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On Quantum and Classical BCH Codes
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Abstract—Classical Bose—~Chaudhuri-Hocquenghem (BCH) codes that
contain their (Euclidean or Hermitian) dual codes can be used to construct
quantum stabilizer codes; this correspondence studies the properties of
such codes. It is shown that a BCH code of length » can contain its dual code
only if its designed distance 6 = O(/n), and the converse is proved in the
case of narrow-sense codes. Furthermore, the dimension of narrow-sense
BCH codes with small design distance is completely determined, and — con-
sequently — the bounds on their minimum distance are improved. These re-
sults make it possible to determine the parameters of quantum BCH codes
in terms of their design parameters.

Index Terms—Bose-Chaudhuri-Hocquenghem (BCH) codes, dimen-
sion, dual codes, minimum distance, quantum codes.

I. INTRODUCTION

The Bose—Chaudhuri-Hocquenghem (BCH) codes [3], [4], [7], [11]
are a well-studied class of cyclic codes that have found numerous ap-
plications in classical and more recently in quantum information pro-
cessing. Recall that a cyclic code of length 7 over a finite field F';, with
q elements, and ged(n, q) = 1, is called a BCH code with designed
distance ¢ if its generator polynomial is of the form

g(x) = H(.z —a),

EX=0/A

Z=CyU---UCpps—2,

where C;, = {z¢* modn|k € Z,k > 0} denotes the g-ary cy-
clotomic coset of 2 modulo n, « is a primitive element of F =, and
m = ord,,(q) is the multiplicative order of ¢ modulo n. Such a code
is called primitive if n = ¢ — 1, and narrow-sense if b = 1.

An attractive feature of a (narrow-sense) BCH code is that one can
derive many structural properties of the code from the knowledge of the
parameters n, ¢, and 6 alone. Perhaps the most well-known facts are
that such a code has minimum distance d > 6 and dimension k& > n —
(6 —1)ord, (q). In this correspondence, we will show that a necessary
condition for a narrow-sense BCH code which contains its Euclidean
dual code is that its designed distance 6 = O(gn'/?). We also derive
a sufficient condition for dual containing BCH codes. Moreover, if the
codes are primitive, these conditions are same. These results allow us to
derive families of quantum stabilizer codes. Along the way, we find new
results concerning the minimum distance and dimension of classical
BCH codes.

To put our results into context, we give a brief overview of related
work. This correspondence was motivated by problems concerning
quantum BCH codes; specifically, our goal was to derive the param-
eters of the quantum codes as a function of the design parameters.
Examples of certain binary quantum BCH codes have been given by
many authors, see, for example, [5], [8], [10], [19]. Steane [18] gave a
simple criterion to decide when a binary narrow-sense primitive BCH
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code contains its dual, given the design distance and the length of the
code. We generalize Steane’s result in various ways, in particular, to
narrow-sense (not necessarily primitive) BCH codes over arbitrary
finite fields with respect to Euclidean and Hermitian duality. These
results allow one to derive quantum BCH codes; however, it remains
to determine the dimension, purity, and minimum distance of such
quantum codes.

The dimension of a classical BCH code can be bounded by many dif-
ferent standard methods, see [2], [12], [15] and the references therein.
An upper bound on the dimension was given by Shparlinski [17], see
also [14, Ch. 17]. More recently, the dimension of primitive narrow-
sense BCH codes of designed distance 6 < ¢ /21 41 was apparently
determined by Yue and Hu [22], according to [21]. We generalize their
result and determine the dimension of narrow-sense BCH codes that
are not necessarily primitive for a certain range of designed distances.
As desired, this result allows us to explicitly obtain the dimension of
the quantum codes without computation of cyclotomic cosets.

The purity and minimum distance of a quantum BCH code depend
on the minimum distance and dual distance of the associated classical
code. In general, it is a difficult problem to determine the true minimum
distance of BCH codes, see [6]. A lower bound on the dual distance
can be given by the Carlitz-Uchiyama-type bounds when the number of
field elements is prime, see, for example, [15, page 280] and [20]. Many
authors have determined the true minimum distance of BCH codes in
special cases, see, for instance, [16], [21].

This paper also extends our previous work on primitive narrow-sense
BCH codes [1], simplifies some of the proofs and generalizes many of
the results to the nonprimitive case.

