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Current methods for generating Bessel beams are limited to fixed beam sizes or, in the case of conven-
tional adaptive optics, relatively long switching times between beam shapes. We analyze the multiscale
Bessel beams created using an alternative rapidly switchable device: a tunable acoustic gradient index
(TAG) lens. The shape of the beams and their nondiffracting, self-healing characteristics are studied
experimentally and explained theoretically using both geometric and Fourier optics. By adjusting the
electrical driving signal, we can tune the ring spacings, the size of the central spot, and the working
distance of the lens. The results presented here will enable researchers to employ dynamic Bessel beams
generated by TAG lenses. © 2008 Optical Society of America

OCIS codes: 230.1040, 140.3300, 070.1060, 080.2710.

1. Introduction

The study of Bessel beams has generated much inter-
est over the past two decades [1–3].Much of this inter-
est is because Bessel beams are nondiffracting and
self-healing; theymaintain anarrowbeamwidth over
a long propagation distance and can reconstruct
themselves behind obstacles that obscure the central
portion of the beam. Based on these properties, many
different uses for Bessel beams have been proposed
including optical manipulation [4–6], laser-materials
processing [7–9], scanning beam microscopy [10–12],
nonlinear optics [13,14], and metrology [15,16]. Con-
ventional methods for generating Bessel beams
includeannularslits [1,17],axicons [18,19], computer-
generated holograms [20–22], and spatial light mod-
ulators [23,24]. However, annular slits, axicons, and
computer-generatedhologramsareall fixedelements;
once manufactured, they cannot be adjusted to pro-
ducedifferent typesofbeamswithoutusingadditional
optical components. Spatial light modulators can be
adaptively adjusted but are subject to power and

frame rate limitations as well as pixilation and inter-
frame artifacts. A tunable acoustic gradient index of
refraction (TAG) lens [25,26] can cost-effectively over-
come these difficulties and generate tunable multi-
scale Bessel beams. We use the term “lens” to mean,
in a general sense, any refractive optical element such
as a simple converging lens, an axicon, or a TAG lens.

The TAG lens in this study employs a cylindrical
cavity (although other geometries are possible) that
is bounded by two flat glass windows and a circular
piezoelectric ring (see Fig. 1) filled with a refractive
material. One would typically use a low-viscosity
liquid, however, solids, gases, and multicomponent
systems [27] can also be used. The piezoelectric is dri-
ven by an AC signal that excites cylindrical modes in
the form of pressure waves within the lens. These
pressure waves lead to standing wave density fluc-
tuations within the fluid, modifying the local index
of refraction and turning the cavity into a rapidly
tunable gradient index of refraction lens [28,29].
Experimentally it has been observed that the TAG
beam has bright major rings that may each consist
of one or more minor rings, depending on driving
conditions (see Fig. 2) [25]. On the large scale the
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periodicity of the major rings is that of the square of a
Bessel function. When driven at a sufficiently high
amplitude, minor rings become evident. The periodi-
city of the minor rings around the central spot is also
given by the square of a Bessel function. Therefore
the TAG lens beam can be thought of as a multiscale
Bessel beam.
We explain how the spatially and temporally vary-

ing refractive index within the TAG lens leads to
the observed tunable Bessel beams and compare
the theoretical predictions with experimental mea-
surements. We focus on the region of space near
the lens where Bessel-like intensity modulation pat-
terns begin to form, as opposed to the Fraunhofer far
field [30]. As discussed below, experiments demon-
strate the existence of these rings, and the physical
theory (geometric and diffractive) accurately predicts
their locations. In addition, we discuss in detail how
to tune the electrical driving signal to alter the
observed patterns.

2. Experimental Setup

Figure 3(a) depicts the experimental setup. The TAG
lens is primarily studied by illuminating it with a
wide Gaussian beam of collimated 532nm CW laser
light. The intensity pattern produced by the lens is
then sampled at various distances using a 1=2 in:
CCD camera (Cohu 2622). To achieve intensity pro-
files as a function of radius, azimuthal averaging was

used to filter out CCD noise. To observe the time de-
pendence of the beam, a pulsed 355nm laser with a
20ns pulse length is also used to strobe the pattern.

