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ABSTRACT

Subject headings: Parallax, Barnard’s Star, Parsec, Astronomical Unit

Barnard’s Star is one of the closest stars to us. It is also the star that has the fastest apparent
motion across the sky moving about 11 arcseconds per year. With a right ascension of 17h 53m
26s, it reaches opposition on the night of the summer solstice: June 21st.

Over the last two years, I have taken five pictures of Barnard’s star: on June 21 2012, June
6 2013, September 5 2013, April 10 2014, and July 5, 2014. It turns out that the seeing was best
for the September image so I decided to use that image as the reference relative to which I would
compare the other four images. The September image is shown in Figure 1.

On each of the five nights, roughly 150 images were taken. Each image was an unguided
8-second exposure. For each night, roughly the best 80% of the images were selected and stacked
to make a master image for the night. To maintain astrometric precision, the stacked images were
saved in IEEE-float format fits files. Then, using MaximDL, the five images were aligned to each
other using the background stars for the alignment. These aligned images were also saved in IEEE-
float format. Again using MaximDL, the centroid of Barnard’s Star was measured to a subpixel
level. The centroids so measured turned out to be

Date x-coord y-coord
2012-06-21 773.656 765.850
2013-06-06 771.827 783.297
2013-09-05 769.943 787.565
2014-04-10 770.406 798.421
2014-07-05 768.784 803.081

The five stacked and aligned images were then stacked with each other to show the relative motion
of Barnard’s Star. A closely cropped version of the final stack is shown in Figure 2. Also shown
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Fig. 1.— A stack of the best 120 out of 150 8-second exposures taken on September 5, 2013,
starting at 21:25 EST. Barnard’s Star is the brightest star in the image. The telescope is a 10” RC
from Ritchey-Chretien Optical Systems. The camera used is a Starlight Express SXV-H9.
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Barnards Star on Four Nights over Two Years
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Fig. 2.— After aligning the five images based on the background stars, the images were stacked
and then closely cropped around Barnard’s Star. The cropped image was upsampled by a factor
of 10. Also shown here is the best fit regression line showing the effect of parallax on the proper
motion.
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are the best-fit proper motion paths with and without accounting for parallax. These paths were
computed as follows.

The parallax path is a sinusoidal curve. If the curve were oriented horizontally, then the path’s
x and y coordinates would be given by

x(t) = at and y(t) = b sin(2πt)

where a represents the rate of proper motion (in pixels per year), b represents the parallax (in pixels)
and t denotes time measured in years with t = 0 corresponding to a conjunction (or opposition).

I chose t = 0 to correspond to the conjunction on December 21, 2012. Using the Sun’s right
ascension at the times of acquisition of the five images, it is easy to determine t for each image.
For example, at the first observation on June 21, 2012 at 3:21EDT, the Sun’s RA was 06h 01m 26s.
Converting to decimal hours, this RA is 6+(1+26/60)/60 = 6.024. The sun’s RA at conjunction
is the same as Barnard’s star’s RA, which in decimal format is 17 + (53 + 26/60)/60 = 17.890.
The time of the first observation, relative to the conjunction is obtain by subtracting the two RA’s:
6.024 − 17.890 = −11.866. Of course, this number is in units of RA-hours. To convert to years,
we simply need to divide by the number of RA-hours in a year to get −11.866/24 = −0.4944.
Here’s the complete set a time calculations:

Date Sun’s RA Sun’s RA time time
(hh:mm:ss) (decimal) (RA hours) (yrs)

2012-06-21 06:01:26 6.024 6.024 - 17.890 = –11.866 –0.4944
2012-12-21 17:53:26 17.890 17.890 - 17.890 = 0.0 0.0
2013-06-06 04:58:02 4.967 24 + 4.967 - 17.890 = 11.077 0.4615
2013-09-05 11:03:16 11.054 24 + 11.054 - 17.890 = 17.169 0.7154
2014-04-10 01:15:33 1.259 48 + 1.259 - 17.890 = 31.369 1.3070
2014-07-05 07:00:53 7.015 48 + 7.015 - 17.890 = 37.125 1.5469

The next issue to address is the fact that the sinusoidal parallax curve in the image is not
horizontally oriented. It is rotated by some unknown angle. Let’s call that angle θ. To rotate the
sinusoidal curve (x(t), y(t)) by an angle θ is a rather straightforward calculation. The rotated curve
is given by

x(t) = at cos(θ) − b sin(2πt) sin(θ)

y(t) = at sin(θ) + b sin(2πt) cos(θ).

