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Summary. A decision maker faces a known prior distribution over payoff
relevant states. We compare the expected utility of this individual under two
scenarios. In the first, the decision maker makes a choice without further
information. In the second, the decision maker has access to an experiment
before choosing an action. However, the decision maker does not know the
true joint distribution over states and messages. The value of the experiment
as measured by the difference in the two utility levels can be negative as well
as positive. We give a condition which is necessary and sufficient for the
experiment to be valuable in our sense, for any decision problem.

JEL Classification Number: D§1.

1 Introduction

Actions are motivated by beliefs and preferences. The judgement as to whether
an action is rational is one based on the consistency of ends and means given
beliefs. However, if the decision maker does not know all relevant facts about
the world, it is possible to draw a distinction between the rationality of an
action and its efficacy in furthering the goals of the decision maker. The
judgement as to the efficacy of an action is based on whether the action in fact
furthers the goals of the decision maker. It is concerned with how the world is,
rather than with what the decision maker believes.

* An earlier version of this paper was circulated under the title “Noisy Bayes Updating and the
Value of Information.” We have gained from the comments of Stephen Coate, John Geanakoplos,
Larry Samuelson, Timothy Van Zandt and seminar participants at Harvard Business School,
Princeton, Boston University, the international conference on game theory at Stony Brook 1992
and the Winter meeting of the Econometric Society at Anaheim 1993. The first author received
support for this project from NSF grant #SES-9308515 and a University of Pennsylvania
Research Foundation Grant.

Correspondence to: S. Morris



- T

" S. Morris and H. S, Shin

Although the distinction between rationality and efficacy is of little
comfort to the decision maker, it is of considerable interest to an outside
observer who is concerned with the value to the decision maker of receiving
additional information. To explain this point, consider the plight of twq
decision makers, 4 and B. Both decision makers know the true prior distriby-
tion over a set of payofl relevant states, have identical preferences, and are
facing identical decision problems. Moreover, they have identical beliefs
concerning the joint distribution over the payoff relevant states and a set of
messages yielded by an experiment. However, although they share the same
beliefs concerning the experiment, these beliefs may not coincide with the true
probabilities over state-message pairs. Crucially, while 4 observes the out-
come of the experiment, B does not. Hence, A will condition his action on the
message observed, based on his subjective beliefs, while B will choose an action
which is optimal given the known prior distribution over the payoff relevant
states alone. Who is better off?

This question is posed in terms of the ex ante expected utilities of the two
decision -makers. Given that A will follow an optimal decision rule given
beliefs, an outside observer who knows the true joint distribution over states
and messages will be able to calculate the ex ante expected utility of 4. The ex
ante expected utility of B is simply the expected utility from choosing an
optimal action in the absence of any experiment. We may then regard the value
of the experiment as the difference between the ex ante expected utility of
A over the expected utility of B.

The value of an experiment in our sense can be positive or negative. Its sign
depends on the form which the decision problem takes, such as the set of
available actions and the corresponding payoffs. It also depends on the
relationship between the true distribution over state-message pairs governing
the experiment and the subjective beliefs over state-message pairs. If beliefs
wander ‘too far’ from the truth, B may be better off, so that the experiment has
negative value. Then the question becomes how far is ‘too far’?

This is the issue addressed in this paper. For the record, we should
emphasize that the question addressed in this paper is different from that
addressed by Blackwell [ 1]. Blackwell envisaged a decision maker who knows
his environment, including the nature of the noise affecting his experiment. In
such a setting, with expected utility maximization, an experiment can never
have a negative value. The decision maker in our paper is someone who does
not know every detail of his environment, and the value of information can be
negative as well as positive. (Our approach appears to be closer to that of
Lehrer [4] who examines the value of accepting advice; however, our results
do not appear to be directly comparable).

Our question will be posed in the following framework. A decision maker
faces a finite set of payoff relevant states with an objective, and known prior
distribution over these states. We now consider the expected utility of this
individual under two scenarios. In the first, the decision maker makes a choice
without further information. The action chosen will be optimal given the prior
distribution over the payoff relevant states. In the second scenario, the
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decision maker has access to an experiment, and observes the outcome of this
experiment before choosing an action. However, the decision maker does not
know the true joint distribution over states and messages and has to rely on his
beliefs. We do not model the process through which these beliefs are formed,
butitis the crucial assumption of this paper that these beliefs may diverge from
the true distribution over state-message pairs. In each of the two scenarios, we
can calculate the (true) expected utility of the decision maker.

