1. ProjectSdeduling This problemdealswith the creationof a project
schedulespecifically the projectof building ahouse.The projecthas
beendividedinto a setof jobs. The problemis to schedulghetime at
which eachof thesgobsshouldstartandalsoto predicthow long the
projectwill take. Naturally, the objectiveis to completethe projectas
quickly aspossible(timeis mongy!). Overthedurationof the project,
someof thejobscanbedoneconcurrently But, asthefollowing table
shows, certainjobsdefinitely cant startuntil othersarecompleted.

Duration Must be
Job (weeks) | Preceeded by
0. SignContractwith Buyer 0 -
1. Framing 2 0
2. Roofing 1 1
3. Siding 3 1
4. Windows 2.5 3
5. Plumbing 15 3
6. Electical 2 2,4
7. InsideFinishing 4 5,6
8. OutsidePainting 3 2,4
9. Completethe Saleto Buyer 0 7,8




Onepossibleschedulds the following:

| Job | Start Time |
0. Sign Contractwith Buyer 0
1. Framing 1
2. Roofing 4
3. Siding 6
4. Windows 10
5. Plumbing 9
6. Electical 13
7. InsideFinishing 16
8. OutsidePainting 14
9. Completethe Saleto Buyer 21

With this schedulethe projectdurationis 21 weeks(the difference
betweerthe starttimesof jobs9 and0).

To modelthe problemasal linear program,introducethe following
decisionvariables:

t; = thestarttime of job j.

(a) Write an expressiorfor the objective function, which is to mini-
mizethe projectduration.

(b) For eachjob j, write aconstraintfor eachjob i thatmustpreceed
j; the constraintshouldensurethatjob j doesnt startuntil job i
is finished.Thesearecalledprecedenceonstaints.

. Continuation. This problemgeneralizeghe specificexampleof the
previous problem.A projectconsistsf a setof jobs.7. For eachjob
j € J thereis acertainsetP; of otherjobsthatmustbe completed
beforejob j canbe started. (This is called the setof predecessa
of job j.) Oneof the jobs, says, is the startingjob; it hasno pre-
decessorsAnotherjob, sayt, is the final (or terminal)job; it is not
the predecessoof ary otherjob. Thetime it will take to dojob j is
denotedd; (theduration of thejob).

The problemis to decidewhat time eachjob shouldbegin so that
no job beginsbeforeits predecessorarefinished,andthe durationof
theentireprojectis minimized.Usingthenotationsntroducedabore,
write outa completedescriptionof thislinearprogrammingoroblem.
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3. Continuation. Let x;; denotethe dual variablecorrespondingo the
precedenceonstraintthat ensuregob j doesnt startuntil job i fin-
ishes.

(a) Write outthedualto the specificlinearprogramin Probleml.

(b) Write outthedualto thegeneralinearprogramin Problem2.

(c) Describehow the optimal value of the dual variable xjj canbe
interpreted.

4. Continuation.The projectschedulingoroblemcanberepresentedn
a directedgraphwith arcweightsasfollows. The nodesof the graph
correspondo the jobs. The arcscorrespondo the precedenceela-
tions. Thatis, if jobi mustbecompletedoeforejob j, thenthereis an
arcpointingfrom nodei to nodej. Theweightonthisarcis d.

(a) Draw the directedgraphassociatedvith the examplein Problem
1, beingsureto label the nodesandwrite the weightsbesidethe
arcs.

(b) Returnto the formulationof the dualfrom Problem3(a). Give an
interpretationof thatdual problemin termsof the directedgraph
dravnin Part(a).

(c) Explainwhy thereis alwaysanoptimal solutionto the dual prob-
lemin which eachvariablex;; is eitherO or 1.

(d) Write out the complementanglacknessonditioncorresponding
to dualvariablexzg.

(e) Describethe dual problemin thelanguageof the original project
schedulingmodel.