Notation

We denote the ring of integers by Z and the finite field with ¢ ele-
ments by F',. We use the bracket notation of Iverson and Knuth that as-
sociates to [statement | the value 1 if statement is true, and O otherwise.
For instance, we have [k even] = k—1 mod 2 and [k odd] = k mod 2
for an integer k. The Euclidean dual code C of a code C' C Fy is
givenby C* = {y € F7 |-y = Oforallz € C}, while the Her-
mitian dual of C' C F7; is defined as CHh={y € Floly?-o =
Oforallz € C'}. We denote a narrow-sense BCH code of length n
over F, with designed distance 6 by BCH(n, g; §), and we omit the
parameter ¢ if the finite field is clear from the context.

II. EuCLIDEAN DUAL CODES

Recall that one can construct quantum stabilizer codes using clas-
sical codes that contain their duals. In this section, our goal is to find
such classical codes. Steane showed that a primitive, narrow-sense, bi-
nary BCH code of length 2™ — 1 contains its dual if and only if its
designed distance 6 satisfies 6 < 2lm/21 _ 1 see [18]. We generalize
this result in various ways.

Lemma 1: Let C be a cyclic code of length » over the finite field F,
such that gcd(n, ¢) = 1, and let Z be the defining set of C'. The code
C contains its Euclidean dual code if and only if ZN Z~ ! = ), where
Z~ " denotes the set Z ' = {—zmod n | z € Z}.

Proof: See [9, Theorem 2]. See also [12, Theorem 4.4.11]. [

Let us first consider narrow-sense BCH codes of length n such
that the multiplicative order of ¢ modulo n equals 1; for example,
Reed-Solomon codes belong to this class of codes. We can avoid
some special cases in our subsequent arguments by treating this case
separately. Furthermore, the next lemma nicely illustrates the proof
technique that will be used throughout this section, so it can serve as a
warm-up exercise.
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Lemma 2: Suppose that ¢ is a power of a prime and n is a pos-
itive integer such that ¢ = 1 mod n. We have BCH(n, ¢;6)* C
BCH(n, q; 6) if and only if the designed distance & is in the range
2 <6< bmax = [(mn+1)/2].

Proof: The defining set Z of BCH(n,q;8) is given by
Z = {1,...,6 — 1}, since ¢ has multiplicative order 1 modulo
n, and therefore all cyclotomic cosets are singleton sets. If
BCH(n,q;6)F C BCH(n,q;6),thenby Lemma 1, ZN Z7Y = 0. If
x € Z,thenn —x & Z andn — x > x; hence, Smax < [(n+1)/2].
Conversely, if § < [(n+ 1)/2], then

minZ '=min{n—-1,...,n—6+1}=n—-6+1
> = [+ 1)/20 + 1= [0+ 1)/2] > b

hence, Z N Z~' = () and Lemma 1 implies that BCH (n, ¢; 6)L -
BCH(n,q;6). O

If the multiplicative order m of ¢ modulo n is larger than 1, then
the defining set of the code has a more intricate structure, so proofs
become more involved. The next theorem gives a sufficient condition
on the designed distances for which the dual code of a narrow-sense
BCH code is self-orthogonal.

Theorem 3: Suppose that m = ord,, (q). If the designed distance &
is in the range 2 < & < bmax = [%], where
qm’—l_l(q(m/ﬂ —1— (g —2)[m odd])

R =

(€Y

then BCH (n, ¢;6)* C BCH(n. ¢;6).
Proof: 1t suffices to show that

BCH(n, q: Smax ) C BCH (1. @3 Smax)

holds, since BCH(n, ¢; 6) contains BCH(n, ¢; Smax ), and the claim
follows from these two facts.

Seeking a contradiction, we assume that SCH (1, ¢; 6max ) does not
contain its dual. Let Z = Cy U --- U Cs, . —1 be the defining set of

max

BCH(n, ¢; 6max ). By Lemma 1, ZN Z ™1 # (b, which means that there

existtwoelements #,y € {1,...,6max —1} suchthaty = —2¢’ mod
n for some j € {0,1,...,m — 1}, where m is the multiplicative order
of ¢ modulo n. Since gcd(g,n) = 1 and ¢™ = 1 mod n, we also have

2 = —yqg™ ™’ mod n. Thus, exchanging = and y if necessary, we can
even assume that j is in the range 0 < j < [m/2]. It follows from (1)
that

