;T ]));

for any measurable functional f : C ! R and any y 2 C([0; T ]), where ~E denotes

the expectation with respect to the Wiener process ~Wt.
How are these ideas related to �lter stability? Let us outline a potential ap-

proach. In the discussion above X0 = x was deterministic, so that the initial
measure is the Dirac measure � = �x. In particular, we can now write

�T (g) = ��x

T (g) = E(g(XT )jFY
T ) = ~E(g(X

T;Y[0;T ]

T )):

As it turns out, however, uT;y(t; x) is a functional of the observation sample paths
only, i.e., it does not depend on the initial measure � for �xed y. Hence if we

choose XT;y
0 = x0 instead of XT;y

0 = x, it is evident that XT;y
T must be distributed

according to the �lter with misspeci�ed initial measure �x0 :

�
�x0

T (g) = ~E(g(X
T;Y[0;T ]

T (x0)));

where XT;y
T (x0) denotes the solution of the equation for XT;y

t with initial condition

XT;y
0 = x0. We could now investigate a form of �lter stability by studying the
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properties of the conditional di�usion XT;y
t . For example, let g be a Lipschitz

continuous function. If we could show that the stochastic 
owXT;y
t (�) is contracting

at an exponential rate independent of y and T , i.e., that

kXT;y
t (x)�XT;y

t (x0)k � C kx� x0k e��t;

then we would immediately obtain the stability result

j��x

T (g)� ��x0

T (g)j � C kgklip kx� x0k e��T :

The signi�cant simpli�cation that is gained by using conditional di�usions is that all
the conditioning has been hidden in the drift uT;y(t; x), and we are left with proving

properties of an ordinary di�usion process under the ordinary Wiener measure ~E,
for which a large number of methods are already available. The problem does not
trivialize, of course, as the properties of the conditional di�usion depend on the
properties of the drift function uT;y(t; x). Nonetheless, this problem can be much
more tractable than the �lter stability problem in its original form.

The study of conditional Markov processes was initiated by R. L. Stratonovich
[Str60, Str68], at least on a formal level, but the theory of conditional di�usions in
the spirit of the above discussion appears to have its origins in the paper [BM82]
of J.-M. Bismut and D. Michel. These authors show that the Radon-Nikodym
derivative of �T (�; y) with respect to the measure of the unconditional di�usion

X[0;T ] is of Girsanov type. It is evident that XT;y
t should then have the above form.

To �nd the drift term explicitly, they apply the Clark-Haussmann-Ocone formula
(see, e.g., [Nua95]) and the theory of stochastic 
ows.

Recently, the theory of conditional di�usions was developed from a rather di�er-
ent perspective in a remarkable paper by S. K. Mitter and N. J. Newton [MN03].
These authors show that nonlinear estimation can be expressed in a variational
form, where the abstract Bayes formula (which is at the heart of �ltering theory)
obtains a natural information-theoretic interpretation. In the case of path esti-
mation, this variational problem can be expressed as a stochastic control problem
for which the function uT;y(t; x) is precisely the optimal control strategy. Beside
the aesthetic appeal of such a formulation, we will �nd that the stochastic control
perspective gives us an additional technical tool that can be used in the analysis
of the �lter stability problem. In di�erent contexts, the use of stochastic control as
an analytic tool is not unusual [FM83, She91, DE97, Bor00, FS06].

In the sequel, we will apply the theory of conditional di�usions to study �lter
stability for �nite-state signals (chapter 2) and for di�usions (chapter 4). In the
former case, we �rst need to develop conditional di�usions for �nite-state signals;
only the di�usion theory is currently available in the literature. Filter stability can
then be studied essentially as in the example above. In the di�usion case, it can be
more convenient to use a time-reversed version of the theory described above. In

particular, one can introduce a process ~XT;y
t on [0; T ], ~XT;y

0 = x, such that

E(f(X[0;T ]) jY[0;T ] = y; XT = x) = ~E(f( ~XT;y
T �[0;T ]));

for any measurable functional f . As we will see, this form of the theory is closely
related to the methods of P. Chigansky et al. and of W. Stannat.

