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ABSTRACT (S13A-0187)

We developed a spectral-element approachto solve the 3-D seismic wave propagation problem upon spherically symmet-
ric earth models for a full seismicmoment tensor in a 2-D domain. This technique servesasthe crux to ef�ciently compute
full Fréchet sensitivity kernels in a spherical earth up to high frequencieswhile accounting for all wave�eld features in-
cluding dif fracted phasesand triplications. The underlying idea is the decomposition of moment tensors (i.e. earthquake
sources)and single forces(i.e. receiver components using reciprocity) into six constituents with known azimuthal radia-
tion patterns. For a given source location, theseindependent 2-D problems are solved to reconstruct the full Green tensor
and its spatial derivatives.
We describe the variational formulation for this multipole system upon spherically symmetric earth models along with
its discretization based upon spectral elements in a cylindrical domain. The algorithm is highly optimized and runs in
parallel using a �exible and ef�cient domain decomposition strategy and messagepassing. To demonstrate its expedience
and accuracy, we addressseveral aspectsof the method separately: Using toroidal eigenfunctions as a solution to the
source-free elastostatic problem, we show high spatial accuracy throughout the domain and spectral convergence for
dipole and quadrupole systems.The sourceimplementation and accuracy in the immediate sourcevicinity is investigated
using the analytical elastodynamic solution for in�nite, homogeneous media. Finally, seismogram sections show high
accuracy for all distances,phases,and sourcetypes utilizing normal mode summation asa reference.

BACKGROUND ON SENSITIVITY

Traveltime tomography relies upon the computation of a (linearized) perturbed waveform
which for isotropic, elastic, non-gravitating earth models � may be expressedas
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where : counts the moment-tensor elements, ; the displacement components,and
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are the sought inversion unknowns. Waveform kernels
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� describe the sensitivity of
seismic waves to 3-D structure
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upon a given 1-D referencemodel. These
referencewave�elds areoften calculated using ray theory (Fig. 1), excluding dif fraction and
other crucial wave phenomena and thus omitting phases that sample large regions such
as dif fraction along the core-mantle boundary. The computational task to account for full
waveforms in constructing such kernels is non-trivial: We need to store the velocity vector
and strain tensor at all relevant 3-D space and time points for each source-receiver pair
while resolving structuresof interest, i.e. up to frequenciesof N Hz.

Fig. 1 (right). Locally rotten bananas,i.e. traveltimesensitivity kernelsat variouscharacteristic
periodsO=P uponPREM, calculatedusing theray-basedapproachof Dahlenet al. (2000).Question
marksindicateregionswhere the sensitivity is inaccuratedueto the the de�cienciesof ray theory.
Top: Q wavegrazing thecore. Middle: Q waveaffectedby upper-mantletriplications. Bottom:

R.R

surfacere�ectionwith source-to-receiverandreceiver-to-sourcecaustics.
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Fig. 2. Illustration of the ideato com-
pute 3-D sensitivity kernelson a 2-D
mesh.ShadesofgreyindicatethePREM

Q velocities.

THE 2-D IDEA

Using reciprocity of the wave equation, the 3-D problem may be subdivided
into a set of 2-D problems to account for each scattering point

"

in the 3-D
earth (Fig. 2): The responseat

"

to a moment-tensor at ‚ s (forwar d) is convolved
with the responseat

"

to a point-for ce at ‚ r (backward). It is evident that the
wave�eld itself needsto beknown only within 2-D disks, albeit rotated for each
scattering point in the 3-D earth. Instead of the exabyte-range, intractable full
3-D problem, we write the displacements upon dif ferent sourcetypes as
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Quadrupole: G
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where the (azimuthal) œ -dependence is analytical and components
�

„

,
�

• ,
�

ˆ

are functions of • and ž only. In summary, a numerical scheme to calculate
the moment-tensor and point-for ceresponsein a 2-D, circular disk at high fre-
quencies (i.e.,easily parallelizable) may beused to construct “exact” sensitivity
kernels including all wave�eld features. The axisymmetric spectral-element
approach presentedhere servesthis purpose, resulting in four 2-D simulations
per sourcedepth, and two simulations for all (unburied) point-for ceresponses.

CONCLUSIONSŸ

Novel approach to compute 3-D seismogramsin a 2-D domainŸ

High ef�ciency (optimization and parallelization)Ÿ

Excellent �t for wave�elds more than   elements from the sourceŸ

High spatial precision for all sourcetypes, spectral convergenceŸ

Energy conservation ¡ correct axial boundary treatment

FUTURE SAMPLERŸ

Global SNREI waveforms at N HzŸ

D” sensitivity & resolution studyŸ

Inversion of dif fracted-wave travel-
times or amplitudesŸ

Quick generation of 3-D perturbed seis-
mograms (one volume integration)

SPECTRAL-ELEMENT METHODOLOGY

We solve the weak form of the 3-D elastodynamic wave equation
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where
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is a test vector,
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a unit single-force impulse,
°­±²
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a moment-tensor
sourcewith Heaviside time dependence. The œ -dependencesimply results in factors
of ³ for all terms after integration. Upon mapping a function ´ to the parent element,
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we use Gauss-Lobatto-Legendre quadratur e with weights ( ¼Œ½

$

¼B¾ ) on GLL points
(

¹
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¾ ), and apply ¿ th-order Lagrange interpolants À
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to expand ´ over
quadrilateral elements Ã”Ä . Note that the quadratur e chosen here yields a diagonal
mass matrix Å , whereasthe resultant stiffness terms Æ are most intricate, adhering
to the cylindrical dif ferential operators. Time extrapolation is done using an explicit
second-order Newmark schemesuch that
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All details of the method are described in Nissen-Meyeretal. (2005b).

