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The Solow Growth Model


The Equations of the Model


We suppose that a constant proportion s of gross national product Y is saved, and that capital depreciates at a fixed exponential rate (.  This implies


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �1�)�


We suppose there is a production function


	�	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �2�)�


that is linear homogeneous (i.e., constant returns to scale), and that labor is supplied inelastically and grows at the exponential rate n, i.e. 


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �3�)�


Finally, we need the national income identity, which because here there is no foreign sector and no government, is simply


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �4�)�


Note that I here denotes gross investment, the sum of � (net investment) and depreciation �.  Equations � gotobutton ZEqnNum495407 � ref ZEqnNum495407 \! �(1)��-� gotobutton ZEqnNum390957 � ref ZEqnNum390957 \! �(4)�� are a system of 4 equations in the 4 unknowns K, Y, L, C.  We can drop equation � gotobutton ZEqnNum592337 � ref ZEqnNum592337 \! �(4)�� and the variable C and have 3 equations in 3 unknowns.  


Reducing the Model to a Univariate Differential Equation


Unlike an ordinary system of equations, this one involves a time derivative – � – as well as the levels of the variables.  This means we can’t actually solve the system for the values of the variables in terms of the constant parameters �.  But we can solve to obtain K as a function of constants and of �.  


Before solving for an equation in K and � alone, we make a change of variables.  It turns out to be convenient to work with � and �, per capita variables, rather than the aggregate variables Y, K, and L.  This allows us to  rewrite � gotobutton ZEqnNum599161 � ref ZEqnNum599161 \! �(2)�� as


	� ,	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �5�)�


using the linear homogeneity of f.  Dividing � gotobutton ZEqnNum342212 � ref ZEqnNum342212 \! �(1)�� by K and subtracting �(implied by � gotobutton ZEqnNum292206 � ref ZEqnNum292206 \! �(3)��)  from both sides of the equation produces


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �6�)�


Substituting for y using � gotobutton ZEqnNum865726 � ref ZEqnNum865726 \! �(5)��, we get


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �7�)�


Equation � gotobutton ZEqnNum466148 � ref ZEqnNum466148 \! �(7)�� is a differential equation in the single equation k.  Given any initial value �for k at some initial date �, we can find � as


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �8�)�


Equation � gotobutton ZEqnNum952133 � ref ZEqnNum952133 \! �(8)�� is obtained by using the approximation, valid for small (, that �, together with � gotobutton ZEqnNum389834 � ref ZEqnNum389834 \! �(7)��.  If we want to find � for some � considerably larger than �, we can break the interval � into many subintervals small enough to make � gotobutton ZEqnNum563279 � ref ZEqnNum563279 \! �(8)�� an accurate approximation on each small subinterval, then apply � gotobutton ZEqnNum563279 � ref ZEqnNum563279 \! �(8)�� one step at a time to build up a calculation of �.  If, for example, we break up the long interval into N equal subintervals, each of length �, we can check whether the intervals are small enough to make the approximation accurate by repeating the calculation for a larger N, verifying that � comes out almost the same.


Sometimes a differential equation like this has an analytic solution.  That is, we may be able to see an explicit representation of � as a formula involving an initial value � and the date t, so that building up the solution numerically from an equation like � gotobutton ZEqnNum963486 � ref ZEqnNum963486 \! �(8)�� is unnecessary.  For example, suppose f is Cobb-Douglas, �.  Then � gotobutton ZEqnNum395844 � ref ZEqnNum395844 \! �(7)�� becomes


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �9�)�


This does not generally have an analytic solution, but if �, it does.  In that case we can multiply both sides by � to obtain


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �10�)�


Then we can observe that


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �11�)�


So the left-hand side of � gotobutton ZEqnNum958273 � ref ZEqnNum958273 \! �(10)�� is the time-derivative of  a function of k, while the right-hand side is the time derivative of any function of the form �.  So we conclude


	� ,	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �12�)�


where M is some constant.  This can be solved for � to yield


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �13�)�


The reason this solution involves an unknown constant M is that our original equation � gotobutton ZEqnNum993714 � ref ZEqnNum993714 \! �(7)�� only gives us rates of change from some initial starting point.  Every initial value of � produces a different time path for k, corresponding to a different M.  To find the M  consistent with a given �, we set � in � gotobutton ZEqnNum266364 � ref ZEqnNum266364 \! �(12)��.  


Note that, so long as labor contributes to production and therefore �, � gotobutton ZEqnNum955929 � ref ZEqnNum955929 \! �(13)�� shows that k will grow no matter how big k is.  It is not too hard to verify that the percentage rate of growth per year gets lower and lower as k grows, according to � gotobutton ZEqnNum955929 � ref ZEqnNum955929 \! �(13)��, but it never goes to zero.  This is not typical of the way this model behaves, as we will see below.  For �, which is more realistic than �, growth of output is negative when k gets large enough.


