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Summary. Robust controllers for nonlinear systems with uncertain parameters can
be reliably designed using probabilistic methods. In this chapter, a design approach
based on the combination of stochastic robustness and dynamic inversion is pre-
sented for general systems that have a feedback-linearizable nominal system. The
efficacy of this control approach is illustrated through the design of flight control sys-
tems for a hypersonic aircraft and a highly nonlinear, complex aircraft model. The
proposed stochastic robust nonlinear control explores the direct design of nonlinear
flight control logic; therefore the final design accounts for all significant nonlineari-
ties in the aircraft’s high-fidelity simulation model. Monte Carlo simulation is used
to estimate the likelihood of closed-loop system instability and violation of perfor-
mance requirements subject to variations of the probabilistic system parameters.
The stochastic robustness cost function is defined in terms of the probabilities that
design criteria will not be satisfied. We use randomized algorithms, in particular
genetic algorithms, to search the design parameters of the parameterized controller
with feedback linearization structure. The design approach is an extension of earlier
methods for probabilistic robust control of linear systems. Prior results are reviewed,
and the nonlinear approach is presented.

1 Introduction

Control systems should be designed to run satisfactorily not only with as-
sumed plant parameters but with possible variations in operating conditions.
Perfect models of systems to be controlled are rarely available when con-
trollers are being designed, parameters of similar plants are likely to vary
from one example to the next, and dynamic characteristics may change as
parts wear or operating points shift. Control system designs must be tolerant
of these differences for practical control to take place, that is, they must be ro-
bust. For parametric uncertainty, guaranteed stability-bound estimates often
are unduly conservative, and the resulting controller usually needs very high
control effort. With respect to computational complexity, many worst-case
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deterministic robust control problems are proved to be NP hard. If instead
of worst-case guaranteed conclusions, probabilistic robustness is acceptable,
computational complexity can be reduced significantly. In probabilistic robust
control design, randomized algorithms with polynomial complexity are used
to characterize system robustness and to identify satisfactory controllers.

Many problems in system synthesis can be formulated as the minimization
of an objective function with respect to the parameters of a parameterized con-
troller. The probabilistic robust control problem is transformed to a stochas-
tic optimization problem. Combinations of a variety of pre-existing control
methodologies and the probabilistic approach to robustness have been ap-
plied to control designs such as Linear-Quadratic-Gaussian regulators [31, 41],
transfer function sweep designs [57], quadratic stabilization for linear sys-
tems [7], robust Linear Matrix Inequality (LMI) or Quadratic Matrix Inequal-
ity (QMI) [9], Linear-Parameter-Varying control [15], robust H2 control [26]
and Model Predictive control [21].

The probabilistic approach is readily applied to nonlinear designs as well
as to linear designs. We present a framework for nonlinear robust control
that merges the stochastic approach with feedback linearization. There has
been intensive research in deterministic nonlinear robust control using, for
example, Lyapunov redesign, backstepping, sliding-mode control, and neural
network based adaptive robust control [18]. The probabilistic approach to con-
trol design could reduce design conservativeness significantly, and it provides
a viable treatment for system robustness with respect to uncertain parameters
that may enter the system in an arbitrary way. In this chapter, the proposed
stochastic feedback linearization approach is illustrated through two flight
control applications. The first application is to the control of the longitudinal
motion of a NASA Langley hypersonic aircraft [49] cruising at a Mach number
of 15 and at an altitude of 110, 000ft. There are twenty-eight uncertain param-
eters in characterizing the aircraft’s inertial and aerodynamic model. Robust-
ness metrics include system stability and thirty-eight performance specifica-
tions for velocity and altitude command responses in the presence of uncertain
parameter variations. The probabilistic robust control design is formulated as
a stochastic optimization of a cost function that is a weighted quadratic sum of
these probabilities of violation of design specifications. Due to the non-convex
and non-deterministic nature of this stochastic optimization problem, genetic
algorithms are used here to search the controller parameters. We apply a sim-
ilar approach to the probabilistic robust control of the six-degree-of-freedom
motion of a High Incidence Research Model (HIRM) [28] whose highly non-
linear aerodynamic model is described by a combination of analytic equations
and look-up tables. Due to the complexity of the system model, a two-time-
scale decomposition is used in the design of controller structure. The resulted
nonlinear control design is evaluated and compared against existing designs
with respect to handling qualities for a wide range of flight envelope and in
the presence of system parametric uncertainties.
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This Chapter is organized as follows: Section 2 summarizes prior results in
the probabilistic design of constant-coefficient controllers for linear systems.
In Section 3, we present a general approach for probabilistic robust control of
nonlinear systems. In Section 4, the proposed approach is applied to the flight
control design for a NASA Langley hypersonic aircraft model and the design
for the High Incidence Research Model is presented in Section 5; simulation
results are presented for stability and performance robustness of the closed-
loop system.

2 Stochastic Analysis and Design for Linear,
Time-Invariant Systems

Stochastic Robustness Analysis (SRA)

Stochastic stability theory provides a logical starting point, as satisfactory
stability is often a necessary condition for satisfactory performance. A typical
problem is to determine bounds on the parameter vector p of an unforced,
continuous-time system [22, 24],

ẋ(t) = f [p(t),x(t)], x ∈ Rn, x(0) = x0, f ∈ Rn, p ∈ Rl (1)

where x is the dynamic state and p(t) is a random process, such that stability
can be expected with a probability of one (or arbitrarily close to one). A
corresponding linear control problem is to find a satisfactory control gain
matrix C for the linear plant and control law,

ẋ(t) = F[p(t), t]x(t) + G[p(t), t]u(t),u ∈ Rm,F ∈ Rn×n,G ∈ Rn×m (2)

u(t) = −Cx(t),C ∈ Rm×n (3)

The system dynamics vector f(·) becomes

f [p(t),x(t)] = {F[p(t), t]−G[p(t), t]C}x(t) (4)

and the uncertainty is contained in the varying values of [F(·),G(·)]. Proba-
bilistic stability criteria have been developed using expectations of Lyapunov
functions, and they require consideration of stochastic integrals and transfor-
mations [20, 59]. Analogous discrete-time problems are discussed in [25]. Given
infinite (e.g., Gaussian) parameter distributions, the probability of instability
is finite, and the escape (or exit) time may be of interest [11].

The principle focus of current robustness research is on ensembles of linear
systems for which p is a random constant rather than a random process. For
a particular parameter value pk, Fpk

is uncertain but fixed. Deterministic
stability criteria apply to each member of the ensemble. Because each dynamic
system is linear and time-invariant, its stability is entirely determined by its
eigenvalues, that is, the solutions λj to the equation
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|λjI− FT (pk)| = 0, j = 1, · · · , n (5)

Given a vector of the probability density functions of p, pr(p), Eq. 5 provides
an implicit transformation for computing the probability density functions,
pr(λj), of the corresponding ensemble of eigenvalues λj , j = 1, · · · , n. An eval-
uation of the cumulative probability of (in)stability induced by pr(p) requires
integration of the pr(λj) over the (right) left-half complex plane. Linear eigen-
value sensitivities, ∂λj/∂p, can be derived and applied for analytic evaluation
of the integral [27, 40], and additional studies of eigenvalue and eigenvector
sensitivities can be found in [34, 12, 34, 19, 52, 16, 53].

Analytical solutions to this integral have limited utility for evaluating the
probability of (in)stability. The most practical approach for evaluating the
probability of (in)stability in the general case is to use numerical computation,
as expanded below. Numerical evaluation of probabilities involves sampling
of parameter probability distributions [39, 33] and computation of their con-
sequences using either exhaustive sampling or ”Monte Carlo” methods [8]. In
the first case, all possible parameter combinations in a finite set are sampled,
and the exact probability of hypothesis H is computed as

Pr(H) = NH/NTotal (6)

where NH is the number of instances of H, and NTotal is the total number of
trials. For the second method, each scalar parameter is represented by a ran-
dom number generator, whose characteristics are shaped by the parameter’s
statistical description. There is no restriction on the shapes or correlations of
probability distributions (i.e., they may be bounded, non-Gaussian, etc.), and
parameters may have different distribution types. For a single trial, each ele-
ment of pk is generated, and the related hypothesis (in the current discussion,
the stability or instability of the controlled system) is computed. The proba-
bility of a hypothesis is computed as before (Eq. 6), but there is uncertainty
in the estimate, as discussed below.