5. Continuation.Hereis analgorithmfor computingoptimal starttimes
tj:

1. List the jobs so that the predecessoref eachjob come

beforeit in thelist.

Puttg = 0.

. Godownthelist of jobsandfor job j putt; = maxt+d :
i isapredecessaof j}.

w N

(a) Apply thisalgorithmto thespecificinstancdrom Probleml. What
arethe starttimesof eachof the jobs? Whatis the projectdura-
tion?

(b) Provethatthe solutionfoundin Part(a) is optimal by exhibiting a
correspondinglualsolutionandcheckingthe usualconditionsfor
optimality (Hint: The complementangladknessconditionsmay
helpyoufind a dual solution).

6. CurrencyArbitrage. Considerthe world’s curreny market. Given
two currenciessaythe Japanes&en andthe US Dollar, thereis an
exchangeatebetweerthem(currentlyaboutl10Yento theDollar). It
is alwaystruethat,if you corvertmoney from onecurreng to another
andthenback,you will endup with lessthanyou startedwith. That
is, the productof the exchangeratesbetweenary pair of countriesis
alwayslessthanone. However, it sometimeshappenghat a longer
chainof corversionsresultsin a gain. Sucha lucky situationis called
anarbitrage. Onecanusea linear programmingmodelto find such
situationswhenthey exist.

Considetthefollowing tableof exchangeates(whichis actualdata
from theWall StreetJournalon Nov 10,1996):

param r at e:

USD Yen Mar k Fr anc =
usb . 111.52 1.4987 5.0852
Yen . 008966 . . 013493 . 045593
Mark . 6659 73.964 . 3. 3823

Franc . 1966 21. 933 . 29507

It is not obvious, but the USD— Yen—Mark— USD corversionactu-
ally makes$0.0020n eachinitial dollar.

To look for arbitragepossibilities,onecanmake a genealizednet-
work mode] which is a network flow modelwith the unusualtwist
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thata unit of flow thatleavesonenodearrivesat the next nodemulti-
plied by a scalefactor—in our example,the curreny corversionrate.
For us, eachcurreny is representetby a node. Thereis anarcfrom
eachnodeto every othernode.A flow of oneunit out of onenodebe-
comesa flow of a differentmagnitudeat the headnode.For example,
onedollar flowing out of the USD nodearrivesat the Francnodeas
5.0852Francs.

Let xj denotetheflow from node(i.e. curreny) i to nodej. This
flow is measuredh the curreny of nodei.

Onenodeis special;it is thehomenode,saytheUS Dollars (USD)
node.At all othernodestheremustbeflow balance.

(a) Write down theflow balanceconstraintsatthe 3 non-homenodes
(Franc,Yen,andMark).

At the homenode,we assumehat thereis a supply of one unit (to
getthingsstarted) Furthermoreatthis node flow balancewill notbe
satisfied.Insteadoneexpectsanetinflow. If it is possibleto make this
inflow greaterthanone,thenanarbitragehasbeenfound. Let f bea
variablethatrepresentshis inflow.

(b) Usingvariablef to represenhetinflow to thehomenode,write a
flow balanceequationfor the homenode.

Of coursethe primal objectveis to maximize f.

(c) Usingy; to representhe dualvariableassociatedvith the primal
constrainfor curreng i, write down theduallinearprogram.(Re-
gardtheprimal variable f asafreevariable.)

Now considerthe generalkcase which mightinvolve hundredsof cur
renciesworldwide.

(d) Write down themodelmathematicallyusingx;; for theflow leav-
ing nodei headingfor nodej (measuredn the curreny of node
i), rij for the exchangerate when corverting from curreny i to
curreny j, and f for thenetinflow atthehomenodei *.

(e) Write down thedualproblem.

(f) Canyou give an interpretationfor the dual variables? Hint: It
might be helpful to think aboutthe casewherer jj = 1/r;; for all
i, J.



(g) Commenton the conditionsunderwhich your modelwill be un-
boundedand/orinfeasible.



