SUPPLEMENTAL MATERIAL 5:

PROOF OF THEOREM 1 for a General N-Player Game withOUT CHEAP
TALK

In this Supplemental Material, we prove the dispensability of cheap talk and public
randomization in the proof of Theorem 1 for a general N-player game with N > 3 (see the
Supplemental Material 3 for the proof with cheap talk and public randomization). Remember
that in the Supplemental Material 3, the coordination block uses the perfect cheap talk, the
supplemental rounds use the noisy cheap talk, the report block uses the public randomization
and perfect cheap talk, and the re-report block uses the perfect cheap talk.

First, in Section 46, we replace the perfect cheap talk in the coordination block with the
noisy cheap talk. As seen in Section 4.7.2, with more than two players, we need to make
sure that while the players exchange messages and infer the other players’ messages from
private signals in order to coordinate on x;, there is no player who can induce a situation
where some players infer x; is G while the others infer x; is B in order to increase her own
equilibrium payoff. For this purpose, we need to use the communication through actions and
to make new assumptions. In Section 45.1, we introduce these new assumptions and explain
why they are necessary.

Second, in Section 48, we dispense with the noisy cheap talk in the coordination block
(given the first step above) and supplemental rounds. See Section 45.2 for what assumption
is necessary for this step.

Third, in Section 51, we dispense with the public randomization and the perfect cheap
talk in the report and re-report blocks. See 45.3 for new assumptions for this step.

In this Supplemental Material, when we say player ¢ ¢ {1,..., N}, without otherwise

specified, it means player ¢ (mod N). In addition, without loss of generality, assume that

[Au| [Ya = -+ > [An] Vi ] (152)
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45 Notations and Assumptions

45.1 Assumptions for Dispensing with the Perfect Cheap Talk in

Coordination Block

We explain how to replace the perfect cheap talk with the noisy cheap talk in the coordination
block. As explained in Section 29, the noisy cheap talk is “private” in that when player j
sends the message to player n via noisy cheap talk, the main signal f [n] (m) is only observed
by player n.

This creates the second problem in Section 4.6.3: If player ¢ sent the message x; to each
of the other players —:¢ via noisy cheap talk separately, then player ¢ could create a situation
where some players infer z; is G while the others infer x; is B by telling a lie. Since the
action that will be taken in the main blocks may not be included in {a(z)}, and we do not
have any bound on player i’s payoff in such a situation, it might be of player i’s interest to
tell a lie.

To prevent this situation, we consider the following message protocol: Let N (i) = {i,i +
1,7+ 2} be the set of players whose index is in {i,7 + 1,7 + 2}. In addition, let

(i) € in |A4;]|Y; 153
w'(i) €arg_min |4 |V (153

be the player whose |A;| |Y;| is smaller among {7,i + 2}. Let

n (1) = {i,0+ 2\ {n" ()} (154)

be the other player. Note that N(i) = {n*(i),i + 1,n**(i)}. The players communicate as

follows:

1. First, player i sends the message about z; to player n*(i).

2. Then, player n*(i) sends the message about x; to players N (i) via actions. This corre-

sponds to “Phase 1”7 of Horner and Olszewski (2006).
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3. After that, each player j in N (i) sends the message about z; to each player n # j via
noisy cheap talk.

4. Finally, each player n infers x; based on the messages from N (7). This corresponds to

“Phase 2” of Horner and Olszewski (2006).

As Horner and Olszewski (2006), to incentive each player j € N(i) to tell the truth in
Step 3, for each j € N (i), if there exists player n € —j such that player n’s inference of player
J’s message changes player n’s inference of x; in Step 4 (that is, if player j is “pivotal”), then
player 7 — 1 makes player j indifferent between any action profile sequence.

Given above, we will show that player n*(i) does not want to deviate in Step 2 in order
to create a situation where player n*(7) herself will be pivotal with high probability in Step
3. Remember that we take n*(i) such that the set of player n*(i)’s action-signal pairs is
smaller than that of player n** (i) in (153). Heuristically, this guarantees that player n*(7)
cannot infer player n**(i)’s inference precisely, which prevents player n*(7) from creating the
situation where player n*(i) is pivotal.

Given player n*(i)’s truthtelling strategy in Step 2, the probability that player i is pivotal
in Step 3 is almost independent of player ¢’s strategy in Step 1. Since x; controls player
(i +1)’s payoff, players ¢ and n*(i) # ¢ + 1 do not have an incentive to manipulate the
communication in Step 1.