1 S Tq7 S (6max -
< n
— qm — 1
<mn,

g’
(@™ — ¢ — ¢ (¢ —2)[m odd]) — ¢’

for all j in the range 0 < j < [m/2]. Since 1 < z¢d < n and
1 <y < n, we can infer from y = —x¢’ mod n thaty = n — x¢’.
But this implies

y Z n — mq\_n)/?J

>n— (g™ = g
g™ —1
=" (g = 2)[m odd]) + ¢!
= @ = 1 g (g = 2)lm 0dd))
+ glm/2]
> Bunax

contradicting the fact that y < émax. O
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Now we will derive a necessary condition on the design distance of
narrow-sense, nonprimitive BCH codes that contain their duals.
Theorem 4: Suppose that m = ord,, (q). If the designed distance é

exceeds dmax = Lq111/2J, then BCH(n, q;6)T € BCH(n, ¢;6).
Proof: Letn = no +niqg+ -+ nq—s ¢! where 0 < n; <

¢—1and 6 > 6max + 1. Then the defining set Z D {1,..., [¢gn/?]}.
We will show that Z N Z~"' # . Let

d—1
s = Z ILinLd/ZJ
i=|d/2]
=1
s<(g—1) Z qi—Ld/QJ — q(d/ﬂ 1< qW/ZT_

i=ld/2]

Since ¢*~! < n < ¢%, we have q(d'*'])/2 < qnu.2 < q(d+2)/2. Ifdis
even then [d/2] < (d+1)/2 andif d is odd, then [d/2] < (d+1)/2.
Hence we have s < qw/ﬂ < q(d+l)/2 < qnl/z. Therefore s € Z.
Now consider

d—1 d—1
S =n—sq ) = S nig =g Y gl
i=0 i=|d/2]
ld/2—1]
= niqt < ¢t
2=0
< g2 < 1l

Hence s’ € Z and by definition s’ € Z~*, which implies Z N Z~* #
0; by Lemma 1 it follows that BCH(n, ¢;6)* € BCH(n,¢;6). O

The condition we just derived can be strengthened under some re-
strictions. Especially, if the constant ~ in (1) is integral, then we can
derive a necessary and sufficient condition as shown in the following
theorem.

Theorem 5: We keep the notation of Theorem 4. Suppose that  is
integral, and that m > 2. We have BCH(n, ¢;6)" C BCH(n, ¢;6) if
and only if the designed distance ¢ is in the range 2 < 6 < dipax = K.

Proof: Suppose that BCH(n, ¢; §) C BCH(n, ¢;6). Seeking a
contradiction, we assume that & > 8.y ; thus, dimax 1s contained in the
defining set Z of BCH(n,q; §). If m is even, then

5 Lm/2] _ nqu,/ZJ B N n
maxd AT S T
=6bmax (mod n)

hence, Smax € ZNZ71 # 0. If i is odd, then
lm/2] = _ n(qwz _ q(wn/'}] + q\_7n/2j)/(qm, _ 1)
En(qu/ﬂ _ q|_7n/2j _ 1)/(qm _ 1)
(mod n).

_6111axq
=S

By definition, s € Z 1 furthermore, $ < Smax, 805 € ZNZ 7} # 0.
In both cases, m even and odd, we found that Z N Z~" is not empty,
so BCH(n, ¢; §) cannot contain its Euclidean dual code, contradiction.
The converse follows from Theorem 3. O

As a consequence of Theorem 5, we have the following test for prim-
itive narrow-sense BCH codes that contain their duals.
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Corollary 6: A primitive narrow-sense BCH code of length n =
q™ — 1, m > 2, over the finite field F, contains its Euclidean dual
code if and only if its designed distance 6 satisfies

2< 6 < bmax =™ = 1= (¢ = 2)[m odd].

We observe that a narrow-sense BCH code containing its Euclidean
dual code must have a small designed distance (6§ = O(y/n)), when
the multiplicative order of ¢ modulo n is greater than one. This raises
the question whether one can allow larger designed distances by con-
sidering nonnarrow-sense BCH codes. Our next result shows that this
is not possible, at least in the case of primitive codes.

Theorem 7: Let C' be a primitive (not necessarily narrow-sense)
BCH code of length n = ¢ — 1 over F, with designed distance é. If
m > 1 and 6 exceeds

5 o gt =1, m = 0 mod 2,
e 2(qU" /2 44 1), m=1mod?2,

then C' cannot contain its Euclidean dual.

Proof: Letthe defining setof C'be Z = Cp,UCh 41U+ -UChy5_2.
We will show that if § > 6max then Z N Z~ 1 £ . If 0 € Z, then
0eZ Ys0ZnNnZzt # (. Therefore, we can henceforth assume that
0 ¢ Z, which impliesb > landb+ 6 — 2 < n.

