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Introduction Problem Description and Design Method

Designing robust control laws for uncertain systems is a com- The stochastic robustness metric characterizes the probability
putationally complex problem. Real-valued uncertainty in systefiat the closed-loop system will have unacceptable stability or
parameters leads to an infinity of possible stability and perfoP€rformance when subject to parametric uncertainties. The prob-
mance outcomes, and algorithms for solution may be “NP hard@Pility, P, is defined as
with nonpolynomial growth in computation as the number of un-
certain parameters increaddd. All robust control solutions are
approximate: either the system model is simplified to allow ana- P(d)= fvm[H(v),C(d)]pr(v)dv (1)
lytic solution of the design equations or the solution itself is sim-
plified to accommodate the originépbossibly complek system ) ) )
model [2]. Probabilistic control design follows the second apt! IS the plant structurey is a vector of varying plant parameters

proach, using algorithms with polynomial complexity to charadl SPaceV with distribution pr(v), C is an application-specific
terize system performance and to identify satisfactory Comrollercompensator, and is the. Qe5|gn parameter vecltor.for thg com-
ensator. For each stability or performance criteriof; | is a

Earlier studies placed explicit bounds on the minimum samp, nary indicator that equals onelif(v) andC(d) form an unac-
size required to estimate a probabilistic performance in8e], ceptable system and is zero otherwise.

and randomized algorithms have demonstrated polynomial-timeThe probability in Eq.(1) can be estimated by Monte Carlo
complexity [7-11]. The probabilistic approach is well-suited toevaluation(MCE). With pr(v) shaping the random samplings of
parallel implementation, affording nearly linear “speed-up” invalues forv, the estimate based dtisamples is

the number of computing nodg¢42]. Increasingly efficient nu-

merical search routines have been used, beginning with local line N
search[10] and proceeding to genetic algorithiisl,13,14. The P(d)= 12 m[H(vy),C(d)] @)
probabilistic approach is readily applied to designing robust multi- N>

input/multi-output nonlinear controllefd 5,16 as well as to lin-

ear controllers. Explicit bounds on the minimum sample sikerequired to esti-
This paper revisits a benchmark single-input/single-outpwate the probability are given {i8—6].

(SISO linear control problem, with the objectives of simplifying e

the control design procedure and of examining trade-offs betweerf*: Description of Fhe Benchmark Problgm. Thg bench-

closed-loop robustness and compensator complexity. The pre@?rklpla}?t ptrotposed 7] ('js Ia' dual-mass/single-spring system

ous approachl0,1]] used a Linear-Quadratic-Gaussian regulato 'g. 1). Its state-space model is

(LQGR) to define the compensator structure. The current ap-

proach searches for the coefficients of the SISO compensator's [ &, 0 0 1 Oy, 0
transfer function. Numerator and denominator coefficients are | 0 0 0 1| x 0
found directly, without solving algebraic Riccati equations. The 2= 2+ u
' . X3 —kim; kim; 0 Of| X3 1/my
number of search parameters and the amount of computation are % X 0
reduced. A family of robust compensators is designed, beginning 4 kim, —kim, 0 0]-"4
with the lowest-order compensator that solves the problem and 0
ending when further improvements are no longer significant, trad- 0
ing improved robustness against higher compensator order. oo |w )
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X X, to real values iN—10, 10. Therefore, after the first GA search,

u l‘" K > W the resulting parameters{,a;,a;,bj,b;,b;) are accurate to
- m A m |—> 0.02. Then the search is over the rargje-2a/, bj +2b/, i, j
5 > =0, 1, 2. The search range and chromosome length can be tuned
to affect the relative accuracy of results. The optimized compen-
Fig. 1 The plant for the benchmark problem sator coefficients ard, ,={ag .ay ,a3 ,bg ,bI ,b3} - .
Next, a compensator with two zeros and three poles is
addressed:
wherex; andx, represent the positions of the massesandx, c @t a st a,s’ 8
are the velocities, and is the control force orm;. The plant is 23(8)= bo+b;s+b,5%+ bss® ®)
disturbed byw on m,, and the measurement of the second mass .
pOS|t|0n |S Corrupted by n0|$ The search fo{ao,al,az,bo,bl,bz} of C(zyg)(s) starts atd(z’z),

