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Design of Robust Control Systems for a Hypersonic Aircraft

Christopher L. Marrison® and Robert F. Stengel®
Princeton University, Princeton, New Jersey 08544

- Robust fiight control systems are synthesized for the longitudinal motion of a hypersonic aircraft. Aircraft motion
is modeled by nonlinear longitudinal dynamic equations containing 28 uncertain parameters. Each controfler is
designed using a genetic algorithm to search a design coefficient space; Montc Carlo evaluation at each search
point estimates stability and performance robustness. Robustness of a compensator is indicated by the probability
that stability and performance of the closed-loop system will fall within allowable bounds, given likely parameter
variations. A stechastic cost function containing engineering design criteria {in this case, a stability metric plus 38

- step-response mefrics) is minimized, producing feasible control system coefficient sets for specified control system
structures. This approach trades the likelihood of satisfying design goals against each ofher, and it identifies the
plant parameter uncertainties that are most likely to compromise robustness goals. The approach makes efficient
use of computational tools and breadly accepted engineering knowledge to produce practical control system designs.

Noemenclature
a = speed of sound, ft/s
Cp = drag coefficient
Ce = Jift coefficient
Cyfg) = moment cocfficient due to pitch rate
Cufa) = moment coefficient due to angle of attack
Cu(8E} = moment coefficient due to elevator deflection
Cr = thrust cocfficient
g = reference length, 86 ft
D = drag, Ibf
h = aititude, ft
Iy = moment of inertia, 7 x 10 slug-fc?
L = lift, 1bf
M = Mach number
M, = moment about pitch axis, 1bf-ft
m = m1ass, 9375 shugs
q = pitch rate, rad/s
Re = radius of the Earth, 20,903,500 ft
r = radial distance from Earth’s center, ft
S = reference area, 3603 fi?
T = thrust, Ibf
v = velocity, ft/s
o = angle of attack, rad
B = throttle setting
4 = flight-path angle, rad
SE = elevator deflection, rad
u = gravitational constant, 1.39 x 101 fi’/s?
P = density of air, slugs/fi®

Intreduction

YPERSONIC flight presents a difficult challenge for control

design. High velocity causes the aircraft to be very sensitive
to changes in the flight condition. For example, at an altitude of
110,000 ft and a Mach number of 15 (velocity of 15,060 ft/s), a
1-deg increase in angle of attack produces a normal acceleration of
11.5 fifs%, i.e., aload factor of about % g. For typical configurations,
the phugoid mode is lightly damped or unstable, the short-period
mode is unstable, and thrust magnitude is very sensitive to small
changes in angle of attack. The problem is compounded by the
difficulty of measuring atmospheric propertics and of estimating
aerodynamic characteristics. Nevertheless, a hypersonic aircraft’s
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flight control system must ensure that the aircraft is always stable,
that response to commands from a pilot or autopilot is satisfactory,
and that external disturbances do not produce unacceptable aircraft
motions. This paper addresses the design of such control systems,
with particular attention devoted to achieving robustness in the face
of parameter uncertainty.

Stochastic robustness analysis quantifies the lack of robustness of
a compensator G by the probability P that variations in plant param-
eters will cause the closed-1oop system fo have unacceptable behav-
ior. This simple concept of probability is defined mathematically
as the integral of an indicator function over the space of expected
parameter variations:

P:[ I{H), Glpr(p) dv O
y

H describesthe plant, i.e., the dynamic model of the aircraft; Vis the
space of possible plant parameter variations; visa specific point in
V; and pr(z) is the probability density function of 2. () is 2 binary
indicator function that equals zero if H{v) and G form an acceptable
system and equals one if the system is unacceptable. The division of
the space into acceptable and unacceptable regions is illustrated in
Fig. 1. The definition of unacceptable is at the designer’s discretion;
for example, it can mean instability, violation of aresponse eavelope,
or excess control usage. A probabilistic design metric is equally
applicable to systems that are linear or nonlinear, time-varying or
time-invariant, continuous or discrete.