The TAG lens in this study is shown in Fig. 1. It
has an inner diameter of 7:1 cm and a length of
4:1 cm including the piezoelectric element and seal-
ing gaskets. The fluid used is 0:65 centistoke Dow
Corning 200 fluid (silicone oil), which has an index
of refraction of n0 ¼ 1:375 and speed of sound of
873ms−1 under standard conditions. The TAG lens
is driven by a function generator (Stanford Research
Systems, DS345) passed through a radio frequency
(RF) amplifier (T&C Power Conversion, AG 1006).
An impedance-matching circuit is used to match
the impedance of the TAG lens at its operating
frequencies with the 50Ω output impedance of
the RF amplifier. In this study, a fixed component
impedance-matching circuit is used, which works
well over the range of 100–500kHz. Most of the data
presented here was acquired at a frequency of
257:0kHz. If driven near an acoustic resonance of
the lens, the amplifier and impedance-matching cir-
cuit are unnecessary, and this modified setup has
been used to acquire data over larger frequency
ranges. Here the data presented covers the range
of 250–500kHz at amplitudes from 0–100V peak-to-
peak.

The driving parameters are chosen to best illus-
trate the multiscale nature of the Bessel beam.
The TAG lens frequencies are chosen so that the lens
appears to be operating close to a single-mode reso-
nance [28]. Driving amplitude is chosen to provide
well-defined major and minor rings.

The coordinate system used for presenting the the-
oretical calculations and experimental results is de-
fined by z in the direction of the propagation of the
light with x and y being transverse coordinates at
the image plane and ξ and η being transverse coordi-
nates at the lens plane as shown in Fig. 3(b). The
radial coordinates are given by r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
and

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ η2

p
.

3. Theory and Numerical Methods

The ultimate goal of the following theory is to de-
scribe the physics of light propagation through the
lens, particularly in the case when coherent, colli-
mated light is shone through it. We start by looking
at the refractive index within the TAG lens, then use
geometric optics arguments to illustrate why major
and minor rings form with a given spacing, and final-
ly use diffractive optical approaches to make quanti-
tative predictions regarding the propagation of the
multiscale Bessel beam.

A. Refractive Index Profile

The first step in modeling the TAG lens is to deter-
mine the index of refraction profile. It has been cal-
culated [28] that the refractive index within the TAG
lens is of the form

Fig. 1. (Color online) Components of the TAG lens.

Fig. 2. (Color online) Characteristic TAG-generated multiscale
Bessel beams. (a) and (b) each show two major rings plus the cen-
tral major spot. (a) The pattern at a low driving amplitude (30V)
without minor rings. (b) The pattern at a higher driving amplitude
(65V) with many minor rings. These images are both taken 50 cm
behind the lens with driving frequency 257kHz.
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nðρ; tÞ ¼ n0 þ nAJ0

�ωρ
cs

�
sinðωtÞ; ð1Þ

assuming a low-viscosity filling fluid (kinematic visc-
osity much less than the speed of sound squared di-
vided by the driving frequency) with linearized fluid
mechanics, where n0 is the static index of refraction
of the filling fluid, ω is the driving frequency of the
lens, cs is the speed of sound of the filling fluid,
and ρ is the radial coordinate in the lens plane. This
function is plotted in Figs. 4(a) and 4(b) at two differ-
ent times. If driven on resonance the sine changes to
a cosine [28]; however, as we focus on the standing
waves within the cavity, not on transient effects,
the temporal phase shift is irrelevant.
The only parameter in Eq. (1) with significant un-

certainty is nA. Previously, modeling has been per-
formed to estimate its value, however, it is very
sensitive to a number of experimental parameters,
most notably how close the driving frequency is to a
resonance. Because of this high sensitivity and ex-
perimental uncertainty in some of themodeling para-
meters, here we treat nA as a fitting parameter,
adjusting its value to achieve the best agreement be-

tween the theory and the experiments. This results in
values for nA on the order of 10−5 to 10−4, which are in
good agreement with the modeling predictions [28].