Below, we explain which step requires exactly what assumption.

Let us consider Step 1 first. Suppose that player i wants to send the message z; € {G, B}
to player n*(7). If n*(i) = 4, then this is redundant. Otherwise, player i sends z; by taking
a;* for T3 periods. The other players are supposed to take a®;. We want to make sure that
player n*(i) can statistically infer player i’s message regardless of deviations by the other
players — (i,n*(7)).

More generally, for each i € I and n € —i, we want to construct a statistics 1’ (y,) with

which player n can infer player ¢’s binary message regardless of the other players’ deviation.
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That is,

: _ G
¢ ifa; =ay,

E [V}, (yn) | @i, 05,05 ;)] = y B (155)
g1 Ua; =a;

for all j € —(i,n) and a; € A;.

A sufficient condition is as follows: Let Q%(ai,&j,ag(i ) = (q(yn | ai,aj,ag(i j))) be
the vector expression of player n’s signal distribution conditional on a;, a;, a ( i) It sufﬁces
to assume that all the vectors Q’,(a;, a;, af(m)) with j € — (i,n), a; € {a¥,aP} and a; € A;

are linearly independent.

Assumption 13 For anyi € I and n € —i, there exist {a } C A; and a®, € A_; such

1 Z

b } and a; € A; are linearly independent.

that Qi (a;, a;,a% (i) with j € —(i,n), a; € {af,a

For notational convenience, we assume that af that is used for player i to send the
message is the same as af that is player i’s action in % ; when player j € —i sends the
message.

This assumption is generic since Assumption 2 implies that |Y,| > 23", . [A4;[. The

following lemma shows that this assumption is sufficient for the existence of ..

Lemma 33 If Assumption 13 holds, then for each i € I andn € —i, there exist go > ¢, and
YL Y, — (0,1) satisfying (155).

Proof. The same as Lemma 3. =

See (168) for how player n*(i) infers z; using ¥’ (y,).

After player n*(i) infers x;, player n*(i) sends the message about her inference of z; to
players N(i) = {n*(i),i + 1,n**(:)}. To distinguish player n*(i)’s inference of z; from the
true state x;, let w; € {G, B} denote player n*(i)’s inference of ;.

While player n*(i) sends w;, player n*(i) takes a, !, player i + 1 takes aj,; € A (4A;41),
player n**(i) takes Qi) € A (An**(i)), and each player j ¢ N (i) takes af for T periods.
That is, in equilibrium, the players take

. _ w; * * G
a(i,w;) = (an*(i),az‘ﬂﬂn**(ip {aj }j¢N(i))
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for Tz periods.
Take n € N(i) \ n*(i¢). Suppose that player j = N(i) \ {n*(i),n} unilaterally deviates

and takes a; € A;. Then, the distribution of player n’s action-signal pairs is

an(aj, a—;(i,w;)) = (¢ (an, Yn | aj, (4, wi)))aneAn,yneYn .
Consider the following linear equations: For any a; € A;,

in(1)an(aj, a;(i,w;)) = (156)

Here, 4, (i) is a 1 x |A,| |Y,| vector. Intuitively, if player n uses 4,(i)1,, .y, , after the history
(@nt; Yny) to infer w;, then player j cannot manipulate player n’s inference.
Solve (156) for 4, (7). Suppose that there are L, () linearly independent solutions. Then,

let
L, (i) = (&) )" (157)

be the L, (i) x |A,||Y,| matrix collecting all the linearly independent 4, (¢)’s. Suppose that
player n infers w; is equal to w; € {G, B} if the realized frequency x of action-signal pairs
satisfies

I,(i)x 4+ e = q(w;)1

for some ||e|| < e (imagine that € is a small number). Here,

. g it w; =G,
q(wi) =
We will take care of the case where there is no such w; € {G, B} later. Note that (156)
implies that player j = N (i) \ {n*(i),n} cannot manipulate this inference.
In addition, consider the matrix projecting player n*(i)’s history on the conditional ex-

pectation of player m’s history given an action profile by players —n*(i) being equal to
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(i) (1, w;):

Qn,n*(i) (Z) )

(‘AnHYn‘X’An*(i) )

where the element corresponding to (a,, y,) , (an*(i), yn*(i)) is the conditional probability that

Yo i)

player n observes (a,, y,) given (an*(i),yn*(i)) and o) (7, wy):
q( @y Yn| = (5) (15 W5 ), A= (3), Yn= (i) ) -

Since o3 (1, w;) = <a2‘+1, (i) {af}ﬁN(i)) is independent of w;, @y ,+(;) is independent
of Ww;.

