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Motivation

e two important limitations of mechanism design with incomplete
information:

1. analysis typically assumes common knowledge of common prior over the
agents' types (ROBUSTNESS)

2. revelation principle only establishes that direct mechanism has an

equilibrium that achieves the social choice function, many others may
not achieve it (FULL IMPLEMENTATION)

e robust implementation: require robustness and full implementation




Dirk Bergemann and Stephen Morris Robust Implementation

Earlier Work on Robustness

e "“Robust Mechanism Design”: partial Bayesian implementation on all
type spaces

— for social choice function, ex post incentive compatibility (EPIC)
necessary and sufficient

— thus partial ex post implementation = Bayesian implementation on all
type spaces

e "Ex Post Implementation”: full implementation in ex post equilibrium:

— EPIC and ex post monotonicity necessary and almost sufficient

— ex post monotonicity does not imply nor is implied by either Maskin
monotonicity or Bayesian monotonicity

— ex post implementable scf f may still display Bayesian equilibria which
do not coincide with scf for some type space
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Paper

e Examine robust implementation (= iterative deletion procedure, Battigalli
+ Siniscalchi 2003) in well behaved but economically rich environment

e tight implementation results

— scf can be robustly implemented if and only if

x strict ex post incentive compatibility
* "contraction property” - moderate value interdependence (cf Chung

+ Ely 2002)
— when implementation is possible, it is possible in direct mechanism

e practical implications of robust approach?
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Robust Implementation in General Environments

e general mechanisms including integer games

— equivalence to iterated deletion of never best responses
— ex post incentive compatibility + " robust monotonicity” necessary and
almost sufficient

e robust monotonicity equals

— Bayesian monotonicity on all type spaces
— contraction property in single crossing aggregator environments

e compact mechanisms: strict ex post incentive compatibility necessary
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Plan

e public good example

e model

e sufficient conditions for robust implementation in direct mechanism
e linear model

e necessary conditions for robust implementation

e single good auction model
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Public Good Example

e [ agents, agent i has payoff type 6; € [0, 1]

e allocation y € R, xR’
— yo: public good

— y; : monetary transfer to ¢

e utility of agent 7 is
w; (y,0) = (0: +7 > 05)v0 + vis
JF#u

— type profile enters via aggregator: h; (0) = 0; + 723‘757; 0;;v>0

— cost of public good is ¢ (yg) = %y%
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Public Good Example

e socially optimal level of the public good is
I

fo®) = (L4 (I-1)3 6,

1=1

e essentially unique transfers generate ex post incentive compatibility:

]‘ 2
| 1 E g
f’b (‘9) ( +7 oy 9 ™ 2(91,
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lterative Procedure in Direct Mechanism

o 3°(0;) = 1[0,1]

o ¥ (0;) is set of reports ¢ might send for some conjecture )\; (9/_7;,9_1-)
over his opponents’ types f_; and reports 0’ ., with restriction on
conjecture \; (0’ 0_1-) that each type 0, of agent j sends a message in

B (05). _
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Quadratic Model

e agent i conjectures that other agents have type 6_; and report 6’

e agent ¢ with type 0, has best response

0; =0+ (6;—0)).
JF1

e linear best response allows us characterize 8% (6;):
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Induction

e Iterative step:

—k
B (0;) =min< 1,0, + ~ max o _ o
{(el—i’e—i):eéeﬁk(ej) for all j?éi} ; ( J j>

! k—
=min<¢ 1,60, + HHIiX ; (Hj — @ 1 (Hj))
JF1

10
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Bk (0;) = min{1,0; + ~ max Z (Qj _ ﬁk_l (93))}
A

e rewriting:
—k

5" (6:) = min {16, + (v (1 — )"}

and likewise

B* (0:) = max {0,0; — (v(1 —1))*}

e thus
0; # 0; = 0; ¢ 5" (0;)
for sufficiently large k, provided that

11
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Robust Implementation

Necessity

1
but now suppose that v > =

each type 0; convinced that others’ types are §; = % + ﬁ (% _

N =

types cannot be distinguished in direct or any other mechanism....

0;)

1+~ —1)

12
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Robust Implementation

Set-Up
finite set of agents, 1,2,...,1
agent ¢'s payoff type is 0; € ©,, ©; is a compact set
type profile 0 € © = O X --- X Oy
Y is a compact set of outcomes
agent i's utility: u; (y, 0)

social choice function, f: © — Y

13
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Mechanism

e m; € M; compact set of messages available to agent ¢
e outcome function: g : M — Y, g (m) outcome under message profile m

e mechanism is a collection:

M= (My,...Mr,q()),

e direct mechanism: M; = ©; for all 7 and g (0) = f (9)

14
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Robust Implementation

Deceptions
e message profile of agent i, S;: ©; — 2Mi/ @
— in direct mechanism, S; : ©; — 2@i/@

e deception: 3, : ©; — 29/ @ with 6, € 3, (6;)

— truth-telling: minimal deception 3; (6;) = {6;}

15
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lterative Procedure

e belief of agent ¢ over message and type profiles of remaining agents:

)\7; c A (M—z X @—z)

e set SY (0;) = M; and inductively define

(1) belief \; is consistent

(2) message m; is best-response given \;

16
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I s th.- (1) belief \; is consistent }

(2) message m; is best-response given \;

consistent (1):
N (m_i, (9_1) > 0= m; € Sjl?_l (93) , \V/] 75 1;

best response (2):

>\’L —7,7 ) Uyj (g (mu ) (0’&7 H—Z))

>\z ) WU; (g (m;, m_i) , (92, (9_1)) , me,} e M,;.