It is important to note that the refractive index is a
standing wave that oscillates in time. This time-
dependent index is shown in Figs. 4(a) and 4(b).
The theoretical predictions for the corresponding
time-dependent patterns are shown in Figs. 4(c)
and 4(d). As expected, one sees bright regions at local
maxima in the refractive index and dark regions at
local minima. Experimental images are also pre-
sented for comparison in Figs. 4(e) and 4(f). The ex-
perimental images were acquired by operating a
pulsed 20ns laser at a repetition rate synchronized
to the TAG lens driving frequency. This synchroniza-
tion was implemented so the laser fired at the same
relative phase in each period of the TAG lens oscilla-
tion. By adjusting the relative phase between the
TAG lens and the laser, one can shift the pattern from
that of Fig. 4(e) to that of Fig. 4(f) and back to that of
Fig. 4(e). The phase delay between these two patterns
corresponds to half the period of the driving signal of
the TAG lens. As a result the central portion of the
TAG lens, defined by the width of the central lobe
of the refractive indexBessel function, can be thought
of as a tunable positive to negative axicon with frame
ratesabove500kHz.The similarity to anaxicon is dis-
cussed in detail below. In addition, the time-varying
nature of the beampresents interesting opportunities
for generating annular patterns in pulsed-laser
applications [9].

The theoretical and experimental CW patterns
presented in the remainder of this paper are a
time-average of the intensity patterns resulting from
both upward- and downward-pointing index profiles
(and the continuously varying intermediate profiles).
As a result, major scale rings are observed with
Bessel-squared periodicity.

B. Geometric Optics

To qualitatively explain the relative scales of the
multiscale Bessel pattern, we first turn to geometric
optics. The TAG lens is modeled using the thin lens
approximation, that is, a light ray exits the lens at
the same transverse locationwhere it entered the lens
[31].Under this approximation thephase transforma-
tion for light passing through a lens is given by [32]

Fig. 3. (a) Experimental setup used to study the TAG beam characteristics. (b) The coordinate system used.

Fig. 4. (Color online) (a) Predicted index profile at one instant in
time with a linear approximation to the central peak (red dashed
line). (b) The predicted index profile one half-period later in time. A
linear approximation is made to the central annular peak (red
dashed line). The scale of the spatial axis is set by the driving fre-
quency, in this case, 497:5kHz. (c) and (d) The theoretical predic-
tions for the instantaneous intensity patterns corresponding to (a)
and (b) observed with 355nm laser light 50 cm behind the TAG
lens with nA ¼ 1:5 × 10−5. Scale bars are 2mm long. (e) and
(f) The stroboscopic experimental images obtained in conditions
identical to (c) and (d) with the laser repetition rate synchronized
to the TAG driving frequency. The TAG lens driving amplitude is
5V.
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tlðξ; ηÞ ¼ expðik0ðnLþ L0 − LÞÞ; ð2Þ

where k0 is the free-space propagation constant
(2π=λ), L0 is the maximum thickness of the lens, L
is the thickness at any given point in the lens, and
n is the index of refraction at any given point in the
lens. Since we are dealing with a gradient index lens,
L ¼ L0 throughout the lens, and it is onlyn that varies
transversely.
In some cases, it may be useful to express the

phase transformation in Eq. (2) as the angle at which
a collimated input light ray would leave the lens. The
first step in doing this is to determine the equation
for the wavefront within the lens. The scalar electric
field at any point within the lens is proportional to
tl expðik0nðρÞzÞ, where z is the distance from the exit
window. We are interested in the field within the
lens, for which z < 0. The equation for the wavefront
is given by setting the phase in the exponential equal
to a constant:

nðρÞðL0 þ ~zðρÞÞ ¼ C⇔~zðρÞ ¼ C
nðρÞ − L0; ð3Þ

where ~zðρÞ is the distance from the exit window to the
wavefront, and C is a constant. As with z, ~zðρÞ < 0.
Because we are interested in the wavefront leaving
the lens, we look at the case j~z j ≪ L0. It is possible
for this to be true across the entire aperture of the
lens while maintaining a continuous wavefront be-
cause the maximum variation of nðρÞ=n0 is in the
order of 10−4. Just before exiting the lens, a light
ray would be perpendicular to the wavefront at that
location. The angle of deflection toward the z axis
that this represents, ~θ, is the same as that between
the slope of the wavefront and the ρ axis:

tanð~θðρÞÞ ¼ ∂~zðρÞ
∂ρ ¼ −

C

n2ðρÞ
∂nðρÞ
∂ρ

¼ −
L0 þ ~zðρÞ

nðρÞ
∂nðρÞ
∂ρ ≈ −

L0

nðρÞ
∂nðρÞ
∂ρ : ð4Þ

To get the angle of a light ray after the lens, Snell’s
law is applied to the fluid–air interface (since the
glass window of the lens is flat, it has no effect on
the angle of an exiting ray). This yields θ, the angle
that a ray will propagate after leaving the lens.

sinðθðρÞÞ ¼ nðρÞ sinð~θðρÞÞ; ð5Þ

assuming that nðρÞ=nair ≈ nðρÞ. Applying small angle
approximations to Eqs. (4) and (5) yields

θðρÞ ¼ −L0
∂nðρÞ
∂ρ : ð6Þ

To illustrate the physics behind the minor ring in-
terference patterns created by the TAG lens, it is use-
ful to consider a linear approximation to one of the
peaks as shown in Fig. 4(a). In this case we have lin-

earized about the inflection point of the central peak.
A gradient index of the refraction lens with this lin-
ear profile is fundamentally equivalent to a uniform-
index conical axicon. This approximation is only
valid in regions of the lens where the second deriva-
tive in refractive index with respect to the radius is
relatively small. Fortunately the second derivative is
low in the regions where the first derivative is high,
that is, where light is bent and pattern-forming rays
originate. Regions with low first derivatives do not
contribute significantly to the observed pattern.

As long as the input beam completely covers the
central peak of the index profile, it accesses a por-
tion of the lens with low curvature, and the linear
approximation shown in Fig. 4(a) reproduces the
key elements of the observed beam. However, if
one apertured the lens so the input beam only cov-
ered the rounded tip of the central peak, the linear
axicon approximation would not be sufficient, and
a second-order parabolic approximation would be re-
quired. With this setup, the TAG lens can be used as
a varifocal lens [33].

The equivalence between the TAG lens and an
axicon can be shown quantitatively. To determine
the angle at which a light ray leaves an axicon, we
use Snell’s law:

sinðϕþ θaxÞ ¼ n0 sinϕ: ð7Þ

Here θax is the angle toward the z axis at which a
light ray leaves the axicon, ϕ is the angle between
the z axis and the normal to the output face of the
axicon, and n0 is the refractive index of the axicon.
The cone angle of this axicon is given by α ¼
π − 2ϕ. Substituting ϕ from Eq. (7), setting θax ¼ θ
from Eq. (6), and applying small angle approxima-
tions, it is possible to express the cone angle of the
corresponding axicon in terms of the parameters of
the linear gradient in the index of the refraction lens:

α ¼ π − 2ϕ ¼ π þ 2L0

n0 − 1
∂n
∂ρ ; ð8Þ

where the derivative is evaluated at the first inflec-
tion point of the J0 Bessel function. This equation
forms the basis for the effects of tuning the TAG lens
by changing the driving amplitude. Increasing the
driving amplitude increases the amplitude of
∂n=∂ρ and is therefore similar to increasing the cone
angle of the equivalent axicon.

Even though this simple model of the TAG lens
ignores the curvature of the refractive index, it does
a good job of qualitatively explaining the visible fea-
tures and furthermore the experimental central spot,
and the surrounding minor rings closely resemble an
axicon-generated Bessel beam as shown in Section 4.
This model has so far neglected the time dependence
of the refractive index. However, simulations show
that the periodicity of the time-average pattern sur-
rounding the central spot is closely approximated by
the instantaneous pattern produced at a time when
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the refractive index at the center of the lens is at its
peak. While not significantly shifting their positions,
the time averaging does decrease the contrast of the
minor rings.
The major rings and their surrounding minor rings