0.1.5. Filter robustness. Let us now turn to the issue of robustness, i.e., the
sensitivity of the �lter simultaneously to the model parameters �, L , and h.
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Continuity with respect to the model parameters of nonlinear �ltering estimates
on a �xed �nite time interval is well established, e.g., [BKK95, BKK99, BJP02,

GY06]; generally speaking, it is known that the error incurred in a �nite time
interval due to the choice of incorrect model parameters can be made arbitrarily
small if the model parameters are chosen su�ciently close to those of the true model.
As the corresponding error bounds grow rapidly with the length of the time interval,
however, such estimates are of little use if we are interested in robustness of the
�lter over a long period of time. One would like to show that the approximation
errors do not accumulate, so that the error remains bounded uniformly over an
in�nite time interval. This requires a more subtle analysis.

The model robustness of nonlinear �lters on the in�nite time horizon has been
investigated in discrete time in [BK98, LO03, LO04, OR05]. The main idea
of the approach is simple and intuitive: if the �lter is exponentially stable, i.e., if
the initial measure is forgotten at a geometric rate, then the �lter is also robust to
the remaining model parameters. Let us give a rough indication as to why this is
the case. Consider a discrete �lter of the form pn+1 = �(yn; pn), where pn is the
conditional density at time step n, yn is the observation obtained in time step n,
and �(y; p) is the one time step map of the �lter. Similarly, �pn+1 = ��(yn; �pn) is the
�lter with misspeci�ed model parameters. Furthermore, let d(p1; p2) be a distance
metric under which the �lter is contracting: d(�(y; p1);�(y; p2)) � � d(p1; p2) for
some � < 1, i.e., the �lter is exponentially stable. Using the triangle inequality,

d(pn+1; �pn+1) � d(pn+1;�(yn; �pn)) + d(�(yn; �pn); �pn+1)

� � d(pn; �pn) + d(�(yn; �pn); ��(yn; �pn)):

The second term on the right-hand side measures the local error due to the mis-
speci�cation of the model parameters, i.e., the distance after one time step between
the correct and misspeci�ed �lters that are started at the same point. Let us call
this local error �(yn; �pn). By iterating the bound above, we obtain

d(pn+1; �pn+1) �
n
X

‘=0

�n�‘�(y‘; �p‘):

Now suppose that we can show that the local error is bounded in some sense, e.g.,
suppose that supk�0 E �(yk; �pk) � C for some constant C <1. Then

sup
n�0

E d(pn; �pn) � C
1
X

‘=0

�‘ =
C

1� �:

In particular, if C ! 0 as we let the misspeci�ed model parameters get closer
and closer to the true model parameters, then the error between the true and
approximate �lter vanishes uniformly over the in�nite time interval. In this case, we
will call the �lter robust to misspeci�cation of the model parameters. The existing
results proceed roughly along these lines, and are thus restricted to discrete time
�ltering; with some additional work, the same technique can be made to work in
the case of point process observations in continuous time [BK98] (this is essentially
like the discrete time case, but the times are now random).

In chapter 3, we will demonstrate how to extend these ideas to the context of
continuous time �ltering with white noise observations. We restrict ourselves to the
case of a �nite-state signal process that obeys the mixing condition, where strong
exponential stability results can be obtained. The analysis in the continuous time
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case is signi�cantly more subtle than the discrete time case outlined above. The
analysis begins by considering the stochastic 
ow that is generated by the �lter
on the simplex. Rather than requiring the �lter to forget its initial measure at an
exponential rate, we now need to require that the derivative of the �lter 
ow with
respect to the initial measure admits an exponential bound. In the case of a mixing
signal process, we show that this is indeed the case. An additional complication in
proving robustness is that the corresponding error bounds can only be expressed
in terms of anticipative stochastic integrals. Hence the usual Itô calculus breaks
down, and we resort to using tools from the Malliavin calculus [Nua95] and the
associated anticipative calculus for Skorokhod integrals [NP88, Nua95].