The nominal mass-spring values dg=m;=m,=1, and the in the rangea +2a;, b =2bf, i, j=0, 1, 2, and the first
limits of variation are 0.5k<2, 0.5<m;<1.5, and 0.5m, search ofbs is in (—10, 10. The search includes a chromosome
<1.5. The goal is to minimize the likelihood of closed-loop inwith the optimal parameters of a lower-order compensator in the
stability, excess settling time, and excess control in response tindial population. A family of compensators up to sixth order is
unit initial disturbance. The plant parameters have uniform probbtained by increasing the number of poles and zeros in sequential
ability distributions, and the stochastic robustness metrics are: fashion.

« Probability of Instability P, : m=1 if any closed-loop ei- . C Estimation of the Global Minimum of the Cost Funct-

genvalues has nonnegative real part=0 otherwise. ion. The genetic algorithm is repeated with different random
« Probability of Settling Time ExceéaancEt Tme=1 if seeds, and a set of independent solutions is generated. Point esti-
S - S

|2(t)|>0.1 for anyt>15s, m,=0 otherwise. mation and confidence limits for the optimal solution are obtained
« Probability of Control leﬁ Exceedance®. - m =1 if INntwoways. In both cases,independent estimates are made, and
lu(t)|>1 for anyt, m,=0 otherwise ur they are value-ordered from highest to lowdst i=1,2;--,n.
] u .

Cooke's formula [19] provides an estimate of the global
The cost function is a weighted quadratic sum of the threainimum:
probabilities: n-1

i\ i+1
J=aP?+ BPA+ yP2 (5) *=23,-, “1—5) —(1——

n

Jn—i (9)

i=o n

The probabilities are squared to place higher penalty on lar
probabilities of unsatisfactory behavior, which may be of great

concern than low probabilities of metric violation. The choice (fé
t

; ; : ; ; hence, independent solutions of a randomized heuristic al-
gg}g{‘fg] h?ﬁebfvi?gﬂfsd;;sﬂ egfg%vle'gn'g;ag"g; e Bmpha. go%hm follow a Weibull distribution[21]. An estimate of the

size stability robustness over performance robustness global minimum also can be obtained by fitting the distribution to
The compensatdE(s,d) is specified in transfer-function form the results of independent GA runs. The cumulative probability

with numerator degrem and denominator degree function for a Weibull distribution is

agta;st+aps’+  +ays” ©) Pr(JsJo)=l—exp{—(
bo+b;s+b,s?+---+b,s"

ith a large number of test points, the probability function for the
sults of a random search takes the form of a Weibull distribution

Jo_a ¢

b

where the parameteris an estimate of the global minimudft,
while b and ¢ describe the spread and shape of the distribution.
The confidence interval of the estimate based\bimdependent
B. Searching Procedure. The genetic algorithniGA) that solutions is,
computes design parameters is a randomized search method based _ * _ 4 N
on natural selection and adaptatiph8]. In this paper, bias- P Jomin=b<J"<Jomn|=1~€ (11)
roulette-wheel selection is adopted. The GA population size WhereJg minis the minimum value of th&l sample solution§22].
chosen as 50, the crossover rate is betw@e8-1.0, and the  Estimatinga by Eq. (9), least-squares estimatestwfindc are
mutation rate is in0.001-0.01 Each candidate compensator igenerated from the sample dagais varied over an appropriate
evaluated by 1000 MCEs. Each GA run terminates after 2@ange to determine the parameter values that yield the largest cor-
generations. relation coefficient. ThusJ* is estimated by Eq(9), and the
The search evaluates compensator transfer functions up to toafidence interval o8* is determined by Eq(11).
sixth degree. With no transfer function zeros, no compensatorsFigure 2 shows the results of eight genetic searches for the
stabilize the system for any system parameter variation. Withcampensator with fourth-degree denominator and third-degree nu-
single zero and denominator degree greater than one, it is easynirator. By Eq(9), J* =0.002243. Witha fixed at 0.002243, the
find compensators that can stabilize the system over the desigeibull distribution coefficients are estimated to be
nated range of parameter variation with less than unit control e£0.0000353 ana=1.51 (Fig. 2), with confidence interval
fort. However, the resulting compensators have slow response and
cannot satisfy the settling time condition. Pr(0.002211% J* <0.002247=0.9997 (12)