can be explained in a similar way. The only difference
between these minor rings and those surrounding
the central spot is that these rings are derived from
circular ridges in the refractive index as opposed to a
single peak. For example, the first major ring is es-
tablished from the peaks highlighted in Fig. 4(b)—a
half-period later in time with respect to the central
spot from Fig. 4(a). Because of the time-averaging
CW nature of the imaging method, images such as
that shown Fig. 2 exhibit major rings at the locations
of the peaks shown in Fig. 4(a) as well as the peaks
shown in Fig. 4(b). The result is that the major ring
locations have a Bessel-squared periodicity—the
same periodicity as conventional Bessel beams.
The effects of the curvature in the refractive index,

while less significant within a few meters of the lens,
become apparent in the Fraunhofer far field (angular
spectrum). Figure 5 shows the simulated intensity
found by computing the Fourier transform of the elec-
tric field leaving the lens (see Subsection 3.C) [32]. In
contrast to the single sharp ring one would expect
from an axicon, the TAG lens exhibits multiple larger
diffuse rings and a bright central spot. The nature of
this pattern is highly dependent on the size of the
beam passing through the lens. When the beam is
smaller, it covers less of the approximately linear re-
gion of the index profile, and the far field patternmore
closely resembles that of a Gaussian beam. If the
beam is larger, it will cover some of the major rings
in the TAG lens, which will result in high spatial fre-
quency rings superimposed on the larger,morediffuse
rings like those shown in Fig. 5.

C. Diffractive Optics

Using the phase transformation for light passing
through the lens given by Eq. (2), the electric field
of the light upon exiting the lens is given by

UTAGðξ; ηÞ ¼ tlðξ; ηÞU0ðξ; ηÞ; ð9Þ

where U0ðξ; ηÞ is the electric field of the light enter-
ing the lens.

To find the intensity profile at the image plane, the
field UTAGðξ; ηÞ must be propagated using a diffrac-
tion integral. The Rayleigh–Sommerfeld diffraction
integral is used in this simulation. The assumptions
involved in this integral are that the observation
point is many wavelengths away from the lens
(r ≫ λ) and the commonly accepted assumptions of
all scalar diffraction theories [32]. The field at dis-
tance z from the lens plane is given by

Uimgðx;y; zÞ ¼
z
iλ

ZZ
UTAGðξ; ηÞ

expðik0sðx;y; ξ;ηÞÞ
s2ðx;y; ξ; ηÞ dξdη;

ð10Þ

where the integration is performed over the entire
aperture of the lens, and sðx; y; ξ; ηÞ is the distance be-
tween point ðξ; ηÞ on the lens plane and point ðx; yÞ on
the image plane given by

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ ðx − ξÞ2 þ ðy − ηÞ2

q
: ð11Þ

Computationally, the integral in Eq. (10) can be dif-
ficult to evaluate, because themagnitude of k0 (on the
order of 107 m−1) leads to a phase factor in the inte-
grand that varies rapidly in ξ and η. Numerical ap-
proximations therefore require a sufficient number
of points in the transverse directions to accurately
represent the variation of this phase factor in the do-
main of interest. The closer the image plane to the
lens plane, the more quickly that phase factor will
vary (because s becomes more strongly dependent
on ξ and η now that z is small), and the more points
are required to accurately compute the integral. Note
that the integral is a convolution as the integrand is a
product of two functions: one of ðξ; ηÞ and another of
ðx − ξ; y − ηÞ. In this study the convolution integral
is computed using fast Fourier transforms.

Finally the intensity profile at the image plane is
found from the electric field as follows:

Iimgðx; y; zÞ ¼
1
2

ffiffiffiffiffiϵ0
μ0

r
jUimgðx; y; zÞj2: ð12Þ

In Section 4, all theoretical figures are obtained
using this diffractive method, assuming a refractive
index of the form of Eq. (1) and averaging many
images corresponding to instantaneous patterns
generated at different times within one period of
oscillation.

Fig. 5. Simulated Fraunhofer far field diffraction pattern corre-
sponding to the state of the TAG lens in Fig. 4(a). The TAG lens is
illuminated with a Gaussian plane wave with a 1=e2 width, w,
given by the location of the maximum absolute gradient in the re-
fractive index. The intensity is normalized so the peak value is 1.