1) Suppose that 1n is even; thus, Smax = ¢"™/? = 1.If§ > Smax then
the defining set Z contains an element of the form s = aémax for
some integer ov. However

—s¢™? = —alyq 1™ =a(¢™* - 1)
s (mod n).
Hence,s € ZNZ~' # 0.
Suppose that m > 1 is odd; thus, 6.« = 2q<m+1)/2 —2q+ 2.
If 6 > dmax then there exists an integer « such that two multiples
of 8" = 8uax/2 are contained in the range b < (o — 1)8' <
at’ < b+ 6—2.Sinceb > 1 and ad’ < n, it follows that
2<a< q(m—U/?.
The defining set Z of the code contains the element s = «d'.
The number s’ = a(q(™T1/2 — ¢("=1/2 _ 1) lies in the range
0 < s' < s and satisfies —s¢'™™"/? = ¢’ mod n,sos' € Z7'.
Suppose that b < s'. Then s’ € Z, which implies Z N Z~* # .
Suppose that s' < b.Since b < (a—1)4’, we obtain the inequality
s’ < (o — 1)&'; solving for o shows that « > ¢; thus, ¢ < « <
g2 Lett = (o= 1) (g2 = 1) 4 ¢Um=D/2 _11tis
easy to check that #' is in the range (v — 1)8’ < #' < a8’ when
« > q;thus, t' € Z. Further, lett = s — (o — ¢ + 1); since ¢ >
s — &, wehavet € Z as well. Since —tg"" /2 = ¢ mod n,
we can conclude thatt' € ZNZ7 1 £ (.
Therefore, we can conclude that if the designed distance of C' is greater
than &y, then Z N Z~" # @, which proves the claim thanks to
Lemma 1. O

m/2

2

~

III. DIMENSION AND MINIMUM DISTANCE

While the results in the previous section are sufficient to tell us when
we can construct quantum BCH codes, they are still unsatisfactory be-
cause we do not know the dimension of these codes. To this end, we
determine the dimension of narrow-sense BCH codes of length n with
minimum distance d = O(n'/?). It turns out that these results on di-
mension also allow us to sharpen the estimates of the true distance of
some BCH codes.

First, we make some simple observations about cyclotomic cosets
that are essential in our proof.
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Lemma 8: Let n be a positive integer and ¢ be a power of a prime
such that ged(n,q) = 1 and gl < n < g™ — 1, where m =
ord, (¢). The cyclotomic coset C;, = {x¢’ mod n | 0 < j < m} has
cardinality m for all # in the range 1 < = < ng!™/?1 /(¢ - 1).

Proof: If m = 1, then |C;| = 1 for all # and the statement
is trivially true. Therefore, we can assume that m > 1. Seeking a
contradiction, we suppose that |[C'y| < m, meaning that there ex-
ists a divisor j of m such that z¢° = = mod n, or equivalently, that
2(¢’ — 1) = 0 mod n holds.

Suppose that m is even. The divisor j of m must be in the range 1 <
j < m/2.However, 2(¢° — 1) < ng™/?(¢™/? —1)/(¢™ — 1) < n;
hence (¢’ — 1) % 0 mod n, contradicting the assumption |C,,| < m.

Suppose that m is odd. The divisor j of m must be in the range
1 < j < m/3. Since ¢ tY/2 < g* /3 for m > 3, we have

(g’ = 1) <ng"™ VP -1/ = 1)
S ’n’q21n/3<qnz/3 _ 1)/(qrn _ 1) < n.

Therefore, (¢’ — 1) % 0 mod n, contradicting the assumption
|C:| < m. O

The following observation tells us when some cyclotomic cosets are
disjoint.

Lemma 9: Let n > 1 be an integer and ¢ be a power of a prime
such that ged(n,q) = 1 and gl <« n < g™ — 1, where m =
ord, (gq). If = and y are distinct integers in the range 1 < z,y <
min{l_n,qrm/ﬂ/(qm — 1) —1],n — 1} such that x,y # 0 mod g,
then the g-ary cyclotomic cosets of # and ¥y modulo » are distinct.

Proof: If m = 1, then clearly C., = {z}, C, = {y} and
distinct «, y implies that C; and C, are disjoint. If m > 1, then
2y < [ng™?1 /(¢ —1) = 1] < n —1.Theset S = {x¢’ mod
n,yq’ mod n|0 < j < |m/2]|} contains 2(|m/2|+1) > m+1el-
ements, since ¢/ x [ng"™/?1 /(¢™ —=1)—=1] < n and, thus, no two
elements are identified modulo n. If we assume that C, = C, then the
preceding observation would imply that |C..| = |Cy| > |S| > m + 1,
which is impossible since the maximal size of a cyclotomic coset is .
Hence, the cyclotomic cosets C,, and C', must be disjoint. O

With these results in hand, we can now derive the dimension of
narrow-sense BCH codes.