Within this framework, we characterize the relationship between the prior
distribution over the payoff relevant states and the subjective beliefs over
states and messages that is necessary and sufficient for the decision maker
never to be made worse off under the second scenario as compared to the first,
in any decision problem. In other words, we characterize the relationship
between two probability distributions which ensures that the experiment has
positive value for any decision problem. We emphasize that the question is not
whether the decision maker would choose to observe the signal, but rather
whether he will be made better off ex ante, from the viewpoint of the analyst
who knows the true distribution.

The applicability of the ideas in this paper is at its greatest when we have
the conjunction of two features: an innovative (and perhaps controversial)
experiment which is put forward as an aid to decision in a common and
well-understood problem. Such a combination would come closest to the
assumption in this paper that, while the prior distribution over the payoff
relevant states is known, the joint distribution governing the experiment is
unknown. New diagnostic tests for common, well-understood illnesses would
be one prime example from the field of medicine. Indeed, we shall pursue this
medical theme in our worked example, below. The example will help in posing
our question in a sharper way, and in relating our question to other standard
questions in decision theory.

2 An example

Our decision maker is the unfortunate victim of a dog bite, and faces the real
prospect of developing rabies. It is commonly acknowledged that our decision
maker will develop rabies with probability 7 > 0 if untreated. A course of
treatment is available if the decision maker acts immediately, but the treat-
ment is long and painful. However, this inconvenience is small compared to
the cost inflicted by untreated rabies. The treatment incurs a cost of ¢ in utility
terms, while the disease itself entails a cost of k in utility terms. The utility of
not developing rabies and not undergoing the treatment is set at zero.

In the absence of any further information, our decision maker will seek

. c .
treatment if & > = However, a new test for rabies has been developed, and our
<

decision maker has access to the test results before making a decision. Because
the test is new, the accuracy of the test is uncertain. The clinic estimates that the
test has a false “positive” rate of ¢, and a false “negative” rate of ¢,. In other
words, the clinic estimates that proportion ¢, of patients who do not have
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rabies test “positive”, while proportion &, of patients who do have rabies tes;
“negative”. However, these numbers are merely estimates, and may not
correspond to the actual false positive and false negative rates.

Based on the clinic’s estimates, the probability that our decision maker hag
rabies conditional on a positive result is:

TC(I - 8")

T Al —e) + (1 — e, 1)
The probability of rabies conditional on a negative result is:
e,
2.2)

T e (- —¢,)

We will assume that &,+¢,<1. This ensures that y,>n>7y,, since
7,/7,> 1 if and only if (1 —¢,)(1 —¢,) > ¢,¢, and 7 is a convex combination of
7, and y,. This assumption is essentially without loss of generality: we can
always label “p” the result which is believed to be correlated with rabies.

To the extent that the clinic’s estimate of the false positive and false
negative rates may diverge from the actual probabilities, it is an open question
as to whether the decision maker will be made better off as a result of heeding
the test results. Say that the actual false positive and false negative rates are
given by ¢¥ and e} respectively. Then, the true probability of rabies conditional
on a positive result is y¥ =n(l —&f)/(n(l — &) +(1 — n)ex) while the true
probability of rabies conditional on a negative result is 77 =ney (me) +
(1 —m)(1 —¢%)). We allow for the possibility that y% <7¥, so that the result
identified as “positive” actually makes rabies less likely.

We shall now argue that our decision maker is better off in ex ante terms for
all values of ¢ and k by having access to the test (as compared to acting on the
prior « alone) if and only if

“/':‘ <?NSTC<A"I)£M*' (23)

Thus it is necessary that the decision maker is qualitatively correct in his
interpretation of information, but he puts less weight on the information than
he should according to Bayes rule. We shall first present an argument which is
ad hoc to this example. It is designed to draw out some suggestive features of
the problem. However, we will have a chance to return to this example in
section 4 after we have presented the general result, where we can be much
more explicit about how this argument fits into the general framework.

Let us first consider the ‘if’ part of the claim. Suppose that y¥ <y, <
n<y,<y% If a positive result is observed, our decision maker will make the
same choice as he would have made according to the actual probabilities

c . . ,
unless 7y, <E < 7% However, in this case he would not have been better off

without the test, since the prior probability = would have recommended the
same course of action as the posterior belief y,. Similarly, if the test result is

. .. &
negative, our decision maker will make the correct decision unless 7 < % <Vp-
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But in this case, he would not have been better off without the test, since the
prior probability 7 would have recommended the same course of action as the
pelief 7,. Thus, in ex ante terms, the expected utility of heeding the test result is
at least as high as that from acting in accordance with = alone.