We �nish this section by mentioning a related result. In [BK99], the object of
interest is the estimation error of the �lter over a long time interval; in particular,
these authors consider the pathwise time average of the squared di�erence between
the �ltered estimate of the signal and the actual signal. It is shown that if the �lter is
approximated in some way|e.g., by misspecifying the model parameters, though
much more general approximations are covered|then under suitable conditions,
the pathwise time average estimation error of the approximate �lter converges to
that of the exact �lter as the approximate �lter converges to the exact �lter. This
result is somewhat di�erent in spirit than our previous discussion, however. In
particular, it does not show that the approximate �lter is close to the exact �lter
at any particular time; rather, it is shown that as an estimator, the time average
performance of the approximate �lter is close to that of the exact �lter.

0.1.6. Quantum �ltering and �lter stability. In the models which we con-
sidered above, the signal process was modelled as a classical Markov process. A
typical example is a stochastic di�erential equation, which could model a physi-
cal system that is somehow driven by an auxiliary, independent white noise input.
In applications, such noisy driving is often introduced to model the e�ects of un-
avoidable wide bandwidth disturbances, caused by the coupling of the system to an
unknown environment or by other factors that introduce uncertainty in the model.
Some applications of nonlinear �ltering are listed at the end of this section.

The increasing miniaturization of technology, however, suggests a di�erent set
of models of interest: those consisting of small numbers of atoms or photons. Such
models do not only su�er from unknown auxiliary disturbances, but also from the
inherent quantum mechanical uncertainty that is present at these scales. There is
yet a long way to go before such systems can be said to be useful as a practical
technology. Even at the time of writing, however, concrete technological applica-
tions to precision sensing and detection are emerging and are being explored in a
laboratory setting [AAS+02, GSDM03, GSM05]. It is perhaps not surprising
that �ltering plays an important role in these applications.

In quantum mechanics, physical quantities are described by random variables
(called observables) that may not commute with each other. In every realization,
one must choose a commuting set of observables (as determined by the method of
observation) and at this level, the model reduces to a classical probability model.
This idea is the starting point for the theory of noncommutative or quantum prob-
ability. Within this framework, one can develop Markov models; these are quite
ubiquitous in the physics literature, as is easily seen from the large number of phys-
ical systems that are routinely modeled by Lindblad-type master equations (the di-
rect noncommutative analog of the Kolmogorov forward equation). These Markov
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models can be obtained as solutions to quantum stochastic di�erential equations,
which model, e.g., an atomic system in interaction with the electromagnetic �eld.
The �eld serves a dual purpose: it acts as a source of noise (the inherent quantum
vacuum 
uctuations), but it also carries o� energy and hence information from the
atoms. If we place a photodetector in the �eld, we can subsequently estimate (in
least-mean-square) the atomic observables based on the observations history; this
is the domain of quantum �ltering theory.

Quantum �ltering has its origins in [Bel80, Bel88, Bel92], and has found
its way into the physics literature from a di�erent perspective [Dav76, Car93].
The development of the theory strongly resembles that of classical �ltering theory:
in particular, the derivation of the �ltering equations using martingale methods
[Bel92, BGM04, BVJ06b] is almost identical to the classical martingale method
[Kal80, LS01, Kri05]. In the �rst half of chapter 5 we will develop the theory using
a reference probability method, as outlined in [BV06]. This approach parallels the
approach we take to classical �ltering theory in chapter 1.

There are some signi�cant di�erences with the classical theory that make quan-
tum �ltering theory interesting in its own right. First, unlike �ltering, there is no
natural noncommutative counterpart to smoothing (let alone path estimation); the
reason for this will become evident when we develop the theory. Second, nothing is
known about �lter stability for quantum nonlinear �ltering. Essentially all of the
classical methods for proving �lter stability fail in the quantum setting: methods
based on some form of smoothing su�er from the lack of a quantum smoother,
whereas the lack of a satisfactory noncommutative analog of the Hilbert projective
metric limits the applicability of much of the remaining literature.

In the second half of chapter 5, we obtain a �rst �lter stability result for quan-
tum �lters. This result is in the same spirit as the classical result of J.M. C. Clark,
D. L. Ocone and C. Coumarbatch cited previously [COC99]: we will show that the
�ltered estimate of a particular system observable, called the measurement observ-
able, is always stable regardless of the details of the underlying model. The only
requirement is a certain absolute continuity condition on the correct and misspeci-
�ed initial states of the �lter. The key insight that allows us to obtain this result is
the realization that some of the \smoothing" theory can be recovered by suitably
randomizing the initial state of the system. The stability result then follows by
using change of measure techniques and some elementary analysis.