Theorem 10: Let q be a prime power and gcd(n,q) = 1 with
ord, (¢) = m. Then a narrow-sense BCH code of length qL'”/ 2l <
n < ¢™ — 1 over Fy with designed distance ¢ in the range 2 < ¢ <
min{[ng"™/?1 /(g™ — 1)],n} has dimension

E=n—-m[(6-1)(1-1/q)]. (2)

Proof: Let the defining set of BCH(n,q;6) be Z = C1UCs - - -U
C's—1; aunion of at most § —1 consecutive cyclotomic cosets. However,
when 1 < 2 < 6 — 1 is a multiple of ¢, then C',;, = C';. Therefore,
the number of cosets is reduced by [ (6 —1)/q|. By Lemma9, if 2, y #
0 mod ¢ and & # y, then the cosets C', and C,, are disjoint. Thus, Z
is the union of (6 — 1) — [(6 — 1)/q] = [(6 — 1)(1 — 1/¢)] distinct
cyclotomic cosets. By Lemma 8, all these cosets have cardinality m.
Therefore, the degree of the generator polynomial is m[(6 — 1)(1 —
1/4)], which proves our claim about the dimension of the code. [

As a consequence of the dimension result, we can tighten the bounds
on the minimum distance of narrow-sense BCH codes generalizing a
result due to Farr, see [15, p. 259].

Corollary 11: A BCH(n, ¢;6) code
1) with length in the range ¢/™/?) < n < ¢"™ — 1, m = ord, (q);
2) and designed distance in the range

2<6< IlliIl{I_’ILq(m/z]/(qm -

D],n};
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3) such that
L(6+1)/2]

>

<7]l> (q— 1)1 > q"Lr([i—l)(l—l/Q)] . (3)

i=0

has minimum distance d = 6 or 6+ 1;if 6 = 0 mod ¢,thend = 6+1.
Proof: Seeking a contradiction, we assume that the minimum

distance d of the code satisfies d > 6 + 2. We know from Theorem

10 that the dimension of the code is k = n — m[(6 — 1)(1 — 1/q)].

If we substitute this value of % into the sphere-packing bound

q* Z}(:(g_l)/% (")(g = 1)" < ¢", then we obtain

Wetnr2) /o -y v
' -1 < 1 —1)°
> (Numve x (oo

Squ(é—l)(l—l/qﬂ

but this contradicts condition (3); hence, 6 < d < 6 + 1.

If § = 0 mod g, then the cyclotomic coset C's is contained in the
defining set Z of the code because C's = C’s,. Thus, the BCH bound
implies that the minimum distance must be at least 6 + 1. O

We conclude this section with a minor result on the dual distance of
BCH codes which will be needed later for determining the purity of
quantum codes.

Lemma 12: Suppose that C' is a narrow-sense BCH code of length

n over F';, with designed distance 2 < 6 < dmax = |_n(qrm/ﬂ —-1-
(¢ —2)[m 0dd])/(¢™ — 1)], then the dual distance d* > 6max + 1.

Proof- Let N = {0,1,...,n — 1} and Zs be the defining set

of C'. We know that Zs D Zs D {1,...,6 — 1}. Therefore,

max

N\ Zs,... C N\ Zs. Further, we know that Z N Z~' = § if
2 < 6 < bwmax from Lemma 1 and Theorem 3. Therefore, Z;_ nlax c
N\ Zspax S N\ Zs.

Let T be the defining set of the dual code. Then Ty = (N\ Zs)™' D
Zs ax - Moreover {0} € N\ Zs and therefore Ts. Thus there are at least
Smax consecutive roots in Ts. Thus the dual distance d* > bmax + 1.

O

IV. HERMITIAN DUAL CODES

Suppose that C' is a linear code of length n over F 2. Recall that
its Hermitian dual code is defined by C+* = {y € Floly?-a =
0forallz € C}, where y? = (yi,...,y?) denotes the conjugate of
the vector y = (yi,...,Yn)-

Lemma 13: Assume that ged(n, ¢) = 1. A cyclic code of length n
over F > with defining set Z contains its Hermitian dual code if and
onlyif ZNZ %=, where Z~? = {—gzmodn | z € Z}.

Proof: Let N = {0,1,...,n = 1}.T g(z) = [[.c (x — o7)
is the generator polynomial of a cyclic code C, then hf(z) =
Hze,\f\z(l' — a77%) is the generator polynomial of C“*. Thus,
C*r C C if and only if g(x) divides h' (). The latter condition is
equivalent to Z C {—qz|z € N \ Z}, which can also be expressed
asZNZ 1=4. O

Now similar to Theorem 3, we will derive a sufficient condition for
BCH codes that contain their Hermitian duals.