With second-degree numerator and denominator, D. Computational Issues. Numerical search and Monte
ap+a,5+a,s? Carlo evaluation are computationally intensive processes. The de-

" (7) sign pron_:ed_ure uses a GA to sgarch over a probabilistic cost space.
0t 2 Each point in the space is derived from 1000 Monte Carlo evalu-

The design vector  (or chromosomge dy ations of a specific compensator, and each GA search uses 1000

={ap,a1,8;,b9,b1,05} (27 is searched. The starting search spageoint evaluations; therefore, there are® fanction evaluations.

for each parameter id, 5 is (—10, 10, as coefficient values in The required number of MCE for each generation could be deter-

any range can be normalized by a common factor. Each parameténed dynamically [11], reducing the number of function

in d(, is represented by a ten-bit binary number sequence sca@dluations.

(10)

C(m,n)(sid)=

The goal is to minimize] by proper choice ofd={a; b}, i
:0’...7m; j:o‘...'n_

Cip(s)=
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Fig. 2 Weibull curve fit to eight genetic algorithm searches

27,000 simulations are applied to reevaluate each of these com-

pensatorgFig. 3). Compensators with low-pass filteriigumera-

Il Results and Discussion tor degree one less than denominator degpseform almost as
well as proper compensators, and they are less sensitive to mea-

A family of second- to sixth-order compensators with different,-.ement noise. Figure 3 shows that design costs are reduced as
numerator degrees has been designed. Each compensator i ;
. . ; . . ; pensator order increases.
result of a single search; hence, its design cost is subject to therp;g paper’s results are compared with previous designs using
Weibull statistics. Examples o.f the second- to fourth-order COB7 000 Monte Carlo evaluatiorBig. 4). Design A[23] generated
pensators are presented here: robust LQG regulators by adding structured covariance terms to
0.77+5.2%5—5.762 the algebraic Riccati equations. Both Design$28] and C[25]
5 (13) usedH., approaches. All are fourth-order compensators, and none
10.12+1098%+3.98% of the three were specifically designed to optimize the stochastic
0.51+ 3.55— 2 .92 robustness metrics used here. Design D is a fifth-order LQGR
Ciag(8)= > 3 (14) compensator that is designed to minimize the same stochastic ro
6.46+7.68+3.21s°+0.65 bustness cost function as that of this pap&d]. Design E is
0.51+3.4%— 2.8952+ 0.65° compensatoC 4 »(s) in this paper. Designs A and B always vio-
= = 3 (15) late the control usage criterion, though Design B has excellent
6.43+7.36+2.85°+0.8% stability and settling time performance as a result. Design E has
0.56+3.765— 2.9652+ 0.59%3 smaller probability of exceeding control limits than all of the other
Ciza(8)= 6607457 31577 08%°1 0.0153% (16) designs, and it has better stability and settling time performance

than Designs A, C, and D.
0.58+3.7%—2.6%%+0.6%°+0.7%*
Clag(s)= 2 3 7 (17)
’ 6.76+7.43%+3.2%5°+0.29%°+0.039%

Ciaa(8)=

Cia(s)

IV Conclusions

o Probabilistic evaluation combined with genetic search is an ef-
All compensators have a zero nead.15, which is good com- fective method for designing robust compensators. The minimized
pensation for the plant's rigid-body mode. All have either ongegign costs follow a Weibull distribution, allowing the confi-
non-minimum-phase zero or a pair of corr]plex Ones, Increasip@nce level to be estimated. A family of robust compensators with
the closed-loop damping ratio of the plant's flexible mode. Thgitferent numerator and denominator degrees is designed, trading
compensator transfer functions have similar zero-frequency gaimplexity against robustness. The system synthesis method is

(seen by setting=0). For compensators from low to higher or-fleyinle and well tailored to satisfying practical design
der, coefficients of common-degree terms are similar. requirements.
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