For linear, time-invariant (LTI) systems, the probability of instability P can
be estimated from repeated eigenvalue calculation [54]. Given a system with
l parameters, each of which takes w values with equal probability, P can be
calculated exactly from wl evaluations using exhaustive sampling (Eq. 6), with
NH equal to the number of unstable cases, and NTotal equal to wl. For Monte
Carlo evaluation, the closed-loop eigenvalues, λj , are evaluated NTotal times
with each element of pk, k = 1, · · · , NTotal, specified by a random number
generator whose individual outputs are shaped by pr(p). The probability-of-
(in)stability estimate becomes increasingly precise as NTotal becomes large:

Pr(stable) = lim
NT otal→∞

N(σmax ≤ 0)
NTotal

(7)

Pr(unstable) = P = 1− Pr(stable) (8)

N(·) is the number of cases for which all elements of σ, the vector of the real
parts of the closed-loop eigenvalues (λ = σ + jω), are less than or equal to
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zero, that is, for which σmax ≤ 0, where σmax is the maximum real eigenvalue
component in σ . For NTotal < ∞, the Monte Carlo evaluation is an estimate,
P̂ , whose uncertainty is characterized by a confidence interval.

Because P is a binomial variable (i.e., the outcome of each trial takes one
of two values: stable or unstable), confidence intervals are calculated using
the binomial test, where lower (L) and upper (U) intervals satisfy the follow-
ing [10]:

Pr(NU ≤ n− 1) =
n−1∑

k=0

(NTotal, k)Lk(1− L)NT otal−k = 1− α

2
(9)

Pr(NU ≤ n) =
n∑

k=0

(NTotal, k)Uk(1− U)NT otal−k =
α

2
(10)

NU is the actual number of unstable cases after NTotal evaluations (NU =
NTotalP̂ ), (NTotal, k) is the binomial coefficient, NT otal!

k!(NT otal−k)! , and (1 − α) is
the confidence coefficient. Explicit approximations of the binomial test [4, 5]
avoid an iterative solution of Eq. 9 and Eq. 10 for (L,U), and they are accurate
to within 0.1% [54].
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Fig. 1. Number of evaluations required to estimate a binomial probability distri-
bution for given confidence interval widths and 95% confidence coefficient; interval
width is given as percent of P or (1− P ). (from [54])
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The number of evaluations required to estimate a binomial probability dis-
tribution for specified interval widths and a 95% confidence coefficient varies
with the true P (Fig. 1 [54]). For narrow intervals and small P , large numbers
of evaluations are required; however, large percentage interval widths may be
acceptable if P is small.

The number of Monte Carlo evaluations needed to yield P̂ with a given
confidence level is independent of the number of uncertain parameters or their
probability distributions. This result has broad implications for the robust-
ness evaluation of complex systems. While exact or approximate exhaustive
sampling may be useful when there are few parameters, Monte Carlo sim-
ulation has broad application for systems with large numbers of uncertain
parameters.

Stochastic Robustness Design(SRD)

Design for stochastic robustness follows analysis by incorporating search. The
simplest approach is to choose the best from an ensemble of controllers, with-
out regard to the design algorithms employed for each controller. For example,
given the Benchmark Control Problem [58], we could compare the probabili-
ties of instability, Pi, excess control usage, Pu, and excess settling time, PTs ,
for the ten design solutions, selecting the one that appears most suitable.
The relative importance of the three criteria must be known to make the
selection, and the probability distributions of the uncertain parameters that
induce them should be well motivated. Guidelines for comparing controller
pairs are contained in [44].

Probabilistic synthesis of control systems is a natural adjunct to proba-
bilistic analysis; the random or randomized search is a dual to Monte Carlo
evaluation. Building on [51], random-search methods of finding control sys-
tem gains are explored in [6, 60, 55]. There are similarities to directed searches
that minimize multi-objective cost functions [48], to parameter-space meth-
ods [50, 1], and to fine-tuning of control gains by search [3]. A genetic al-
gorithm – which performs randomized reproduction, crossover, and mutation
on candidate control-gain strings – has been used to design controllers [23],
while the stochastic robustness analysis is extended to control design using
sequential line searches in [54, 42, 43, 44, 45, 46].

A typical design procedure has four steps: 1) define cost function of ob-
jective probabilities, 2) define controller structure, 3) perform stochastic ro-
bustness analysis of the closed-loop system, and 4) conduct numerical search
to minimize the cost function.

As an example for Step 1, the quadratic cost function

J = αP 2
i + βP 2

u + γP 2
Ts

(11)

weights the squares of the probabilities to emphasize large values and de-
emphasize small values. α, β, and γ are scalar weights on the relative im-
portance of instability, excess control usage, and excess settling time over the
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range of parameter uncertainty. Pi, Pu, and PTs are in (0, 1). With an LQG
controller, the control law and associated estimator for Step 2 are

u(t) = −Cx̂ (12)

˙̂x = Fx̂ + Gu + K(z −Hx̂) (13)

and the weighting matrices for the LQG problem are chosen as the control de-
sign parameters. For a single-input/single-output compensator, the controller
structure may simply be a transfer function whose numerator and denomi-
nator coefficients are the design parameters. In Step 3, an ensemble of trials
is evaluated to compute the probability (Eq. 6) using the dynamic system of
Eq. 2 with randomly generated parameter vectors, p, and closed-loop control
specified by Eq. 12 and Eq. 13. This Monte Carlo evaluation forms an ”in-
ner loop” for the minimization algorithm in Step 4. A genetic algorithm is
used to minimize Eq. 11 through the choice of control design parameters. As
an alternative, simulated annealing could be used for the optimization [35].
Execution time for this computationally intensive process can be decreased
greatly through the use of parallel computation [47].

3 Stochastic Robust Control of Nonlinear Systems

The nonlinear control design is an extension of the probabilistic robust control
of linear systems in Section 2. A combination of probabilistic robustness with
feedback linearization is presented. First, we design a feedback linearization
control law for the nominal system, then introduce parametric uncertainty
and reformulate the problem in a probabilistic format. The control design
parameters are searched to minimize a stochastic robustness cost function that
is a weighted quadratic sum of probabilities of violating design specifications.

Consider a nonlinear system that has a nominal system as follows:

ẋ = f(x) + G(x)u,G(x) =
[
g1(x) g2(x) · · · gm(x)

]
(14)

y = h(x) (15)

where f and gj (j = 1, 2, · · · ,m) are smooth vector fields on Rn, and h is
a smooth function mapping Rn → Rm. If this nominal system is feedback
linearizable, there exists a nonlinear coordinate transformation ς = T (x)





ςi
1 = hi

ςi
2 = dhi

dt = Lfhi

...
ςi
λi

= d(λi−1)hi

dt = Lλi−1
f hi

i = 1, 2, · · · ,m (16)

such that the nominal system is transformed to a set of decoupled linear
systems,
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



ς̇i
1 = ςi

2

ς̇i
2 = ςi

3
...
ς̇i
λi

= Lλi

f hi +
∑m

j=1 Lgj (L
λi−1
f hi)uj = vi

i = 1, 2, · · · ,m (17)

where the Lie derivatives are defined as Lfhi = ∂hi(x)
∂x f(x), Lk

f hi = Lf (Lk−1
f hi),

and Lgj hi = ∂hi(x)
∂x gj(x).

