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Abstract

We compare the number of active firms, i.e. the number of firms producing a positive
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homogeneous or differentiated goods. We concentrate on the linear demand structure with con-
stant marginal but asymmetric costs. (With symmetric costs, the results trivialize to all firms
active or all firms inactive.) When firms have different costs, we show that, for fixed good type,
Cournot always results in more active firms than Bertrand. Moreover, with a fixed market type,
differentiated goods result in more active firms than homogeneous goods. Hence, consumers pay
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1 Introduction

The main focus of this paper is to study the number of firms in an oligopoly who actively produce
in equilibrium when they have different costs of production. Asymmetric costs are commonplace
in markets of large and small producers (for example Barnes & Noble vs. an independent local
bookstore), where the larger firm can achieve economies of scale. However, most analyses assume
symmetric costs, or restricted cost structures that guarantee all firms are active in equilibrium.
Whether a firm produces a positive quantity in an equilibrium is an important question in the
study of oligopolistic competition because it can be used to explain market variety as a cost to the
consumer.

We focus on both the Cournot and Bertrand static games, which allows for a clean interpretation
of the results, and our analysis is complementary to the existing literature on entry/exit decisions
of firms. Within each of these models, we have two cases: when the goods are homogeneous,
and when they are differentiated. We will show that, within a fixed type of market, Cournot or
Bertrand, differentiated goods result in more active firms in equilibrium than homogeneous goods.
These results depend crucially on cost asymmetries between the firms, as with symmetric costs the
results trivialize to all firms active or all firms inactive. Our results, e.g. Theorem 4.1, partially
explain the relative differences to consumers between these two types of markets, as consumers have
more choice in Cournot markets but with higher prices, whereas they have less choice in Bertrand
markets (as the number of firms in equilibrium is less) but they are compensated for this fact by
reduced prices.

1.1 Background

The study of non-cooperative oligopolistic competition originated with the seminal work of Cournot
[7]. His original model assumed firms choose quantities of a homogeneous good to supply and then
receive profit based on the single market price as determined through a linear inverse demand
function of the aggregate market supply. Moreover, marginal costs of production were assumed
constant and equal across firms. Throughout this paper, we also assume constant marginal costs,
however we drop the cost symmetry assumption. The result of Cournot’s analysis is what one would
expect: with equal marginal costs across firms, every firm chooses the same quantity to supply and
the market price is above cost by an amount that is inversely proportional to one plus the number of
firms in the market. Hence, as the number of firms tends to infinity, the price approaches marginal
cost, but with a finite number of firms, prices are above cost and firms earn positive profits.

Following this, Bertrand [4] argued to change the strategic variable from quantity to price. Firms
producing a homogeneous good were assumed to set prices and produce to meet any demand of
the market. As the goods are homogeneous, there can only be one market price, as observed in
the Cournot model above, and therefore only the firm quoting the minimum price receives any
demand. This feature of one price leads to very harsh and contradictory results relative to common
market observations. If all firms have equal cost, then as long as there are two or more firms in
the market, all firms price at cost and have zero profit. This perfectly competitive outcome differs
substantially from the Cournot outcome and is commonly referred to as the Bertrand paradox.
To paraphrase from [24], the Bertrand model results in perfect competition in all cases besides
monopoly, which is unrealistic in most settings, leading one to conclude that the correct set-up
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leads to the wrong result. On the other hand, as most firms seem to set their prices, not their
quantities, many economists have argued that the Cournot model gives the right answer for the
wrong reason.

Since these two original papers, there has been much interest in modifying these models in various
ways to obtain more realistic results. Furthermore, there is a significant literature comparing
the two modes of competition when some of the assumptions in the original papers are altered.
These modifications are usually brought about to reconcile the Bertrand paradox. If one considers
constraints on the capacity of the firms, see Edgeworth [10], then the result of the Bertrand model
can be brought closer to that of the Cournot model. Kreps and Scheinkman [21] use capacity
constraints to obtain the Cournot outcome from Bertrand competition. As such, the Bertrand
model cannot really be thought of as complete without more realistic assumptions.

One of the original assumptions that is commonly not satisfied is the assumption that goods are
homogeneous. This leads one to consider differentiated goods, which can mean either substitute or
complementary goods, although we concentrate on the case of substitute goods. The original work
in this area is Hotelling [18], where consumers were assumed to associate a cost of travel depending
on the location of the firms, thereby differentiating their otherwise identical goods based on the
location of the firms relative to the location of the consumer. For classical results on differentiated
goods and other models of oligopoly, we refer to the books by Friedman [12] and Vives [29].

1.2 Asymmetric Costs

Very often, modifications of the original models are made under the assumption of symmetric
marginal costs across firms. This assumption allows one to simplify the analysis considerably and,
in particular, one does not have to consider the case of some of the firms being costed out of the
market. That is, either all firms are active in that they receive positive demand, or none of the
firms are. When one considers an asymmetric cost structure, the issue of the number of firms who
are active in an equilibrium becomes crucially important. This fact is often overlooked or assumed
away in studies of asymmetric cost, see for example [20] and [1]. As we will see though, it is not
always the case that inactive firms can simply be ignored – their presence may affect equilibrium
quantities and prices.

This is not to say that the number of firms active in a market has not been studied before. The issue
is generally studied in terms of entry and exit from a market in a dynamic setting, see for example
[11] and [3]. Although this is an interesting perspective from which to analyze this question, it is
not one we deal with here, but some of these issues are discussed in [16] and [23]. Additionally,
the problem has been studied in terms of establishing the existence of equilibria and the welfare
properties of the various possible equilibria, see for example [2] and references therein. This issue
does not arise in our setting as we explicitly construct an unique equilibrium for each case we study.
We refer also to [6; 25] for an analysis of consumer surplus under Bertrand and Cournot modes of
competition, but again with symmetric (and zero) costs.

The issue of asymmetric cost in oligopolies has been addressed before. In the work of Singh and
Vives [26], they consider a game in which firms in a differentiated duopoly can choose to offer either
price or quantity contracts to consumers. Essentially this allows firms to select either Bertrand or
Cournot competition. They show for substitute goods that it is always a dominant strategy for
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both firms to choose the quantity competition. The majority of their analysis is in the case of
linear demand although they discuss nonlinear demand as well. However, they derive their results
under the assumption that both firms are active in equilibrium. In a related work, Zanchettin [30]
compares prices and outputs in a duopoly with linear demand where the firms can have asymmetric
costs and the goods are differentiated. The main idea is to remove the assumption that both firms
are active in equilibrium and to consider the effect of this on prices and outputs. The main results of
this paper are that prices are lower in Bertrand compared to Cournot, however outputs of both firms
may not always be greater in the Bertrand market relative to the Cournot market. Furthermore,
industry profits can be higher in Bertrand than in Cournot for certain parameter values. This work
is closest to ours although as it is a duopoly model, the possible number of active firms is restricted
to one or two which simplifies the analysis considerably. Furthermore, additional asymmetries are
tractable in a duopoly that are essentially unworkable in an N -firm oligopoly

The comparison of Cournot and Bertrand oligopoly models has produced a vast literature, and
we refer to [1] and references therein. Additionally, the results are in no way clear-cut as they
tend to be highly dependent on modeling assumptions. For example, Singh and Vives [26] find
that Bertrand competition is always better for consumers if goods are substitutes. Then, Hackner
[15] finds that this is not always true in oligopolies with the opposite being possible in certain
situations, as the former result depends crucially on the duopoly setting. Hsu and Wang [19] find
that consumer surplus and total surplus are in fact higher under Bertrand competition relative
to Cournot competition regardless of whether goods are substitutes or complements. However,
modifying the assumptions, Symeonidis [27] introduces research and development to the model and
finds that this can lead to situations where Cournot competition is more beneficial than Bertrand
competition both for consumers and for firms in terms of output, consumer surplus and total
welfare.

Cournot and Bertrand competitions can be seen as extremes of different oligopoly types, with the
mode of competition dictated more by the type of good than by any choice made by firms. For
example, the consumer market for televisions cannot reasonably be modeled by a Cournot oligopoly
because firms actually set prices not quantities. In some settings, firms make production quantity
decisions and price decisions more or less simultaneously, and therefore a mixture of the two modes
of competition is more realistic. d’Aspremont et al. [8] parameterizes this concept as competitive
toughness and allows for competition across the Bertrand-Cournot spectrum. This is one manner
in which to merge the two concepts.