17
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Robust Implementation

Robust Implementation
o limit set SM ()

SM(9) = lim S*(9), for all 6 € ©.

k— o0

Definition 1. [Robust Implementation]
f is robustly implemented by mechanism M if

m e SM(0) = g(m) = f(0).

18



Dirk Bergemann and Stephen Morris

Robust Implementation

Type Aggregator

aggregator h; : © — R for each 1:

wi (y,0) = v; (y, h (0))

h; (0) is continuous and strictly increasing in 6;
no restriction on behavior of h; (-) in terms of 6_;

h; (0), possibly distinct for every %

19
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Definition 2. [Strict Single Crossing]
The environment satisfies strict single crossing (SC) if

Robust Implementation

vi (4, ) > vi (v, ) and i (y,¢") = vi (v, ¢') = vi(y.0") <vi(y,¢")
if

QS < QS/ < ¢//.
e only require aggregation ¢ of type profile 6 to be ordered on the real line

e does not require allocation y to be one-dimensional or ordered

20
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Understanding Single Crossing / Aggregator
Condition

e two allocations, a or b

e Y =10,1] x [-K, K]", where yy is the probability of allocation a

ui (y,0) = yovy () + (1 = yo) vy (6) + ys.

e An equivalent representation is

ui (,0) = yo [vf (8) — v (8)] + vs.

21
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We can give this a monotonic aggregator representation by setting h; (6) =
v® (0) — v? (0) and v; (y, h (0)) = yoh (0) + y;, we have

Uj (y7 9) = U (yv h’b (9)) '

and now v; indeed satisfies the strict single crossing condition.

22
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Understanding Single Crossing / Aggregator
Condition

e two agents

e agent ¢'s utility depends on expected value of wg + w;

® wo,wi,ws Iindependently normally distributed with zero mean and

variance o?.

e agent ¢ observes signal 6, = wg+ w; + €;, where each ¢; is independently

normally distributed with zero mean and variance 7%.

23
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® NOW

Ei(wo—l—wi\é’i,ﬁj) = const th(QZ,HJ)
2 2
:‘9'+22 200’7 2 2 229
077 —|—O'00' —|—00 —|—7'0' + oo o5
2_2
05T ;
Yij = 2"

007'2 + 0%02 -+ 0%02 + 7'202 + 0303

24
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Property 1

Definition 3. [Strict Ex Post Incentive Compatibility]
scf f satisfies strict ex post incentive compatibility (EPIC) if

w; (f(0:,0-4),(0;,0_;)) > u; (f (9;;, 9—@') , (04, Q—z‘))

for all i, 6 and 0.

25
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Property 2

Definition 4. [Strict Contraction Property]

The aggregator functions h satisfy the strict contraction property if, for all
B # B%, there exists i and 0 € 3, (0;) with 0 # 0;, such that

51gn ((9@ — 9;) = Slgl’l <hz (91, ‘9—2) — hz (9;, (9/_1)) ,
forall 0_; and 0", € B_.(0_;).

e for some agent ¢ the direct impact of private signal #; on aggregator
h; (0) is always sufficiently strong to outweigh the reported types of other
agents

26
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Sufficiency

Theorem 1. [Robust Implementation]
If strict EPIC and the strict contraction property are satisfied,
then there is robust implementation in the direct mechanism.

e no conditions on how f varies with type profile

— in particular, f does not have to respond to 6 similar to the response
of any of the aggregators h;
— no condition on the number of agents, such as I > 2

27
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Intuition

e interaction of single crossing and contraction property
e fix deception (3

e contraction property: there exists i and 0. € 3, (0;) with (wlog) 6; > 0,
such that h; (0;,0_;) > h; (0;,6";) for all 0", € 3, (6_;)

e now fix true type profile: 8, reported type profile: 8" € 3 ()

e choose §; > 0; with h; (6;,0_;) > h; (07,0";) > h; (0;,6",)

28
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Robust Implementation

Intuition
® SO hz (92, (9_@) > hz ((9;,, (9,_2) > hz ((9;,; 9/_7,)

29
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Intuition

® SO hz (92, (9_@) > hz (9;,, (9,_2) > hz ((9;,; 8/_1)
o 0; €3, (0:)

® NOW

v (F(0) b (07,607,)) < v (f(07,0";),hi(0,0",)) EPIC h;(6;,0"))
1
v (F(0),h: () > v (f(0/,0-,),hi ()  EPIC hy; (05,0

30
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Intuition

e so h; (0;,0_;) > h,; (9;,7 ‘9,—7;) > h; (‘927 el—i)
° @; c 3, (0;)

