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ABSTRACT

THREE ESSAYS ON REPEATED GAMES
WITHOUT PERFECT INFORMATION

ILLTAE AHN

George Mailath

In repeated games in which some players do not observe other players’ ac-
tions, effective information transmission among players is an essential element in
supporting a nontrivial equilibrium. The purpose of this dissertation is to study the
information transmission and understand how incentive problem that might arise
due to the imperfect observability may restrict some equilibrium outcomes. Chapter
1 studies a repeated buyer-seller relationship in a random matching setting, where
buyers privately “network” for information and sellers have a short term incentive to
supply low quality. High-quality production equilibrium is provided even when each
buyer periodically interacts with only a small number of other buyers: the number
can grow only at a rate of square root of total population. When networking is
costly, low quality has to be supplied with positive probability in any equilibrium.
For this case, we characterize conditions for an equilibrium in which both high and
low quality are supplied. However, the analysis here does not fully elucidate the
incentive problem caused by imperfect observability. In general, a player’s punish-

ing behavior might not be distinguished from his own deviation by other players

vi



and so the punisher might be punished as well. This potential confusion raises
the incentive issue of why an observer of a deviation initiate punishments rather
than conceal the information. Chapter 2 directly addresses this issue by studying
repeated games in which at least one player observes all the other players’ actions
while the other players only observe actions of the perfect observer and possibly
some other players. The restrictions on the stage game payoff are obtained for the
Nash-threat Folk theorem. Chapter 3 considers a repeated game in which a single
long-run player plays a fixed stage game against an infinite sequence of a different
set of N short-run players. The stage game played by the N + 1 players is a finite
game of perfect information. If short-run players only observe the plays of the last
K stage games rather than all previous ones, for almost all discount factors the only
pure strategy equilibrium of the repeated game is simply the repetition of the stage

game equilibrium.
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Chapter 1

Word-of-Mouth Communication

and Community Enforcement

1.1 Introduction

It has long been recognized that community enforcement can make sellers behave
cooperatively even when they meet particular buyers only infrequently and have
a short term incentive to cheat, e.g., to supply low quality or to shirk in a labor
contract. For instance, Klein and Lefller (1981) study the problem of credibly com-
mitting to offer high quality in a model where a continuum of buyers are randomly
matched with several sellers and each seller has a short term incentive to supply
low quality at a lower cost. In their model community enforcement by the buyers,
through a coordinated boycott after observing low quality, provides incentives for
the seller to produce high quality. The results of Klein and Leffler (1981), along
with most of the existing literature on community enforcement, depend upon the

assumption that past quality choices of the seller are public information.



When the number of sellers and buyers is large and particular sellers and
buyers meet only infrequently or only once, the assumption of public information
seems rather demanding. Recently this observation has led to a number of articles
looking at community enforcement with less stringent informational assumptions.
These papers include Milgrom et. al., (1990), Okuno-Fujiwara and Postlewaite
(1995), Kandori (1992) and Ellison (1994). However, partially due to the difficulties
of dealing with private information, all of the above mentioned papers have made
extreme informational assumptions: either complete anonymity of players together
with the assumption that players observe only the actions chosen in their own games,
or alternatively, locally complete information, which allows a player to perfectly
observe the status of his current opponent, based on the opponents past behavior.
See also Greif (1993), Harrington (1995), Greif (1994) and Greif et. al., (1994).

Kandori (1992) and Ellison (1994) study a repeated prisoners’ dilemma in a
large but finite-population random-matching setting, where players are unable to
recognize their opponents. They show that even then there exist sequential equilib-
ria where all players play cooperatively in every period. Cooperation is supported by
community enforcement based on contagious strategies: all players who are cheated
immediately start cheating their opponents, understanding that the whole society
is in a process of switching into non-cooperative actions. In the equilibrium, players
behave cooperatively to avoid initiating a general switch to non-cooperative actions.
An important factor underlying Kandori’s and Ellison’s results is that defection is
a dominant strategy of the stage game. Whether contagious strategies would work
in a repeated random matching game that does not share this property, such as
the buyer seller game we are about to study, is still unknown. In addition, at least

under their informational assumptions, the cooperative equilibria based on conta-



gious strategies are unstable in the sense that a single “insane” player who does not
cooperate can destroy the good equilibrium for all agents (Ellison, 1994).