Static Cournot/Bertrand games also arise as an intermediary in their dynamic counterparts, where
asymmetric shadow costs encode firms’ scarcity values as their resources or capacities deplete. See
[16] for a Cournot dynamic game with exhaustible resources and [23] for a dynamic Bertrand game
in which firms of different sizes begin competing with asymmetric lifetime capacities. Study of
these leads to the issue of blockading – where some firms may be inactive due to high shadow costs
until the resources of their competitors fall (and their shadow costs rise) accordingly. Hence, a
thorough analysis of the activity levels in the static Cournot and Bertrand games is needed, which
is the purpose here.

In the following sections, we analyze the number of firms who are active in equilibrium in Cournot
type and Bertrand type oligopolies in the case of both homogeneous and differentiated goods when
the firms have asymmetric costs. We carry out our analysis in the specific case of linear demand,
to assess explicitly what factors are necessary to determine the active number of firms in a given
market. Our results can be used to partially assess the merits of the commonly held view that a
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Bertrand equilibrium is more competitive than the corresponding Cournot equilibrium.

2 Models of Oligopolistic Competition

We start with a competitive market that hasN ≥ 1 firms. Let qi be the quantity produced by Firm i,
and similarly let pi be the price charged for their respective good. Dropping the subscript, we denote
by p and q the vector of all prices or quantities, respectively. Let Q−i = (q1, . . . , qi−1, qi+1, . . . , qN )
and P−i = (p1, . . . , pi−1, pi+1, . . . , pN ). These are the vectors of quantities and prices of all the firms
except Firm i. Moreover, we define Q =

∑
qi and P =

∑
pi as the aggregate quantity and price,

respectively.

2.1 Substitutability of Goods

We focus on two types of markets: those where the goods being sold are similar but different, and
those where the goods are identical.

Differentiated goods means that the goods are not perfect substitutes for one another. Each
firm can in principle then receive demand even if they are not the lowest price firm or the firm
producing the highest quantity. This does not mean they will receive demand, it only means that
consumers have preferences beyond price and/or quantity that results in the purchase of goods at
a seemingly less favorable price because of other factors. There are N possible price-quantity pairs
and each firm has its own inverse or direct demand function depending on the mode of competition.
However, across these functions, firms are distinguished only by the price or quantity they set. For
example, two firms with equal price will receive equal demands.

Homogeneous goods means that the goods sold by the different firms are perfect substitutes for
one another. Therefore, only one price can prevail in the market. In the case of firms choosing
quantities, this does not add undue burden at all, as it simply implies that the price a firm receives
will depend on the aggregate market supply and their profit will then depend on that price and
their chosen quantity. The case of firms setting prices is more complicated. Each firm can offer
a price, but only one price can ultimately prevail in the market as goods are deemed identical.
Thus, only the firms setting the lowest price will receive demand from the market. The rest can
post a price, but as they will not receive demand at this higher price, it is irrelevant. The only
issue that arises is in a tie for the lowest price. To accommodate this important case, one must
define precisely how the lowest price firms share demand in equilibrium. These rules are commonly
referred to as sharing rules and can have important equilibrium consequences, see for example [17].
We shall be explicit in what follows which sharing rule we use and our reason for doing so.

2.2 Linear Oligopolies

We concentrate on a linear demand specification in order to present explicit calculations, partic-
ularly for the number of active firms in equilibrium. However, the existence of an equilibrium in
each of the four models can be established in more general settings: for the homogeneous Cournot
case, see [16, Section 2], and [23, Section 2] for the differentiated Bertrand case.
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We derive demand from the behavior of a representative consumer with the following quadratic
utility function:

U(q) = α

N∑
i=1

qi −
1

2

β N∑
i=1

q2
i + γ

N∑
i=1

N∑
j=1

j 6=i

qiqj

 , α, β > 0. (1)

Our representative consumer solves the utility maximization problem

max
q∈RN

+

U(q)−
N∑
i=1

piqi, (2)

from which we can derive the inverse demand functions for the firms as

pi(q) =
∂U

∂qi
= α− βqi − γ

∑
j 6=i

qj , i = 1, · · · , N. (3)

This gives actual quantities provided pi > 0 for all i. In the case that the quantities result in any
of the prices not being positive, we must remove the individual firm with the highest quantity from
the system and then consider a market with one less firm. If any of the prices are still not positive,
then we repeat this procedure, one firm at a time, until we have a market with positive prices for
all firms.

The parameter γ can be positive, negative or zero depending on whether the goods are substitutes,
complements or independent.

Definition 2.1. Within the linear set-up, the following concepts can be characterized:

• Independent goods γ = 0;

• Substitute goods γ > 0;

• Differentiated goods γ < β;

• Homogeneous goods γ = β.

We will not deal with the case of complementary goods which corresponds to γ < 0. The quantity
γ/β expresses the degree of product differentiation, which ranges from zero (independent goods)
to one (perfect substitutes, or homogeneous goods).

When γ < β, the system (3) can be inverted to obtain

qi(p) = aN − bNpi + cN
∑
j 6=i

pj , i = 1, · · · , N, (4)

where for 1 ≤ n ≤ N , we define

an =
α

β + (n− 1)γ
, (5)

bn =
β + (n− 2)γ

(β + (n− 1)γ)(β − γ)
, (6)

cn =
γ

(β + (n− 1)γ)(β − γ)
. (7)
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As in the case of inverse demands, (4) gives the actual quantities if they are all strictly positive. If
some of them are not positive, then we consider the case where the firms are ordered by price such
that p1 ≤ p2 ≤ · · · ≤ pN . Then, we remove the price and quantity of firm N from the utility function
and repeat the above procedure. If some remain that are not positive, we continue removing firms
in this manner one at a time until we have only firms with positive quantities remaining. The
equivalent manner to remove them at the level of the demand functions is to again consider the
firms ordered by price, and to remove the price and quantity of Firm N from the system and use
(5)-(7) with n equal to N − 1. If firms still remain with negative quantity in this reduced demand
system, then we again continue this procedure one firm at a time until only firms with positive
quantity remain. If firms are not ordered by price, we can re-label them for this procedure and
then restore their correct labels once the demand system is determined. For differentiated goods,
(3) gives the inverse demand functions relevant to the Cournot market, and (4) gives the demand
functions relevant to the Bertrand market.

For homogeneous goods, we need to consider the limit of the utility function in (1) when γ = β.
This is no problem for the inverse demand functions and we arrive at

pHi (q) = α− β
N∑
j=1

qj , i = 1, · · · , N, (8)

where the H stands for Homogeneous, which is to differentiate this inverse demand function from
that in (3). This is the same price for all of the firms and it depends only on the aggregate supply
in the market. The difficulty with the Bertrand market is that we cannot invert this relationship.

The issue that arises in the Bertrand case can best be presented with a two-firm duopoly example. If
we suppose p1 is fixed and p2 = p1+ε then q2(p) = a2−(b2−c2)p1−b2ε, and q1 = a2−(b2−c2)p1+c2ε.
As γ approaches β, we have (b2 − c2)→∞. Thus, for γ sufficiently close to β we will have q2 < 0.
However, when this occurs, the demand function for Firm 1 changes in a consistent manner to
reflect the fact that Firm 2 is out of the market. This is accomplished by using (5)-(7) with n = 1.
If p1 = p2 = p, then we have from (8) that (q1 + q2) = α

β −
1
βp. In other words, the quantities of

the two firms must add up to the quantity that a single firm would receive if they set the lowest
price alone. Furthermore, as firms are distinguishable only by the prices they set, equal prices must
imply they get equal demand. Moreover, as we have established what the sum of their demands is,
we know that each gets an equal share of this demand. In this way we obtain

qHi (p) =

(
α
β −

1
βpi

)
# {k : pk ≤ pj ∀ j}

11{pi=min(p)}. (9)

For an N -firm oligopoly, the procedure for determining demand is identical as that above, where
firms are removed from the demand system one-by-one as their quantities go negative. We thus
arrive at the same conclusion regardless of the number of firms. This is the classical “winner-take-
all” Bertrand model with monopoly demand α

β −
1
βp.