Analyzing the Steady State


If k attains a value at which the right-hand-side of � gotobutton ZEqnNum754404 � ref ZEqnNum754404 \! �(7)�� is zero, it then sticks at that value, because � gotobutton ZEqnNum754404 � ref ZEqnNum754404 \! �(7)�� implies that �, i.e. that k  is unchanging.  While it is possible to draw conclusions about the steady state using only the fact that we believe f to be a nicely behaved production function, it is simpler to again assume it to be Cobb-Douglas.  In that case the equation for the steady-state value of k, �, is


	�.	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �14�)�


This equation can be solved explicitly as


	� .	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �15�)�


This equation tells us that steady-state capital stock per capita (and therefore output per capita also) is higher when the savings rate s or the level of total factor productivity A is higher, and lower when the depreciation rate ( or the population growth rate n is higher.  These conclusions make sense.  


Though A, s, n, and (, all affect the steady-state level of per capita output, they do not in this model have any effect on the growth rate in steady state.  In this model’s steady state we have k and y fixed.  Since L is growing steadily at the rate n, the same must be true in steady state of K and Y.  Thus saving a bigger fraction of income than other countries, even if the higher saving is maintained forever, cannot move a country toward a higher growth rate that is sustained forever.  


Implications for Convergence


Looking at the right-hand side of � gotobutton ZEqnNum175878 � ref ZEqnNum175878 \! �(9)��, we can see that for the Cobb-Douglas case, the growth rate of k is monotone decreasing in k.  This means in turn that whenever k is above its steady-state value �, k is decreasing, and whenever it is below �, it is increasing.  This means that the steady state value � is stable.  Once we deviate from it, we tend to return to it.  This conclusion holds under weak assumptions on the form of f, not just for this Cobb-Douglas example.  Thus this Solow model implies a particular form of convergence.  In the study of economic growth, convergence refers broadly to a tendency for poor countries to grow faster than the average and rich countries to grow slower than the average.  


The Solow model predicts a particular, narrow form of convergence, however.  Notice that it does not imply that per capita output eventually equalizes across countries.  Countries that differ in their values of A, s, n, and ( will have different steady state levels of per capita output.  The Solow model does not even, strictly speaking, predict that in a given year, when we look at data for all countries in the world (say), we will find that poor countries tend to be growing faster than rich ones.  The Solow model implies that countries can be poor either because they have a low value of k relative to �, or because they have a low value of �.  Countries with a low � will not tend to grow faster than countries with high �, though countries with low k relative to their own � will tend to grow faster.  The Solow model predicts that poor countries grow faster than rich countries only if the differences among countries in their levels of � are not systematically negatively related to their levels of �.  This may usually be true, but it isn’t necessarily true.  [To test your understanding, explain why poor countries would not tend to grow faster than rich ones under the following assumptions.  Suppose that before the current year all countries were in steady state at their own � values.  All countries have the same values of A, s and (, so that differences in per capita wealth arose entirely from differences in n, the population growth rate.  In the current year a large volcano has erupted, creating permanent worldwide increases in acid rain and declines in sunlight.  This has made A decline permanently by 10% in all countries.  This of course changes each country’s � and makes each country’s actual current k differ from its �.]


Technological Change


The model as we have laid it out here implies that eventually all countries’ incomes grow at the same rate as their populations.  When Solow wrote, nearly all countries had had increasing per capita incomes for a very long time.  He was therefore not satisfied with a model that predicted no long-term growth in y, and from the start worked with an assumption that A grew steadily, i.e. that
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where ( is some fixed rate of technical progress.  It is usually thought of as representing pure advances in knowledge, and in this model such advances are treated as originating “exogenously”, that is, outside the growth process being modeled.  [There is a recent literature on “endogenous growth” that attempts to model how technical progress might be induced by economic mechanisms.  Much of the Barro and Sala-I-Martin book is taken up with tracing out the implications of such models and testing them against data.]  


It turns out that for the model with Cobb-Douglas f we do not need to do anything new with the mathematics to handle the case of an A that grows according to � gotobutton ZEqnNum298348 � ref ZEqnNum298348 \! �(16)�� instead of staying fixed.  We can instead convert the technical progress into a quality correction to labor.  Observe that we can write
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Now if we define “quality-corrected labor” to be


	� ,	� macrobutton MTPlaceRef � seq MTEqn \h �(� seq MTEqn \c �18�)�


the model has exactly its original form, but with � replacing L and the “population growth rate”  n replaced by �.  [You should check your understanding by going back and checking that all the original equations still work with these replacements.]  


In this version of the model, it is not output per worker and capital per worker that converge to constant steady-state values, but output and capital per quality-corrected worker.  Since the amount of quality per worker is growing steadily at the rate �, output per worker and quality per worker grow steadily in the economy’s “steady state” for � and �.  


[One final set of checks for your understanding.  What happens to the wage rate as we approach steady state, assuming wage is marginal product, in the model with A constant?  What about the model with A growing at rate �?  What about the capital-output ratio � for these two cases?]


{}