In most applications, Eq. (I} cannot be integrated analytically.
Monte Carlo evaluation (MCE)! is a practical alternative, with pr(1/)
used to shape the random samplings of values for the uncertain
parameters . Individual selections for each trial are denoted vy,
At each 1, the closed-loop characteristics of the system are tested
for acceptability. For example, a linear system’s stability indicator
function is set equal to one if any of the closed-loop eigenvalues have
positive real parts and is set equal to zero otherwise. A performance
indicator fuaction, ¢.g., step-response overshoot or settfing time, is
set to one if a design limit is exceeded or to zero if it is not. The
trials are repeated for N samples from the space V, the value of N
being chosen to obtain the required accuracy. A probability estimate
is expressed as

R R
== ITH@.G) @
k=1

and the estimate approaches the exact value in the limitas N — co.
Performance and stability probability estimates can be combined
not only to portray control system robustness but to design robust
controllers

Defining the best compensator for a particular application is 2
subjective process, involving tradeoffs between possibly disparate
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% Volume where [#{v), G] violate the metric.
D Volume where {2(v). §] do not violate the metric.

Fig.1 Division of the space of uncertain parameters.

measures of stability and performance. These tradeoffs can be for-
malized by combining the individual prababilities in a scalar cost
function J with each probabilistic measure assigned a subjective
weighting. If the compensator G is parameterized by a vector of de-
sign constants d, then P and 7 are functions of d, and robust control
systems are designed by minimizing the cost function

M
7 =3 " [waP2@)] 3

m=1

where M is the number of stability and performance metrics, B, (d)
is the mth metric, and 19, is the weight on the mth metric. Robust
compensators were designed for a linear benchmark control prob-
lem using a Hne search in Ref. 10 and 2 genetic algorithm (GA) in
Ref. 11 to estimate the minimum of J{d}. The 1esulting compen-
sators were highly robust, the probabilities of failure being signifi-
cantly less than those of controllers created by other methods® The
line search in Ref. 10 was effective but inefficient; the GA reduced
search computation by an order of magnitude.!!

Stochastic robustness analysis and design provide a direct exten-
sion of classical design methods because stability and performance
- indicator functions are based on classical metrics, If frequency-
domain measuics were of interest, they could be added easily to the
design cost. Nevertheless, we caution that gain and phase marging
are unreliable indicators of robustness.? The reason is quite’ sim-
ple: Realistic parameter variations, such as those considered hese,
produce not only gain and phase margin variations but changes in
the shape of the Nyquiist plot as well. Maximum singular values are
essentially multivariate gain margins and have limited robustness
interpretations for the same reason.” :

In this paper, MCE and a GA'~* are applied to 2 complex prob-
lem: flight control of a hypersonic aircraft cruising at 2 Mach num-
ber of 15 at an aititude of 110,000 ft. The dynamic model describes
motions in the vertical plane, and it contains important nonlinear
effects. We consider 39 stability and performance robustness met-
rics, significantly more than can be accommodated in other robust
design techniques. The design approach is demonstrated at a single
cruising flight condition, and it could be applied casily at other flight
conditions, extending results over the full flight envelope via gain
scheduling, '

Hypersonic Aircraft Model
The longitudinal equations of motion include both an inverse-
square-law gravitational model and the centripetal acceleration that
results from a curved flight path. At Mach 15 and 1 10,000 £, the non-
rotating-Earth centripetal acceleration is 10.8 f/s2. The fifth-order
cquations for velocity, flight-path angle, altitude, angle of attack,
and pitch rate are, respectively,

V- Tcosw — D _ psiny

m rl @

. _ L+Tsing  (u—Vrjcosy
v= mV vr? ©)
h = Vsin ¥ (6)
G=q—y 9
g = M, /L, )

59

The values of 1ift, drag, thrust, pitching moment, and radius from
the Earth’s center are modeled, respectively, by

L=1pv?sC, ©
D =1pV5Cy (10)
T = $pV3SCy {y

My = 3pVISHCy (@) + Cy(BE) + Crr(q)] (i)
r=h+ Rg (13)

The aerodynamic coefficients and air data are functions of the state
and control, and interpolation of lookup tables or spline fits would be
used in precise simalation. In this example, relatively simple func-
tons were fitted to the data around the norminal cruising condition.
Air-density and speed-of-sound models are taken from Ref. 16, and
numerical values for the acrodynamic coefficients are representative
of the NASA Langley Hypersonic Vehicle Simulation Model !