3 Nash Equilibria of the Four Game Types

We assume that each firm has constant marginal cost, which we denote by si for Firm i. We denote
by s the vector of such costs. Our main goal is to demonstrate how cost asymmetries, coupled with
the degree of product differentiation and the mode of competition, affect the structure of a market.
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Each firm chooses its price or quantity to maximize profit in a non-cooperative manner, although
they do so taking into account the actions of all other firms. Therefore, we assume firms make
decisions to maximize profit in the sense of Nash equilibrium. The argument of the profit function
that each firm maximizes over depends on the mode of competition, but in all cases the profit
function is given by

Πi = qi · (pi − si). (10)

Remark 3.1. It is straightforward to see that if we started with firms having individual αi in (1),
then this can be reduced to the identical α case by absorbing the different αi into the costs si in
(10). However, we do not treat the case of individual β’s or γ’s here.

We suppose that the N firms are ordered by cost such that 0 < s1 ≤ s2 ≤ · · · ≤ sN . This is for
expositional simplicity; one can simply relabel the firms to compute equilibria and then return the
original labels to the firms. Further, we assume that sN < α, which rules out the possibility of
a firm never wishing to participate in an equilibrium. The next four subsections give the Nash
equilibria for the Cournot and Bertrand games for markets with differentiated and homogeneous
goods.

3.1 Differentiated Cournot Competition

Throughout this section, we roughly follow [16] wherein the results of the homogeneous Cournot
game with general price functions is given. Although here we are dealing with the differentiated
Cournot model, the method for constructing the Nash equilibrium is very similar for the case of
linear inverse demands. We shall present here the full details of the construction in the differentiated
goods setting.

The profit function of the firms is given in (10), and here the firms maximize over qi with price
given as the function of q in (3). If all the equilibrium quantities are strictly positive, then the
first-order conditions give the best-response function for a given firm:

qBRi =
1

2β

α− γ∑
j 6=i

qj − si

 , i = 1, . . . , N. (11)

We can sum these equations over i to obtain

0 = −2βQ+Nα− γ(N − 1)Q− S(N), (12)

where we let S(n) =
∑n

j=1 sj , the sum of the costs of the first n firms. We define the candidate

equilibrium total production Q?,N , as the solution to the scalar equation fN (Q) = S(N), where

fN (Q) = Nα− (2β + (N − 1)γ)Q, Q > 0. (13)

Let us define the following effective market price function: P̄ (Q) = α− γQ. This is not an actual
price in the market, but it is a useful mathematical tool. We use the description effective as we
shall see that this price serves the purpose of the single price in the market that all costs must be
compared to. With this market price function, we can rearrange (11) to obtain a candidate Nash
equilibrium

q?,Ni =
P̄ (Q?,N )− si

2β − γ
, i = 1, . . . , N. (14)
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Utilizing (12) and (14), we can express the candidate equilibrium as

q?,Ni =

(
P̄ (Q?,N )− si∑N

j=1

(
P̄ (Q?,N )− sj

))Q?,N . (15)

The expression in (15) is convenient for expressing the candidate equilibrium quantities as it has
the interpretation that once total equilibrium quantity Q?,N is determined, each player produces
the fraction which is the deviation of his cost si from the effective market price P̄ (Q?,N ) relative
to the total deviation of all players’ costs from that price.

However, it may occur that q?,Ni < 0 for some i, which is not an admissible solution and we must
thus consider equilibria with less than N firms. For 1 ≤ n ≤ N , we define

fn(Q) = nα− (2β + (n− 1)γ)Q, Q > 0. (16)

Observe that fn(Q) is strictly decreasing in Q for all n. For a fixed n ∈ {1, . . . , N}, there is a
unique Q?,n such that fn(Q?,n) = S(n) which is given by

Q?,n =
nα− S(n)

2β + (n− 1)γ
. (17)

For each n, we have the following n-player candidate equilibrium:

q?,ni =

{
P̄ (Q?,n)−si

2β−γ for 1 ≤ i ≤ n,
0 for n+ 1 ≤ i ≤ N,

(18)

where Q?,n is given in (17). We denote the corresponding prices by p?,ni using (3). In order to
determine which of the candidate equilibria is the true equilibrium of the game, we first compute,
for a given firm, the net revenue per unit as

p?,ni − si =
β

2β − γ
(
P̄ (Q?,n)− si

)
. (19)

The following lemma then follows directly.

Lemma 3.1. q?,ni < 0 if and only if p?,ni < si.

Proof. See (18) and (19). �

A given candidate equilibrium can fail to be a Nash equilibrium of the game if

(i) q?,ni < 0 for some 1 ≤ i ≤ n, or

(ii) si < pi
(
q?,n1 , . . . , q?,nn , 0, . . . , 0

)
for some n+ 1 ≤ i ≤ N .

Case (i) holds if and only if si > P̄ (Q?,n). So the effective market price is too low for this player
and they would be better off not producing at all. Thus, we should look for a Nash equilibrium
with a smaller number of active players. We provide the following lemma before discussing the
second case.
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Lemma 3.2. sn < pn

(
q?,n−1

1 , . . . , q?,n−1
n−1 , 0, . . . , 0

)
if and only if sn < P̄ (Q?,n−1). In other words,

Firm n wishes to participate in the (n− 1)-firm equilibrium if and only if sn < P̄ (Q?,n−1).

Proof. The result follows from the equivalence

pn

(
q?,n−1

1 , . . . , q?,n−1
n−1 , 0, . . . , 0

)
= α− β(0)− γ

n−1∑
j=1

q?,n−1
j

= α− γQ?,n−1

= P̄ (Q?,n−1). (20)

�

Case (ii) means that some firm i ∈ {n + 1, . . . , N} could produce a strictly positive quantity and
would receive a price strictly above cost from the market and therefore make a positive profit.
Lemma 3.2 shows that this case occurs if and only if si < P̄ (Q?,n). In this case we should look for
a Nash equilibrium with a larger number of active players.

The procedure for determining the equilibrium is to start with the one firm equilibrium that consists
of the lowest cost firm producing as a monopoly. We then consider whether Firm 2 wishes to
participate. That is, we check if Case (ii) holds with i = 2. If so, we ask if both wish to participate
in the two-player candidate equilibrium. We continue in this manner until we run out of firms to
add or additional firms do not wish to enter. This construction has similarities to the equilibrium
constructions found in [5] and [14], in that there is a cutoff point below which firms produce and
above which firms are costed out. We must however take care that this procedure terminates and
that this is sufficient to determine a unique Nash equilibrium. We establish in the following lemma
the necessary inductive step.

Lemma 3.3. Fix some n < N . We have n and (n + 1)-player candidate equilibria with total
production quantities Q?,n and Q?,n+1, respectively, and the individual firm production quantities
given by (18) with the corresponding Q?. Then, Firm n + 1 will want to be active in the n-firm
equilibrium if and only if they want to be active in the (n+ 1)-firm equilibrium.

Proof. From Lemma 3.2 Firm n + 1 wants to be active in the n-firm equilibrium if and only if
sn+1 < P̄ (Q?,n). Recall the definition of Q?,n as the unique Q which satisfies fn(Q?,n) = S(n),
where the fn are defined in (16) and are strictly decreasing for Q > 0. One can show for 1 ≤ n < N
that fn+1(Q?,n) = S(n) + P̄ (Q?,n), and therefore

fn+1(Q?,n+1)− fn+1(Q?,n) = sn+1 − P̄ (Q?,n). (21)

In a similar manner, one can show fn(Q?,n+1) = S(n+1) − P̄ (Q?,n+1), and hence

fn(Q?,n+1)− fn(Q?,n) = sn+1 − P̄ (Q?,n+1). (22)

We then find

sn+1 < P̄ (Q?,n) ⇐⇒ fn+1(Q?,n+1) < fn+1(Q?,n) from (21),
⇐⇒ Q?,n+1 > Q?,n as fn+1 is decreasing,
⇐⇒ fn(Q?,n+1) < fn(Q?,n) as fn is decreasing,
⇐⇒ sn+1 < P̄ (Q?,n+1) from (22),

from which the conclusion follows. �
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Corollary 3.1. Total candidate equilibrium quantity is strictly increasing from n firms to (n+ 1)
firms if and only if Firm (n+ 1) is active in the (n+ 1)-firm candidate equilibrium.