10 July 2008 / Vol. 47, No. 20 / APPLIED OPTICS 3613



4. Beam Characteristics

Here we describe the characteristics of the TAG-
generated time-average multiscale Bessel beam.
The TAG beam characteristics are divided into two
categories: the nature of the beam propagation and
the ability to tune the beam. In each category,
theoretical predictions, experimental results, and
comparisons between the two are presented. The
specific propagation characteristics are the beam
profile, the beam’s nondiffracting nature, and the
beam’s self-healing nature. The parameters of the
beam that are tunable include the major ring loca-
tions, the minor rings locations, the central spot size,
and the working distance. Intensity values in all
plots have been normalized so the wide Gaussian
beam (full width at half-maximum >1 cm) incident
to the TAG lens has a peak intensity of 1.

A. Beam Propagation

The first important demonstration is that the lens
does produce a multiscale Bessel beam. Figure 2
shows the multiscale nature of the intensity pattern,
while Fig. 6 shows how theminor scale and firstmajor
ring of the experimental TAG beam propagate. Note
that the central lobe of the beam propagates over a
meter without significant diffraction—one of the key
properties of a Bessel beam. No experimentalmethod
of creating an approximate Bessel beam creates a
truly nondiffracting beam because all experimental
methods limit beams with finite apertures, whereas
a true Bessel beam is infinite in transverse extent.
An intensity profile of the multiscale Bessel beam

is plotted in Fig. 7. This is a slice of Fig. 6, 70 cm be-
hind the lens. One can observe four minor rings with
radii <1mm. The location of these rings is consistent
between the experimental and theoretical curves,
however, the peak intensity is lower in the experi-

ment, most likely due to a discrepancy between
Eq. (1) and the real system from the excitation of
higher-order acoustic Bessel modes ðJnðÞ;n > 0Þ be-
cause of slight nonuniformities in the piezoelectric.
Despite this error in peak intensity, we found good
theoretical–experimental agreement in minor ring
location by fitting nA from Eq. (1) to the experimental
data. The resulting value of nA is 4 × 10−5. Neglecting
the intensity difference, the following figures will
show that this single parameter fit accurately de-
scribes all the spatial characteristics of the observed
TAG beam. Note that the location of the first major
ring is accurately predicted by the model.

The minor ring fringes in Fig. 7 are similar to the
fringes one would expect from an axicon. Performing
the linear approximation illustrated in Fig. 4(a) and
using Eq. (8), the cone angle of the corresponding
axicon is 179:5°. For many applications, cone angles
close to 180° are used because of their long working
distance and large ring spacing. Experimentally we
have so far achieved equivalent cone angles as sharp
as 178°, however, we can achieve sharper cone angles
by increasing the thickness of the lens (L0) or further
increasing the driving amplitude, which are both lin-
early proportional to the range of cone angles [Eq. (8)].
In addition, optimizing the driving frequency can lead
to sharper effective cone angles by taking advantage
of the acoustic resonances at certain frequencies.

The essential characteristic of nondiffracting
beams is that the transverse dimensions of the cen-
tral lobe remain relatively constant in z. From Fig. 6,
one can see that this is the case for the TAG beam.
This property is plotted quantitatively in Fig. 8.
Although the TAG beam does diverge in both theory
and experiment, because it is not an exact Bessel
beam, this divergence is small compared with that
of a Gaussian beam and similar to that of an axicon-
generated beam [25].

If a conventional collimated Gaussian beam is
focused so it has a minimum spot size (radius at

Fig. 6. Illustrates the experimentally determined time-average
intensity enhancement and the propagation of the TAG central
spot and the first major ring. The x and z axes have significantly
different scales. Note the characteristic fringe patterns emanating
from each peak in the index profile (see Fig. 4). This image was
acquired by driving the lens at 257kHz with an amplitude of
37:2V. Images are taken every 10 cm, azimuthally averaged, then
interpolated along the z axis to yield the above continuous plot.