0.1.7. Applications of nonlinear �ltering. To complete this introductory
section, we list below a set of selected applications of nonlinear �ltering. The list
includes applications of nonlinear �lters with discrete and continuous time, state
and observation spaces, and is far from exhaustive: it serves mainly to indicate
the breadth of potential applications. Though this thesis is concerned with the
case of continuous time and white noise type observations, it is not unusual for
lessons learned in one form of nonlinear �ltering to be illuminating also in other
contexts. We have excluded the Kalman-Bucy �lter and its relatives (including the
extended Kalman �lter), however, for which a seemingly inexhaustible number of
applications can be found throughout the engineering and scienti�c literature.

Navigation and target tracking: Guidance is one of the classic applica-
tions of �ltering theory [BJ87]. Nonlinear �ltering can be used to navigate
a vehicle through an unknown terrain using noisy sensor data or to track
a moving object using noisy data; see, e.g., [GGB+02]. One particular



0.2. A SUGGESTIVE NUMERICAL EXPERIMENT 11

recent application is the use of �ltering in GPS navigation in the case
when access to the satellites varies with time [CDMS97, ASK05].

Changepoint detection: When a device or an industrial process breaks
down, one would like to detect this as quickly as possible so that the fault
can be repaired. When only noisy data are available, however, this can be
a challenging task. Nonlinear �ltering provides a good method to detect
a fault with noisy observations [Shi73, HC99, VC03, ASK04].

Stochastic control: If we wish to use feedback to control a stochastic sys-
tem, but only noisy observations are available, the controller design is
usually split into a �ltering step and a control step. In optimal control
theory, this in fact turns out to be the optimal controller design: the �l-
ter is an information state for such a control problem [Ben92, EAM95].
Filtering is also the basis for certain adaptive control strategies which may
be easier to implement than the optimal control [CZ95].

Finance: In models where the volatility is taken to be a random process,
�ltering can be used to estimate the volatility from stock market data
[FR01, CLR06]. Filtering is also used for portfolio optimization in a
market with randomly varying instantaneous returns [SH04].

Audio and image enhancement: Nonlinear �lters can be used for noise
removal and signal enhancement of audio signals and images; see, e.g.,
[FGDW02, Eph92, Bes86, EAM95].

Biology: Nonlinear �ltering is applied in patch-clamp experiments to es-
timate neuronal spike trains from noisy patch-clamp data [CMX+90,

CKM91, FR92]. Other applications areas in biology include electrocar-
diography (ECG) [CCB90] and DNA sequencing [LB98].

Quantum optics: Quantum �ltering theory has found a large number of
applications in quantum optics, both as an optimal estimator [AAS+02,

GSDM03, GSM05] and for the modelling and simulation of optical pho-
tocurrents [Car93, GZ04]. As in the classical theory, quantum �ltering
plays a central role in quantum feedback control [BV06, BVJ06a] as it
provides a suitable information state for quantum control problems.

Various: Other applications include speech recognition [Rab89, EM02],
communication theory [EM02, BP03], and data assimilation for weather
prediction and ocean current modelling [AA99, AHSV06].

0.2. A suggestive numerical experiment

The theme of this thesis was originally inspired by an attempt to �nd accurate
approximate �lters for an interesting quantum optical system [VM05]. Numeri-
cal experiments showed a much better performance of the approximate �lter than
was originally expected; particularly surprising was the observation that the perfor-
mance does not degrade at all with time, in contrast to commonly used approxima-
tion methods where nonlinear �lters are approximated by Kalman �lters through
local linearization. The existence of uniform approximations is crucial for real-time
applications, as it allows the curse of dimensionality to be circumvented using an
approximate �lter of �xed complexity (requiring limited computational resources)
regardless of the length of the time interval over which the �lter is used.