For this design exercise, 28 inertial, thrust, and aerodynamic pa-
rameters are assumed to be uncertain, with v denoting an element
of the uncertainty vector . The paramelers are

m = vym, (14)
Ly =wl, (15)
§ =S, (i6)
<= wé, (7

£ = 0.00238 exp( {18)

—h
v324,000
a = vs(u68.99 x 107h2 — 1;,9.16 x 1074 +996)  (19)

M=V/aq (20)
1.91
Cr = wa (0.493 + hilhiiad ) 1)
M
Cp = v1;0.0082(v;;171e® + vi31.150 + 2)
x {vi40.0012M — p;50.054M - 1) (22)

17
k = "'-16381:1 - v17164(a — C!(}}z] (I + UI—:J—)

Cr=k(1+vs0.15)8 if f<1
= k(14 v0.158)  if B>1 (23)

Cur(@) = 107 vy [0.06 e M 2upa? 4 120vpa — 1

@4

Cu(q) = (€/2V)qva(—0.025v,sM + 1.37)
x {~0.0021vz50” +0.0053u70 - 0.23) (25)
Cy(BE} = 0.00051v34 (3 E — o) (26)

Equations {4-26) define the plant model H(z). In this exampie,
each v is assumed to follow a normal probability density function,
with a mean of 1 and a standard deviation of 0. 1; this defines pr(r/).
For illustration, normally weli-known quantities such as wing area
and mean aerodynamic chord are treated as unknown, In applica-
tion, realistic uncertainty values should be used; i uncertainties
are sufficiently small, they could be ignored. Assuming normally
distributed parameter uncertainty assures that the probability of in-
stability will never be zero, as the tails of the parameter distributions

i
iy
H

IR
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extend to plus or minus infinity. Setting each clement of v equal o
one gives the nominal system. In MCE, each element of ¢ is pro-
duced by a separate call to a random-number generator on each trial.
The rethod is not restricted to normal distsfbutions; uncertaiaty can
be represented by any appropriate distribution, including bounded
{e.g., uniform), multimodal, or discrete distributions.

The linearized open-loop longitudinal dynamic model has éigen- '
values of —0.895, 0.784, —0.00021 £ 0.0362, and 0.00011 at the
trimmed cruise condition (M = 15,k = 110,000 ft, y = Odeg, and
g = Odegfs). The trim (or equilibrium) condition is calculated using
the nonlinear model, as noted. The first two eigenvalues represent
a statically unstable short-period mode; the complex pair of eigen-
values portrays a lightly damped phugoid mode, and the last real
cigenvalue indicates a mildly unstable height mode.'® Consequently,
cruising flight would be subject to attitude and height divergences
that would require stabilizing feedback control.

Nonlinear response histories are initiated at the equilibrium cruise
condition, which is determined by finding the angle of attack, thrust,
and elevator settings that provide force and moment balance in the
nonfinear equations of metion for steady, level flight. Having es-
tablished equilibrium, the command step is applied, and the state
response is propagated using the ponlinear dynamic model. The
state history then is evaluated with robustness performance metrics.

Stability and Performance Metrics

Three broad aspects of flight control robustness are of concern in
this design study: stability, velocity command response, and height
command response. They are cxpressed in acombination of 39 indi-
cator functions. Stability in the neighborhood of the trim condition
(metric 1) is predicated on the stability of the locally linearized
syste at that point, as determined by the eigenvalues of the closed-
loop system."” Nineteen additional metrics (2-20) are based on the
response of the nonlincar model to a commanded step change in
velocity of 100 fis. These are defined in Table 1. Double metrics
such as Iy 15 and Iy 150 2re used to allow the search to different-
ate between compensators in the case in which both compensators
constantly violate the more-demandiag metric but only occasion-
ally violate the less-demanding metric. The remaining 19 metrics
{21-39) are based on the response (o 2 commanded step change in
height of 2000 ft. The height metrics are the same as the velocity
metrics except that the times arc doubled {and in the description,
the subscript V is replaced by ). The cost function chosen to guide
the design is the weighted quadratic sum

k)
jay=>_ [waPi@)] @7
m=1

where the stability metric weight is 10, the basic performance metric
weights are 1, and the more-demanding performance metric weights
are 0.1.