Conversely, suppose that (2.3) fails to hold. We will show that for some

C . . . .
values of P the decision maker is worse off in ex ante terms with the test than

without. Since n is a convex combination of y and 7%, there are four cases to
consider. .

8 c
If ¥ <y,<m <y} <y, then for those values OfE such that y¥ <% <Y
our decision maker will accept the treatment following a positive test result

(/E<yp> even though he should have rejected it (/; <£> However, the
k

prior 7 gives the correct recommendation whereas the posterior belief 7,
gives the wrong recommendation. Hence, conditional on observing a positive
result, the decision maker would have been better off without the test. If the
test is negative, the decision maker rejects the treatment. Moreover, he would
have rejected the treatment anyway if he were acting in accordance with
r alone. Hence, in ex ante terms, the decision maker is better off without the
test.

Similarly, if y,<y¥<n<y,<vy

%, then for those values of % such that
Yy < % <7y¥, the decision maker will reject the treatment following a negative
c
k)
However, the prior © gives the correct recommendation whereas the posterior
belief y, gives the wrong recommendation. Hence, conditional on observing
a negative result, the decision maker would have been better off without
the test. If the test is positive, the decision maker accepts the treatment.
Moreover, he would have accepted the treatment anyway if he were acting in
accordance with 7 alone. In ex ante terms, therefore, he is better off without the
test.

Iy, <y¥<m<y¥ <7y, thenthereare two intervals of value of ¢ for which
the above argument holds. k

Since we know that y, < <y,and nisaconvex combination of y;* and y%,
it remains only to check what happens if y¥ <n <77 But then we must
have y,>n >y* and y > n>7,. In this case, the decision maker’s informed

c
test result %>~,',,> even though he should have accepted it (y:‘ >

. . . c

choices are never better than his uninformed ones; and, for va <]— <7, the
k

decision maker is made strictly worse off observing a positive result; and, for

PE > < > r, the decision maker is made strictly worse off observing a negative

result.
Thus we have exhausted all relevant violations of (2.3). In each case, there is

c . .. . . .
avalue of X for which the decision maker is better off in ex ante terms without
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the test than with it, thereby demonstrating that (2.3) is necessary and sufficient
c . . .
for the test to be of value for every value of = Our objective in this paper is to

see how far this type of reasoning may be generalized.

3 Value of information

Let us now pose the problem in a more general framework in a way which
parallels the example we have examined above. Let £2 be a finite set of payoff
relevant states. The true probability distribution over £2 is denoted by 7, and it
is assumed that the decision maker knows n. There is a signal which takeg
valuesin a finite set S. We call S the set of messages. The true probability of the
message seS conditional on the state being we 2 is denoted by

p(s|w).

However, the decision maker does not know the joint distribution over states
and messages. Instead, he believes that the probability of the message s condji-
tional on state w is governed by a distribution f, say, which may diverge from
f*. We do not model the process by which the beliefs § are formed, but it is
crucial for our analysis that § may diverge from f*. The decision makers’
posterior probability of @ given the message s is then given by:

(@)B(s|w)

nols = Zn(w (s|w)

3.1)

A decision problem is a pair (A, u) consisting of a finite set of actions A4, and
a utility function u: 4 x 2 — R, where u(a, w)is the utility of action a at state .
A decision rule is a mapping f:S— A which associates an action for each
message.

We say that a decision rule f is optimal given beliefs v if:

Y y(@|syu(f(s), >Zy w|s)u(a,w), VacA,VseS. (3.2)

W

In other words, the decision rule maximizes subjective expected utility for
every message. We contrast this with our final definition. We say that the
beliefs y are valuable given 7 if, for every decision problem (A4, u), every decision
rule f which is optimal given beliefs y, and every action ae 4, we have:

Yl Zﬁ* (scw)u >Z (33)

In other words, the beliefs y are valuable given = if, for every decision problem,
the (true) expected utility from following the optimal decision rule given beliefs
» is no lower than choosing an action based solely on n. This condition is
aformalization of the idea that the decision maker cannot be made worse off in
ex ante terms by acting in accordance with the posterior beliefs y generated by

. o
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the experiment. Our result characterizes the relationship between n and
3 which is necessary and sufficient for y to be valuable given .