Finally, we have to account for the fact that at conjunction (t = 0), the x and y coordinates of
Barnard’s star in the image are not zero but some other (unknown) values. Let’s call them x0 and
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y0. We now arrive at the (almost) correct general expression for the sinusoidal curve we wish to
compute:

x(t) = x0 + at cos(θ) − b sin(2πt) sin(θ)

y(t) = y0 + at sin(θ) + b sin(2πt) cos(θ).

There are five unknowns in this sinusoidal curve: x0, y0, a, b, θ. Fortunately, having taken pic-
tures at five different times, we have five (x, y) pairs of data points that are supposed to lie on
this curve. In other words, we have ten equations and five unknowns. That’s a few more equa-
tions than is needed. We could drop the “extra” equations and then just try to solve for the five
unknowns using the five remaining equations. A better approach is it try to “fit” all ten equations
by minimizing the sum of the squares of the errors between the model formula and the measured
centroids. In fact, there are very nice online tools that allow one to solve problems of this type.
One of these online tools is located at a website called NEOS: The Network Enabled Optimiza-
tion Server (http://www.neos-server.org/neos/). The NEOS website expects the user to upload a
problem expressed in a language called AMPL (Fourer et al. (1993)). The AMPL language is a
high-level language that is easy to read and fairly simple to learn. The entire AMPL formulation of
the problem we wish to solve is shown in Figure 3. In the AMPL model, I used negative values for
vertical y coordinates. This is because these pixels values increase as one moves down the picture
which is backwards from how one normally works in mathematics.

The last two lines of the AMPL model print out the parallax and the distance to Barnard’s star
in parsecs. The resolution in my imaging setup is 0.575 arcseconds/pixel. Hence, the parallax
parameter b is multiplied by 0.575 to convert from pixels to arcseconds. Here’s the output from the
AMPL model:

x0 = 772.563

y0 = -774.817

a = 0.762336

b = 0.954216

theta = -1.69634

parallax = 0.548674

Distance to Barnard’s star = 1.822575 parsec

The distance I found, 1.823 parsecs, is just a tad smaller than the accurately known value of 1.835±
0.001 parsecs.

The computed parameters were used to make the overlay sinusoidal plot shown in Figure 2.
Clearly, the computed sinusoid matches the five data points rather well.
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param pi := 4*atan(1);

param n := 5;

param x {1..n};
param y {1..n};
param t {1..n};

var x0;
var y0;
var a;
var b;
var theta;

#let x[1] := 119.632; let y[1] := 111.822;
#let x[2] := 117.651; let y[2] := 130.399;
#let x[3] := 116.026; let y[3] := 133.376;
let x[1] := 773.656; let y[1] := -765.850;
let x[2] := 771.827; let y[2] := -783.297;
let x[3] := 769.943; let y[3] := -787.565;
let x[4] := 770.406; let y[4] := -798.421;
let x[5] := 768.784; let y[5] := -803.081;

# RA of Barnard’s star: 17h53m26s = 17.890h
# Sun at Conjunction. Date = Dec 20, 22h0m0s, RA = 17m53m26s = 17.890h
# Sun at 1st obs. Date = 2012:06:21,03:21EDT, RA = 06h01m26s = 6.024h
# Sun at 2nd obs. Date = 2013:06:06,02:44EDT, RA = 04h58m02s = 4.967h
# Sun at 3rd obs. Date = 2013:09:06,21:25EDT, RA = 11h03m16s = 11.054h
# Sun at 4th obs. Date = 2014:04:10,05:40EDT, RA = 01h15m33s = 1.259h
# Sun at 5th obs. Date = 2014:07:05,23:23EDT, RA = 07h00m53s = 7.015h
let t[1] := 6.024 - 17.890;
let t[2] := 24 + 4.901 - 17.890;
let t[3] := 24 + 11.054 - 17.890;
let t[4] := 48 + 1.259 - 17.890;
let t[5] := 48 + 7.015 - 17.890;