Proof. The corollary states: Q?,n+1 > Q?,n if and only if q?,n+1
n+1 > 0. The conclusion follows from

the proof of the lemma as we have sn+1 < P̄ (Q?,n)⇐⇒ Q?,n+1 > Q?,n, and the lemma itself gives
that this is equivalent to Firm n+ 1 being active in the (n+ 1)-firm candidate equilibrium. �

Proposition 3.1. There exists a unique Nash equilibrium to the differentiated Cournot game. The
unique equilibrium quantities are given by

q? =
(
q?,n

?

1 , . . . , q?,n
?

n? , 0, . . . , 0
)
, (23)

where q?,ni is given in (18) and n? is the number of active firms in equilibrium which is given by

n? = min
{
n ∈ {1, . . . , N} : Q?,n = Q̄?

}
, (24)

with Q̄? = max {Q?,n : 1 ≤ n ≤ N}.

Proof. We know by supposition that Firm 1 will participate in the one-firm candidate equilibrium
as s1 < α. Hence Q?,1 > 0. Suppose for some n < N we have a candidate Nash equilibrium
in which the first n firms are active. If sn+1 < P̄ (Q?,n), or equivalently if Q?,n+1 > Q?,n, then
from Lemma 3.3, Firm n + 1 wishes to enter, and by the same lemma, he will participate in the
(n + 1)-firm equilibrium. Furthermore, as all the other n firms have costs lower than or equal to
Firm n + 1, they will also be active in the (n + 1)-firm equilibrium. Therefore, every candidate
equilibrium with n or fewer players cannot be a true equilibrium due to entry. We can proceed
adding players until either no further players wish to enter or there are no further players. We have
uniqueness by construction.

The explicit characterization of n?, the number of active firms in equilibrium comes from the fact
that Q?,n is strictly increasing in n as firms enter. At some point, we may have Q?,n = Q?,(n−1) if
a firm is exactly indifferent between entering and not entering, i.e. q?,nn = 0, exactly. Such a firm
is not considered active in the equilibrium. It may stay flat for a range of n if there is a range of
firms with identical costs all of which are indifferent between entering and not entering. Then, the
sequence will be decreasing. Thus, n? will be given by the first n whose entry causes Q?,n to hit
its maximum Q̄?. In other words, n? = min

{
n ∈ {1, . . . , N} : Q?,n = Q̄?

}
. �

We illustrate the behavior of Q?,n in Figure 1. In this example, the number of active firms in
equilibrium, n?, is 5, while N = 9. This figure was generated with α = 1, β = 0.5, γ = 0.2. We
also set the vector of costs to s = (0.25, 0.27, 0.35, 0.6, 0.6, 0.674̄, 0.674̄, 0.72, 0.85). Firms 4 and 5
have equal cost and as Q?,5 > Q?,4, we know that both are active in equilibrium. We also note that
Firms 6 and 7 have equal cost, greater than the cost of Firm 5, and are exactly indifferent between
entering and not entering. We see this as Q?,5 = Q?,6 = Q?,7. The shape of the curve appears
to always be concave, although we have not explored whether this holds in general. The main
important feature to note is that the curve is strictly increasing up to n? and flat or decreasing
after n?.
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Figure 1: Illustrative behavior of Q?,n and the number of active firms in equilibrium.

3.2 Differentiated Bertrand Competition

The profit function that the firms seek to maximize is again given in (10), where the firms now
choose pi and quantities are given by qi(p) in (4). In addition, here we assume that if a firm receives
zero demand in equilibrium, they set price equal to cost. The method of solution for this model is
quite similar on the surface to the differentiated Cournot model. We can solve for the best-response
functions of the firms and intersect these to obtain candidate Nash equilibria.

The reason for considering multiple different candidate equilibria is because, again, in the game with
heterogeneous costs, the candidate equilibrium with all N firms may result in negative demands
for some firms. We must thus consider subgames which, for n = 1, . . . , N , involve only the first
n players. Let p?,n =

(
p?,n1 , . . . , p?,nn , sn+1, . . . , sN ), where the first n components solve the Nash

equilibrium problem with profit functions as described above, where we replace N with n in the
coefficients in the demand function qi(p) given in (4). These are given explicitly in (28).

Let p? denote the vector of prices in equilibrium. It is shown in [23] that the Nash Equilibrium of
the Bertrand game will be one of three types:

〈I〉 All N firms price above cost. In this case, p?i > si for all i = 1, . . . , N , and the Nash

equilibrium is simply the N -player interior Nash equilibrium given by p? =
(
p?,N1 , . . . , p?,NN

)
,

where the p?,Ni are as defined above.

〈II〉 For some 0 ≤ n < N , firms 1, . . . , n price strictly above cost and the remaining firms set price
equal to cost. In other words, p?i > si for i = 1, . . . , n, and pj = sj for j = n+ 1, . . . , N . The
first n firms play the interior n-player sub-game equilibrium as if firms n + 1, . . . , N do not
exist. These firms are completely ignorable because their costs are too high. The high cost
firms receive zero demand and have prices fixed at cost by our definition of Nash equilibrium.
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The Nash equilibrium is p? =
(
p?,n1 , . . . , p?,nn , sn+1, . . . , sN

)
.

〈III〉 For some (k, n) such that 0 ≤ k < n ≤ N , firms 1, . . . , k price strictly above cost (if k = 0
then no firms price strictly above cost), and the remaining firms set price equal to cost. In
other words, p?i > si for i = 1, . . . , k and p?j = sj for j = k + 1, . . . , N .

Type 〈III〉 differs from Type 〈II〉 in that firms k+1, . . . , n are not ignorable: their presence is felt in
the pricing decisions of firms 1, . . . , k, and we say that firms k + 1, . . . , n are on the boundary. On
the other hand, firms n+1, . . . , N are completely ignorable. This case arises when firms k+1, . . . , n
would want to price above cost if they were ignored, but they do not want to price above cost in
the full sub-game that includes them as a player.

Only an equilibrium of Type 〈I〉 or Type 〈II〉 is possible in the Cournot game. There we had Lemma
3.2 which resolved the fact that a firm whose quantity is negative in a candidate equilibrium does
not wish to enter the game with a positive quantity if the remaining firms ignore this firm and play
the candidate Nash equilibrium with one less player. However, in the Bertrand game, such a result
does not hold.

Denote by P ?,n the sum of the n-firm candidate equilibrium prices. First, using the first-order
conditions, we find

P ?,n =
nα(β − γ) + (β + (n− 2)γ)S(n)

2β + (n− 3)γ
. (25)

Then, one can show that the condition for Firm (n + 1) to want to enter the game when the first
n firms price at the n-firm candidate equilibrium is equivalent to

sn+1 <
α(β − γ) + γP ?,n

(β − γ) + nγ
. (26)

Furthermore, one can show that the condition that Firm (n + 1) wishes to participate in the
(n+ 1)-firm candidate equilibrium at a price strictly above cost is equivalent to

sn+1 <
α(β − γ) + γP ?,n+1

(β − γ) + (n+ 1)γ
. (27)

In the Cournot game we had that these two conditions, wanting in and actually wanting to play,
were equivalent. Here, they are not. It is the gap between these two conditions that gives rise
to the Type 〈III〉 equilibrium. As an example, set α = 2, β = 1, γ = 0.999. Then set s =
(0.05, 0.051, 0.052, 0.05252). We find that Firm 4 wants in as s4 satisfies the condition in (26).
However, Firm 4 does not actually want to play as s4 violates (27).