As with all global search methods for general functions, con-
vergence to the minimum cannot be guaranteed without an infinite
muraber of evaluations. However, methods are available to estimate
the value of the global minimum, allowing a designer to decide
when an answer is satisfactory. It has long been known that, if ran-
dom searches are carried out with a large number of test points, then

Table 1 Stability and performance metrics

Metric Definition

10% settling time greater than 25 5 (50 5)
909 rise time greater than 25 5 (50 5}

Ty xas v 150)
Ty gos (Iv_gso)

Iy Rev Reversal of response in V before peaking
Iv.ps Uv.piw) 10% dwell time more than 5 s {10 s)
Iv oswo (v osm) Overshoot more than 10% (20%)

Iy ac05 {Iv sat} Maximum change in ¢ more than 0.5 deg (1 deg)
Ty g1 (fvge2) Maximum load factor more than 1 g {2 g}
Tv.asazs (v ames)  Maximum disturbance of b
more than 0.25% (0.5%)
Majimum change in thrust more than 50% {100%)
- Maximum change in elevator
" -more than 5 deg (10 deg)

Iy sTs0 (Tvarion
fvies (v seia)

the probability function of the final result of the search {Juqm) takes
the form of a Weibull distribution.® The cumulative probability
function for a Weibull distribution is

Pr{Jsm < %) = | —exp{—[{x — a)/b} (28

forx >a=>0,b>0,andc>0;a is the ocation parameter, b is
the scale parameter, and ¢ is the shape parameler; 2 is the minimum
possible value of Jh: in the context of function minimization,
a = J{d@*).Ifthe search algorithmis run a times, n restlis of Jp.1 87¢
available to form an empirical probability function for e Values
of g, b, and c are found iteratively to give the least-squares difference
between the Weibull distribution and the empirical distribution.

In Ref. 21, it is argued that the results of a randomized heuristic
search algorithm have the same Weibull di stribution as the tesults of
a purely random search with many points. Golden®' uses the Weibull
disicibution to estimate J(d*) for the traveling-salesman problem.
This work is expanded in Ref. 21 to give the confidence interval

P Jonata — b < @) < Jiota] =1 € (29

where Jgoyq is the best result of the i searches. Another procedure
for estimating the value of J{d") is developed by Cooke™ with-
out assuming any specific form for the probability function. Cooke
considers a sample of n random vatues, ¥;, and the assoctated cumu-
Iative probability function for the result of each sample, Pr(¥ < x).
The values are ordered such that ¥; is less than ¥, .. The cumu-
lative probability function for the maximum value ¥, is defined as
Pr(¥, < x)and is equal to {[Pr(¥ < x)¥. The expected value of the
maximum of n samples is

¥anax
E(¥,) = f xpry, (x) dx (30)

x = ¥rain

where pry, (x) is the probability density function corresponding 1o
[Pr(Y, < x)1. By partial integration, Cooke obtains the estimator

n—1 .y R . n
=S (1) <[ 2] Jrs o
' i=0

Using the refationship ¥ = —J, this gives an estimator for J{d™):

r—1 N - "
f(d*)=2],,—2{(i—~-::) —[1—(“:”] }JH- (32
i=0 .

where J; 41 is less than J;. This method is computationally simple
and gives an estimate for the parameter a.

Compensator Structure

The control signat is the sum of three components: the nominal
trim value iq; the increment needed to change the trim point to the
new desired state, Au*; and a dynamic component o ensure stability
and shape the response, Au,.