Theorem 14: Suppose that m = ord, (¢?). If the designed distance
6 satisfies 2 < 6 < dmax, where

n
Omax = | 95—
o \‘qZWI _ 1

then BCH(n, ¢*;6)» C BCH(n, ¢*;6).
Proof: Since BCH(n, ¢*; &) contains BCH(n, ¢°; 6max ), it suf-
fices to show that BCH (n, ¢*; émax)lh C BCH(n, 7% Omax ) holds.

(gmHmeven] _ 1 (¢ = 2)[m even])J
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Seeking a contradiction, we assume that BCH(n, ¢°; 6max) does
not contain its dual. Let Z = C, U Cy U --- U Cs, . —1 be the
defining set of BCH (12, ¢%; Smax ). By Lemma 13, ZNZ ™7 # (), which
means that there exist two elements z,y € {1,...,8max — 1} such
that y = —2¢* " mod n for some j € {0,1,...,m — 1}, where
m = ord,(q). Since ged(g,n) = 1 and ¢*™ = 1 mod n, we also
have y = —2¢*™ 27! mod n, so we can assume without loss of
generality that j lies in the range 0 < j < |(m —1)/2]. It follows that

mq2j+l S (ﬁmax - 1>qd)]+1

2541

_ g ( _m+[m even] 2541
1

q —1—-(¢>=2)[meven]) — ¢

q27n _
<n
holds for all j in the range 0 < j < |[(m — 1)/2]. _
Since 1 < x¢**' < n, the congruence y = —wg> ™!
implies that y = n — ;z:qzﬁl. Therefore, y > n — (bmax —
1)¢? Lm=1)/2]+1 "\which is equivalent to

mod n

2| (m—1)/2]+1
ng m-+[m even]
>n— ———— -1
yzn -t
—(¢* - 2)[m even]) + q2L(m—1)/2J+1_
If m is odd, this yields

m

7lq ke b
yzn-— m(q -1 +q
71/ m m -
= q‘lm—l (q - 1)+q 2 (smax-

Similarly, if m is even, then
n m-1
2 6111 ax-.

Both cases contradict the assumption 0 < y < 6max. Therefore, we

can conclude that BCH(n, ¢; dmax) contains its Hermitian dual code.

|

Arguing as in Theorem 4, we can show that a BCH code must have

its designed distance & = O(¢*n*/ 2) if it contains its Hermitian dual.

As the arguments are very similar we illustrate it for a simpler case as
shown in the following lemma.

m—1

Yy 2 _ 1) 4 qm,—]

Lemma 15: LetC' C FZZ be a nonnarrow-sense, nonprimitive BCH
code of length n = 0 mod ¢ 41, where m = ord,, (¢*).If its design
distance & > Smax = n/(¢™ +1), then C cannot contain its Hermitian
dual.

Proof: The defining set Z = Cp U --- U Ch1s—_2 contains
{b,....0+ 6 —2}.If6 > bmax = n/(¢™ + 1), then there exists
an element s = &dmax € Z for some positive integer «. Then
—qs(¢>)" Y2 = —ang™/(¢" + 1) = an/(¢™ + 1) = s mod n.
Therefore, Z N Z~ % # (); hence, C' cannot contain its Hermitian dual
code. O

Finally, we conclude this section on Hermitian duals by proving as
in the Euclidean case nonnarrow-sense BCH codes that contain their
Hermitian duals cannot have too large design distances.

Theorem 16: Let C' C F7 be a primitive (not necessarily narrow-
sense) BCH code of length n = ¢*™ — 1, m = ord,(¢), and designed
distance 6. If 6 exceeds

s _fam -1, if m is odd
T 2(g™T = 2 4+ 1), ifm # 2iseven

then C' cannot contain its Hermitian dual code.

Proof: Suppose that the defining set of C' is given by Z = C U
- -UChys—2,where C, = {x¢* mod n|j € Z},and that§ > Suax.
Seeking a contradiction, we assume that Cctn C C, which means that
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ZNZ~% = .1t follows that 0 ¢ Z, for otherwise 0 € Z N Z~4;
therefore, b > land b+ 6 — 2 < n.

If m is odd, then there exists an integer a such that b < admax <
b+ 6—2. Wehave —qabdmaxq™ ' = a(l—=¢™)¢" = al(¢™ - 1) =
bmax mod n; thus, admax € ZN Z71 £ (.

