. Piecewise Linear Approximation. Given real numbersb; < by <
- < by, let f beacontinuousfunctionon R thatis linearon each
intenal [bi, bi11],1 =0,1,..., k (for convenienceneletby = —oc0
andbyg,1 = o00). Sucha functionis calledpiecewise linear andthe
numberdd; arecalledbreakpoints. Piecavise linearfunctionsareof-
ten usedto approximatgcontinuous)nonlinearfunctions. The pur-
poseof this exerciseis to shav how andwhy.
(a) Every piecaviselinearfunction canbe written asa sumof acon-
stantplusalineartermplusa sumof absolutevalueterms:

k
f)=d+a+ Y alx—hi.
i=1

Let ¢ denotethe slopeof f ontheinterval [b;, bj1]. Derive an
explicit expressiorfor eachof the a;’s (including ag) in termsof
theg’s.

(b) In termsof theg;’s, give necessarandsufficient conditionsfor f
to be corvex.

(c) Intermsof thea;’s, give necessargndsufficientconditionsfor f
to be corvex.

(d) Assumingthat f is corvex andis atermin the objective function
for alinearly constrainedptimizationproblem,derive anequv-
alentlinear programmingformulation involving at mostk extra
variablesandconstraints.

(e) Repeathefirst four partsof this problemusingmax(x — bj, 0) in
placeof |x — bj]|.

. Let f bethefunctionof 2 realvariablesdefinedby

f(x,y) = x%— 2xy + y°.

Show that f is convex.
. A function f of 2realvariabless calledamonomial if it hastheform

f(x,y)=xmy"

for somenonngative integersm andn. Which monomialsare con-
vex?

. Let¢ beacorvex functionof asinglerealvariable.Let f beafunction
definedonR" by theformula

f(x) =¢@ x+b),

wherea is ann-vectorandb is ascalar Showv that f is convex.
1



5. Which of thefollowing functionsarecornvex (assumehatthe domain
of thefunctionis all of R" unlessspecifiedotherwise)?
(@) 4x2 — 12xy + 9y?

(b) X2 + 2xy + y?

() x2y?

(d) x* - y?

(e) Y

(f) eXZ_yZ

(@ L on{x.y):y> 0]

6. Given a symmetricsquarematrix A, the quadraticform xT Ax =
>_i j @jXiXj generalizeshe notion of the squareof a variable. The
generalizatiorof the notion of the fourth power of a variableis an
expressiorof the form

f(x) = Z 8§ jki Xi Xj XkX] .
ikl

Thefour-dimensionalrrayof numbersA = {gjj : 1 <i <n,1 <
j <n1l<k=<n,1<I <n}iscalleda4-tensor. As with quadratic
expressionsywe mayassumehat A is symmetric:

aijk = ajkli = -+ = Akij

(i.e.,giveni, j, k, I, all 4! = 24 premutationgnustgivethesamevalue

for thetensor).

(a) Give conditionsonthe4-tensorA to guarante¢hat f is convex.

(b) Supposehat somevariables,sayy;’s, arerelatedto someother
variablessayx;’s,in alinearfashion:

Vi ZZ finj.
j

Express) ; yi4 in termsof the xj’s. In particular give an explicit
expressiorfor the4-tensorandshow thatit satisfiegsheconditions
derivedin part(a).



7. Considertheproblem
minimize axj; + X2

subjectto /€2 + x2 < Xp.

where—1 < a < 1.
(a) Graphthefeasibleset: {(xl, X2) : (/€2 + xf < xz}. Is the prob-

lem corvex?

(b) Following thestepsan themiddleof p. 391 of thetext, write down
thefirst-orderoptimality conditionsfor the barrierproblemasso-
ciatedwith barrierparametey. > 0.

(c) Solveexplicitly thefirst-orderoptimality conditions.Let (X1(u), X2(i))
denotethe solution.

(d) Graphthecentralpath,(x1(u), X2(u)), asu variesfrom 0 to co.



