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FIGURE 1. Datafor a network flow problem. As usualthe
numbersabove the nodesare supplies(negative valuesrep-
resentdemandsandnumbersshonvn above the arcsareunit
shippingcosts.The darkenedarcsform a spanningree.
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FIGURE 2. A treesolutionfor a network flow problem.As
usualthe numberson the tree arcsrepresenprimal flows
while numberon the nontreearcsaredual slacks.

1. Considetthenetwork flow problemshown Figurel.
(a) Computeprimal flows for eachtreearc.
(b) Computedualvariablesfor eachnode.
(c) Computedualslacksfor eachnontreearc.
2. Considerthe treesolutionfor a minimum costnetwork flow problem
showvn in Figure?2.
(a) Usingthelargest—codfcientrulein thedualnetwork simplex method,
whatis theleaving arc?
(b) Whatis theenteringarc?
(c) After onepivot, whatis the new treesolution?
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FIGURE 3. Datafor a network flow problem. As usualthe
numbersabove the nodesare supplies(negative valuesrep-
resentdemandsandnumbersshonvn above the arcsareunit
shippingcosts.The darkenedarcsform a spanningree.
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FIGURE 4. A treesolutionfor a network flow problem.As
usualthe numberson the tree arcsrepresenprimal flows

while numberon the nontreearcsaredual slacks.

3. Considerthe network flow problemshavn Figure3.
(a) Computeprimal flows for eachtreearc.
(b) Computedualvariablesfor eachnode.
(c) Computedualslacksfor eachnontreearc.
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FIGURE 5. A treesolutionfor a network flow problem.As
usualthe numberson the tree arcsrepresenprimal flows
while numberon the nontreearcsaredualslacks.

. Considerthetreesolutionfor a minimum costnetwork flow problem

showvn in Figure4.

(a) Using the largest—codicient rule in the primal network simplex
method whatis the enteringarc?

(b) Whatis theleaving arc?

(c) After onepivot, whatis thenew treesolution?

. Considerthetreesolutionfor a minimum costnetwork flow problem

showvn in Figure5.

(a) Usingthelargest—codfcientrulein thedualnetwork simplex method,
whatis theleaving arc?

(b) Whatis theenteringarc?

(c) After onepivot, whatis the new treesolution?

. Onemayassumeavithoutlossof generalitythatevery nodein a mini-

mum costnetwork flow problemhasat leasttwo arcsassociatedvith

it. Why?

. The sumof the dual slacksaroundary cycle is a constant. What is

thatconstant?



8. Planar Networks A network is calledplanarif thenodesandarcscan
be layed out on the two-dimensionaplanein sucha mannerthat no
two arcscrosseachother For planarnetworks, the nodesare often
referedto asverticesandthearcsarecallededges Consideraspecific
connectedblanarnetwork. If onewereto deletethe verticesandthe
edgesfrom the plane,onewould be left with a disjoint collection of
subsetof the plane. Thesesubsetarecalledfaces It is importantto
notethatthereis oneunboundedace. It is a facejust like the other
boundedones. Figure 6 shavs a connectedolanarnetwork with its
facedabeled.

Associatedwith eachconnectedlanarnetwork is a dual network
definedby interchangingrerticesandfaces.Thatis, placea dualver
tex in thecenterof eachprimalfaceandconnectwith adualedge ary
two dual verticeswhosecorrespondingrimal facessharean edge.
Note: the dual vertex correspondingo the unboundedprimal face
couldbe placedanywherein theunboundedacebut we chooseo put
it at infinity. In this way, dualedgesthat have a heador a tail at this
nodecanrun off to infinity in any direction. (It would have beenbetter
to startby sayingthata planarnetwork is a network thatcanbe em-
beddedntothetwo-dimensionasphere—irthatcasetheunbounded
dualnodecouldbe putattheoppositepole.)

Eachdual edgecrossesxactly one primal edge. Therefore there
is aone-to-onecorrespondenceetweerprimal edgesanddualedges.
Thedirectionalityof thedualedgeis determinedy rotatinga tangent
vector pointing alongthe direction of the primal edgecounterclock-
wiseuntil it is tangentto the dualedge.

Considera spanningtree on the primal network and supposehat
a primal-dualtree solutionis given. We definea spanningtree on
the dual network asfollows. A dual edgeis on the dual network’s
spanningtreeif andonly if the correspondingprimal edgeis not on
the primal network’s spanningree.

(a) As always,let m denotethe numberof nodesandlet n denotethe
numberof arcsin anetwork. Let f denotethe numberof facesin
aplanarnetwork. Shav by inductiononm+nthatm =n— f +2.

(b) Shawv thatthe dual spanningiree definedabove is in facta span-
ningtree.

(c) Shav thata dualpivot for aminimum costnetwork flow problem
definedon the primal network is preciselythe sameasa primal
pivot for thecorrespondingetwork flow problemonthedualnet-
work.



FIGURE 6. Theprimal network hasnodesa through f and
arcsshavn in red andblack. The red arcsform a spanning
tree. Thecorrespondinglualnetwork hasnodesx throughs
(node« is “at infinity”) andarcsshowvn in blue andyellow.
Thebluearcsform a spanningreefor thedual network.