let x0 := (x[1]+x[2])/2;
let y0 := (y[1]+y[2])/2;
let a := y[1] - y[2];
let b := x[2] - x[3];
let theta := -pi/2;

minimize sumsq:
sum {j in 1..n} (

( x0 + a*t[j]*cos(theta) - b*sin(2*pi*t[j]/24)*sin(theta) - x[j] )ˆ2
+
( y0 + a*t[j]*sin(theta) + b*sin(2*pi*t[j]/24)*cos(theta) - y[j] )ˆ2

) ;

solve;

display x0, y0, a, b, theta;

printf "parallax = %f \n", b*0.575;
printf "Distance to Barnard’s star = %f parsec\n", 1/(b*0.575);

Fig. 3.— The AMPL model to find the best-fitting sinusoid.
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There is one remaining underlying assumption in the above analysis that needs to be dis-
cussed. So far we have assumed that the oscillatory parallax motion is perpendicular to the linear
proper motion. There is no need for this to hold. In order to account for a more general motion, we
need to introduce one more parameter, let’s call it c, that represents the amplitude of the oscillation
in the direction of the proper motion. The updated equations are

x(t) = x0 + (at+ c sin(2πt)) cos(θ) − b sin(2πt) sin(θ)

y(t) = y0 + (at+ c sin(2πt)) sin(θ) + b sin(2πt) cos(θ).

In this more accurate version of the best-fit problem, there are ten (nonlinear) equations and six
unknowns and the parallax is given by

√
b2 + c2. It turns out that the solution to this more correct

model is almost identical to what we got before. Here’s the output from the corresponding AMPL

model:

x0 = 772.566

y0 = -774.811

a = 0.762669

b = 0.954622

c = -0.0712588

theta = -1.69649

parallax = 0.550435

Distance to Barnard’s star = 1.816746 parsec

Let me close by pointing out that the above best-fit calculation also gives a quantitative value
for the magnitude of the velocity of Barnard’s star in the plane perpedicular to our line of sight.
Specifically, the measured proper motion is 18.2361 pixels per year. And, since one pixel on my
camera is 0.575 arcseconds, this translates to 10.49 arcseconds per year. This value matches quite
well with the established rate of proper motion of 10.37 arcseconds per year. And, the velocity in
arcseconds per year times the distance in parsecs gives the velocity in astronomical units (au) per
year. Using our derived numbers we get that the projected velocity is 16.5 au/yr.

Finally, note that in a previous paper (Vanderbei and Belikov (2007)) Rus Belikov and I
made parallax measurements on the asteroid Prudentia and in so doing were able to measure the
astronomical unit in terms of Earth radii. We discovered that

1 au = 23,222 Earth radii.

And, in another previous paper (Vanderbei (2008)) I measured the radius of the Earth by analyzing
the compressed reflection of the Sun on the smooth surface of Lake Michigan during a sunset on a
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calm summer evening. The result so-obtained was

1 Earth radius = 5200 miles = 8400 km.

These numbers aren’t terribly accurate but they are in the right ballpark. Anyway, combining these
measurements, we see that the distance to Barnard’s star is

1.77 parsec = 1.77/arcsec× 3600 arcsecs
degree

× 180 degree
π radians

× 1 au

= 365,089 au× 23,222
Earth radii

au

= 8,478,089,954 Earth radii× 8400 km
Earth radius

= 71.2× 1012 km.

This final answer is pretty close to the known distance of 56.6 trillion kilometers.

Lastly, the proper motion translates to a projected velocity of

16.5
au
yr

= 16.5
au
yr
× 23,222 Earth radii

au
× 8400 km

Earth radius
× 1 yr

365.25 days
× 1 day

24 hr
× 1 hr

3600 sec

= 102
km
sec

.
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This preprint was prepared with the AAS LATEX macros v5.2.