Okuno-Fujiwara and Postlewaite (1995) and Kandori (1992) consider games
with local information processing: 1) Each player carries a label observable to her
opponent, 2) when two players are matched they observe each other’s label before
choosing their actions, 3) a player and his partner’s actions and labels today deter-
mine their labels tomorrow. The information processing is “local” in the sense that
the actions chosen by a pair of players are based only on their labels, not on the
entire distribution of labels across the population, and the updating of each player’s
label depends only on the previous labels and the outcome of the stage game. When
the population is large and players are randomly matched, the observability of the
current trading partner’s label and the updating of the labels require the existence
of some efficient information transmission and processing mechanism. This could
be a medieval law judge (Milgrom et. al., 1990) or institutions like credit bureaus
which track the transactions of every agent.

In many real life situations, however, social norms and informal information
transmission mechanisms can replace formal institutions and still facilitate cooper-
ation. In this paper, we present a model of community enforcement that is based
on word-of-mouth communication. The information transmission is highly imper-
fect in the sense that information about each defection spreads only to part of the
player population and defectors can not always be immediately punished. Despite
this, since players can be identified, private reputations evolve. This allows equi-
libria where only defectors are punished; making our equilibria more stable with
respect to “insane” players, who do not cooperate, than those based on contagious

strategies. In fact, when information is privately costly, only some of the sellers can



cooperate in any equilibrium. Nonetheless, word-of-mouth communication is shown
to be surprisingly efficient in facilitating cooperation.

We assume there are M sellers and M buyers, where M is large but finite
number, and that in each time period t = 0,1,2,..., the sellers and buyers are
randomly matched to play a stage game that contains an opportunity for a mutually
beneficial trade. The sellers have a short-term incentive to supply low quality
and will supply high quality only if the gains from maintaining good reputation
outweigh the short-term loss. For simplicity, it is assumed that buyers would not
knowingly purchase low quality at any price. We assume that buyers have networks
of communication that, roughly speaking, work in the following manner: In each
period each buyer observes N trades in addition to his own and N buyers, called
spectators, observe his trade and send him signals regarding his current trading
partner. We can think of these N spectators as friends of the buyer or just people
who happen to pass by. We assume that the identities of the spectators can change
from period to period.

Throughout the paper we consider two kinds of strategy profiles, which differ
in the informativeness of the signals. The strategy profile with the less informative
(actually totally uninformative) signals is equivalent to a model where signalling is
not allowed. For these two strategy profiles we provide sufficient conditions on N
and the discount factor for a sequential equilibrium where good quality is supplied
by all sellers in every period. Assuming the existence of a public randomization
device and high enough discount factor, these conditions can be stated as N > N*
where N* is a constant determined by the population size, discount factor and the
payoff matrix. As one of our main results, we show that with informative signalling

N* is a diminishing fraction of the population size.



We then study a model where “networking” (i.e., setting up N connections)
is costly. In this case, when M is large, we show that there must be a positive
probability of sellers producing low quality goods in any equilibrium in order to
give buyers an incentive to network. When the costs of networking are below a
threshold value, we find a sequential equilibrium in which sellers initially randomize
between high and low quality and continue to produce high quality if and only if
they produced high quality in the first period. In this equilibrium the probability of
buying low quality goods increases in M and the cost of networking. When the cost
of networking reaches the threshold value, trade collapses because the probability
of low quality goods that would provide agents with sufficient incentive to network
is so large that each buyer no longer wishes to experiment with an unknown seller.