The lower cost firms would like to ignore the high cost firms on the boundary, alter their demand
functions to remove these firms, and solve for a candidate equilibrium without these firms. However,
this is not possible because the high cost firms would want back into the game. It is necessary
and correct that the low cost firms alter their demand functions to remove these high cost firms.
However, it is primarily this feature that gives rise to the Type 〈III〉 equilibrium in the Bertrand
game. It is just one of the curiosities behind the Bertrand model. Contrarily, in the Cournot model,
as firms get to directly choose demand with the market reacting through prices, nothing needs to
be reallocated, and we can simply let a firm set quantity to zero and deal with the resulting inverse
demands.
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Proposition 3.2 (Prop 2.6 in [23]). There exists a unique equilibrium to the Bertrand game with
linear demand. The type 〈I〉 and 〈II〉 candidate solutions are given by

p?,ni =
1

(2bn + cn)

[
an + cn

nan + bn
∑n

m=1 sm
(2bn − (n− 1)cn)

+ bnsi

]
. (28)

The type 〈III〉 candidate solutions are given by

pb,n+1,n+1−k
i =

1

(2bn+1 + cn+1)

[(
an+1 + cn+1

n+1∑
m=k+1

sm

)

+cn+1

n
(
an+1 + cn+1

∑n+1
m=k+1 sm

)
+ bn+1

∑k
m=1 sm

2bn+1 − (k − 1)cn+1

+ bn+1si

 , (29)

where the superscript (b, n + 1, n + 1 − k) stands for boundary, (n + 1) firms entering into the
demand function, and n+ 1− k firms on the boundary, i.e. not ignorable. The Nash equilibrium is
constructed as follows:

• If s1 >
a1
b1

, then p? = (s1, . . . , sN ). (Type 〈II〉 with n = N).

• Else, find n < N such that p?,ni > si, ∀i = 1, . . . , n, and p?,n+1
n+1 ≤ sn+1.

– If sn+1 ≥ b−1
n+1

(
an+1 + cn+1

∑n
i=1 p

?,n
i

)
, then p? =

(
p?,n1 , . . . , p?,nn , sn+1, . . . , sN

)
, (Type

〈II〉 with n < N),

– Else,

◦ if pb,n+1,1
n > sn, then p? =

(
pb,n+1,1

1 , . . . , pb,n+1,1
n , sn+1, . . . , sN

)
, (Type 〈III〉),

◦ else, find k < n such that

pb,n+1,n+1−k
i > si for all i = 1, . . . , k, and p

b,n+1,n+1−(k+1)
k+1 < sk+1.

Then p? =
(
pb,n+1,n+1−k

1 , . . . , pb,n+1,n+1−k
k , sk+1, . . . , sN

)
. (Type 〈III〉).

Proof. The proof can be found in [23]. �

Note, we also proved the existence of a unique Nash equilibrium to the Bertrand game with more
general demand functions in [23].

3.3 Homogeneous Cournot Competition

Similar to the differentiated Cournot model, firms use quantity as their strategic variable to maxi-
mize (10) where price pHi (q) is given in (8). We note that as price is only a function of the aggregate
quantity Q, we in fact have the price function P (Q) := pHi (Q), where the latter function is a slight
abuse of notation of the previously defined price function. This model was studied extensively in
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the setting of general inverse demand functions in [16]. There, the essential piece of information
about the price function was the relative prudence curve denoted by ρ(Q) and defined by

ρ(Q) := −QP
′′

P ′
.

The standard definition of relative prudence is given by

ρ(Q) = −QU
′′′(Q)

U ′′(Q)
,

where the utility of a consumer is given by the quasilinear utility function U(Q) + m where Q is
the quantity consumed and m is money. However, we see immediately that these definitions are
equivalent based on our derivation of pHi (q) in Section 2.2.

For the linear price function ρ(Q) ≡ 0. The calculation of the Nash equilibrium is identical to that
of the differentiated case, except here instead of using the effective market price function P̄ (Q), we
use the actual market price function P (Q) = pH(Q). With this slight modification all of the results
in Section 3.1 carry over to this setting, provided we set β = γ.

As we shall require it later, we note, setting γ = β in (17), that the equilibrium total supply in the
homogeneous model is given by

Q?,nH =
nα− S(n)

(n+ 1)β
. (30)

Here we use the subscript H to stand for Homogeneous in order to discriminate this quantity from
the one used in the differentiated Cournot game.

We then have the following result that fully characterizes the equilibrium. The proof follows the
proof of Proposition 3.1 with γ = β.

Proposition 3.3 (Corr 2.7 in [16]). The unique Nash equilibrium can be constructed as follows.
Let Q̄?H = max

{
Q?,nH |1 ≤ n ≤ N

}
. Then the unique Nash equilibrium quantities are given by

q?i (s) = max

{
α− βQ̄?H − si

β
, 0

}
, 1 ≤ i ≤ N. (31)

The number of active players in the unique equilibrium is m = min
{
n | Q?,nH = Q̄?H

}
.

3.4 Homogeneous Bertrand Competition

The homogeneous Bertrand case is perhaps the simplest and yet most difficult to analyze of the
four models. As in the differentiated Bertrand case, the firms use price as their strategic variable
in maximizing the profit function in (10) with quantity given by qHi (p) in (9). The difficulty arises
from the non-smoothness of the demand function. If one firm sets a price slightly below the rest of
the market, then they will receive all the demand. If another firm were to charge an even slightly
lower price than this, then all of the demand would shift to this new lowest cost firm. This behavior
makes the result seemingly very simple.

Consider first the case of a duopoly. We illustrate in Figure 2 the best response functions for the
two firms, where s1 < s2. The best response is to charge cost while your opponent is pricing below
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Figure 2: Best Response Functions for Homogeneous Bertrand Duopoly

your cost, and then to price at your opponent’s price minus a small amount, which we denote
informally as p? = (s2 − ε, s2). The reason for this is that if Firm 1 were to price strictly at s2,
by any amount, Firm 2 would have an incentive to deviate from sharing demand at this price by
lowering price by a small amount and thereby capture the entire market at a price above cost. The
same concept extends to N firms in the sense that the lowest cost firm is the only one who ever
receives demand from the market.

There is a subtle issue here as, for a fixed value of ε > 0, Firm 1 would always be better off
decreasing ε by a small amount and therefore increasing profit. This is what has been referred to
as the open-set problem, see [9] and references therein. We follow their solution of such a situation
and assume that the equilibrium exists in the limiting sense of Firm 1 setting price equal to s2 and
obtaining the entire market demand at this price, while Firm 2 sells nothing and gets zero profit.
Further, we have assumed throughout in a Bertrand market that any firm with zero demand in
equilibrium at any price greater or equal to cost sets price equal to cost. Thus, we have an unique
equilibrium (albeit in a limiting sense) of p? = (s2, s2), with Firm 1 supplying the whole market.

If Firm 1 knew they were the only firm in the market, then they would charge their optimal
monopoly price

p?M =
1

2
(α+ s1) . (32)

This is greater than cost provided s1 < α. If there are other firms in the market, Firm 1 cannot
necessarily choose this price, because if they did, other firms would have an incentive to undercut
that price and capture all of the demand in the market. In fact, one can show that no equilibrium
is sustainable with p1 > s2, regardless of the number of firms in the market. Furthermore, for ε > 0
small enough, we have that the profit of Firm 1 from setting p1 = s2− ε is strictly greater than the
profit from setting p1 = s2 and sharing demand with Firm 2. As above, we deal with this situation
in a limiting sense and simply use s2 in place of s2 − ε, where it is understood that Firm 1 serves
the entire market. Hence,

p?1 = min (s2, p
?
M ) , (33)
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and
p? = (p?1, s2, s3, . . . , sN ) . (34)

The expression in (33) is the analog of the Type 〈III〉 equilibrium from the differentiated Bertrand
game. Firm 2 can be on the boundary, with Firm 1 pricing below his monopoly price because they
must respect the presence of Firm 2. However, if the cost of Firm 2 is high enough, then Firm
1 can completely ignore the higher cost firms and we are in the setting analogous to a Type 〈II〉
equilibrium.

The only subtlety that arises in this case is what occurs when firms have equal cost. Obviously
this is only relevant if the firms that are tied also have the lowest costs in the market. Suppose for
some k > 1 we have s1 = s2 = · · · = sk and sk < sk+1 ≤ sk+2 ≤ · · · ≤ sN . Due to the potential
for undercutting, the only equilibrium is for all firms to set price equal to marginal cost. This can
be seen by comparing the profit at any other equilibrium price and that obtained by a single firm
deviating slightly and capturing the entire market. Hence,

p? = (s1, . . . , s1, sk+1, . . . , sN ) , (35)

where it is understood that Firms 1 through k split demand equally and the remaining firms get
zero demand and make zero profit.

