1. Considetthefollowing dictionary:

(1)

{ = 3 4+ X3 + 6%
w2, = 5 — 2x¢ — 3xo.

Usingthelargestcoeficientruleto pick theenteringvariable compute
thedictionarythatresultsafterone pivot.

. Shaw that the following dictionary cannotbe the optimal dictionary

for any linearprogrammingproblemin which w, andw, aretheinitial
slackvariables:
; = 4 — w1 — 2X2
X1 = 3 — 2X2
w2 = 1 4+ w1 — X

Hint: if it could, what was the original problem fromwhence it came?

. Inverse Dirichlet Problem. Considera thin squaremetalplate,which

for simplicity we shallmodelasaunit squaren R?. If thetemperature
distribution atthe boundaryof the plateis heldfixedovertime andthe
temperaturdaistributionthroughoutheinterior of the plateis allowed
to equilibrate,thenthe temperateu(x, y) at an interior point (X, y)
satisfieghefollowing partial differentialequation:

92u N u 0
ax2  ay?

(sucha functionu is calledharmonic). Also, if f(x,y) denoteshe
fixedtemperaturatthe boundarypoint (x, y), thenu alsosatisfies

U(X, Y) = f(X, Y)

on the boundary The Dirichlet problemis the problem of finding

a harmonicfunction u in a given domain (in our casethe square)
having given boundaryvalues f. For theinverse Dirichlet problem,

the function f is assumedo be unknavn andonewould like to es-
timate it given a finite numberof measurementsf u in the inte-
rior of the square.If we arewilling to discretizethe squarewe can
uselinear programmingto tacklethis problem. Indeed,supposehat
the squareis replacedby a two dimensionalinteger lattice: {(, j) :

i =01...,M,) =0,1,..., M}. Then,u is definedonly at the
(M + 1)? lattice pointsandthe partial differentialequations replaced
by thefollowing differenceequation:

ui, ) — @@, j+)4+ul, j—-H+ui+21j)+uli—-1j)/4=0,
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(2)

fori =12...,M—1andj = 1,2,...,M — 1. Supposehat
measuremeniaretakenat N points,

(i1, jo), (2, j2), ..., (ins IND,

andthatthekth measuremerns denotedoy dx. Then,to beconsistent
with the data,our solutionmustsatisfythe following N equations:

u(ik, jk) = dk, k=12 ...,N.

Any solutionto (1) and (2) gives a solutionto the discreteinverse
Dirichlet problem. In general,thereare mary suchsolutionssince
thesesystemsnvolve (M — 1)% + N equationsn (M + 1)% unknowns
(we assuméherethat4M > N). To helpselectasinglesolutionfrom
the mary, supposewe introduceone extra variable,umax addthe
stipulationthat

0 <u(, j) < umax
fori=212....,M—1,]=12,..., M — 1, andthenminimize
Umax Theresultingproblemis alinearprogrammingproblem.

(a) Write down thelinearprogram.

(b) How mary nonbasicvariablesarethere?

Assumenow that this problem has beensolved using the simplex

methodandthe optimal solutionhasumax > 0.

(c) Using (1), shav thatno interior valuecanbe at the lower bound,
zero,or atthe upperbound,umax.

(d) How mary of the 4M boundaryvaluesare not at the lower or
upperbound?What canyou sayaboutthe natureof the solution
asM tendsto infinity?