Ifm > 2isevenand § > bmax = 2¢™ 7' —2¢>+2, then there exists
an integer o such that two multiples of 6’ = imax /2 are contained in
therange b < (v —1)8' < ad’ < b+6—2.Sinceb > 1and ad’ < n,
it follows that 2 < o < ¢~ (which holds only if m > 2).

Clearly s = a8’ € Z.Lets' = —gsg™ 2 modn,sos € Z74,
thenl < s = a(¢™™ —¢™ ! = 1) < sform > 2.

Suppose that b < s'. Then s’ € Z, which implies Z N Z~7 # (.

Suppose that s’ < b. Since b < (o — 1)8’, we obtain the inequality
5" < (a — 1)8'; solving for o shows that & > ¢%; thus, ¢* < o <
" Lett = (o — 1)(¢™ = 1) 4 ¢ /2 — 15 it is easy to
check that #' is in the range (o — 1)§' < ' < 6’ when a > ¢?; thus,
t' € Z.Further,lett = s — (o« — ¢° + 1);since t > s — &', we have
t € Z as well. Since —qtqr"‘_2 = t' mod n, we can conclude that
t' € ZNZ ¢ £ (). Hence, by Lemma 13 we conclude that C' cannot
contain its Hermitian dual if its design distance exceeds émax O

V. FAMILIES OF QUANTUM BCH CODES

In this section, we will study the construction of (nonbinary)
quantum BCH codes. Calderbank, Shor, Rains, and Sloane outlined
the construction of binary quantum BCH codes in [5]. Grassl, Beth
and Pellizari developed the theory further by formulating a nice con-
dition for determining which BCH codes can be used for constructing
quantum codes [8], [9]. The dimension and the purity of the quantum
codes constructed were determined by numerical computations.
Steane simplified it further for the special case of binary narrow-sense
primitive BCH codes [18] and gave a very simple criterion based on
the design distance alone. Very little was done with respect to the
nonprimitive and nonbinary quantum BCH codes.

In this section, we show how the developed results from the previous
sections help us to generalize the previous work on quantum codes and
give very simple conditions based on design distance alone. Further,
we give precisely the dimension and tighten results on the purity of
the quantum codes. But, first we review the methods of constructing
quantum codes from classical codes.

Lemma 17 (Quantum Code Constructions):

a) If there exists classical linear codes C1 C C. C Fy,
then there exists an [[n,k2 — ki,d]], quantum code where
d = minwt{(Cs \ C1) U (CT-\ C3H)}.

b) If there exists a classical linear [n, k, d], code C such that C*+ C
C, then there exists an [[n, 2k — n, > d]], stabilizer code that is
pure to d. If the minimum distance of C'+ exceeds d, then the
stabilizer code is pure and has minimum distance d.

¢) If there exists a classical linear [n, k,d],> code D such that
D+r C D, then there exists an [[n, 2k — n, > d]], stabilizer
code that is pure to d. If the minimum distance d-* of D"
exceeds d, then the stabilizer code is pure and has minimum
distance d.

Proof: See, for instance, [13] for the proofs. Part a) is commonly
referred to as the CSS construction [13, Lemma 20] and b) is a special
case of a); part c) is the Hermitian code construction [13, Corollary 19].

O
Theorem 18: Letm = ord,,(q) > 2, where q is a power of a prime
and 61, 62 are integers such that 2 < 61 < 62 < Omax Where

ﬁmax = %(qﬁn/?“ —-1- (q — 2)[777/ Odd]).

qrn —
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then there exists a quantum code with parameters

[y m(62 — 61 = [(62 = 1) /q] + [(61 = 1)/q]), > 61]l4

pure to ds.

Proof: By Theorem 10, there exist BCH codes BCH(n, ¢; 6;)
with the parameters [n,n — m(6; — 1) +m|(6; — 1)/q|,> 6], for
i € {1,2}. Further, BCH(n, q;62) C BCH(n,q;51). Hence, by the
CSS construction there exists a quantum code with the parameters

[ln,m(82 — & — [(62 — 1)/al + (& = 1)/q]). > &1]l,-

The purity follows due to the fact that 6> > 6; and Lemma 12 by which
the dual distance of either BCH code is > 6max + 1 > 62. O

When the BCH codes contain their duals, then we can derive the
following codes. Note that these cannot be obtained as a consequence
of Theorem 18.

