
1. Piecewise Linear Approximation. Given real numbersb1
� b2

�
����� � bk, let f be a continuousfunction on

�
that is linear on each

interval [bi � bi � 1], i � 0 � 1 ���	�	�
� k (for conveniencewe let b0 ����

andbk � 1 ��
 ). Sucha function is calledpiecewise linear andthe
numbersbi arecalledbreakpoints. Piecewise linear functionsareof-
ten usedto approximate(continuous)nonlinearfunctions. The pur-
poseof this exerciseis to show how andwhy.
(a) Every piecewiselinearfunctioncanbewritten asa sumof a con-

stantplusa lineartermplusasumof absolutevalueterms:

f � x ��� d � a0 �
k

i � 1

ai � x � bi ���

Let ci denotetheslopeof f on the interval [bi � bi � 1]. Derive an
explicit expressionfor eachof thea j ’s (includinga0) in termsof
theci ’s.

(b) In termsof theci ’s,givenecessaryandsufficientconditionsfor f
to beconvex.

(c) In termsof thea j ’s,givenecessaryandsufficientconditionsfor f
to beconvex.

(d) Assumingthat f is convex andis a termin theobjective function
for a linearly constrainedoptimizationproblem,derive anequiv-
alent linear programmingformulation involving at most k extra
variablesandconstraints.

(e) Repeatthefirst four partsof this problemusingmax� x � bi � 0� in
placeof � x � bi � .

2. Let f bethefunctionof 2 realvariablesdefinedby

f � x � y ��� x2 � 2xy � y2 �
Show that f is convex.

3. A function f of 2 realvariablesis calledamonomial if it hastheform

f � x � y ��� xm yn

for somenonnegative integersm andn. Which monomialsarecon-
vex?

4. Let � beaconvex functionof asinglerealvariable.Let f beafunction
definedon

� n by theformula

f � x ������� aT x � b � �
wherea is ann-vectorandb is ascalar. Show that f is convex.
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5. Which of thefollowing functionsareconvex (assumethatthedomain
of thefunctionis all of � n unlessspecifiedotherwise)?
(a) 4x2 � 12xy � 9y2

(b) x2 � 2xy � y2

(c) x2y2

(d) x2 � y2

(e) ex � y

(f) ex2 � y2

(g) x2

y on �! x " y # : y $ 0%
6. Given a symmetricsquarematrix A, the quadraticform xT Ax &

i ' j ai j xi x j generalizesthe notion of the squareof a variable. The
generalizationof the notion of the fourth power of a variableis an
expressionof theform

f  x #�&
i ' j ' k ' l

ai j kl xi x j xk xl (

Thefour-dimensionalarrayof numbersA &)� ai j kl : 1 * i * n " 1 *
j * n " 1 * k * n " 1 * l * n % is calleda 4-tensor. As with quadratic
expressions,wemayassumethat A is symmetric:

ai j kl & a j kli &,+�+�+-& alki j

(i.e.,giveni " j " k " l, all 4! & 24premutationsmustgivethesamevalue
for thetensor).
(a) Giveconditionson the4-tensorA to guaranteethat f is convex.
(b) Supposethat somevariables,say yi ’s, arerelatedto someother

variables,sayx j ’s, in a linearfashion:

yi &
j

fi j x j (

Express i y4
i in termsof the x j ’s. In particular, give anexplicit

expressionfor the4-tensorandshow thatit satisfiestheconditions
derivedin part(a).
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7. Considertheproblem

minimize ax1 . x2

subjectto / 2 . x2
1 0 x2 1

where 2 1 3 a 3 1.

(a) Graphthe feasibleset: 4 x1 5 x26 : / 2 . x2
1 0 x2 . Is theprob-

lemconvex?
(b) Following thestepsin themiddleof p. 391of thetext, write down

thefirst-orderoptimality conditionsfor thebarrierproblemasso-
ciatedwith barrierparameter798 0.

(c) Solveexplicitly thefirst-orderoptimalityconditions.Let 4 x1 4:7 6;5 x2 4<7 6=6
denotethesolution.

(d) Graphthecentralpath, 4 x1 4:7 6;5 x2 4:7 6!6 , as 7 variesfrom 0 to > .