For the decoupled linear systems ( 17), the control law v =
[
v1 v2 · · · vm

]T

could be designed using any existing technique, such as, a linear quadratic
control that is parameterized in terms of weighting matrices Q and R. By
Eq. 17, the nonlinear control u is calculated through the new control input v
as

u = −[G∗(x)]−1f∗(x) + [G∗(x)]−1v (18)

where

f∗(x) =




Lλ1
f h1

Lλ2
f h2

...
Lλm

f hm


 (19)

G∗(x) =




Lg1L
λ1−1
f h1 Lg2L

λ1−1
f h1 · · · LgmLλ1−1

f h1

Lg1L
λ2−1
f h2 Lg2L

λ2−1
f h2 · · · LgmLλ2−1

f h2

· · · · · · · · · · · ·
Lg1L

λm−1
f hm Lg2L

λm−1
f hm · · · LgmLλm−1

f hm


 (20)

After the control design is derived for the nominal system, we consider the
uncertain nonlinear vector fields (f(x,q),G(x,q)) subject to parametric un-
certainty q ∈ Q. According to system design requirements, a set of robustness
metrics is defined and a stochastic robustness cost function is formulated as a
weighted quadratic sum of the probabilities of violating these robustness met-
rics. We use the parameterized control law of the nominal system as the con-
troller structure for the system with uncertainties, and tune the control design
parameters to minimize the stochastic robustness cost function. The input-
to-state stability of the nominal closed-loop system is guaranteed, and the
stability and other performance metrics of the uncertain system are evaluated
by Monte Carlo simulation. As addressed in Section 2, the discrepancy be-
tween the Monte Carlo estimate and the true value results in apparent ”noise”
in the evaluation of the cost function. Furthermore, the cost function may be
non-convex, having large plateaus and corners, so traditional gradient-based
search algorithms can get stuck in local minima and not escape from large
plateau areas. A series of randomized algorithms such as stochastic gradient
methods, sequential line search, clustering algorithms, genetic algorithms and
simulated annealing has been investigated [30, 35]. In this chapter, genetic
algorithms are used to minimize the stochastic robustness cost function.
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In the following two sections, we illustrate the application of the above
stochastic robust nonlinear control to two flight control examples: a NASA
Langley hypersonic aircraft and the High Incidence Research Model. One of
the major challenges in the design of flight control systems is model uncertain-
ties and parameter variations in characterizing an aircraft and its operating
environment. While many gains have been made in robust control theory over
the past several decades, the gap between the new methods and conventional
flight control design approaches has precluded their widespread use. The pro-
posed stochastic robust control framework takes into account the engineering
design requirements during the design phase, and it gives a direct answer to
the likelihood that the design metrics are not satisfied.

4 Stochastic Robust Control Design For a Hypersonic
Aircraft Model

System Model and Design Specifications

Consider the control of the longitudinal motion of a hypersonic aircraft cruis-
ing at a Mach number of 15 and at an altitude of 110, 000 ft [49]. The dynamic
equations are,

V̇ =
T cosα−D

m
− µ sin γ

r2
(21)

γ̇ =
L + T sin α

mV
− (µ− V 2r) cos γ

V r2
(22)

ḣ = V sin γ (23)

α̇ = q − γ̇ (24)

q̇ = Myy/Iyy (25)

where
L =

1
2
ρV 2SCL(α) (26)

D =
1
2
ρV 2SCD(α) (27)

T =
1
2
ρV 2SCT (δT, α) (28)

Myy =
1
2
ρV 2Sc̄[CM (α) + CM (δE) + CM (q)] (29)

r = h + RE (30)

We have used relatively simple functions to fit the aerodynamic coefficients
and air data around the nominal cruising condition. Twenty-eight inertial and
aerodynamic parameters (identified in [56] due to the length of this chapter)
are assumed to be uncertain. Each parameter is multiplied by an element
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of the uncertainty vector, ν, that is assumed to follow a normal distribution
with a mean of 1 and a standard deviation of 0.1. At the trimmed cruise
condition (M = 15, V = 15, 060 ft/s, h = 110, 000 ft, α = 0.0315 rad,
δT = 0.183, δE = −0.0066 rad, and T = 4.6853 × 104 lbf), a linearized
model of the nominal open-loop dynamics has eigenvalues of −0.8, 0.687,
−0.0001+0.0263j, and 0.0008. The first two eigenvalues represent a statically
unstable short-period mode; the complex pair of eigenvalues portrays a lightly
damped phugoid mode, and the last real eigenvalue indicates a mildly unstable
height mode. Consequently, cruising flight would be subject to attitude and
height divergence that would require stabilizing feedback control.

Three aspects of flight control robustness are of concern in this design: sta-
bility, performance in velocity command response, and performance in altitude
command response. The command responses are initiated at the trimmed con-
dition. State histories of the aircraft’s nonlinear response to the velocity and
altitude commands are evaluated for stability and performance. Table 1 lists
39 stability and performance metrics that characterize the responses to a step
velocity command change of 100 ft/s and a step altitude command change
of 2, 000 ft. The indicator functions with subscripts ”V ” and ”h” denote the
metrics for velocity and altitude command responses.

The cost function chosen to guide the design is a weighted quadratic sum
of the 39 probabilities of design requirement violation:

J =
39∑

j=1

wjP
2
j (31)

As indicated in Table 1, the stability weight w1 is chosen as 10, the weight
for each more-demanding performance metric is selected as 1, and the weight
for each less-demanding performance metric is 0.1.

Controller Structure

First we consider the nominal dynamics of the hypersonic aircraft with velocity
and altitude commands:

ycom =
(

V
h

)
(32)

Integral compensation is used to minimize the steady-state error of the com-
mand response; hence define

VI =
∫ t

0
(V (τ)− V ∗)dτ, hI =

∫ t

0
(h(τ)− h∗)dτ (33)

where V ∗ and h∗ are the commanded values.
Dynamic extension is used to ensure that the vector relative degree is well

defined; we assume that engine dynamics take a second-order form,

δ̈T = k1
˙δT + k2δT + k3δTcom (34)
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Table 1. Stability and performance metrics for a hypersonic aircraft

Metric Weight Indicator Design Requirement
in J Function

1 10 Ii Stability

2 (3) 0.1 (1.0) IV,Ts25 (IV,Ts50) 10% settling time less than 25s (50s)

4 (5) 0.1 (1.0) IV,R25 (IV,R50) 90% rise time less than 25s (50s)

6 0.1 IV,Rev No reversal of response in V before peaking

7 (8) 0.1 (1.0) IV,D5 (IV,D10) 10% dwell time less than 5s (10s)

9 (10) 0.1 (1.0) IV,OS10 (IV,OS20) Overshoot less than 10% (20%)

11 (12) 0.1 (1.0) IV,∆α0.5 (IV,∆α1) Max change in α less than 0.5o (1o)

13 (14) 0.1 (1.0) IV,g1 (IV,g2) Max load factor less than 1g (2g)

15 (16) 0.1 (1.0) IV,∆h0.25 (IV,∆h0.5) Max change of h less than 0.25% (0.5%)

17 (18) 0.1 (1.0) IV,δT50 (IV,δT100) Max change in thrust less than 50% (100%)

19 (20) 0.1 (1.0) IV,δE5 (IV,δE10) Max change in δE less than 5o (10o)

21 (22) 0.1 (1.0) Ih,Ts50 (Ih,Ts100) 10% settling time less than 50s (100s)

23 (24) 0.1 (1.0) Ih,R50 (Ih,R100) 90% rise time less than 50s (100s)

25 0.1 Ih,Rev No reversal of response in h before peaking

26 (27) 0.1 (1.0) Ih,D10 (Ih,D20) 10% dwell time less than 10s (20s)

28 (29) 0.1 (1.0) Ih,OS20 (Ih,OS40) Overshoot less than 20% (40%)

30 (31) 0.1 (1.0) Ih,∆α0.5 (Ih,∆α1) Max change in α less than 0.5o (1o)

32 (33) 0.1 (1.0) Ih,g1 (Ih,g2) Max load factor less than 1g (2g)

34 (35) 0.1 (1.0) Ih,∆V 0.25 (Ih,∆V 0.5) Max change of V less than 0.25% (0.5%)

36 (37) 0.1 (1.0) Ih,δT50 (Ih,δT100) Max change in thrust less than 50% (100%)

38 (39) 0.1 (1.0) Ih,δE5 (Ih,δE10) Max change in δE less than 5o (10o)

where choosing k1 = k2 = 0 and k3 = 1 provides a suitable model.
By augmenting the state variables as

x1 =




VI

V
γ


 , x2 =




δT
hI

h
α


 , x3 =

( ˙δT
q

)
(35)

and defining the control vector as

u =
(

δTcom

δE

)
(36)

the state equation can be put into a triangular form, i.e. it is feedback lin-
earizable.