The components A" and Auy are developed by expressing
Eqs. {4-8) in compact form and considering the first-order Taylor
expansion about the trim point xy:

k= flx.m) (33)

x=IV y &k o gf (34)
u={p SEV (33)
x=Xx,+ Ax 36)

w = U, + Au =1, 4+ Au” + Ang @7

& [, 4,) + FAx + GAu=Fax +Ghou  (38)

The Facobian matrices F = 3f/3x and G = 3f /du are evaluated
at the trim condition.
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If Ay* is the command vector and disturbances age neglected,
then the equilibriem state Ax* and control Ar* are obtained from

axl [F GT'[e
Aw*| (H, H, {Ay' (39

where Ay* = H, Ax"+ H, Au*. Forthis example, the dynamic con-
trol laws are continuous-time, linear quadratic (1.Q) reguiators that
provide proportional-integrat (PI) compensation ? Integral compen-
sation removes any steady-state error caused by the actual system
differing from the model used in Eq. (39). However, transient re-
sponse te command inputs can be improved by feedforward com-
pensation, gencrating a need for both Ax* and An*. Farthermore,
for nonlinear systems, it is important to keep control errors smail,
and providing reference values of the state and control is essential.
This has been demonstrated widely by analyses, designs, and flight
tests (also sec Sec. 6.2 of Ref. 2).

For the hypersonic aircraft, the commanded states are velocity
and height; therefore, the state vector is augmented as

Axp=[AV Ay AR Ae Aq Iy T (40)

Ly = f(AV —~ AV )dr “n
Iy = f (AR — AR%)dr (42)

giving the LQ control law
Aﬂd = —C;:,Axn (4'3)

where Cp; is the gain matrix. Cpy depends on the weights used in the
integrand of the LQ cost function,

L = AxpQ8xp + k Vi AXLFTF, Avpr + AuTRAu,  (44)

@ and R weight state and control deviations; for simplicity, they
are defined as diagonal matrices. The term &, Vi AxLFEF; Axy
directly weights normal acceleration, which is closely approximated
by Voy. Defining F; as the row of F that cotresponds to ¥, the
normal acceleration is equal to VoF; Axyy. The term k, is a scalar
cost-function weight.

Multiplying the coatrol-gain matrix by a scalar constant k¢ may
improve robustness, though it distorts LQ optimality™ The final
feedback law is, therefore,

Aud = ‘*chpl Axp‘( (45)
Ten design parameters were searched by the GA: kg, ke, diagonal

elements of R, 2nd six diagonal elements of @ (velocity weighting

Qv was fixed):
d=[Qr G Q. Qq QCV Q(b kg Rﬁ Rse kel (46)

The GA chooses ( and R weightings in the application, sothe de-
signer is absolved of this onerous task. As seen in the Stability and
Performance Metrics section, it is easy to choose the 39 weights
for engineering design metrics contained in the probabilistic cost
function {Eq. (3)]. Extremely important metrics such as stabili ty get
high weights, e.g., 10; important metrics get intermediate weights,
c.g., 1; and less important metrics get low weights, e.g., 0.1 In the
cxample, O and R are diagonal matrices, so the search is restricted
to the diagonal elements. Off-diagonal elements of O and R and
state-control coupling could be accommodated either by expanding
the search or by using the implicit-model-following structure men-
Goned at the end of this section, Positive definiteness of the matrices
is ensured by the designer in specifying the search range of d, i.c.,
the search is not allowed to range over non-positive-definite values,
Note, however, that if a bad choice of @ and R is made, the GA
throws out that particular case on proceeding to the next genera-
tion. The most-fit compensator chosen by the GA has, by definition,
satisfactory values of @ and R. .

Initial values ford were chosen by selecting désired levels of devi-
ation for Axand Au and setting the corresponding weights in @ and

R 1o be the squares of the inverses of the desired level.2* For exam.-
ple, the éxpected variation in & is 2000 ft, and Q,, was sefas G )%
The system response was propagated with these initial weights. The
weights then were adjusted to produce a nominal response that vi-
olated only a few of the metrics. These parameter values provided
the base point for the search, and a +1-decade initial search range
was set around each parameter.

The LQ-PI controller structure is used here to demonstrate
the application of probabilistic robust controf methods, and other
control structures can be considered. Stochastic design based on
proportional-integral-filter compensation has been applied to the
hypersonic cruise problem,” and implicit-model-following flight
controllers have been analyzed probabilistically.>#* A probabilistic
search for the coefficients of single-input/single-output compensator
transfer functions is described in Ref. 26.