Theorem 3.1. The beliefs y are valuable given n if and only if there exist
5 S— R, and w:S* >R, such that, for all wef2 and seS,

m(w)p¥(s|w) = Als)y(w|s) + Z (5,5)y(ls) — p(s', s)y(wls)).  (3.4)
s'#s

Postponing the interpretation of this condition until section 5, we first
present a proof. Let us take the proof in stages. The basic strategy behind the
proofis to formulate the problem in such a way that checking for the valuable
information condition can be reduced to checking whether a non-negative
vector lies in a closed convex cone. The proof is then completed by appeal to

Farkas’ lemma. We begin with the following preliminary result.

Lemma 3.2. There exists a decision problem (A,u), a decision rule f, and an
action a*e A such that

S y(olsu(f () 0) = Y y(@|su(a, o), VseS,YaeA (3.9)
S(@) L slok(f ) o) < Ll (3.6)
if and only if ther: exists a function x: 2 x S — N such that
S p(ls)x(@,5) = Y p(@|9)x(@,s), Vs,s'eS (3.7)
: 5 Holx@)> 0, Vses (3.8)
S (@) X pH6lo)x(,) <0 (39)

Proof. (‘if”) Suppose there is a function x satisfying (3.7) to (3.9). Consider the
decision problem (4, u), where 4 = Su {a*}, u(s,w) = x(w, s), and u(a*,w)=0
for any w. Consider the decision rule f: S — A which is the identity map. That
is, f(s) = s for any s. We claim that (4,u), f and a* satisfy (3.5) and (3.6). To
verify the former, note that

Z,} | s)u( Z,} (w]s)x (by construction)
227’(60|5) (w,s), (by (3.7))

=Y y(w|s)u(f(s'),w), (by construction)

so that (3.5) holds for actions in A\{a*}. To see that (3.5) holds for a* also, note
Y y(wlsyu(f(s), w) = Z vw|s)x(w,s), (by construction)
> 0 (by (3.8))

=Y y(w|syu(a*,w), (by construction)

w
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Thus, (3.5) holds generally. We can verify that (3.6) holds from;

2 (@) Y sl w)u( (), w) = Y n(w) ), f(s|w)x(e,s)  (by construction)

w ()

<0 ~ (by (39)
=) n(w)u(a*, ). (by construction)

(‘only if”) Suppose there is a decision problem (4, u), a decision rule f, and an
action a*e 4 satisfying (3.5) and (3.6). We define the function x: Q2 x §— R a5
x(w, s) = u( f(s), w) — u(a*, w), so that

u(f(s), w) = x(w, s) + u(a*, w). (3.10)

We claim that x satisfies (3.7) to (3.9). First, since the function f takes its value
in the set 4, (3.5) implies:

Yr(@ls)u(f(s),w) =Y y(wlsju(f(s),w). Vss'eS (3.11)

Substituting (3.10) yields

Y y(wls)x(w,s) =Y y(w|s)x(w,s). Vs,sES,

w w

which is (3.7). To verify (3.8), note that since a*e A4, (3.5) implies:

Y @l u(f(s), ) —ula*,w)) >0, VseS (3.12)

w

and substituting (3.10) gives Y y(w|s)x(w, s) = 0 for all s, which is (3.8). Finally,
to verify (3.9), note that (3.6) implies

> m(w) Z BH@]s)(u(f(s), ) —ula*, ) <0,

()

so that substituting (3.10) yields ) n(w) Y. f*(s|w)x(w, s) <0, which is (3.9).

This completes the proof of lemma 3.2.

The second plank in our proof of theorem 3.1 is Farkas® lemma, a well-
known result from the theory of convex sets. See, for example, Gale [2,
page 44].

Lemma 3.3. Letr Q be an a x b matrix and y be a row vector with b components.
Then, there exists either a non-negative a-vector o such that y=aQ, or
a b-vector x such that yx <0 and Qx >0, but not both.

Farkas’ lemma has the following geometric interpretation. Consider the
convex cone in R’ generated by the rows of the matrix Q, and interpret y as
a point in R’. Then, either y is an element of the convex cone (in which case
y=aQ for some a > 0), or y is not an element of the convex cone, in which case
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there is a separating hyperplane through the origin with normal x which
separates y from the convex cone (which is the “or” clause). Clearly, these
possibilities are mutually exclusive.

