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Abstract
This note provides a dual characterization of the set of perfect public equilibrium payoffs
in stochastic games. As a corollary, the folk theorems of Fudenberg, Levine and Maskin
(1994), Kandori and Matsushima (1998) and Horner, Sugaya, Takahashi and Vieille (2011)

obtain.
Keywords: stochastic games, repeated games, folk theorem.

JEL codes: C72, C73

1 Result

This note describes another characterization of the limit payoff set in stochastic games, or
more, precisely, another characterization of the nonlinear programs whose solution is key to the
description of this payoff set. See Horner, Sugaya, Takahashi and Vieille (2011, hereafter HSTV)
for notation and assumptions.

The main element of the characterization of HSTV is the solution to the following non-linear
program, where \ € R! is fixed. Given a state s € S and amap z: S x Y — R we denote

by ['(s,z) the one-shot game with action sets A® and payoff function

r(s,as) + Y Y p(t,yls, as)zi(s,y),

teS yeY
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where x,(s,y) € R! is the t-th component of (s, y).

Given A € R!, we denote by P()\) the maximization program

sup A - v,
where the supremum is taken over all v € RI, 2 : S x Y — R¥/ and a = (ay) € (X;e;A(AY))?
such that

(i) For each s, oy is a Nash equilibrium with payoff v of the game I'(s, z);

(ii) For each T C S, for each permutation ¢ : T — T and each map ¢ : T — Y, one has
A ZSGT x%(s)(sa ¢(S)) S 0.

The program P(A) is a generalization to stochastic games of the program introduced by Fuden-
berg and Levine (1994) for repeated games, based in turn on the recursive representation of the
payoff set given by Abreu, Pearce and Stacchetti (1990).

HSTYV prove that, under some assumptions (in particular, their Assumption A), this family
of programs (indexed by \) leads to a simple characterization of the limit set of (perfect public)
equilibrium payoffs as 6 — 1. As our focus is the program itself, we shall not need Assumption
A for what follows.

Denote by k() € [—o0, +00] the value of P(A). HSTV prove that the feasible set of P()\) is
non-empty, so that k(\) > —oo, and that the value of P()) is finite, so that k(\) < 4o0.

For a fixed Markov strategy (as), the feasible set is non-empty if and only if for all s, ay is
admissible, in the sense that, for all 4, if there exists v € A(A") such that, for all (¢,y),

> UEp(tyls a™, o) = p(tyls, o),
k

then

Z V(s a™® ) < ri(s, ay).
k

Indeed, it follows from Fan (1956) that there exists  : S x Y — R5*! such that, for each s, aj
is a Nash equilibrium of the game I'(s,z) if and only if a; is admissible. Adding a constant to
each x,(s,y) that is independent of (¢,y), we may assume that v is independent of s. Finally,
considering any i for which A\* # 0, we may add (or subtract if A < 0) a constant to (s, y),

independent of s, t,y, so that the constraint (ii) is satisfied.
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The purpose of this note is to prove that P(\) is equivalent to (i.e. gives the same value as)
P(\) given by
sup min Z N Brt (s, di, Ozs_i) ,

a€A(A)IS] as admissible

where the minimum is over (&), ,, >, a4 (a™) = 1, with A" > 0 = (a/(a’*) = 0 = 4'(a™) <
0,a'(a*) =1 = a'(a™*) > 1), ' < 0 = (ai(a’*) = 0 = ai(a*) > 0,ai(a*) = 1 = ai(a®*) < 1)

and

X £0=p(tyls) =p(tyls,al,0;") >0,

as well as over ;> 0, Y. 0, = 1 such that () is an invariant distribution of p (¢t x Ys). (If

there are multiple invariant distributions, use the one that minimizes the objective function.)

Remark 1 Cheng (2004)’s Theorem 5 corresponds to 75()\) with |S| = 1, where (Bs) collapses to
the point mass. To our knowledge, Cheng is the first author to use duality to characterize the set
of equilibrium payoffs in repeated games. Cheng works with the discounted program rather than

the limit program. A related application of duality is Obara and Rahman (2010).

Remark 2 The sufficient conditions for a folk theorem to hold given by Fudenberg, Levine and
Maskin (1994) follow immediately. As for those of Kandori and Matsushima (1998), note that
their conditions can be stated in terms of conver comes: Adapting slightly their notation, let
Q'(a) := {p(-la” a®)|a®* € A"\ {a'}} be the set of distributions over signals as player i’s
action varies all his actions but a'. Let C*(a) denote the conver cone with vertex 0 spanned
by Q'(a) — p(-la). Assumption A2 of Kandori and Matsushima requires C*(a) N —CY(a) = {0}
and that 0 is not a conical combination of Q'(a) — p(-la), whereas Assumption A3 requires
C'(a) N C¥(a) = {0} for all i # j and a € Ex(A) (the set of action profiles achieving some
extreme point of the feasible payoff set). Note now that the restriction on &, when o = a is pure,
is that p(-|a*, a™") — p(-la) € —C(a) whenever X > 0, and p(-|&*,a™") — p(-|a) € C*(a) whenever
X < 0. Assumptions A2 and A8 then imply that &' = a* for non-coordinate directions \.!

As for stochastic games, HSTV’s folk theorem follows immediately under F1 and F2. It is
also consistent with the average cost optimality equation (see Sennott, 1998), and Hoffman and
Karp (1966). ((Bs)s is an invariant distribution after “deviations.”)