Results

Stechastic robustness analysis was used to illustrate open- and
closed-loop robustness at the nominal flight condition (M = 15,k =
110,060, ¥ = Odeg,andg = Odeg/s). Giventhe system parameter
uncertainties described in Eqs. (14-25), there is a probability of
0.816 that the open-loop system wili be unstable. The probabilities
of violating the other metrics range between 0.816 and 1.

The base compensator yields a relatively low probability of
closed-toop instability (0.014) and low probabilities of violating
the performance metiics. Significant exceptions are the probabili-
ties of settfing-time violation: In response to a velocity command,
Py s = 0.966; in response to a height command, Pyopesn = 1.

Stating from the base compensator, the GA sought compensators
optimized with respect to Eq. (27). Because stability robustness is
important, the weighting is greatest on P, {weight is equal o 10).
Weights of 1 were chosen for the metrics that indicate particularly
poor performance, ¢.g., setiling time greater than 50 s; weights of
0.1 were chosen for metrics that indicate moderate performance,
e.g., settling time greater than 25 s. :

The optimization begins with an initial random search. After the
random search, the GA refines the population over several genera-
tions until a stopping condition is met. For this example, the search
was stopped when more than 20,000 MCEs had been used. The al-
gorithm was run eight times to estinwate the global minimum, e.g.,
Eq. (32). The final values of J for cach of the cight runs were 2.09,
1.86,2.16, 271, 1.99, 1.83, 1.72, and 1.74; hence, the seveath run
gave the best result.

The global minimum estimate can be made in two ways: by fitting
a Weibull distribution to the resvits {Eq. (28)] or by using Cooke’s
estimate [Eq. (32)]. Here, both methods are used together. On the
basis of the eight final values of J, Eq. (32) estimates the value of
the global minimum to be 1.703. To corroborate tiis result, it is used
as the parameter a in the Weibull distribution [Eq. (28)]. The eight
observed results are used o estimate the cumulative probability
function of the results of the GA, and values for b and ¢ are chosen
to fit Eq. (27) to the observed results, giving @ = 1.703, b = 0.28,
and ¢ = 0.8. The results of the eight runs and the fitted Weibull
Runction are shown in Fig. 2. We conclude that the estimate of 1,703

a8l .o !
A -', ]
0.6 4
- s p
0.4 . ]
- ,J ~ 3
0.2 GAResuls |
B { ————— Weibull Curve Fit § 3
q-jll 1102 0 b g 529 ¢ 5F1 9403071 4]
5 2 2.5 2
X

Fig.2 <Comparison of empirical resulfs with assumed Weibull distri-
bation.
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for the global minimum is a viable value for a. If we assume that
the estimate for b is accurate, then Eq. (29) gives

Pr1.72-028 = Jd) <172} =1— et =09997 @7

We therefore have an estimate that the global minimum is 1.703,
and we are 99.97% certain that the global minimum has a value
between 1.44 and 1.72. Furthermore, if we accept the estimate that,
given this compensator structure, the best achievable value of J is
1.763, then the compensator produced by the seventh run, with a
vatue of 1.72, has a cost within 1% of the global minimom.

The method of analysis and design is computationally intensive,
aithough the computational burden is well within the capabilities of
existing computers. Using MATL.AB® running on 2 Silicon Graph-
ics Indy workstation, the computation time required to design a
compensator for this paper was about 24 h. Translated to C or For-
tran for a state-of-the-art parallel computer, run times would be
measured in minutes or seconds.

The generic robust control problem is computationaily complex:
Run times for exact solutions are exponential in the number of vari-
ables, and the rumber of variables is infinite for even a single, con-
tinuously distributed uncertain parameter. Consequently, all robust
design methods must be approximate to some degree. The stochastic
approach presented here uses Monte Carlo simulation for evaluation
and numerical search for design. MCE of eigenvalues and response
histories is accomplished with run times that are polynomial in the
surher of state and control clements and linear in the simulated
sesponse time and number of uncertain parameters. GA run times
are linear in the number of design constants to be found by search.