In the existing literature on quality provision, it is assumed that agents in-
stantaneously learn about a seller’s defection, see e.g. Klein and Leffler (1981) and
Allen (1984). In this paper we show that word-of-mouth communication can spread
information rather quickly and make such assumptions reasonable approximations
in some settings. When the population is large and information privately costly,
our results suggest, however, that both high and low quality would be produced in
equilibrium. To further understand the role of institutions in transmitting informa-
tion, as in Milgrom et. al. (1990), we feel it is useful to understand the workings of
informal channels of information transmission. We hope that our formalization of
word-of-mouth communication has interest on its own.

The rest of the paper is organized as follows: Section 2 gives the formal de-
scription of the model. Section 3 discusses players’ strategies and presents sufficient
conditions for sequential equilibria with informative and uninformative signalling,

where high quality is produced by every seller in every period. Section 4 shows



that with informative signalling as M goes to infinity, trade can be sustained with
buyers networking with a diminishing proportion of other buyers. Section 5 studies

costly networking and section 6 concludes the paper.

1.2 The Model

There are two finite sets of players M, = {1,2,..., M}, k = S, B. Denote by Mg
the set of sellers and by Mp the set of buyers. We envisage the sellers as being
positioned at fixed locations around a circle, where the locations are numbered
clockwise from 1 to M. We refer to seller ¢ as the seller at location 7. It is assumed
the buyers can identify the sellers by the number of their location, but the sellers
can not recognize the identities of the buyers.!

Let © be the set of all permutations of M. In each period £ = 0,1,2,...,
a permutation §; € © is chosen with uniform probability, independent of previous
realizations. Buyer 6.(i) € Mp is placed at location 7 to play with seller i € Ms the

following simultaneous move “trade” game:

Buyer 6,(3)
B NB
Selleri H 1,1 0,0
L 1+4g,-¢ 0,0

where both g and £ are taken to be strictly positive numbers. The first (second)

number in each entry indicates the seller’s (buyer’s) payoff. Seller’s actions H and

1The more general assumption that sellers can also recognize the identities of buyers does not
change our results. The two strategy profiles that we consider would be equilibria of such a game
under conditions slightly different from ours.



L refer to providing “high-quality” and “low-quality” while buyer’s action B refers
to “buy” and NB to “not buy”. With g and ¢ strictly positive, L is the dominant
strategy for the seller and (L, N B) is the only Nash equilibrium of the trade game.
The sellers and buyers have a common discount factor § € (0,1) and their overall
payoffs are the discounted sum of payoffs from the trade games.

In each period t = 0,1,2,..., there is preplay communication among neigh-
boring buyers before the trade games. To be precise, the stage game proceeds as

follows:

1. After 6, is realized, buyer j observes 6;, recognizes the identity of his oppo-
nent, 6;'(§), as well as the identities of his “neighboring” sellers, 6; '(j) +
L6:7'() + 2,....0:'(j) + N, where N < M/2 — 1.23* Let us denote by
S;(8:) = {6:'(j) + k}ick<n the subset of neighboring sellers, whom buyer
j observes at period t, and by N;(6:) = {6.(67'(j) + k)}, ..y their period
t matches. We call N;(6;) buyer j’s neighboring buyers at period ¢. Also,
let us denote by N3(6;) = {0.(6;"(j) — k)}1<ck<n the subset of buyers, who
observe the interaction between j and 6; '(j) at period t. We call N(6;) the
spectators to buyer j's game at period t. Notice that the identities of the

spectators, neighboring sellers and buyers depend on 6,.

2. Buyer j sends a payoff-irrelevant signal to each of his neighboring buyers

n € N;(6;) and receives a message from each spectator in Nj(f;). Let us

2The assumption that buyers observe 8, is made to ease the notation. An alternative assumption
that does not change our results would be that buyer j is able to recognize only the identities of
his opponent 8; !(j) as well as his neighboring sellers in period ¢.

We also make the assumption that N < M/2 — 1. The extension of our analysis to M/2 <
N < M —1is trivial. The case N = M — 1 would then correspond to the game with perfect
observability, while the case N = 0 to the game where each buyer observes only the outcome of
his trade game and the identity of his opponent.

3Sellers are female and buyers are male.

4These locations are of Mod M.