3.5 Equal Costs

Suppose the N firms all have equal costs, that is s := s1 = · · · = sN . This is just a base case for
comparison and has already been thoroughly studied. First, we can state that provided s is small
enough, which will be made explicit below, all firms will produce in the equilibrium. Moreover, as
our specification of demand is symmetric across firms, the equilibrium is unique and symmetric.

Price Quantity

Differentiated Cournot αβ+s(β+(N−1)γ)
2β+(N−1)γ

α−s
2β+(N−1)γ

Bertrand α(β−γ)+(β+(N−2)γ)s
2β+(N−3)γ

β+(N−2)γ
2β+(N−3)γ

(
α−s

β+(N−1)γ

)
Homogeneous Cournot α

N+1 + N
N+1s

α−s
β(N+1)

Bertrand s α−s
βN

Table 1: Equilibrium Prices and Quantities for equal cost oligopoly

From Table 1 we can see that the condition for an equilibrium with positive quantities and prices
is that s < α. The homogeneous formulas are the easiest to analyze. We see that under the
condition s < α, homogeneous Cournot price is greater than homogeneous Bertrand price, however
they are equal in the limit as N → ∞. Moreover, the market quantity, Q, is greater in the
homogeneous Bertrand game compared to the homogeneous Cournot game. Again, these are equal
in the limit. One can also show that these inequalities hold in the differentiated cases as well. That
is, PCournot > PBertrand and QBertrand > QCournot. Moreover, the closer γ/β is to one, the greater
these differences are.
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4 How many firms are active?

In this section we consider the question of whether a firm is active or inactive in equilibrium. We
first provide a three-firm game example to illustrate the possibilities that can arise. Then, we
move to the more general case of N -firm games. The main result of this section is an ordering of
the number of active firms in equilibrium across the four different types of games. Following the
analytic result, we provide numerical examples to demonstrate the various prospective outcomes.

4.1 Three-Firm Games

In order to fix some ideas we consider the case of two firms ordered such that 0 < s1 < s2. One
can easily characterize the equilibria that result in the four types of oligopolies we are discussing.
However, let us consider the addition of a third firm with cost s3. We have five possibilities: (i)
s3 < s1, (ii) s1 = s3, (iii) s1 < s3 < s2, (iv) s2 = s3, and (v) s2 < s3. The question we pose is what
effect does this third firm have on the market equilibrium. Obviously one can choose costs in such
a manner so that we have any number of active firms in equilibrium in all four different types of
oligopolies.

We fix s1 = 0.1, s2 = 0.2, α = 1, β = 0.5 and γ = 0.1. We then let s3 vary from 0.001 to 0.999.
We display the prices of the three firms over the range of costs of Firm 3 in the four different types
of oligopoly in Figures 3(a) - 4(b). We display the number of active firms in the different types of
oliogopoly in Figure 5. The prices of all firms are strictly increasing in the cost of Firm 3, except
in homogeneous Bertrand, while this firm is active in the equilibrium. After Firm 3 is no longer
in the equilibrium, the prices of the remaining active firms are flat as this high cost firm is no
longer relevant to the market. The only exception is in the differentiated Bertrand market where
the prices of Firms 1 and 2 increase over a small region of the cost space where Firm 3 is on the
boundary until it reaches a point where Firm 3 is completely ignorable and the prices then level
off.

As γ is small relative to the size of β, we have that the goods are highly differentiated. Thus, there
should be large differences between the homogeneous and differentiated models. This is observed
in Figure 5 where the homogeneous Cournot model has a far different profile of the number of
active firms compared with the differentiated Cournot model. Similarly between the homogeneous
and differentiated Bertrand models. One can also see that the differentiated Bertrand and Cournot
markets are quite close in terms of the number of active firms. We shall return to this feature in
what follows.

4.2 The General Case: N-Firm Games

Fix the total number of firms N , the parameters α, β, and γ, and the vector of costs s = (s1, . . . , sN )
such that 0 < s1 ≤ s2 ≤ · · · ≤ sN < α.

We shall denote by n?Bh, n?Bd, n
?
Ch, n?Cd, the number of active firms in equilibrium in the homoge-

neous Bertrand game, differentiated Bertrand game, homogeneous Cournot game and differentiated
Cournot game, respectively. The purpose of this section is to show specifically how these numbers
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Figure 3: Differentiated Models - Prices

relate to one another. This will be shown in Theorem 4.1, but first we establish a few helpful

lemmas. In the process we shall need the quantity θn = (β − γ)
(

2β+(n−1)γ
β+(n−2)γ

)
.

Recall the fact that in both Cournot type games, a firm is active in equilibrium, if and only if the
total equilibrium supply strictly increases when this firm enters the market. In the homogeneous
Cournot game, this amounts to the fact that Firm n is active if and only if Q?,nH > Q?,n−1

H . In
the differentiated Cournot game, the condition is Q?,n > Q?,n−1 if and only if Firm n is active
in equilibrium. We characterize these conditions in terms of the cost of the firms in the following
lemma.

Lemma 4.1. In the homogeneous Cournot game, we have Q?,nH > Q?,n−1
H if and only if sn <

α+S(n−1)

n . In the differentiated Cournot game, we have Q?,n > Q?,n−1 if and only if sn <
α(2β−γ)+γS(n−1)

(2β−γ)+(n−1)γ .

Proof. For the homogeneous case, recall the definition of Q?,nH in (30). Write down Q?,nH −Q
?,n−1
H and

rearrange. The differentiated case can be found in Corollary 3.1, where we note that sn < P̄ (Q?,n)
is equivalent to the given condition. �

Lemma 4.2. The following expression is increasing in h

αh+ γS(n−1)

h+ (n− 1)γ
, (36)

provided the denominator is not zero.

Proof. Take a derivative with resect to h to obtain

∂

∂h

[
αh+ γS(n−1)

h+ (n− 1)γ

]
=

1

(h+ (n− 1)γ)2

(
αγ(n− 1)− γS(n−1)

)
. (37)

As γ is strictly positive, we find that this expression is strictly positive provided (n−1)α > S(n−1).
This is obviously true based on the assumption that si < α for all i. �
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Lemma 4.3. (2β − γ) > θn for all n > 1.

Proof.

2β − γ − θn = 2β − γ − (β − γ)

(
2β + (n− 1)γ

β + (n− 2)γ

)
= γ

(
(n− 2)β + γ

β + (n− 2)γ

)
. (38)

Obviously the expression in (38) is positive for n > 1. �

Theorem 4.1. n?Bh ≤ n?Ch ≤ n?Cd. Further, n?Bd ≤ n?Cd. Finally, n?Ch ≥ n?Bd if θn?
Ch
< γ.

Proof. n?Bh ≤ n?Ch:

First, we note that n?Bh = # {k : sk = mini si}. Thus, this is equal to one unless we have for some
j, 0 < s1 = · · · = sj < sj+1 ≤ sj+2 ≤ · · · ≤ sN . In such a case, we would have n?Bh = j. We know

that Q?,1H > 0 by assumption on s1 < α. Furthermore, with the above specification for the costs,
simple algebra shows

Q?,jH = 2

(
j

j + 1

)
Q?,1H . (39)

Moreover, 2
(

j
j+1

)
> 1 if and only if j > 1. Hence, Q?,jH > Q?,1H for all j > 1. Therefore at least all

firms with cost equal to the lowest cost firm are active in the homogeneous Cournot equilibrium.
In this case, this means n?Ch ≥ j. Therefore, n?Bh ≤ n?Ch.

n?Ch ≤ n?Cd:

Lemma 4.1 specifies that firm n participates in the homogeneous Cournot equilibrium if

sn <
α+ S(n−1)

n
=
αγ + γS(n−1)

γ + (n− 1)γ
, (40)
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and this firm participates in the differentiated Cournot equilibrium if

sn <
α(2β − γ) + S(n−1)

2β + (n− 2)γ
. (41)

Using Lemma 4.2, we have

α(2β − γ) + S(n−1)

(2β − γ) + (n− 1)γ
>
αγ + γS(n−1)

γ + (n− 1)γ
, (42)

because (2β − γ) > γ. Hence, if Firm n is active in the homogeneous Cournot equilibrium, i.e. if
their cost is low enough, then the firm is also active in the differentiated Cournot equilibrium by
(42). Therefore, n?Ch ≤ n?Cd.