Using the notation
zT =

(
V γ α δT h

)
(37)

We have 



V̇ = T cos α−D
m − µ sin γ

r2

V̈ = 1
mω1ż

V (3) = 1
m (ω1z̈ + żT Ω2ż)

(38)
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



ḣ = V sin γ

ḧ = V̇ sin γ + V γ̇ cos γ

h(3) = V̈ sin γ + 2V̇ γ̇ cos γ − V γ̇2 sin γ + V γ̈ cos γ

h(4) = V (3) sin γ + 3V̈ γ̇ cos γ − 3V̇ γ̇2 sin γ + 3V̈ γ̈ cos γ
− 3V γ̇γ̈ sin γ − V γ̇3 cos γ + V γ(3) cos γ

(39)

where {
γ̈ = π1ż
γ(3) = π1z̈ + żT Ξ2ż

(40)

The vectors ω1, π1 and matrices Ω2, Ξ2 are omitted due to the length of the
chapter; they can be found in [56].

By separating α̈ and δ̈T into control-independent and control-dependent
parts,

α̈ = α̈0 + α̈δEδE (41)

δ̈T = δ̈T 0 + δ̈T comδTcom (42)

where α̈δE represents the first derivatives of α̈ with respect to δE, and δ̈T com

represents the first derivative of δ̈T with respect to δTcom, z̈T can be written
as

z̈T =
(
V̈ γ̈ α̈ δ̈T ḧ

)
(43)

=
(
V̈ γ̈ α̈0 δ̈T 0 ḧ

)

+
(
δTcom δE

) ·
(

0 0 0 δ̈T com 0
0 0 α̈δE 0 0

)

= z̈T
0 + uT z̈T

u

Therefore, by Eq. 38 and Eq. 39, we have
(

V (3)

h(4)

)
= f∗(x) + G∗(x)u (44)

with f∗ and G∗ as

f∗ =




1
mω1z̈0 + 1

m żT Ω2ż
3V̈ γ̇ cos γ − 3V̇ γ̇2 sin γ + 3V̇ γ̈ cos γ − 3V γ̇γ̈ sin γ − V γ̇3 cos γ
+

(
1
mω1z̈0 + 1

m żT Ω2ż
)
sin γ + V cos γ(π1z̈0 + żT Π2ż)




(45)

G∗ =
( TδT cos α

m δTcom
Tα cos α−T sin α−Dα

m α̈δE
TδT sin(α+γ)

m δTcom
T cos(α+γ)+Tα sin(α+γ)+Lα cos γ−Dα sin γ

m α̈δE

)
(46)

The determinant of G∗ is calculated as

det(G∗) =
TδT δ̈T comα̈δE

m2
cos γ(T + Lα cosα + Dα sin α) (47)

where Lα, Dα and Tα denote the partial derivatives of L, D, and T with
respect to the angle of attach α; TδT denotes the partial derivative of T with
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respect to the throttle setting δT . The nonsingular condition for G∗ can be
represented as

det(G∗) 6= 0 ⇔ (T + Lα cosα + Dα sin α) cos γ 6= 0 (48)

Therefore, G∗ is nonsingular unless the flight path is vertical or (T +Lα cosα+
Dα sin α) = 0.

By assuming desired command-rates as zero, and using Eq. 38 and
Eq. 39, we define a nonlinear coordinate transformation, ξ = T1(x, V ∗) and
η = T2(x, h∗), as





ξ1 =
∫ t

0
(V (τ)− V ∗)dτ

ξ2 = V − V ∗

ξ3 = V̇

ξ4 = V̈





η1 =
∫ t

0
(h(τ)− h∗)dτ

η2 = h− h∗

η3 = ḣ

η4 = ḧ
η5 = h(3)

(49)

This results in decoupled subsystems

ξ̇ = A1ξ + b1v1 (50)

η̇ = A2η + b2v2 (51)

where

A1 =




0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0


 , b1 =




0
0
0
1


 (52)

A2 =




0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0




, b2 =




0
0
0
0
1




(53)

For the transformed linear systems, Eq. 50 and Eq. 51, we design the new
inputs v1 and v2 as linear-quadratic control laws. Considering intermediate
objective functions

J1 =
∫ ∞

0

(ξT Q1ξ + r1v
2
1)dt (54)

and
J2 =

∫ ∞

0

(ηT Q2η + r2v
2
2)dt (55)

the new input v1 is derived by minimizing J1 subject to Eq. 50:
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v1 = −r−1
1 bT

1 P1ξ (56)

P1 is the positive-definite solution to the algebraic Riccati equation with
design parameters Q1 and r1,

AT
1 P1 + P1A1 − r−1

1 P1b1bT
1 P1 + Q1 = 0, (Q1, r1 > 0) (57)

Similarly, minimizing J2 subject to Eq. 51 gives

v2 = −r−1
2 bT

2 P2η (58)

P2 is the positive-definite solution to the Riccati equation with design param-
eters Q2 and r2,

AT
2 P2 + P2A2 − r−1

2 P2b2bT
2 P2 + Q2 = 0, (Q2, r2 > 0) (59)

The nonlinear control law u is obtained by inserting v =
(
v1 v2

)T into
Eq. 18,

u = −(G∗(x))−1f∗(x) + (G∗x)−1

(−r−1
1 bT

1 P1ξ
−r−1

2 bT
2 P2η

)
(60)

In the next step we consider the system robustness subject to the variations
of the uncertain aerodynamic parameters. Appropriate Q1, r1, Q2, and r2 in
the intermediate objective functions are found by minimizing the stochastic
robustness cost function (Eq. 31). For simplicity, we choose the design param-
eters Q1 = diag{q1, q2, q3, q4} and Q2 = diag{q5, q6, q7, q8, q9}, and the design
parameter vector is

d =
(
q1, q2, · · · , q9, r1, r2

)
(61)

Satisfactory values of the eleven design parameters in Eq. 61 are computed
by applying a genetic algorithm to Monte Carlo estimates of the stochastic
robustness cost function (31).

Stochastic Robustness Analysis of the Design Result

The design parameter vector, Eq. 61, found by a genetic algorithm after 20
generations, is given as

d = (8.54× 10−6, 0.34, 0.86, 47.93, 1.1× 10−11, 2.35× 10−3,
0.52, 220.6, 57.12, 0.89, 1.05) (62)

The performance for the nominal closed-loop system is shown in Fig. 2.
Figure 2(a) shows the response due to a 100 ft/s step-velocity command from
the trimmed condition (V = 15, 060 ft/s, h = 110, 000 ft). The velocity con-
verges to the command value in 30 s with little change in altitude and with a
change of angle of attack of less than 0.060. We note that the use of thrust is
unrealistically high, as there are limits to the thrust available. Nevertheless,
the example illustrates the effectiveness of the design approach for the speci-
fied criteria. Figure 2(b) shows the velocity, altitude change, and control input
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Fig. 2. (a) Response to a 100 ft/s step-velocity command; (b) Response to a 2, 000
ft step-altitude command.

time histories to a 2, 000 ft step-altitude command. The altitude converges to
the command value in 75 s, with a change of angle of attack of less than 0.50.
Figure 2 demonstrates that the nominal system has good performance.

Figure 3 shows the robustness comparison of the current feedback lineariza-
tion control (nonlinear dynamic inversion NDI) in (62) to a linear quadratic
(LQ) design [32] based on two thousand Monte Carlo evaluations. The non-
linear design (NDI) has a cost of J = 1.23, while the linear design LQ has a
cost of J = 1.72. The closed-loop probability of instability of the nonlinear
design equals zero with a 95% confidence interval of (0, 0.0018); it has 5% to
56% lower probability of exceeding settling time than the LQ design (Metrics
2-3 and 21-22) and 15% to 80% lower probability of exceeding rise time (Met-
rics 7-8 and 26-27). The nonlinear design has also reduced the probability of
exceeding load factor by more than 80% compared to the LQ design (Metrics
13-14 and 32-33).

The NDI has larger probability of exceeding control effort corresponding
to Metric 18, IV,δT100, and Metric 36, Ih,δT50 , due to the possibility that non-
linear dynamic inversion may cancel some useful nonlinearities. Furthermore,
in Eq. 54 and Eq. 55, the weights r1 and r2 penalize large inputs v1 and v2

instead of penalizing thrust directly as in LQ. We can see that NDI performs
better than LQ in Metric 19 (20), IV,δE5 (IV,δE10), and Metric 38 (39), Ih,δE5

(Ih,δE10). The robustness profiles can be adjusted by changing the weights in
the robustness cost function. For example, trade-offs between using less thrust
and accepting longer rise time, or putting heavy weight on Ph,Ts to decrease
the probability of exceeding settling-time can be easily examined.
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Fig. 3. Comparison of the robustness profiles of the stochastic robust control based
on linear quadratic regulator structure (LQ), and nonlinear dynamic inversion struc-
ture (NDI).