Fig. 7. (Color online) Experimental and theoretical intensity pro-
file of the TAG beam imaged 70 cm behind the lens. The TAG lens
is driven at 257kHz with an amplitude of 37:2V. For the theory
the value of nA is 4 × 10−5. Note that the way the fringe patterns
extend is similar to what one would expect from an axicon.
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which the electric field amplitude falls to 1=e of its
peak value) of 150 μm at z ¼ 58 cm, then by the time
the light reaches z ¼ 100 cm, the spot size will be
more than 500 μm. In contrast a TAG beam with this
beam waist would only diverge to a size of 175 μm
after this distance. This Gaussian beam waist is cho-
sen to match the experimental width of the TAG
beam at the location where the theoretical TAG
beam reaches its peak intensity.
Apart from being nondiffracting, the other major

feature of Bessel beams is their ability to self-heal
and reform behind obstacles that block only the cen-
tral portion of the beam [3]. This feature is experimen-
tally demonstrated for aTAGbeamas shown inFig. 9.
An obstruction is placed slightly after the initial for-
mation of the TAG minor scale Bessel beam. This ob-
scures the beam for a short distance, however, the
Bessel beam eventually heals itself and reforms ap-
proximately 30 cm beyond the obstruction.

B. Tunability

One of the most innovative features of the TAG lens
is the ability to control the shape of the emitted
beam. We can directly tune the major and minor ring
sizes and spacings without physically moving any
optical components. The major and minor scales of
the Bessel beam are both adjustable because of the
two degrees of freedom in the time-average pattern:
the driving frequency and the driving amplitude.
Changing the driving amplitude modifies only the
minor scale, while changing the driving frequency ex-
cites different cavity modes and will affect both
scales of the beam. The independent tunability of
the major and minor rings is useful in applications
such as optical tweezing for manipulating trapped
particles relative to each other, laser-materials pro-
cessing for fabricating features of different size [9],
and scanning beam microscopy for switching
between high-speed coarse images and slow-speed
high-resolution images. As mentioned in Section 3.A,
frame rates higher than 500kHz can be achieved in
pulsed configurations. For the time-averaged cases
presented here, refresh rates are limited by the
acoustic damping time. However, this can still result
in refresh rates in excess of 1kHz [29].

Tuning the major ring spacing can be achieved by
modulating thedriving frequency [28].This isbecause
the major rings occur near the extrema of J0ðωρ=csÞ
from Eq. (1). Increasing the driving frequency com-
presses the major rings. The radial coordinate of
the first major ring, ρ�, is approximately given by

ρ� ¼ 3:832cs
ω ; ð13Þ

where 3.832 is the radial coordinate of the first mini-
mum of J0ðρÞ. This function is plotted in Fig. 10 along
with experimental measurements. Optical propaga-
tion slightly shifts the theoretical position of the
intensity maximum relative to the index maximum,
because the refractive index profile is not locally sym-
metric between the inside and the outside of the first
major ring. The experimental results agree closely
with the predictions, however, they do exhibit some
variability between trials.We attribute this to the dif-
ferent filling conditions of our prototype lens. When
refilling the lens between trials, we noticed small
changes in the pattern and also some azimuthal
asymmetries. Any asymmetries represent the contri-
bution of non J0 modes within the lens. These modes
exhibit different radial index distributions and there-
fore result in the slight shifting of the first major ring.

Instead, the continuous tunability of the minor
Bessel rings is demonstrated experimentally [see
Figs. 2(a), 2(b), and 11(a)] and theoretically [see
Fig. 11(b)] by varying the driving amplitude of the
TAG lens. The refractive index amplitude, nA, is di-
rectly proportional to the driving voltage amplitude
[28]. This conclusion is qualitatively supported by
the similarity between Figs. 11(a) and 11(b). The the-
oretical change in the pattern with increasing index

Fig. 8. (Color online) Beam divergence of the theoretical TAG, ex-
perimental TAG, Gaussian, and exact Bessel beams. The TAG and
Gaussian beams achieve their maximum intensity approximately
58 cm behind the lens, and all beams have the same beamwidth at
this location. The TAG lens is driven at 257kHz with an amplitude
of 37:2V. For the theory the value of nA is 4 × 10−5.