n?Bd ≤ n?Cd:

The differentiated Bertrand equilibrium can be of three types. In Type 〈I〉, we have that all firms
price above cost according to their interior candidate equilibrium prices p?,Ni . It is obvious that

p?,NN > sN is necessary and sufficient for this equilibrium to hold. This condition on sN is equivalent
to

sN <
αθN + γS(N−1)

θN + (N − 1)γ
. (43)

Using Lemmas 4.2 and 4.3, we find that

αθN + γS(N−1)

θN + (N − 1)γ
<

α(2β − γ) + S(N−1)

(2β − γ) + (N − 1)γ
. (44)

This implies that if there is a Type 〈I〉 equilibrium in the differentiated Bertrand game, i.e. n?Bd =
N , then we also have n?Cd = N .
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If we a priori know that we have an equilibrium of Type 〈II〉, then we know that Firm n is active
in the differentiated Bertrand equilibrium if

sn <
αθn + γS(n−1)

θn + (n− 1)γ
, (45)

and the firm is active in the differentiated Cournot equilibrium if

sn <
α(2β − γ) + S(n−1)

(2β − γ) + (n− 1)γ
. (46)

Again using Lemmas 4.2 and 4.3, we find the same inequality as (44) with N replaced by n. Hence,
a firm being active in the Type 〈II〉 differentiated Bertand equilibrium implies the firm is active in
the differentiated Cournot equilibrium. So for a Type 〈II〉 equilibrium, we have n?Bd ≤ n?Cd.

Finally, the situation of a Type 〈III〉 equilibrium could arise. However, this serves only to decrease
the number of active firms in the market from the maximum number of firms that could be sustained
in a Type 〈II〉 equilibrium. That is, a Type 〈III〉 equilibrium starts with a Type 〈II〉 equilibrium
and then possibly removes some firms from being active. Therefore, in all cases we have n?Bd ≤ n?Cd.

n?Ch vs n
?
Bd:

Let us ignore for now the case of a Type 〈III〉 equilibrium in the differentiated Bertrand game. We
have established the conditions on sn for a firm to be active in the two types of equilibria. First,
in the homogeneous Cournot case we have the condition given in (40). Second, in a Type 〈I〉 or
Type 〈II〉 equilibrium in the differentiated Bertrand game, we have the condition given in (45). We
find by Lemma 4.2 that Firm n being active in the differentiated Bertrand game implies the firm
is active in the homogeneous Cournot game if θn?

Ch
< γ. Therefore, this implies n?Bd ≤ n?Ch. This

result continues to hold for a Type 〈III〉 equilibrium as again such an equilibrium only serves to
reduce n?Bd. �

Remark 4.1. If θn?
Bd

> γ then the relative size of the conditions on cost reverses and therefore
one expects n?Ch ≤ n?Bd to hold. However, this does not account for the possibility of a Type 〈III〉
equilibrium. The number of active firms in a Type 〈III〉 equilibrium is highly sensitive to the costs
and it is quite difficult to ascertain what occurs in this case. However, Type 〈III〉 equilibrium are
rare in some sense in that they only occur for very special specifications of the costs. Therefore, in
most situations, one should have n?Ch ≤ n?Bd if θn?

Bd
> γ.

Remark 4.2. The condition θn > γ essentially boils down to γ being small enough relative to β.
In fact, one can show that θn−γ = (2β+nγ)(β−2γ) + 3γ2. Thus, a sufficient condition for this to
be positive is β > 2γ. Moreover, what happens as γ approaches β is that the homogeneous Cournot
and the differentiated Cournot approach one another, and similarly with the two Bertrand models.
However, as the homogeneous Bertrand model always has only one active firm in the market (when
there is a unique low cost firm) and the differentiated Cournot model has the most active, we find
that the differentiated Bertrand and homogeneous Cournot have to cross over at some point to
account for this lack of differentiation among the goods. Thus, informally, one can claim that for
sufficiently differentiated products we have: n?Bh ≤ n?Ch ≤ n?Bd ≤ n?Cd.

Remark 4.3. If we let γ = 0, then the differentiated Bertrand and Cournot models coincide in
terms of the number of active firms. This can be seen from (45) and (46), as setting γ = 0 causes
θn = 2β and the conditions on cost for a firm to be active in equilibrium in the two cases then
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coincides. Also, based on the assumption that si < α for all i, we will have all firms active in the
equilibrium that results with γ = 0. This is all fairly obvious but at least worthwhile to note as the
behavior of the number of active firms in equilibrium depends highly on γ and there is no difference
between differentiated Bertrand and Cournot when goods are independent.

4.3 Numerical Examples

Fix s = (0.25, 0.27, 0.35, 0.4, 0.5), α = 1 and β = 0.5. We then consider the addition of another firm
to the market with cost s6 varying from 0.001 to 0.999. We consider three different possible values
of γ, a low, base and high case. The low and high cases for the four different oligopoly models are
displayed in Figure 6 (a) and (b). The results for the base case of γ = 0.3 are displayed in Figure
7.
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(a) Low, γ = 0.1
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(b) High, γ = 0.45

Figure 6: Number of Active Firms - 6 firm example
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Figure 7: Number of Active Firms - 6 firm example, γ = 0.3

In the high case, we see that increasing γ this much towards β causes the number of active firms in
the differentiated Bertrand market to be less than that of the homogeneous Cournot market. We
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also see that the homogeneous and differentiated Cournot markets have similar numbers of active
firms, coinciding over a large region of the cost of the additional firm, contrary to the result in
Figure 7 where they are completely separated over the whole space of costs.

In the low case representing the other extreme point of view where we move γ towards zero, we see
that the differentiated Bertrand and Cournot are almost identical with Cournot having more firms
over a small region of the space of costs. We also see that the homogeneous Cournot is completely
separated from the three other models of oligopoly.

Another point of view from which we can study the behavior of the effect of the degree of product
differentiation on the market equilibrium is to plot the number of active firms in the four different
market types versus the ratio γ/β. We fix the total possible number of firms at 40, we set α = 1,
and finally we fix β = 0.5. We then vary γ so that γ/β ranges from 0 to 1.

First, we set s1 = 0.1 and s40 = 0.99, and specify the costs of the intermediate firms to be linearly
increasing from s1 to s40 so that the difference between the costs of adjacent firms is constant. We
display this in Figure 8 (a).

Next, we put firms into 5 groups so that there are 8 firms with equally spaced costs within each
group, the costs varying from lowest to highest by 0.005, then with a gap of 0.18 between groups.
For example, the first group has s1 = 0.1, s2 = 0.105, s3 = 0.110, . . . , s8 = 0.135; then s9 = 0.315.
We continue in this manner until we get to s40 = 0.995. We display the results with this cost
structure in Figure 8 (b).
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(a) Evenly spaced costs

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15

20

25

30

35

40
Number of Active Firms

N
um

be
r o

f A
ct

iv
e 

Fi
rm

s

Degree of Product Differentiation

 

 
Cournot (Diff.)
Cournot (Hom.)
Bertrand (Diff.)
Bertrand(Hom.)

(b) Five different cost clusters

Figure 8: Number of Active Firms - 40 firm example

One can clearly see from both figures that the number of active firms in equilibrium is decreasing in
the degree of product differentiation. That is, with γ/β = 0, meaning independent goods, we have
the maximum number of active firms, and with γ/β = 1, meaning homogeneous goods, we have the
minimum number of active firms. We can see the point where the differentiated Bertrand crosses
over the homogeneous Cournot is at a high degree of product differentiation, thereby confirming
our previous remark that for low values of γ/β we expect n?Bh ≤ n?Ch ≤ n?Bd ≤ n?Cd. Comparing the
two figures, we see that with a nice linearly interpolated cost structure we get relatively smooth
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behavior of the number of active firm curves. However, with clustered costs, we can see that
essentially each cluster is either wholly in or wholly out. This leads to the large flat regions of
space with no change in structure, along with sudden large drops in the number of firms.