® NOW

T

v (f(0'),h:i (0) < i (f(07,0,),h:(07,6";)) EPIC  h;(0].0",)
T

v (F(0),hi (00) > v (f(07,02,),h:(0)) EPIC  h; (0,0,

31
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Linear Model

e preference aggregator h; (0) is linear for each i:

JFu

e ~,; represent influence of signal of j on the value of i

e interdependence matrix I':

0 |’712| |71]‘_
2 721l 0

i ‘711’ 0

32
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Contraction Property

e consider the class of deceptions of the form:

B;(6;) =10; —eci, 0; +ec;) N O;

Lemma 1. [Linear Aggregator]
Linear aggregator functions h satisfy the strict contraction property if and
only if, for all c € Ri with ¢ # 0, there exists ¢ such that

C; > Z !’yij‘ Cj.

JFu

e if the set of deceptions by 7 is too large, then there is an “overhang”
which can be “nipped and tucked”

33



Dirk Bergemann and Stephen Morris

Robust Implementation

Duality

Lemma 2. [Duality]
The following two properties of I' are equivalent:

1. for all c € RL with ¢ # 0, there exists i such that:
ci > ) il e
J7#t
2. there exists d € ]Rfr such that:
di > |7l d.
J7#t

for all 1.

34
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Contraction Mapping

Theorem 2. [Contraction Property via Eigenvalue]
The interdependence matrix I' has the contraction property if and only if
its eigenvalue A < 1.

e contraction property if and only if we can find a vector d, the eigenvector
of the matrix I' and eigenvalue A < 1 with

M1d =d

e for nonnegative matrices, left and right hand side eigenvalues coincide,
hence also for some ¢
MN'c=rc

e )\ rate at which the iterative procedure contracts

35
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Robust Implementation

e symmetric preferences: -y,; = {

Examples
1, if j=i
v, if jF#u

_ 2

TST

— moderate interdependence

e cyclic preferences: 7,

— ,y(i_j)modf and

D iy <1

J71

and hence

36
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Robust Implementation

e two bidders:

e sufficient condition is:

Examples

0 79
' =
[ Y21 0

Y12V21 < 1.

|

37
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Robust Implementation

EPIC in linear case

e public good example with general I

14+ 7, >0
J#1

e single private good example

%‘j<1

38



Dirk Bergemann and Stephen Morris

Robust Implementation

39
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Necessity

Definition 5. [Contraction Property]
The aggregator functions h satisfy the contraction property if, for all 5 # 37,
there exists i and 0, € 3, (0;) with 0, # 0;, such that either

or

Sign (Qz — (9;) = Sign (hz (HZ, (9_1) — hz (9;, (9/_2)) ,
for all 0_7; and 9/_1 -~ 6_2- (9_1)

e 'nongeneric’ weakening by allowing equality:

h; (0) = h; (0;,6",)

40
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Necessity

Theorem 3. [Necessity]

If f is robustly implementable, then f satisfies strict EPIC and the
contraction property.

e necessity holds for all mechanisms, direct or augmented

e implementation in direct mechanism cannot be improved by augmented
mechanism

41
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Robust Monotonicity

Definition 6. [Robust Monotonicity]

The social choice function satisfies robust monotonicity if, for all 3 #
B*, there exists i, 0; and 0. € B3,(0;) such that, for all 0’ ., and 1, €
A (6:% (‘9,—7,)) there exists y such that

Z Vi (0-i) uwi (y, (0:,0-;)) > Z Y, ( (f(é’ 0" ) (‘97379—1'))7

0_,c0_; 0_,e0_,;

while
ui (£ (07,073) 5 (0:67)) > i (y, (07, 0,))
for all 9" € ©;.

42
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Single Unit Auction

e agent ¢'s valuation of the object is

hi (0) =60;+ ) 7,05,
JF#0

o efficient allocation rule if

1 . | -
g (0) =4 #{ihi(O)=h(0)}' it h;(0) > hg(0) for all £,
0, if otherwise.

e Dasgupta and Maskin: EPIC requires ,;, <1

43
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Chung and Ely (2002): elimination of weakly dominated strategies in
direct mechanism gives efficient outcome if v,, = v < I—il

failure of strict ex post incentive compatibility

modify VCG mechanism to symmetric e-efficient allocation rule:

0;

G (0) =2+ (1= 2) g} (6)

satisfies strict ex post incentive compatibility
virtual implementation of efficient scf

full virtual implementation if and only if not too much interdependence

44
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Existence vs Uniqueness

e existence of efficient equilibrium in English Auction with interdependent
values

— Birulin and Izmalkov (2003): generalized single crossing condition
— Echenique and Manelli (2004): dominant effect property
— in symmetric model identical conclusion:

v <1

e uniqueness in second price auction

45
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Robust Implementation

Conclusion

interdependent valuations
contraction property and moderate interdependence
direct mechanism

open questions:

— can sequential mechanism improve the bound?

— can we replace direct mechanism with detail free ascending

mechanisms?
— which type spaces achieve the bounds via Bayesian equilibrium?
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