Armed with these two preliminary results, we can now complete the proof
of theorem 3.1. Suppose £2 has n elements, and denote by w; the ith state.
Suppose that S has m elements, and denote by s;is the jth message. We denote
by y(s;) the row vector:

7(8) = (s [80), (@, ls), - p(@,]s) (3.13)

and denote by G the block diagonal matrix:

G= o (3.14)

Y(Sm)

G has m rows and mn columns. Next, we denote by x(s;) the column
vector:

B X(CL)I 2 Si)
x(wz, Si)
x(s;) = : (3.15)
= x(wn7 Si)
and denote by x the stacked vector:
[ x(sy)
x| X062 (3.16)
L x(5,0)

So, x is a column vector with mn components. Using this notation, we can
express the set of inequalities given by (3.8) as:

Gx>0. (3.17)

The set of inequalities given by (3.7) can be expressed in a similar way. We shall
denote by B; the (m— 1) x mn matrix which satisfies the following four
conditions.

(i) For each row of B,, the entries from (i — 1)n + 1 to in are given by y(s;).

(ii) For the jth row of B;, where j < i, the entries from (j — 1)n + 1 to jn are
given by —(s;).

(iii) For thejth row of B;, where j > i, the entries from jn + 1 to (j + L)nare
given by —y(s;).

(iv) All other entries of B, are zero.
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The matrix B, can be represented as follows.

-*V(Si) 7(5:) i
—v(si) (s
B;= . (3.18)
»(s;) —y(s;) «—ith row
L (s1) —7(s:) 4
Then the set of inequalities in (3.7) can be expressed as:
Bix>0, forallie{l,2,...,m}. (3.19)

Finally, denote by n(s;) the row vector:
(s;) = (o ) B*(silw ), ml@,) (sl wy), - .., ml@,) B*(si | @,)) (3.20)
and denote by n the row vector: ’
n= (7'5(81),7'[(52),...,7'[(5,")). (321)

Then, inequality (3.9) can be expressed as: nx < 0. Taken together, there is no
function x: £2 x S — R satisfying (3.7), (3.8) and (3.9) if and only if there is no
vector x such that:

B;x>0 for alli, (3.22)
Gx >0, (3.23)
x < 0. (3.24)

We can now appeal to Farkas’ lemma. There is no such x if and only if 7 is
anon-negative combination of the rows of the matrices {G, B, B,, ..., B,,}. By
lemma 3.2, the non-existence of such an x is equivalent to the statement that
v is valuable given n. Hence, y is valuable given = if and only if n is
a non-negative combination of the rows of the matrices {G, B, B,,...,B,,}.

Now, visualize a non-negative combination of the rows of {G,B;,
B,,..., B, }, where A(s;) is the weight on the ith row of G, and for i > j, (s, 5;)is
the weight on the jth row of B, while for i <j, u(s;, s;) is the weight on the
(j — )th row of B,. This non-negative combination results in a row vector with
mn entries:

V=11 V12Vl YarsYazo s Yanl = | Yt Ymzs -+ Vi)

where ! ! !
Y= }“(Si)y(wﬂsi) + Z (u(s; Sk)V(wjlsi) - ﬂ(skasi)"/(wj|5k))- (3.25)
k#i

Thus, y is valuable given 7 if and only if = = y for some non-negative A(-) and
u(-,7). That is, y;; = n(w;)B*(s;|w;). However, this is precisely the statement
(3.4). In conclusion then, 7 is valuable given = if and only if there are

non-negative 4 and p such that (3.4) holds. This proves theorem 3.1,
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4 The rabies example revisited

Now that we have identified the general condition for vy to be valuable given 7,
Jet us return to the example with which we started, and see how the ad hoc
argument given earlier matches the condition identified in theorem 3.1. First,
note that in the example we considered the restricted class of decision
problems parameterized by the cost ¢ of the test and the cost k of having rabies.
In fact, this class of decision problems is without loss of generality given the
two state payoff relevant states. Suppose that more generally the payoff is 4 if
sick and treated, B if sick and untreated, C if well and treated and D if well and
untreated. Consider generic problems with no ties. In the non-trivial case, we
have A > B and D > C ie. one wants treatment if and only if sick. Then, the
whole problem boils down to what the critical probability o is when the
decision maker is indifferent, where « solves a4 + (1 —a)B = aC + (1 — 2)D.