Theorem 19: Let m = ord,,(gq) where ¢ is a power of a prime and
2 < 8 < B, with

n

o 1(qrm/ﬂ —1— (g —2)[m odd])

5111 ax —

then there exists a quantum code with parameters

[In.n — 2m[(6 = 1)(1 = 1/g)]. > ]I,

pure to Omax + 1

Proof: Theorems 3 and 10 imply that there exists a classical BCH
code with parameters [n,n — m[(§ — 1)(1 — 1/q)],> 6], which
contains its dual code. By Lemma 17 b) an [n, k, d], code that contains
its dual code implies the existence of the quantum code with parameters
[, 2k — n, > d]],. The purity follows from Lemma 12 by which the
dual distance > Opux + 1 > 6. O

Before we can construct quantum codes via the Hermitian construc-
tion, we will need the following lemma.

Lemma 20: Suppose that C' is a primitive, narrow-sense BCH code
of length n = ¢*™ — 1 over F > with designed distance 2 < 6 <
Smax = ¢TI evenl _ 1 (4? — 2)[m even], then the dual distance
d* > Smax + 1.

Proof: The proof is analogous to the one of Lemma 12; just keep
in mind that the defining set Zs is invariant under multiplication by ¢*
modulo n. O

Theorem 21: Let m = ord,, (¢*) > 2 where ¢ is a power of a prime
and 2 < & < Smax = |n(g™ — 1)/(¢*™ — 1)], then there exists a
quantum code with parameters

[[nyn —2m[(6 = 1)(1=1/¢*)].> 6]l

that is pure up to Simax + 1.

Proof: 1t follows from Theorems 10 and 14 that there exists a
primitive, narrow-sense [n.n — 1 — m[(§ — 1)(1 — 1/¢*)].> 6],2
BCH code that contains its Hermitian dual code. By Lemma 17¢) a
classical [n, k, d] 2 code that contains its Hermitian dual code implies
the existence of an [[n, 2k — n, > d]], quantum code. By Lemma 20
the quantum code is pure to dmax + 1. O

In the above theorem, quantum codes can also be constructed when
the design distance exceeds the given value of dmax, however we do
not have exact knowledge of the dimension in all those cases, hence
we have not included them to keep the theorem precise.
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These are not the only possible families of quantum codes that can be
derived from BCH codes. As pointed out in [8], we can expand BCH
codes over F i to get codes over F;. Once again the dimension and
duality results of BCH codes makes it very easy to specify such codes.
We will just give one example in the Euclidean case. Similar results

can be derived for the Hermitian case.

Theorem 22: Let m = ord,( q[) where ¢ is a power of a prime and
2 < 6 < bmax, With

n

7m—1 (q[rmﬂ] —1-(¢" = 2)[m odd])

6111'4)( =

then there exists a quantum code with parameters
([t In = 20m[(8 — 1)(1 = 1/¢)]. > 8]l

that is pure up to 6.

Proof: By Theorem 19 there exists a quantum BCH code with
parameters [[n, n — 2m[(6 — 1)(1 — 1/¢")], > 6]],1. An [[n, k, d]] .
quantum code implies the existence of the quantum code with param-
eters [[In, Ik, > d]], by [13, Lemma 76] and the code follows. d

VI. CONCLUSION

In this correspondence, we have identified the classes of BCH codes
that contain their Euclidean (Hermitian) duals by a careful analysis of
the cyclotomic cosets. In the process we have been able to shed more
light on the structure of dual containing BCH codes. We were able to
derive a formula for the dimension of narrow-sense BCH codes when
the designed distance is small. These results allowed us to identify
easily which classical BCH codes can be used for construct quantum
codes. Further, the parameters of these quantum codes are easily spec-
ified in terms of the design distance.
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Generalized Bose-Lin Codes, a Class of Codes Detecting
Asymmetric Errors

Irina Naydenova and Torleiv Klgve, Fellow, IEEE

Abstract—Bose and Lin introduced a class of systematic codes for detec-
tion of binary asymmetric errors. In this note, we describe a generalization
to ¢-ary asymmetric error detecting codes. For these codes, the possible
undetectable errors are characterized and the undetectable errors of min-
imum weight are determined.

Index Terms—Asymmetric channel, Bose-Lin codes, error detection.

I. INTRODUCTION

An asymmetric channel is a channel where a transmitted symbol
(from a finite ordered alphabet) never is transformed into a larger
symbol during transmission. For the binary case (where the alphabet
is {0,1}), 0 is never transformed but 1 may be transformed to 0.

Bose and Lin [3] introduced a class of systematic binary codes for
detection of asymmetric errors (codes occurring over an asymmetric
channel). The probability of undetected error for these codes was de-
termined in [6]. The class of codes is conjectured to contain the best
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