Fig. 3 (right). Top: Mapping betweenreference(
¹�$�º

) andphysical
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coordinates.Bot-
tom: The semi-circular domain Ã discretizedusing quadrilateralelementsÃ Ä . Note that
severalconforming coarsening levelsare includedto maintain a relativelyconstant reso-
lution throughoutthedomain.Thecentralregionis squaredto avoidsingularities.Weutilize
theglobal numbering technique(e.g.Devilleetal. 2002)to trackthetopologyfor theassem-
bly stage.All simulationsaredoneupon
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Fig. 4. A point-like moment-tensorsource contain-
ing K
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spreadsout overthebearingelement(here:
¿

�-,

). Note that the locationand relativespacing
of grid points within the elementis different for direc-
tionsparallel(GLL) andperpendicular(GLJ)to theaxis
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AXIS & SOURCES

In axial elements,we useGauss-Lobatto-Jacobi quadratur e,
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for the
¹

-dir ection as identi�ed by an overbar, while retaining
GLL quadratur e for the

º

-dir ection. Axial singularities are re-
moved via L'Hospital's rule:
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Essential axial boundary conditions
� ax„

�¯Î

(monopole),
� ax„

Ê

� ax
•

�–� axˆ

�ªÎ

(dipole), and
� ax„

�–� ax
•

�–� axˆ

� Î

(quadrupole)
are imposed by “masking”. The moment tensor is located on the
axis and takes the form
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9:

with colors denoting the excitation types asgiven above.

OPTIMIZA TION

It is crucial to exploit optimization schemes,inas-
much as computation of a multiple source-depth
wave�eld databaseon local beowulf clusters is on
the order of months. Utilizing tensorized products,
unrolled loops and unit-stride cacheaccess(Dev-
ille etal. 2002), we obtained a ;

Î

-fold speedup com-
pared to without. When storing global wave�elds,
I/O needs to be optimized for hardwar e accessas
well as sampling techniques (e.g. using wavelets,
Octreemesh, gradient-based selection).

PARALLELIZA TION

When spreading the computational workload acrossseveral sep-
arate CPUs and memory units, one seeksto minimize inef�ciency
(work imbalance), latency (number of neighboring processors)
and bandwidth (vector length to be communicated). We follow
an approach based on global numbering (Deville et al. 2002),
prede�ning one index vector of arbitrarily located grid points for
each processor-processor pair to be exchanged such that proces-
sorsmay harbor separatesubdomains or share multiple edgesbut
always exchange one message. This �exibility enablesus to e.g.
let eachCPU belabor �uid andsolid regions, reducing imbalance.
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SPATIAL ACCURACY: TOROIDAL EIGENFUNCTIONS

The frequency-domain elastostaticweak wave
equation
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with eigenfrequency
< >

? of degree À and over-
tone @ , is satis�ed by toroidal eigenfunctions
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where
A

? are spherical Besselfunctions,
Ð „

the
R

velocity and H ? I harmonics of order
O

. This
test validates all spatial aspectsof the imple-
mentation, speci�cally the stiffnessterms.
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-normsasquasi-linearfunctions
ofpolynomialorder ¿ (spectral convergence).
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Ç at theactual
grid points. Topright: QuadrupoleeigenfunctionG

• acrossthedomain,where
shadingis indicativeof positive(white)andnegative(black)displacements.

THE SOURCE VICINITY
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Does the spread-out source representation leave spurious traces in the near-
source wave�eld? To answer this, we compare our SEM with the analytical
pre-re�ection radiation for explosive sources.
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s. The
blacksquare is the physicalsource location, largeblackdotsare the non-zero source
vectorlocations,small blackcirclesdenote(shared)elementedgesand corners. Top:
Seismogramsfromlocations1-8onthezoomsnapshots,forbothsolutionsandaresidual
magni�edby a factorof N
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GLOBAL WAVE PROPAGATION

Fig. 8. SEM versusnormal modes.
Right: Quadrupolesourceat

Ì

;Ç; km
depth,O=P
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s. Far right: Sample
tracesand a residualmagni�ed by a
factorof N

Î

. Below: Time-averaged
h

I

-norm for ; excitationtypes.
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Fig. 9. Energy distribution for
excitationtypesasin Fig.8. The
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The total energy Z\[
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+

Z_^

‘ ’ is conserved ¡ Consistent time stepping, axial masking is “essential” rather than absorbing,
con�rming the concept of reducing the 3-D sphere to a 2-D semi-disk.