5 Stochastic Robust Control Design for the High
Incidence Research Model

The HIRM aircraft configuration has canard and tailplane control surfaces
plus an elongated nose. The mathematical model uses aerodynamic data ob-
tained from wind tunnel and flight tests of an unpowered, scaled drop model.
Engine, sensor, and actuator models have been added to the mathematical
model to create a representative nonlinear simulation of a twin-engine mod-
ern fighter. The aircraft is basically stable both longitudinally and laterally,
although there are some combinations of angle of attack and control surface
deflections that cause the aircraft to be unstable. Reference [36] described
in detail the six-degree-of-freedom nonlinear High Incidence Research Model
including nonlinear actuator and sensor models. We first present the dynamic
equations of motion for a general aircraft, and then address the aerodynamics
for the HIRM problem.

5.1 System Model and Design Metrics

Equations of Motion

The dynamic equations of motion for an aircraft in a combined wind and body
axes are written as follows [14]:



Probabilistic Control of Nonlinear Uncertain Systems 17

V̇ =
Fwx

m
− g sin γ (63)

α̇ = q − qw

cosβ
− p cos α tanβ − r sin α tan β (64)

β̇ = rw + p sin α− r cos α (65)

γ̇ = qw cos ϕ− rw sinϕ (66)

ϕ̇ = pw + (qw sin ϕ + rw cosϕ) tan γ (67)

ψ̇ =
qw sin ϕ + rw cosϕ

cos γ
(68)

q̇ =
1

Iyy
[M+ Ixz(r2 − p2) + (Izz − Ixx)rp] (69)

(
ṗ
ṙ

)
=

(
Ixx −Ixz

−Ixz Izz

)−1 ( L+ Ixzpq + (Iyy − Izzqr
N − Ixzqr + (Ixx − Iyypq

)
(70)

with
qw = −Fwz

mV
− g

V
cos γ cos ϕ (71)

rw =
Fwy

mV
+

g

V
cos γ sin ϕ (72)

pw = p cosα cosβ + (q − α̇) sin β + r sin α cosβ (73)


L
M
N


 =




LA

MA

NA


 +




LT

MT

NT


 (74)




Fwx

Fwy

Fwz


 = −




D
S
L


 +




Twx

Twy

Twz


 (75)

Here, V = flight path velocity, α = angle of attack, β = sideslip angle, (γ, ϕ, ψ)
= wind-axis Euler angles, (p, q, r) = body-axis angular rates, (pw, qw, rw) =
wind-axis angular rates; (L,M,N) = body-axis total rolling, pitching, and yaw-
ing moments, (LA,MA,NA) = body-axis aerodynamic moments, (LT ,MT ,NT )
= body-axis moments due to engine thrust, (Fwx, Fwy, Fwz) = wind-axis total
forces, (D, S,L) = drag, side, and lift force in wind axis, and (Twx, Twy, Twz)
= wind-axis thrust.

The transformation matrix from body axis to wind axis is defined as:

LWB =




cos α cosβ sin β sin α cosβ
− cosα sin β cosβ − sinα sin β
− sinα 0 cos α


 (76)

The Mach number M is defined as M = V
a .
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Aerodynamics

Body-axis aerodynamic forces and moments, (FxA, FyA, FzA) and (LA,MA,NA),
are represented in terms of the non-dimensional aerodynamic coefficients
(CX , CY , CZ) and (Cl, Cm, Cn) as follows:





Fx = 1
2ρV 2SCX

Fy = − 1
2ρV 2SCY

Fz = 1
2ρV 2SCZ

,





LA = 1
2ρV 2SbCl

MA = 1
2ρV 2ScCm

NA = 1
2ρV 2SbCn

(77)

where ρ denotes the air density, S denotes the aircraft’s wing planform area,
b denotes the span, and c denotes the mean aerodynamic chord. The aerody-
namic force and moment coefficients are highly nonlinear functions of angle
of attack α, sideslip angle β, airspeed V , angular rates p, q, r, and control
deflections (symmetrical and differential taileron deflections δTS and δTD,
symmetrical and differential canard deflections δCS and δCD, rudder deflec-
tion δR, and engine throttle δTH). Each component of the aerodynamic force
and moment coefficients is represented by a look-up table. Details on the
high-fidelity model can be found in [36].

Pilot Commands

The pilot commands should control the responses as follows: lateral stick
deflection commands velocity-vector roll rate pwc, which is a roll performed
at constant angle of attack and zero sideslip; longitudinal stick deflection
commands pitch rate qc; rudder pedal deflection commands sideslip angle
βc; throttle lever deflection commands velocity-vector air speed Vc, which
represents a step command from its trim value Vtrim.

Design Envelope

The flight envelope that is specified by the GARTEUR/HIRM competition
and used in comparison has Mach number within (0.15, 0.5), angle of attack
(−10o, 30o), sideslip angle (−10o , 10o), and altitude (100 ft, 20000 ft).

Modelling Errors

The control system should be robust to the errors in the aerodynamic moment
derivatives and to the biases in the total moment coefficients. The variation of
Cmw is within (−0.001, 0.001), variation of Clv is within (−0.01, 0.01), and the
variation of Cnv is within (0.002, 0.002). The variations of Cmq , Clp , Cnr , Clr ,
Cnp , CmT S , CmCS , ClT D , ClCD , ClRUDDER , CnT D , CnCD , and CnRUDDER are
within (−10%, 10%) of the derivative’s trim values. Though these uncertainties
are proposed for linear analysis in [36], we include these aerodynamic-moment-
derivative uncertainties in the assessment of nonlinear time responses. We
assume that the uncertainties take uniform distributions in the designated
ranges.
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Formulation of the Robustness Metrics

In Table 2, we formulate robustness metrics in keeping with performance re-
quirements in the assessments of a set of required maneuvers. All the robust-
ness metrics are evaluated by Monte Carlo simulations with random number
generators providing possible values of the uncertain aerodynamic parame-
ters. It is assumed that the uncertain parameters take uniform distributions
in the designated ranges.

Table 2. Formulation of robustness metrics

Metric Weight Indicator Design Requirement
in J Function

1 10 Ii Stability at all flight conditions

Pitch rate command response

2,3 1.0 I3q qTs 10% settling time less than 2s for pitch rate
I5q qTs command response at M=0.3 and 0.5

4,5,6 0.1 I2q amax −10o < α < 30o for pitch rate
I3q amax demand response at M=0.2, 0.3, and 0.5
I5q amax

7,8,9 0.1 I2q zmax −3g < anz < 7g for pitch rate
I3q zmax demand response at M=0.2, 0.3, and 0.5
I5q zmax

Velocity command response

10 1.0 I3V V Ts 10% settling time less than 15s
for velocity response at M=0.3

11 0.1 I3V qt Pitch rate transient less than 10 o/s
for velocity response at M = 0.3

Sideslip command response

12,13,14 1.0 I2b Sideslip command response
I3b lies within specified boundaries
I5b at M=0.2, 0.3, and 0.5

Roll rate command response

15,16 1.0 I3p pTs 10% settling time less than 2s for
I5p pTs roll rate command response at M=0.3 and 0.5

17,18 0.1 I3p qt Pitch rate transient less than 5 o/s
I5p qt for roll rate command response at M=0.3 and 0.5

In Table 2, the first indicator function, Ii, measures system stability. The
system stability is evaluated in terms of the simulation of nonlinear time
response. If all of the step command responses listed in Table 2 do not have
finite escape time, we specify Ii = 0; otherwise, Ii = 1. Indicator functions
2-9 characterize the nonlinear time responses to step pitch-rate commands at
different flight conditions. The angles of attack during pitch-rate commands
should be within the specified limits with maximum overshoot less than 5o.
The normal acceleration should be within the specified limits with maximum
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overshoot less than 0.5g. The settling time requirement is not specified for
the pitch-rate response at M = 0.2 because the necessity of an angle-of-
attack limiter could cause transients of the pitch rate. Indicator functions
10-11 characterize the step velocity command response at M = 0.3. Indicator
functions 12-14 are for sideslip-angle command responses. The step response to
sideslip command should lie within some specified boundaries [36]. Indicator
functions 15-18 illustrate the requirements for roll-rate command responses.