In this section we will brie
y describe some of the numerical results obtained in
this system. This serves both as an illustration of an application of �ltering in the
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Figure 0.1. Schematic of an optical phase bistability experiment. A
single two-level atom is placed in a high-Q optical cavity and is strongly
driven using an external laser. The radiation emitted from the cavity in
the forward direction is detected using a homodyne detection setup.

context of quantum optics, and as a motivation for the development of new methods
to study �lter stability and robustness. The results obtained in the sequel do not
apply directly to this model; nonetheless, it is the stability property of this �lter that
allows one to obtain approximations with uniform in time performance. Further
development of the technical machinery for studying �lter stability and robustness
could allow an important application, the design of approximations with guaranteed
uniform error bounds for (a class of) in�nite-dimensional nonlinear �lters, to be
realized. We are not close to achieving this goal, but the analysis of chapter 3
provides a modest step in this direction (in a �nite-dimensional context).

The model is illustrated in �gure 0.1. A strongly coupled two-level atom in a
resonant, single-mode optical cavity is strongly driven by a resonant driving laser.
One of the cavity mirrors is leaky, and the radiation emitted from that mirror is
detected using a homodyne detection setup. Spontaneous emission is also taken
into account. In this operating regime, the atom-cavity system exhibits bistable
behavior: when the atom spontaneously emits a photon of a certain frequency
(this photon goes o� in a random direction and is not detected), the phase of the
intracavity �eld switches. Our goal is to detect these switches using the noisy
photocurrent signal obtained from the homodyne detector.

The use of optical bistability in technological applications was suggested a
long time ago [AS82]. In particular, such systems could be used to build optical
transistors, optical memory elements or similar devices for applications in high-
speed optical signal processing. The actual engineering of devices of this type has
only recently become feasible [YFSJ03] through advances in fabrication of optical
technology. A di�erent application of bistability has been suggested for low-noise
detection [SVP+04]. Even experiments involving a single atom are well within the
reach of current technology [MYK99], and an experiment implementing the setup
of �gure 0.1 is now under way [Mab06]. Progress in this direction, using either
real or arti�cial atoms (quantum dots), may enable the development of ultrafast
(picosecond) and extremely low energy (attojoule) optical switches, a regime that
is e�ectively out of reach for more conventional technology [AM06].

The physical modelling of the setup of �gure 0.1 was done in detail in [VM06],
and we will not repeat it here. In fact, as we have not yet introduced quantum
�ltering theory, we will side-step quantum �ltering in the context of this example.
This is impossible for most quantum models, but in this particular case it turns out
that the �lter can be expressed, by a suitable change of variables, as a stochastic
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PDE that coincides with a classical nonlinear �lter.1 The state space for this �lter
is S = R� f�1;+1g 3 (x; j), and the corresponding PDE is given by

dPt(x; j) = L
�Pt(x; j) dt +

p

2�� (x� hxit)Pt(x; j) (dYt �
p

2�� hxit dt);
where the adjoint generator L � is de�ned as

L
�P (x; j) =

@

@x
[(jg + �x)P (x; j)] +




2
(P (x;�j)� P (x; j));

and we have written

hxit =
X

j=�1

Z 1

�1

xPt(x; j) dx:

Here � > 0 is the cavity decay rate, g > 0 is the coupling strength between the
atom and the cavity mode, 
 > 0 is the spontaneous emission rate, � 2 [0; 1] is
the detection e�ciency of the homodyne detector, and Yt is the (semimartingale)
photocurrent obtained from the homodyne detector.

Now note that L � is the adjoint generator of the following Markov process:
8

<

:

J(t) is a Markov jump process that switches between � 1 at rate 
=2;

d

dt
X(t) = ��X(t)� g J(t):

These equations have a natural physical interpretation. J(t) represents the state
of the atom at time t|recall that we are dealing with a two-level atom|which
switches repeatedly due to the combined e�ect of the strong drive and the spon-
taneous emission (the drive has been eliminated in the description, so that J(t)
represents a \dressed state" of the atom). X(t) represents a quadrature of the
intracavity �eld; it is damped at the cavity decay rate �, and is coupled to the
atomic state with strength g. Every time the atomic state switches, X(t) decays to
a �xed point with opposite sign (phase bistability). It now appears that Pt(x; j) is
the density of the conditional expectation �t(f) = E(f(X(t); J(t))jFY

t ) if we de�ne

dYt =
p

2��X(t) dt+ dBt;

as then the equation for Pt(x; j) above is precisely the corresponding Kushner-
Stratonovich equation. In particular, hxit = �t(x) is then the conditional expec-
tation of the phase quadrature of the intracavity �eld. This is in fact the correct
interpretation [VM05], but one should keep in mind that the classical system above
was reverse engineered from a fully quantum mechanical model.