. C.
This « plays exactly the same role as =

Now if the ad hoc argument is correct, we ought to have an equivalence
between the requirement that y* <y, <n <y, <y¥ and the condition identifi-
ed by theorem 3.1. Let us demonstrate that this is indeed the case.

In the terminology of the general framework, the set £2 has two elements,
corresponding to whether the decision maker does or does not develop rabies.
Let 2 ={Y, N}, where Y is the state in which he does, and N is the state in
which he does not. The set of message S also has two elements, corresponding
to a positive or negative test result. Let S = {p, n}, with the obvious interpreta-
tion. Then, the valuable information condition is a statement concerning the
existence of non-negative weights A(-) and p(-,-) which satisfy four equations,
corresponding to each element of £ x S. These equations are:

(Y,p) (1 —eF) = A(p)y, + wp, nyy, — u(n, p)y, (i)
(Y.n) ey = A(n)y, + pn, )y, — mp, n)y, (if)
(N.p) (I —mek=Ap)(1 —p,)+ plp,m)(1 —y,) — pu(n,p)(1 —7,) (iii)
(N.n) (1 =n)(1 —e¥)=2am)(1 —7,)+ pwn,p)(1 —3,) — p(p,n)(L —7,)  (iv)

We show that, under the assumption y,>7,, we have y¥ <y, <n <y, <yxif

‘n —

and only if there exist non-negative A and x for which conditions (i) to (iv) hold.

Proof. (‘if’) Suppose there are A and u for which (i) to (iv) hold. By summing
these conditions, we have:

(i) + (i) m=A(p)7, + Ay, (4.1)

() + (@) m(l —e¥)+ (1 —m)e; = A(p) + p(p, n) — p(n, p) 4.2)
(ii) + (iv) mefF + (1 —m)(1 —ef) = A(n) + p(n, p) — 1 p, n) (4.3)
(i) + (i) + (i) + (iv) 1= A(p) + A(n) (4.4)

From (4.1) and (4.4), 7 is a convex combination of 7, and y , so that:

T STy, 4.5)

‘n—
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Rearranging (i) gives:
__ml—e)) pmp)
Mp)+ up,n)  A(p) + u(p,m)"" (4.6)

From (i), (iii} and the fact that y} = (1 —e)/(n(1 —e}) +(1 — me*), we ob-
tain:

Tn

_ Mp)+ plp, n) — u(m, p) . p(n, p)
A(p) + p(p, ) * o Mp)+ p(p,n)

so that y, is the convex combination of y* and y,. Since we have assumed that
Vp> Vs We have y,<y¥. From an analogous argument, we can show that
7 <7, Thus, together with (4.5), we have yFf <v,<n <y, < V3.

(‘only if’) Suppose thaty¥ <y, <m<y,<y% andy, <y, Define A(p)and
An) as:

@.7)

p

m—y o\ Tp T
Mp)=——= and Ai(n)=-2 . 4.8
Yp —7n yp —7n ( )

and define z=n(l —¢f)+ (1 —n)e}. Note that 0 <z <1, since T=zy% +
(1 — z)y¥*. The function u(-,") is defined as:
11—z ) z
pi(p,m) = . (7o—7a) and p(np)=

Vp* n Yp_yn

Gr =) (4.9)

By construction, both A and ¢ have non-negative values. It can now be verified
that when 4 and y are defined thus, equations (i) to (iv) hold. For example, to
see that (i) holds,

\ ! .
AN, + plpsmly, — e, pYy = —— {0 =)y, + (1= 200 — 957, — 205 — 707}
ip~ in
I E3 * E3 *
= Dl +(L=2pd) — (U =2k, — 2.}
Yo — yp
= Z’\,’:;
=n(l —&j),

which is (i). (In the second equality, we have used the fact that ==z} +
(1 —z)y¥*). Equations (ii), (iii) and (iv) can be shown in a similar way by
straightforward substitution.

Let us make one final observation about the example. It turns out to be the
case that whenever the decision maker is made better off in ex ante terms by
observing the experiment, he is also made better off conditional on each signal
he might observe. This was a special property of the example.

5 An interpretation

The condition for an experiment to be valuable identified in theorem 3.1 has
some unfamiliar features. Of particular interest are the expressions involving
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the weights u(-,-) in (3.4). To our knowledge, such expressions have not been
seen previously in the theory of choice under uncertainty. It will be useful,
therefore, to trace our steps and see where these expressions come from, and
what role they play in the analysis.