The stochastic robustness cost function chosen to guide the design is a
weighted quadratic sum of the eighteen probabilities of design metric viola-
tions:

J =
18∑

j=1

wjP
2
j (78)

The weight for each probability is given in Table 2.

5.2 Controller Structure

The design of the controller structure is based on nonlinear dynamic inversion.
It is possible to separate system dynamics into two time scales if one subset of
the state components (referred to as ”fast dynamics”) is known to evolve in a
much faster time scale than the other subset (referred to as ”slow dynamics”).
The inversion performed here is based on the assumption that the dynamics
of angular rates are faster than those of angles of attack and sideslip. The
design of controller structure is separated into two steps relating to the slow
and fast dynamics.

For the slow dynamics, commanded angular rates are derived through ei-
ther direct pilot inputs or the inversion of the force equations. The engine
throttle position is derived through the inversion of the velocity dynamics.
The values of yaw rate and engine throttle are obtained in terms of design pa-
rameters that characterize desired dynamics of sideslip angle and velocity. For
the fast dynamics, control surface deflections are derived explicitly through
the inversion of a first-order differentiation of angular velocities. They are
defined in terms of design parameters that characterize desired dynamics of
angular rates. The procedure of this two-time-scale nonlinear dynamic inver-
sion is illustrated in Fig. 4.

Slow Dynamics

Design of the controller for slow dynamics shown in Fig. 4 deals with force
equations and the kinematics’ equation for velocity-vector roll rate. The pur-
pose of this inversion is to derive command angular rates (pc, rc) for the fast
dynamics from the pilot commands (pwc, βc), and to derive engine throttle
position δTH from the pilot command velocity Vc.

First, we rewrite the equations for α̇, β̇, V̇ , and pw in appropriate forms.
The wind-axis thrust induced by the two engines is derived from the body-axis
thrust:
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Fig. 4. Controller structure designed using two-time-scale nonlinear dynamic inver-
sion.




Txw

Tyw

Tzw


 = LWB




Tx

Ty

Tz


 = LWB




2FE

0
0


 =




2FE cosα cosβ
−2FE cos α sinβ
−2FE sin α


 (79)

By Eq. 79, Eq. 75 becomes



Fwx

Fwy

Fwz


 =



−D + 2FE cosα cosβ
−S − 2FE cosα sin β
−L− 2FE sin α


 (80)

We define wind axis load factors as

nwx =
Fwx

mg
=
−D + 2FE cos α cosβ

mg
(81)

nwy =
Fwy

mg
=
−S − 2FE cosα sin β

mg
(82)

nwz =
Fwz

mg
=
−L− 2FE sinα

mg
(83)

Equation 71 and Eq. 72 are rewritten in terms of wind-axis load factor as,

qw = − g

V
(cos γ cos ϕ + nwz) (84)
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rw =
g

V
(cos γ cos ϕ + nwy) (85)

By setting α̇ and β to zero in Eq. 73, we have

pwc = (p cosα + r sin α) (86)

With Eq. 85 and Eq. 86, Eq. 65 becomes

β̇ = − r

cos α
+ pwc tan α +

g

V
(nwy + cos γ cosϕ) cos α (87)

By Eq. 75, Eq. 63 becomes

V̇ =
2FE cos α cosβ −D

m
− g sin γ (88)

Next, we formulate the state and control inputs for the slow dynamics.
Integral compensation is used to minimize steady-state error of the command
response. Therefore, we define new state variables

VI =
∫ t

0

[V (τ)− (Vtrim + Vc)]dτ (89)

βI =
∫ t

0

(β(τ)− βc)dτ (90)

The corresponding augmented state vector for slow dynamics is defined as:

xs =
(
VI V βI β

)T (91)

The dynamic model for xs is



V̇I

V̇

β̇I

β̇


 =




V − (Vtrim + Vc)
−2ξV ωV [V − (Vtrim + Vc)]− ω2

V VI

β − βc

−2ξβωβ(β − βc)− ω2
ββI


 (92)

where ξV , ωV , ξβ , and ωβ are design parameters. ξV and ωV denote the desired
damping ratio and frequency for velocity dynamics, while ξβ and ωβ denote
the desired damping ratio and frequency for the dynamics of sideslip angle.

The control vector for slow dynamics consists of the thrust of each engine
FE and the commanded yaw rate rc for the fast dynamics. Utilizing Eq. 87,
Eq. 88 and Eq. 92, we derive the control vector us =

(
FE rc

)T ,

FE =
m

2 cos α cos β

{
D

m
+ g sin γ − 2ξV ωV [V − (Vtrim + Vc)]− ω2

V VI

}
(93)

rc = pwc cosβ sin α +
g

V
(nwy + cos γ sin ϕ) cos α

+ [2ξβωβ(β − βc) + ω2
ββI ] cos α (94)
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By Eq. 86 and Eq. 94, we derive the commanded roll rate pc for the fast
dynamics as

pc = pwc cosβ cosα− g

V
(nwy + cos γ sinϕ) sin α

+ [−2ξβωβ(β − βc)− ω2
ββI ] sin α (95)

In terms of the engine model in [36], the throttle position is

δTH =





FE
ρ0
ρ −FIDLE

FMD−FIDLE
, FE

ρ0
ρ < FMD

1 +
FE

ρ0
ρ −FMD

FMR−FMD
, FMD ≤ FE

ρ0
ρ ≤ FMR

(96)

with FE given by Eq. 93. FIDLE , FMD, and FMR denote the idle thrust,
maximum dry thrust, and maximum reheat thrust for the engine.

The computation of rc, pc, and FE is conducted as follows. Through the
transformation from body axes to wind axes LWB , the wind-axis load factor
nwy in Eq. 94 and Eq. 95 is calculated from the body-axis accelerations anx,
any, and anz, which are measured variables. Also through LWB , drag D in
Eq. 93 is calculated from body-axis aerodynamic forces FxA, FyA, and FzA,
which are computed in terms of the aerodynamic force coefficients CX , CY

and CZ by Eq. 77. The calculation of CX , CY and CZ depends on the values of
control surface deflections, which are unknown and are computed in the phase
of fast dynamics. In this chapter, the values of control surface deflections of the
previous time iteration are used in computing aerodynamic force coefficients
CX , CY , and CZ .

An angle-of-attack limiter is important because the commanded pitch rate
qc, which is an input for the fast dynamics, should be chosen as the minimum
of the pilot-commanded pitch rate qpilot and the pitch rate qlimit that would
induce the maximum allowable angle of attack αlimit,

qc = min(qpilot, qlimit) (97)

In terms of Eq. 64 and Eq. 84, qlimit is derived as

qlimit = (p cos α + r sin α) tan β

− g

V

nwz + cos γ cosϕ

cosβ
+ α̇LIM (98)

where the maximum allowable angle-of-attack rate, α̇LIM , is calculated from

α̇LIM = −ωα(α− αlimit) (99)

where ωα is a design parameter that denotes the bandwidth of the angle-of-
attack control loop; α is the current angle of attack. The limit of angle of
attack αlimit equals 30o.
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Fast Dynamics

Design of the controller corresponding to the fast dynamics in Fig. 4 consists
of the inversion of the moment equations. The purpose of this inversion is to
derive a vector of control surface deflections for a given set of commanded
angular rates pc, qc and rc.

Integral compensation minimizes the steady-state error of the pitch rate
command response; thus we define a new state variable,

qI =
∫ t

0

(q(τ)− qc)dτ (100)

The state vector for the fast dynamics is

xf =
(
p r qI q

)T (101)

The dynamic model for angular rates is

ṗ = −ωp(p− pc) (102)

ṙ = −ωr(r − rc) (103)

q̇ = −2ξqωq(q − qc)− ω2
qqI (104)

where ξq, ωq, ωp, and ωr are design parameters. ξq and ωq denote the desired
damping ratio and frequency for the dynamics of pitch rate while ωp and ωr

denote the desired bandwidths for p and r.
The vector of control inputs for the fast dynamics consists of control sur-

face deflections of the taileron, canard, and rudder:

uf =
(
δTS δTD δCS δCD δR

)T (105)

From Eq. 69, Eq. 70, Eq. 74, and Eq. 102, Eq. 103, Eq. 104, we have


LA

NA

MA


 = −



LT

NT

MT


 +




−Ixzpq + (Izz − Iyy)qr
Ixzqr + (Iyy − Ixx)pq

(Ixx − Izz)rp + Ixz(p2 − r2)




+




Ixx −Ixz 0
−Ixz Izz 0

0 0 Iyy







−ωp(p− pc)
−ωr(r − rc)

−2ξqωq(q − qc)− ω2
qqI


 (106)

Note that the aerodynamic moments LA, NA, and MA are nonlinear func-
tions of the control surface deflections uf ; the inverse mappings of these non-
linear functions have to be calculated in order to derive the control surface
deflections uf . For simplicity of calculation, we approximate the aerodynamic
moments by their first-order expansions with respect to control surface de-
flections around the values of control surface deflections at the previous time
iteration:
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

LA

NA

MA


 ∼= 1

2
ρV 2S̄Λ(uf − u∗f ) +

1
2
ρV 2S̄Υ (107)

Matrices Λ and Υ , which are functions of the control surface deflections at
the previous time iteration u∗f , are given in [56].

