
1. Considerthefollowing dictionary:
� �

3 � x1 � 6x2�
1

�
1 � x1 � x2�

2
�

5 � 2x1 � 3x2 �
Usingthelargestcoefficientruletopick theenteringvariable,compute
thedictionarythatresultsafterone pivot.

2. Show that the following dictionarycannotbe the optimal dictionary
for any linearprogrammingproblemin which �

1 and � 2 aretheinitial
slackvariables:

� �
4 � �

1 � 2x2
x1

�
3 � 2x2�

2
�

1 � �
1 � x2 �

Hint: if it could, what was the original problem from whence it came?
3. Inverse Dirichlet Problem. Considera thin squaremetalplate,which

for simplicity weshallmodelasaunit squarein � 2. If thetemperature
distributionat theboundaryof theplateis heldfixedovertimeandthe
temperaturedistributionthroughouttheinteriorof theplateis allowed
to equilibrate,then the temperateu � x � y 	 at an interior point � x � y 	
satisfiesthefollowing partialdifferentialequation:


 2u

x2

�

 2u


y2
�

0

(sucha function u is calledharmonic). Also, if f � x � y 	 denotesthe
fixedtemperatureat theboundarypoint � x � y 	 , thenu alsosatisfies

u � x � y 	 � f � x � y 	
on the boundary. The Dirichlet problemis the problemof finding
a harmonicfunction u in a given domain (in our casethe square)
having givenboundaryvalues f . For the inverse Dirichlet problem,
the function f is assumedto be unknown andonewould like to es-
timate it given a finite numberof measurementsof u in the inte-
rior of the square.If we arewilling to discretizethe square,we can
uselinearprogrammingto tacklethis problem. Indeed,supposethat
the squareis replacedby a two dimensionalinteger lattice: ��� i � j 	 :
i
�

0 � 1 � �
��� � M � j
�

0 � 1 � ����� � M � . Then,u is definedonly at the
� M � 1	 2 latticepointsandthepartialdifferentialequationis replaced
by thefollowing differenceequation:

u � i � j 	 � � u � i � j � 1	�� u � i � j � 1	�� u � i � 1 � j 	�� u � i � 1 � j 	 	�� 4 �
0 �

(1)

1



2

for i � 1 � 2 �����
��� M � 1, and j � 1 � 2 ��������� M � 1. Supposethat
measurementsaretakenat N points,�

i1 � j1� � � i2 � j2� ���
����� � iN � jN � �
andthatthekth measurementis denotedby dk. Then,to beconsistent
with thedata,our solutionmustsatisfythefollowing N equations:

u
�
ik � jk � � dk � k � 1 � 2 ���
����� N �(2)

Any solution to (1) and (2) gives a solution to the discreteinverse
Dirichlet problem. In general,thereare many suchsolutionssince
thesesystemsinvolve

�
M � 1� 2 � N equationsin

�
M � 1� 2 unknowns

(we assumeherethat4M � N ). To helpselecta singlesolutionfrom
the many, supposewe introduceone extra variable,umax, add the
stipulationthat

0 � u
�
i � j � � umax�

for i � 1 � 2 ��������� M � 1, j � 1 � 2 ��������� M � 1, andthenminimize
umax. Theresultingproblemis a linearprogrammingproblem.
(a) Write down thelinearprogram.
(b) How many nonbasicvariablesarethere?
Assumenow that this problem has beensolved using the simplex
methodandtheoptimalsolutionhasumax � 0.
(c) Using(1), show thatno interior valuecanbeat the lower bound,

zero,or at theupperbound,umax.
(d) How many of the 4M boundaryvaluesare not at the lower or

upperbound?Whatcanyou sayaboutthenatureof thesolution
asM tendsto infinity?