Fig. 9. Propagation similar to Fig. 6 with a 1:25mm diameter cir-
cular obstruction placed 27 cm behind the lens. The TAG lens is
driven at 332:1kHz with an amplitude of 5V.
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amplitude closely resembles the experimentally ob-
served change in the pattern with increased voltage
amplitude.
Increasing the driving amplitude increases the

number of discernible minor rings [see Figs. 11(a)
and 11(b)] and decreases the spacing between those
rings (see Fig. 12), because it alters the angle at
which light rays surrounding a peak are deflected,
similar to sharpening the cone angle of an axicon
and increasing the spatial frequency of the resulting
interference fringes. The range of plotted refractive
index amplitudes corresponds (at this frequency) to
equivalent cone angles from 180° (lens off) to 179°.
Eventually a large enough amplitude results in in-
terference between the minor rings surrounding ad-
jacent major rings. Driving amplitude does not affect
the major scale beam, because it does not alter which
acoustic modes are excited within the lens.

The driving amplitude can also be used to tune
the working distance. Here the working distance is
defined as the smallest distance behind the TAG
lens where a minor ring is observed surrounding the
central peak (the distance until the start of the Bessel
beam). This can be inferred fromFigs. 11(a) and 11(b).
At low amplitudes the Bessel interference pattern is
not apparent, implying that the working distance at
these amplitudes is >50 cm, the distance behind the
lens where these plots were obtained. As the driving
amplitude increases, the working distance decreases,
and the multiscale Bessel beam forms nearer to the
lens. This ability to quickly tune working distance
should be especially useful for dynamic metrological
applications such as those involved in long range
straightnessmeasurements [15,16] or scanning beam
microscopy[10–12], forexample.Changingthedriving
frequency can have similar effects on the minor scale
pattern due to resonant amplitude enhancement at
certain driving frequencies.

5. Conclusions

We have modeled and experimentally characterized
TAG-generated multiscale Bessel beams. This char-
acterization has verified the refractive index model
for theTAGlenspresentedearlier [25,28]. Inaddition,
the connection between the minor scale of the TAG
beamand the refractive axicons has been established.
The nondiffracting, self-healing characteristics of the
TAG lens beamhave been experimentally proven and
theoretically justified. The ability to independently
tune the major and minor scales of the beam through
driving frequency and amplitude has also been pre-
sented along with the tunability of the central spot
size and working distance.

There are many extensions to the current setup
and design of the TAG lens. In particular, using a
square geometry instead of a cylindrical geometry
would lend itself to the independent control of the
observed patterns in the x and y directions. Another
promising idea is to drive the TAG lens with a super-
position of driving signals at different frequencies

Fig. 10. (Color online) Experimental and theoretical locations of
the first major ring as a function of driving frequency. The solid
curve represents the theory given by Eq. (13). The red squares re-
present this theory but also account for the deflection in optical
propagation due to the asymmetry of the refractive index on either
side of the major ring. The remaining black symbols represent ex-
perimental results from various trials.

Fig. 11. (a) Experimental variation in the intensity enhancement 50 cmbehind the lens as a function of driving amplitude. TheTAG lens is
driven at 257kHz. Images are taken at 26 different voltages, azimuthally averaged, then interpolated along the voltage axis to yield the
above continuous plot. (b) Theoretical variation in the intensity enhancement 50 cm behind the lens as a function of driving amplitudewhen
driving the lens at 257kHz. Note the agreement with (a). The colormap has been scaled down for clarity. The actual peak intensity is 51.
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and phases [34]. In this way we would not be limited
to the multiscale Bessel patterns shown here, but
rather, we could generate arbitrary patterns subject
to the symmetry of the cell.
Because of its tunability we foresee the use of

TAG lenses in applications where dynamic Bessel
beam shaping is required. In particular, applications
include optical micromanipulation, laser-materials
processing, scanning beam microscopy, and metrol-
ogy. By combining the acoustic understanding of
the TAG lens [28] with the optical understanding pre-
sented here, the TAG lens can now be harnessed by
researchers to perform beam shaping at speeds high-
er than conventional spatial light modulators [29] for
the generation of tunable multiscale Bessel beams.

We thank A. B. Hopkins for some preliminary
modeling of the TAG lens, A. Mermillod-Blondin for
useful discussions, and E. Beaurepaire for insights
on applications.
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