Note that in Eq. 107, we have more unknown variables (uf consists of
five control surface deflections) than equations (three equations); hence, the
solution of uf is not unique. We derive the control uf in terms of Λ], which
is the pseudo-inverse of matrix Λ,

uf = u∗f + Λ]





1
1
2ρV 2S̄



LA

NA

MA


− Υ



 (108)

where
(LA NA MA

)T is given by Eq. 106. The (right) pseudo-inverse opera-
tion used here corresponds to a minimization of the normalized control surface
deflections.

We concatenate the control design parameters in Eq. 92 and Eq. 102,
Eq. 103, Eq. 104 into a single design vector as

d =
(
ξV ωV ξβ ωβ ωα ξq ωq ωp ωr

)T (109)

5.3 Control Design Results

The design parameter vector in Eq. 109 for our robust HIRM controller is
found by using a genetic algorithm as follows:

d =
(
0.419 1.046 2.872 0.489 4.983 1.448 3.063 4.023 2.663

)T (110)

The performance of the nominal closed-loop system is illustrated by a set
of maneuvers in Fig. 5 and Fig. 6; the time responses for other maneuvers
can be found in [28]. The figures show histories of the command variables
and state variables of interest. The command values of pitch-rate, velocity-
vector-roll-rate, airspeed, and sideslip angle are plotted using dashed lines.
The response to command is good in all cases. For the 5 o/s pitch rate com-
manded response at M = 0.2, Fig. 5(a) shows angle of attack being limited to
the maximum value, 30o. The pitch-rate transient that occurs at t = 5 sec is
due to this limiting. With the increase of the pitch attitude, the gravitational
force component from the mass of the aircraft induces an additional force in
the wind x-axis that results in the variation of the airspeed. The thrust is
increased to compensate for the change in attitude. For the 70 o/s roll rate
commanded response at M = 0.5, Fig. 5(b) shows good performance. The roll
rate follows the command input quite well, with 10% settling time less than
2 seconds. The coupling to sideslip angle is less than 1.5o, and the coupling
to pitch rate is less than 1 o/s.
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Fig. 5. (a) Pitch rate command response at M = 0.2; (b) Roll rate command
response at M = 0.5.
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Fig. 6. (a) Sideslip angle command response at M = 0.3; (b) Velocity command
response at M = 0.3.

Figure 6(a) illustrates the responses due to a 10 o/s step command on
sideslip angle at M = 0.3. The time history of the sideslip angle is well within
the specified boundaries. It follows the command input with 10% settling
time of less than 2 seconds. The couplings into roll and pitch rate are low.
Figure 6(b) shows a 51.48 m/s (100 kn) step on velocity commanded response
at M = 0.3. The 10% settling time is less than 15 seconds, and the overshoot
is within 3%. The pitch rate transient is low and returns to zero quickly. The
engine is fully used for the rapid speed command change. The maximum throt-
tle position is attained. The noise in the time history of normal acceleration
az is due to the relatively high bandwidth of the velocity. The control system
shows good performance for the entire flight envelope including extreme flight
conditions such as 30o angle of attack. It is demonstrated that the controller
has strong ability to account for significant nonlinearities.
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5.4 Comparison of Present Design with Controllers Developed for
GARTEUR Competition

A set of control designs has been presented for the HIRM control chal-
lenges in the GARTEUR competition [28]. They include controllers based
on linear-quadratic (LQ) methods [2], H∞ loop-shaping approaches [38], µ-
synthesis [17, 29], nonlinear dynamic inversion combined with linear-quadratic
regulator (NDI/LQ) [13], and robust inverse dynamics estimation approaches
(RIDE) [37]. The first three design approaches are linear techniques. Gain
scheduling of linear feedback gains was utilized to cover the whole operat-
ing envelope of the aircraft. Reference [13] used a two-level controller struc-
ture consisting of a nonlinear-dynamic-inversion feedforward controller and a
linear-quadratic feedback controller. In [13], the simulations for the nonlinear
time responses were performed with the nonlinear-dynamic-inversion feedfor-
ward controller alone, without the linear-quadratic correction. Reference [37]
combined dynamic inversion with proportional and integral feedback loops.
Robustness issues were not directly taken into account in [37].

It is difficult to compare the present controller in this chapter against the
designs presented in the GARTEUR competition because they were not in-
tended to minimize the probabilities of metric violations subjected to expected
parameter variations, as is the present design. In the evaluation software pro-
vided by GARTEUR, a single set of values of uncertain parameters is used
to test a control system’s robustness (deterministic characterization of uncer-
tainties). Furthermore, very limited simulation results were presented for each
design. Nevertheless, we provide a comparison of the present controller with
the earlier designs based on the available information.

Performance in Nominal Control Responses

For each design in the GARTEUR competition, maneuver simulations are of-
fered only at some of the flight conditions. There are no results shown for the
commanded time responses in the presence of parameter uncertainties. A com-
parison of the performance of nominal time responses for a set of maneuvers
between the present controller and previous designs is given in Table 3.

In Table 3, ”Ts” denotes a 10% settling time for a command response.
”Tw” represents the overshoot wash-out time for the angle of attack above
its limiting value. A two-second wash-out time is required. We use ”-” to
denote unavailable results. Inadequate performances of each control design
are highlighted.

The linear-quadratic design has quite good performance except that there
is a slight excess of overshoot in the velocity command response, compared
to the desired specification of less than 3%. The H∞ loop-shaping controller
has excess wash-out time for angle-of-attack overshoot above 30o in the pitch-
rate command response, excess steady-state offsets of the roll-rate command
response, and excess overshoot in the velocity command response. The first
µ−synthesis design has large steady-state offsets for the pitch-rate command
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response and excess settling time for the roll-rate command response. The sec-
ond µ−synthesis design has very good performance, except the settling time
is longer than the required two seconds for the pitch rate command response.
The NDI/LQ design has large overshoot in the velocity command response;
otherwise, it demonstrates excellent nominal performance. The RIDE design
has no overshoot in velocity, but there are slight steady-state offsets, and
it has relatively long settling time for the sideslip-angle command response.
Compared to previous designs in the GARTEUR competition, the controller
presented in this chapter shows less overshoot in the velocity command re-
sponse, faster response in all the maneuvers, and more accurate tracking of
the commands without steady state offsets.

Table 3. Comparison of nominal performance for a set of controllers (”o.s.” denotes
overshoot).

LQ H∞ µ-1 µ-2 NDI/LQ RIDE Present

Pitch rate command responses

- α > 30o - - α ≤ 30o - α ≤ 30o

M=0.2 w/ 1.5o w/o w/o
o.s., o.s. o.s.

Tw > 2s

M=0.3 Ts < 2s - Ts < 2s Ts > 2s - - Ts < 2s

M=0.4 - - - - - α ≤ 30o -
w/o o.s.