First of all, we should emphasize that (3.4) also gives us some fairly familiar
and easily interpretable conditions, too. For instance, if we sum (3.4) over the
messages s, the expressions involving the u cancel out, leaving us with:

(w) = z/l(s)y(w|s). (5.1)
Hence, the ex ante distribution over the states £2 is a convex combination of
the posterior distributions conditional on the set of messages. Thus the ex ante
distribution and the posterior distributions could have been derived from the
same joint distribution. (5.1) also makes clear that the weights A(s) are not only
non-negative, but that they add up to 1.

In understanding where the weights u(-,+) come from, let us go back to
lemma 3.2. Now, y fails to be valuable given = if, there is a decision problem
(A, u), decision rule f and action a* such that (3.5) and (3.6) hold. It is
instructive to restate these conditions, except that we split (3.5) into two
separate conditions, as follows.

Zy(wls)u(f(s), w) > Zy(a)ls)u(a, w), VseS,Yaz#a* (3.5()

w

Zy(wls)u(f(s), w)> Z w(w|s)u(a*, w), VseS (3.5)(ii)

() Y fEslwu( f(5), w) < ) mw)u(a*, w) (3.6)
If we were now to drop (3.5)(i) altogether, we would lose the weights (-, ) from
the analysis. This can be seen from the proof of lemma 3.2. Equation (3.8) has
its counterpart in (3.5)(ii), while (3.9) has its counterpart in (3.6). In effect, by
dropping (3.5)(1), we lose (3.7).

Let us suppose that we were to define a new relation between y and = called
valuable* as follows. Say that y is valuable* given nif, for any decision problem
(A, u), decision rule f and action a*e 4, (3.5)(ii) holds and (3.6) fails. Then, by
selectively pruning the proof of lemma 3.2, we have the proposition that y is
valuable* given 7 if and only if there is no function x: £ x S — R such that:

Y y(w|s)x(w,s) >0, Vse§ (3.8

w

Y m(w) ) pE(s|w)x(w,s) < 0. (3.9
In terms of the matrices defined in section 3, this implies, by Farkas’ lemma
that the vector (3.21) is a non-negative combination of the rows of the matrix
G. We have lost all the matrices {B,, B,,...,B,,} from the analysis, since they
originate from the deleted condition (3.5)(i). Thus, 7 is valuable* given = if and
only if, there exists A: S — R, such that for all w and s,

m(w)f*(s|w) = As)y(w]s). (5.2)



v i

. S. Morris and H, S. Shin

This is a modified version of the valuable information condition of theorem
3.1, in which all the expressions involving u have disappeared.

It should be evident from (5.2) that the notion of being valuable* js 5 very
stringent one. The left hand side of (5.2) is the (true) joint distribution over
Q x S, while the right hand side is the imputed subjective joint distributjop
over 2 x S. In effect, the notion of being valuable* reduces to the trivia|
requirement that the decision maker knows the true joint distribution. Thig is
unsurprising, since by removing (3.5)(i), we are requiring the beliefs v to yield
an expected utility no lower than that given by the prior n for any decision ryle
not just the optimal ones. '

When stated in these terms, the role of the weights p become clearer. Thege
weights relax the requirement that the decision maker knows the joint
distribution by allowing some room for manoeuvre in the beliefs of the
decision maker. This room for manoeuvre comes from the fact that we restrict
the decision rule f to be optimal given beliefs y. Thus, the requirement which
the beliefs y must satisfy is less stringent. The relevant comparison applies only
to the set of rational decision rules, rather than the set of all decision rules,
rational and irrational.

The weights p give the decision maker some freedom of movement in
holding beliefs which diverge from the true distribution. However, theorem 3.1
also sets limits on how far these beliefs may diverge from the truth. This line of
reasoning gives us another way to interpret the valuable information condi-
tion. If we regard the beliefs y as having been perturbed from the true
distribution by the addition of some ‘noise’ in the manner of Blackwell [17, we
can set limits on how large, and of what sort, this noise can be. To pursue this
line of reasoning, it is illuminating to recast the valuable information condition
using matrix notation.