The problem that we are facing is that the �lter for our system su�ers from
the curse of dimensionality. After all, Pt(x; j) is an in�nite-dimensional object,
and the �ltering equation does not leave invariant some �nite-dimensional family
of densities. If we wish to build a device that relies on real-time processing of
the photocurrent coming from the cavity, the �lter in the above form would be
practically useless. Hence we need to �nd a suitable approximation. To this end,
[VM05] uses the approximation method introduced by D. Brigo, B. Hanzon and
F. Le Gland [BHL99], adapted to the current context. The idea is very simple: if
the �lter does not leave invariant some family fP �(x) : � 2 �g, we can always �x

1 This is done by using a special (P -function) representation of the conditional density op-
erator [MW98, VM05]. This representation will not be used in the sequel. There are also other
special cases where quantum �lters can be expressed as classical �ltering equations, most notably
the linear case [Bel80, DJ99] and certain types of switching �lters [VM06, Van07].
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such a family and then constrain the �lter always to remain in this family. We will
choose the following �nite-dimensional family of densities:

P �(x; j) = �j �(x � �j); � 2 � = f(��; ��) : �� 2 R; �� > 0; �+ + �� = 1g:
We now proceed as follows. First, as our densities are singular, we need to smooth
the problem out a little. To this end, we transfer our attention to the function

Qt(x; j) =
1p
4�

Z

Pt(x
0; j) e�(x�x0)2=4 dx0:

This is another normalized probability density, but is smoother than Pt(x; j).
2 This

new density once again satis�es a PDE, which is easily found. We would like to
constrain this PDE to leave the following (smooth) manifold invariant:

S =

�

Q�(x; j) =
�j

p
4�

e�(x��j)2=4 : � 2 �

�

:

To this end, let us write the PDE for Qt(x; j) suggestively as

dQt = A[Qt] dt+B[Qt] � dYt;

where � denotes the Stratonovich di�erential. We use the Stratonovich form here as
it allows us to interpret the equation geometrically (see, e.g., [Bis81]). If Qt leaves
S invariant, then the \vector �elds" A[Q] and B[Q] should lie in the tangent space
TQS for every point Q 2 S. As this is not the case, we will constrain the equation
to leave S invariant by projecting A and B onto TQS. To project, however, we need
a suitable inner product, and TQS � L1(R � f�1;+1g) does not have a natural
inner product. Hence we perform a �nal transformation:

d
p

Qt =
A[Qt]

2
p
Qt

dt+
B[Qt]

2
p
Qt
� dYt:

The tangent space to S1=2 = f
p

Q� : � 2 �g at � 2 � is given by

T�S
1=2 = span

(

@
p

Q�

@�+
;
@
p

Q�

@��
;
@
p

Q�

@�+

)

� L2(R� f�1;+1g):

(Recall that �+ + �� = 1, so we do not need to include ��). The usual L2 inner
product gives the (Fisher) metric g(�) with matrix elements

*

@
p

Q�

@�k
;
@
p

Q�

@�l

+

L2

= gkl(�); (�1; �2; �3) = (�+; ��; �+):

Using the corresponding orthogonal projection

��X =

3
X

k;l=1

(g�1(�))kl

*

@
p

Q�

@�l
; X

+

L2

@
p

Q�

@�k
; X 2 L2(R� f�1;+1g);

we de�ne the approximate �lter

d
p

Q�t = ��t

A[Q�t ]

2
p

Q�t

dt+ ��t

B[Q�t ]

2
p

Q�t

� dYt:

2 This transformation is rather odd from the classical perspective, but it is quite natural in the
quantum context. In fact, it is yet another representation, called the Q-function representation,
of the conditional density operator, and is equivalent to the P -function representation. See, e.g.,
[MW95, WM94] for details on the de�nitions and properties of these representations.
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