There are a number of ways to extend the flight control system
design across the entire flight envelope. For the LQ design approach
used here, the most likely way is touse gain scheduling. Forexample,
the second author and his colleagues developed and flight-tested
gain-scheduled, digital, linear-quadratic-Gaussian controilers for a
tandem-rotor helicopter in the mid-1970s, demonstrating excellent
real.time performance across the tested flight envelope (including
hover and rearward fight as well as climbs, turns, and level craising

' Analysis of the Optimized Compensator

The robustness profiles for the base compensator and the opti-
mized compensator are compared graphically in Fig. 3. The prob-
ability of instability drops from 0.014 to 0.001. The probabilities
of settling-time violation improve by factors of 4.5 (Py yss0) and
1.02 (P aen). 2lthough Pprsso remains equal to one. All of the
other metrics improve except three: the probability of using more
than 50% throttle after the velocity command step (Py srs0) and
the probability of load factors greater than 2 or 4 after the height
comimand step (P;,_xz. P;,~g4).

The 0.1% probability of instability would be, of course, worrying
for an aircraft system. The probability could be reduced by increas-
ing the weight on P; in Eq. (27}, allowing cross-product weighting
in the LQ cost function, or considering alternate control structures.
However, the P; will never be zero if the parameters have nor-
ma! distributions. This is a property of the underlying problem and
the associated pr(1), not a property of the compensator. To ilfus-
trate this, the compensator was reanalyzed with bounded parameter
distributions: normal distributions bounded at £0.2. (The standard

Base Co
Optimized Compeunsator

2]

0.8

0.6

Probability of Violation

bt
)

'i""|"'|"'|"'

=

deviation in the earfier analysis was 0.1.) In this case, the estimated
probabitity of instability is precisely zero. This also reinforces the
importance of understanding the likely forms of parameter variation
in each application.

With the nominal parameters, the closed-loop eigenvalues of the
base compensator are located at —1.1956 =+ 0.9184:, —0.0210
1-0.0213¢, ~0.0415, —0.0064, and —0.0004. For the optimized sys-
temn, the eigenvalues are at —1.0025 2 1.3383(, —0.0219+0.01861,
—{).0408, —0.0088, and -—0.0044. The most significant difference is
an 11-fold increase in the speed of the integral mode: its cigenvalue
moves from —0.0004 to —0.0044.

‘I'he effects of plant parameter uncertainties on the closed-ioop
system are shown graphically using stochastic root loci, as in Figs. 4
and 5. This graphical tool gives designers gualitative information
on how parameter variations may change the system response. The
optimized compensator 100ts (Fig. 5) haye less scatter than the base-
tine compensator roots (Fig. 4) and are more solidly located in the
left-half plane. Further insights can be gained by using graphs of
the conditional probabilities of mettic violation.®%® Graphs can be
secorded for cach robustness metic and for cach parameter. Figure 6
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shows the effect of parameter v, the uncertainty in the air density
estimate, on the probability of the settling time being greater than
305 inresponse to a velocity command {fy gs0). If vg varies from the
nominal value by less than £0.1, then the metric will almost never be
violated; however, the metric will always be violated if vg varies by
~0.2, illustrating the importance of good knowledge of air density.

The robustness profiles can be adjusted by changing the control
structure or by changing the weights in the robustness cost function
{Eq. 273}, InRef. 25, proportional-integral-filter compensation also
is implemented; it removes the peaks in throttle and elevator usage
but results in a slightly higher probability of instability. Velocity and
altitude responses to a 100-f/s step-velocity command are compared
inFigs. 7 and 8. Changing the weightsin Eq. (27) allows the designer
to make direct tradeoffs between elements of the robustness profile
and to tailor the design to the application.®

Conclusions

Stochastic robustness is shown to provide an effective basis for
flight control system design and analysis. The method is demon-
strated on a problem that possesses significant nonfinearity, 28 un-
Certain parametess, and 39 stability and performance specifications.
Ten control design parameters are found using a genetic algorithm,
and an estimate of optimality is obtained by fitting multiple results
o a Weibull distribution. Most synthesis methods would find such
4 fask dauating; however, stochastic robustness synthesis provides
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a straightforward framework and allows a range of robust compen-
satorsio be designed. The genetic algodthm produced compensators

that approach the best performance achievable for the given control
structure,
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