5 Economic consequences of an equilibrium number of active firms

The question to be answered is what determines the number of active firms in equilibrium in an
oligopolistic market. That is, what factors can be used to give evidence for certain natural market
concentrations. We posit that the type of competition, the degree of product differentiation and the
cost structure in the market are the leading factors. The cost structure itself, although modeled
quite simply here, can be thought of as incorporating more complicated cost scenarios into an
effective marginal cost. For example, if entry to a market requires a high start-up cost, one can
think of an additional firm that is not already in the market as having a high effective marginal
cost when considering their entry/exit decision to the market.

5.1 Type of competition

We have studied Bertrand and Cournot type competition. Theorem 4.1 proves that the number of
active firms in equilibrium is higher under Cournot type competition than Bertrand type. There-
fore, one might naturally expect markets where price is the more natural strategic variable to be
characterized by a more concentrated market. This leads to less product choice for the consumer.
However, the increased level of competition that causes there to be less firms active also leads to
lower average prices for the consumer. See Hackner [15] for this relationship between prices for
substitute goods. Hence, in the Bertrand model, consumers are better off in terms of the prices
they pay, but are worse off in terms of the variety of choices offered to them. On the other hand,
in Cournot competition, consumers pay a premium for variety. The existence of more firms in
equilibrium can be seen as desirable in terms of more choice, but there is an implicit cost for this
benefit.

5.2 Degree of Product Differentiation

There are two extreme cases we can consider here: γ/β = 0 and γ/β = 1. In the former case, the
goods are independent, and we will have the maximal number of active firms in the market. This
means that maximal product differentiation is positive for the variety of options available to the
consumer. But again, the dark side to variety is an increase in price. With γ/β = 0, each firm acts
as a monopoly, and consumers pay higher prices. Therefore, exactly as in the case of the type of
competition, we see that more variety over the set of goods comes with the cost of higher prices.
Moreover, the type of competition and the asymmetries in the cost structure are irrelevant to this
result. Both Cournot and Bertrand result in the same number of active firms, and provided si < α
for all i, the actual distribution of costs is inconsequential.

The other extreme is where goods are homogeneous. Here, we have the minimal number of active
firms (depending on the mode of competition). This decrease in variety is somewhat offset by a
decrease in the price paid by the consumer. Here the number of active firms does depend on the
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mode of competition. In the Bertrand case, we truly have the minimal number of active firms, only
those with the lowest cost. In the Cournot case, we have more active firms, but this can still be
significantly less than in a market with a lower γ-to-β ratio. Therefore, we see that with a very high
degree of product differentiation, meaning the goods are close to homogeneous, we expect to have a
concentrated market, the more concentrated the market the closer the competition is to pure price
competition. Additionally, homogeneous goods lead to lower prices, and the lowest possible prices
in the case of Bertrand competition.

5.3 Cost Structure

The effect of cost asymmetries on the number of active firms is the least straightforward of the
three factors. Clearly, all firms having equal cost leads to the greatest number of active firms, all
else equal. Moreover, if the market has only one very low cost firm, with any number of high cost
firms, we will have that the low cost firm serves the majority of demand and thus the market will
be highly concentrated. Therefore, market concentration can be positive if it leads to the lowest
cost producer meeting the majority of demand as this is the most efficient outcome. However, this
cost asymmetry leads to a lack of variety for consumers. The low cost firm is capable of charging
the lowest prices and producing the most output, however in many markets, there is likely only
to be a small number of such firms. In industries where learning and greater intellectual property
lead to drastic cost reductions, one is likely to observe markets that are highly concentrated with
the lowest cost firms holding the largest market share. On the other hand, when a new entrant can
achieve roughly the same marginal cost as an incumbent firm, one is likely to see much less market
concentration in the form of more active firms. This feature can be seen as crucial throughout the
models we have presented above because of the high dependence of the number of active firms on
the sum of marginal costs of the lowest cost firms. In studies of oligopoly where costs are assumed
equal across firms, such interesting and important features of real markets are overlooked.

5.4 What is best for the consumer?

This is of course a loaded question. It seems to be taken for granted that economic efficiency is one
manner in which to judge what is best for the consumer. Moreover, greater competition is often
seen to lead to greater levels of efficiency. See Vickers [28] for a discussion of how economic efficiency
can be promoted by competition. In our analysis, the concept of competition is somewhat difficult
to ascertain. On the one hand, a larger number of firms in the market could be seen to imply a
more competitive market in the sense that each firm must compete with more varieties of goods
for demand. This would lead one to the conclusion that Cournot competition is more competitive
and can thus lead to greater economic efficiency. However, on the other hand, a market might have
a small number of active firms, each of which is more efficient (in terms of cost) than those who
are not active, because the competition is so great. Thus, the market might be more concentrated
and consumers pay a lower price because of a large amount of competition. This leads one to the
conclusion that Bertrand competition truly leads to greater economic efficiency.

However, economic efficiency is not the only way to judge what is best for a consumer. In fact,
in this model, consumer surplus is the most accurate way to judge what is best for the consumer
because it is denominated in units of utility. In our set-up, because of the results of Hsu and Wang
[19], consumer surplus is higher in the Bertrand model than in the Cournot model. Thus, from a
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strictly utility point of view, a Bertrand market is better for the consumer. Intuitively, though,
consumers want variety in their set of choices; see Lancaster [22] for a discussion of this issue. From
this perspective, a Cournot market is better for the consumer. One way to address this might be
to incorporate into the representative consumer’s utility function some preference for having more
choice.

This analysis has implications in the application of antitrust laws, in particular the use of the
Herfindahl-Hirschman Index (HHI) by the Department of Justice in assessing the legality of a
proposed merger. The above results translate to the statement that, ceteris paribus, Cournot
markets have a lower HHI than Bertrand markets. However, in terms of competition, which this
index is supposed to assess, one can strongly argue that Cournot markets are less competitive than
Bertrand markets. Although this index is not meant to be comparable across different types of
markets, the use of such an index relies on the assumption that market symmetry and more active
firms are always better. However, the strength of competition in the Bertrand model results in
a monopoly providing the lowest price because of the potential competition of higher cost firms.
Therefore, this analysis is a clear indicator that the HHI is an incomplete metric. Similar results
can be established for other common competition measurement indices.

There is a vast number of perspectives from which we can analyze such issues. For example, Geroski
et al. [13] discuss other important areas of study that can lead to effects on consumer welfare such
as imperfect information and collusion among firms. Our analysis leads to certain conclusions about
what may be better for consumers. However, in the end, there is no clear answer that one market
structure is preferred over another. The closest we can get to a concise conclusion is that cost
symmetry is preferable to consumers. However, this comes with the caveat that symmetry is only
good if those firms have low cost. Contrary to this perspective is that one would not want two equal
and very high cost firms as opposed to one low cost and one high cost firm. With this caveat in
mind, we find that less dispersion in the distribution of costs leads to many of the previous results
being mitigated as the differences among firms decreases. But, this is not the case in practice. We
find that cost asymmetries are vitally important to consider in the analysis of differential oligopoly
games; see [16] and [23]. In those papers, as capacity or quantity of a resource of a firm diminishes
over time, the effect is equivalent to a modification of the shadow cost of the firm. Hence, as firms
interact dynamically over time, their effective local costs necessarily change and therefore even
though one might hope for cost symmetry, it is highly unrealistic, especially under uncertainty of
demand.

6 Conclusion

We have analyzed the number of firms who are active in equilibrium in Cournot type and Bertrand
type oligopolies in the case of both homogeneous and differentiated goods. Moreover, we have
considered crucially the case where firms have asymmetric costs. Our main finding is that for a
given type of good structure (i.e. either homogeneous or differentiated) Cournot markets have more
active firms than the corresponding Bertrand market. Further, the differentiated market has more
active firms than the corresponding homogeneous market for both Cournot and Bertrand type
oligopolies. We find that the degree of product differentiation is thus crucial for the determination
of the natural market size. Our assumption of asymmetric costs was crucial as we have found that
the results for equal costs across firms is very different than with asymmetric costs. Specifically,
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equal costs leads to the maximal number of active firms in a market, whereas asymmetric costs
leads to the possibility that some firms are inactive in equilibrium. Our results do not say without
certain stipulations that one mode of competition is more desirable for consumers than another.
However, the essential result is that Bertrand markets give consumers less choices of goods, but
they pay lower prices for those goods. On the other hand, Cournot markets give consumers an
increased amount of variety, but at the cost of paying higher prices for those goods.
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