Thus, let us denote by IT the n x m matrix, whose (i, j)th entry is given by

(@) B*(s;| ;). (5.3)

IT is the matrix of the true probabilities over the set £2 x S. In a similar way, let
us denote by I then n x m matrix whose (i, j)th entry is:

y(w;]s;). (5.4)

We define three more matrices, A, A, and @. A is an m x m diagonal matrix,
where

A= , . (5.5)

A is also an m x m diagonal matrix. The ith entry along the diagonal is the
number:

Zr.u(si’sk)' (5.6)

ki
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Finally, the matrix © is an m x mstochastic matrix, whose (i, j)th entry is given
by:

w(s;, Sj)/ Z u(s;, 5,), (5.7)
k#i

when i #J, and is zero along the diagonal. Then, the condition identified in

theorem 3.1 in terms of (3.4) can be expressed as

IH=IA+A(I—-0)). (5.8)

There are two key features of the matrix A + A(I — ). Thefirst is that all of its
off-diagonal entries are zero or negative. This follows from the fact that @ is
a stochastic matrix, and the fact that A, A and I are all diagonal matrices with
non-negative entries. The second feature is that the sum of any row of
A + A(I — ©) is non-negative. This follows from the fact that the sum of any
row of I — @ is zero, so that the sum of any particular row of A + A(] — @) in
the entry A(s) in the matrix A.

Matrices which have the above pair of features are called dominant
diagonal matrices, and are familiar to economists from the analysis of stability
of linear system. (See, for example, McKenzie [ 3] or Nikaoido [5, chapter 2]).
One of the features of such matrices is that its inverse is non-negative. From
(5.8), then, we have:

I'=1IIM, (5.9)

where M is a non-negative matrix. In other words, the beliefs are such that they
are obtained from the true distribution by means of adding noise, in the shape
of M. Thus, it is a necessary condition of the valuable information condition
that the beliefs are obtained from the true distribution by adding noise.
However, it is not sufficient. The reason is that the noise M must be the inverse
of a dominant diagonal matrix. Not all non-negative matrices will have
a dominant diagonal inverse.

In comparing /T and I', we have glossed over the fact that /7 is a matrix
representing the joint distribution over 2 x S, while /" is a matrix representing
the conditional beliefs. Thus, to be accurate in our talk of adding noise, we
ought to normalize one of /1 and I" so that they are comparable objects. One
way of doing this would be to post-multiply (5.9)) by a diagonal matrix whose

Jjthentry is the marginal probability of the message s;. If we denote this matrix

by N, then (5.9) gives
I'N=IIMN, (5.10)

so that I'N is now a matrix representing a joint distribution over 2 x S, so
that it is comparable with IT. Then, the ‘noise’ is given by the matrix MN.

It is tantalizing that the apparently ‘correct’ sort of noise is that linked to
dominant diagonal matrices. It is tantalizing for us, since we have not been
able to figure out whether this is merely a superficial coincidence, or whether
there is something deeper going on in our analysis which ties it in with the
analysis of stability in linear systems. In an earlier version of this paper, we had
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used the dominant diagonal condition to give a characterization of the
valuable information condition in terms of the long-run distribution asso-
ciated with an absorbing Markov chain. We hope that future research will
uncover further insights.
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Summary. This paper is concerned with the relationship between a continu-
ousdynamical system and the trajectory generated by such a system. The main
result provides necessary and sufficient conditions for an infinite data stream
to be rationalized as the output of a continuous law of motion. The paper
develops concepts of informativeness of a given set of intertemporal data and
shows that informativeness is maximal when the data is chaotic. It also
demonstrates that with probability one the sample paths from a non-trivial
independent and identically distributed stochastic process cannot be rational-
ized as the output of a continuous deterministic system. Two impossibility
results are discussed which show that even with an infinite amount of data the
hypothesis that the data has been generated by a non-monotonic function
cannot be ruled out. An application concerning the recovery of the excess
demand function from a sequence of price observations from the tatonnement
process is also given.
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1 Introduction

In many dynamic economic models, the evolution of the system can be
succinctly characterized by a transition rule of the form x'= f(x), where
x represents a state variable such as prices, quantities or capital stocks and f is
a mapping on the state space. As is well-known, research over the last fifteen
years has demonstrated that in many simple economic models the evolution of
the system is chaotic, i.e. resembles the output of a stochastic process (see, e.g.
Benhabib and Day (1982), Day (1982), Grandmont (1985), Boldrin and
Montrucchio (1986), Deneckere and Pelikan (1986), Day and Shafer (1987),
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