M=0.5 - - q offset - - - Ts < 2s
= 14%

Roll rate command responses

Ts < 2s |q| < 5o/s Ts > 2s - - - Ts < 2s
M=0.3 |q| <7o/s |β| < 1.2o |q| <8o/s |q| < 4o/s

|β| < 4o p offset |β| < 0.7o |β| < 2o

= 20%

M=0.4 - - - - Ts < 2s Ts < 2s, -
|q| < 2o/s |q| <3o/s

M=0.5 - - - Ts < 2s - - Ts < 2s
|q| < 1o/s |q| < 1o/s

Sideslip angle command response

M=0.2 - - - - - - Ts < 2s

M=0.3 Ts < 2s - - - - - Ts < 2s

M=0.4 - - - - Ts < 2s Ts > 2s -

M=0.5 - Ts < 2s - - - - Ts < 2s

Velocity command response

M=0.3 6.7% o.s. 8% o.s. - - 20% o.s. w/o o.s. < 3% o.s.
6% offset 4.5% offset
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Performance Robustness in Linear Frequency Responses with Parametric
Uncertainties

In the GARTEUR competition, the evaluation software analyzes linear fre-
quency responses of controllers in the presence of parametric uncertainties in
moment derivatives. Linear frequency specifications have less value for our
nonlinear control law; therefore, we do not include them in the formulation
of our cost function. Nevertheless, our controller is evaluated against linear
frequency requirements specified in the GARTEUR competition for compari-
son with earlier designs. The open-loop Nichols plot of the frequency response
between each actuator demand u and the corresponding error signal e should
avoid a gain-phase exclusion region. The evaluation is made in the presence of
parametric uncertainties as: Cmv

= −0.001, Clv = −0.01, Cnv
= −0.002, Clr ,

Cnp
= 10%, and Cmq

, Clp , Cnr
, CmT S

, CmCS
, ClT D

, ClCD
, ClRUDDER

, CnT D
,

CnCD , CnRUDDER = −10%.
Open-loop Nichols plots for the present controller with parametric uncer-

tainties are plotted in Fig. 7 for a flight condition at Mach 0.24, 20, 000 ft
altitude, 28.9o angle of attack, and zero sideslip angle. This flight condition
represents an edge of the flight envelope, which is likely to cause stability and
actuator-limiting problems. Figure 7 shows that the frequency responses for
all of the six control loops (differential and symmetrical taileron loops; dif-
ferential and symmetrical canard loops; rudder loop, and thrust loop) avoid
the specified gain-phase exclusion zone. In comparison to existing designs, for
each of the controllers except the NDI/LQ and H∞ (lack of robustness infor-
mation) in the GARTEUR competition, one loop’s linear frequency response
cannot satisfy the robustness criteria. We conclude that the nonlinear con-
troller of this chapter shows better performance robustness than the earlier
designs as portrayed by linear frequency analysis.

Linear frequency analysis is inadequate for evaluating nonlinear dynamic
systems and nonlinear control laws. Furthermore, a single set uncertainty
that is not proved to be the worst case for the parametric uncertainties is not
enough to quantify system robustness. Two thousand Monte Carlo evaluation
of the present design with controller parameters in Eq. 110 give the probabilis-
tic robustness profile in Fig. 8. The confidence interval for each probability is
not shown due to space limitations and can be found in [56]. In the Monte
Carlo simulations, random number generators with uniform distributions pro-
vide the possible values of the system uncertain parameters. The design cost
equals 1.14. The control system has a zero probability of instability (Metric
1) with a 95% confidence interval of (0, 0.0018). For the pitch-rate command
response at M = 0.2, adding the angle-of-attack limiter causes transients
in pitch rate; therefore, the settling-time specification is not evaluated. The
pitch-rate command response at M = 0.3 is quite good, with low probability
of excess settling time (Metric 2, I3q qTs). The probability of violating settling-
time condition at M = 0.5 (Metric 3, I5q qTs) is more than double the prob-
ability at M = 0.3. It is within expectation because M = 0.2 and 0.5 repre-
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Fig. 7. Open loop Nichols plots of the present controller in the presence of para-
metric uncertainties with a flight condition at M = 0.24. The trapezoid denotes the
gain-phase exclusion region.

sent edge-of-the-envelope flight conditions, and M = 0.3 represents a nominal
flight condition within the envelope. The probabilities of exceeding angle-of-
attack and normal-acceleration limits in pitch-rate command responses equal
zero (Metric 4-9) for all flight conditions with 95% confidence intervals of
(0, 0.0018). Figure 8 shows that the probability of exceeding settling time for
the velocity-command response is relatively high (Metric 10, I3V V Ts), which
is caused by the uncertainties in yawing moments and derivatives. The prob-
ability of pitch-rate coupling for velocity command is low (Metric 11, I3V qt).
The performance robustness for sideslip-angle command responses is fine for
each flight condition. The probabilities of violating settling time condition are
about 20% (Metrics 12-14). For roll-rate command responses, there are about
30% probability of excess settling time (Metrics 15-16) and less than 20%
probability of pitch-rate coupling for all flight conditions (Metrics 17-18).

5.5 Effects on Robustness Profiles by Changing Weights in the
Robustness Cost Function

Trade-offs between satisfying different aspects of robustness can be balanced
through changing the weights in the robustness cost function. In this sec-
tion, the controller structure is unchanged, and the weights for the pitch-rate
settling-time metric I5q qTs , roll-rate settling-time metrics I3p pTs and I5p pTs

are increased to 10. The new design based on the cost function with modified
weights is obtained as

d =
(
0.7529 0.6514 0.8099 0.5753 4.95 1.233 2.951 4.165 3.51

)T (111)
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Fig. 8. Robustness profile of the present controller for the HIRM challenge.

Figure 9 shows the variations in the robustness profile of designs due to dif-
ferent weights in the robustness cost function. In Fig. 9, white bars (weight 1)
represent the probabilities of violating design metrics for the design in Eq. 110,
and dark bars (weight 2) denote the probabilities for the design in Eq. 111.
Figure 9 shows that the probabilities of violating I5q qTs , I3p pTs , and I5p pTs

(Metrics 3, 15 and 16) have decreased by almost two thirds. The probability of
violating I3q qTs (Metric 2), and the probabilities of violating I3p qt and I5p qt

(Metrics 17-18) have fallen to zero. However, the improvement in robustness
for these metrics is achieved at the expense of increasing the probability of
violating some other metrics. It is shown that the probabilities of violating re-
quirements in sideslip-angle command responses (Metrics 12-14) are doubled,
and the probability of violating the settling-time requirement in the velocity
command response (Metric 10) has increased, too.

This comparison illustrates the limitation of redesign within a fixed con-
troller structure. Changing cost function weights can improve specific re-
sponses, but it may do so at the expense of degrading the robustness of other
responses. Comparing the original design vector (110) with the revised design
vector (111), we see that the improved pitch and roll-rate responses led to
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higher airspeed and sideslip-angle damping, lower airspeed bandwidth, and
stiffer yaw rate response. Further improvements would require revisions to
the specified structures for slow and fast controllers.
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Fig. 9. Comparison of the robustness profiles of two designs with different weights
in the robustness cost function.

6 Conclusion

Stochastic robustness analysis and synthesis break the computation complex-
ity barrier suffered by deterministic worst-case approaches; Monte Carlo sim-
ulation and randomized search have polynomial complexity in computation.
Instead of trying to guarantee that stability and performance specifications
are satisfied for the worst-case scenario, the stochastic approach minimizes
the likelihood of violating design requirements in the presence of expected
variations in plant parameters. By focusing on the uncertainties most likely to
occur in real engineering problems, the stochastic approach avoids undue con-
servativeness that could sacrifice nominal performance, cause extra controller
complexity, and increase the possibility for control saturation. With Monte
Carlo evaluation of probabilities of violating design metrics as an inherent
feature of the control design process, a wide range of design specifications
can be taken into account. Randomized algorithms such as genetic algorithms
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allow efficient tuning of design parameters for control problems formulated in
a general and realistic fashion. The robustness profile of the final design and
the choice of weights in the cost function provide sufficient information and
flexibility for engineers to make tradeoffs between satisfying different aspects
of robustness.

A stochastic robust nonlinear control design methodology is proposed by
combining probabilistic robustness with feedback linearization (nonlinear dy-
namic inversion). The proposed approach is demonstrated through two design
examples for robust flight control systems, where the high-fidelity models con-
tain large dimensional uncertain parameters and complicated design specifica-
tions. The combination of stochastic robustness with nonlinear control design
methodologies provides the ability to account for all significant nonlineari-
ties and to produce better stability and performance robustness than linear
robust control design with gain scheduling. The approach also reduces the
complexity of control systems and the possibility of control saturation com-
pared to the deterministic worst-case approaches to nonlinear robust control.
It demonstrates engineering utility in addition to pure mathematical beauty,
enhances the applicability of modern control theories, and reduces the gap
between theory and practice.
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