'For coordinate directions, admissibility suffices (cf. Kandori and Matsushima’s Assumption A1).



2 Proof

Fix throughout some strategy (o) such that g is admissible for all s. We can rewrite P(\)
as

max\- v
T,v

over x and v such that, for all s, 1,

> pltyls, a0z (s,y) — v’ = —r' (s, ),

t’y

and, for all s,1, k,

Z [p (t7y|saaik>as_i) —p(t,y|s,as)} Ii (5>y) < rt (SvO‘S) — 7! (Svaik>agi) ’

ty

as well as, for all T, ¢, 1),

A g (5,90 () <0,

seT
This is a linear program for (z,v). The first set of constraint ensures that oy yields the same
payoff v in all states, the second that playing «y is a Nash equilibrium, and the third is the
same constraint as (ii). Because we assumed that «y is admissible for all s, the feasible set is
non-empty, and because the value of this program is bounded above by k()), it is finite. We

shall consider the dual of this linear program. It is

mm—Zy S, Qi +Z Zk (s, a) — 1 (s,aik,as_i))

8,1,k

over V'F > 0,nr,y > 0,7¢ € R such that, for all 4, s,t, v,

p(tyls, )t = > [p(tyls, as) —p (tyls, o™, o) ] vk + N >, Nrow = 0,
k T2 (5,1} p ()=t ()=

where k runs through the actions of player ¢, and

==



There is no loss in assuming A" # 0 for all ¢ (we focus on the relevant subset of players otherwise).
Define then 3% := —% /A" and &% := vi* /X", We get

mmZ)\’ Bir' (s, ag +Z (s, 05) — i(syaikaagi))fék

over Ny, > 0,E% with £%sgn (X) > 0, 81 € R such that >, 3! =1 for all s, i, such that, for all
(/1:7 87 t? y) Y

p(tyls, o +Z (t,yls, o) — p (tyls, 0™, a]7)) €F = 2. M-

TQ{S,t},gD(S):t,’IZJ(S):y

Note that, taking the sum over (¢,y),

Z NTey,

T3s,p,9

and so 3! =: 3, is nonnegative and independent of 7. Furthermore, by adding over s, we get
that ZTW& |T|n7rey = 1. Note also that, if 3, = 0 for some s, then ZTaswp Nrey = 0, and so,
because N,y > 0, it follows that

Z (p (t,y|8, as) —Pp (t, y[s, CLik, agl)) g;k = 0,

k

Furthermore, because, given s and i, the variables £i* all have the same sign independently of k,

either ", €% £ 0, or &% = 0 for all k. Note that, in the former case, we can define the strategy

al e A(AY) by ai(a™) = &%/, €% and admissibility then implies that the corresponding

term in the objective function is nonnegative, and setting £ = 0 for all s would achieve a value

at least as low. Hence, if 3, = 0 for some s, we can assume £* = 0 for all i, k, and the terms

in the objective and the constraint that involve the state s vanish. Therefore, we might as well
assume (3, > 0 for all s.

Define &% € Rl by, for all a'*,
o (o) =l () + 2 e &
s Y s



Note that Y, &’ (a’*) =1 for all s,i. We can rewrite our problem as
mmZ)\lﬁs s,a, o )

over (& )ZS, Sl (a*) =1, with X' > 0 = (o/(a’*) = 0 = &/(a™) < 0,a'(a™) =1 = &'(a’*) >
1), X < 0= (ai(a®) =0 = ai(a*) > 0,a'(a®*) = 1 = ai(a’*) < 1), as well as 3, > 0,
Y. 0s =1, and np,y > 0, such that, for all (4, s,t,y),

53]7 (t7y‘87&2705;1> = Z NTep- (1)

TQ{S,t},(p(S):t,T,ZJ(S):y

Note that if 3, > 0, then it follows from (1) that p (¢, y|s, &%, a;*) is nonnegative and independent
of i. Also, if 8, = 0, we can assume &’ = o! for all ¢ without loss in the objective function.
Thus in both cases, we can assume that p (¢, y|s) := p(t,y|s, &%, a;") > 0. Also note that (f3;) is

an invariant distribution of transition function p (¢t x Y'|s). To see this, take the sum of (1) over

Zﬁsp tXY’ Z nTgm,b—ﬁt

T3t

s,y, and we have

Conversely, if () is an invariant distribution of p (¢ x Y'|s), then it follows from Lemma 1 of
HSTV that there exists 77, > 0 that satisfies (1).2

Thus we can rewrite our problem without using 77, as follows:
min Z A Byrt (s, al, 0")

over (%), ., Yo, al (a™) =1, with X' > 0 = (o/(a’*) = 0 = &'(a™) < 0,0/ (a’*) =1 = &'(a™) >
1), AP < 0= (ai(a*) = 0= a'(a’*) > 0,a'(a”*) =1 = a'(a®*) < 1), and

N # 0= p(tyls) =p(tyls.al,a77) >0

as well as 3, > 0, >[5 = 1 such that () is an invariant distribution of p (¢ x Y|s). (If there
are multiple invariant distributions, use the one that minimizes the objective function.) Taking

the supremum over admissible (o, ),, this gives us precisely P(\).

2Use the indicator function of (s,t) for (x;(s)) in the notation of Lemma 1. Note that one can easily generalize
Lemma 1 to cases without irreducibility.
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