Given Qnn+;)(7), the set of player n* (i)’s histories such that player n* (i) believes that
player n infers w; € {G, B} with a non-negligible probability is expressed by

X € RLAH*“) ol ge € R such that
Tone(iyle] (4, 0;) = le|| < e,

In(i)Qn,n*(i)@)X = Q(wi)l te.

So that player n*(i) cannot induce the situation that players n**(i) and i + 1 infer the

different states, we want to make sure that, for sufficiently small ¢,
Loy [€)(0, G) N Ligan0a) €] (4, B) = 0 (158)

and

In**(i),n*(z‘) [8] (i, B) M Ii—i—l,n*(i) [8] (i, G) = 0. (159)

Therefore, we give a sufficient condition for (158) and (159).
In addition, we want to incentives each player ¢’ € I to take a prescribed action by the

reward function 7, " (n*(i) — N(i),as_1,ys_1) such that
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e If player ¢’ is player n*(i), then the ex ante payoff of player i’ is constant for all a; € Ay:

W%i/—l (TL* (1’) - N(Z>a air—1, yi’—l)

* * G 7
U4 (CLZ'/, iy, Oén**(i), afN(i)) +E

’ a/,L'/’ a;k_,’_l, a:;**(z-), &ETYN(Z)
= constant. (160)

A sufficient condition for this is that all the vectors of player (i' — 1)’s signal distribution

given ay, aj, 4, oz;‘;**(i), a% N() are linearly independent with respect to a;. That is,

(‘Jz"—l (yir—1 | aw, iy, 04:1**(@')7 a’CjN(i) )) v

is linearly independent with respect to a; € Ay .

e If player ¢’ is not player n*(i), then the ex ante payoff of player i’ is constant for all

ay € Ay and player n*(i)’s possible messages:

(V7% (ai/, a_jt (Z, G)) + E [W?i/_l (n* (Z) — N(l), i —1, yz"—l) | Qgry Oyt (Z, Gﬂ

= U; (ai/, a,i/(z’, B)) + E [71'%,71(77/*(7;) — N(Z), i —1, yilfl) | Qiry OL_gr (Z, B)}

1:/

= constant. (161)

A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution

given a;, a_y (i, w;) are linearly independent with respect to a; and w;. That is,

(qir—1(Yyir—1 | @i, oy (i, wi)))yi,_l
is linearly independent with respect to a; € Ay and w; € {G, B}.
In total, the following assumption is sufficient.

Assumption 14 For any i € I, there exist {ag*(i) aB }’ ajy; € A(Ain), o €

> (i)

A (An**(z)); a'(jN(i)7 qs and Q1 such that
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1. g2,q1 € (0,1) and g2 > 1.

2. There exists x € RE+10FLn)(D) g0l that

!/

L1 (4) Qiy1,n0(3) (4) N q21
Ly ()Quee ey (0) | | @il

3. There exists x € RE+10)+Ln@)(D) gyeh that

!/

L1 (4) Qi1,n0(3) (4) N @11
Lo 3y (8) Qe (i) ) (0) P21

4. For i =n*(i),

* * G
(@1 (o1 [ av, oy, Fn== (i) afN(i)>)yi/,1
18 linearly independent with respect to a; € Ay.

5. Fori € I'\{n*(i)},

(qir—1(yir—1 | @i, (4, wi)))yi/_l

is linearly independent with respect to ay; € Ay and w; € {G, B}.

Since all the expressions are linear and q,, is a probability distribution, we can make sure
that each element in I,(7) is in (0,1). Further, for notational simplicity, we assume that
( G B

a;,a:

&, al )je , in Assumption 13 satisfies Assumption 14 for each 793

This assumption is generic by the following reason: (156) puts 2 (|A;| — 1) constraints
while we have |A4,| |Y,,| -1 degrees of freedom for 1, () if q,(a;, «_;(%, w;)) is linearly indepen-
dent for each w; and a; except for the constraint that “if we add all the elements up, then it
should be one.” Hence, generically L, (i) is equal to |A,| |Y,| —2|A;|+ 1. Therefore, for each
one of Conditions 2 and 3, we have |A; 1| |Yii1]| + ‘An**(i)‘ ‘Yn**(i)’ —2]Ai] —2 ‘An**(i)‘ +1

93 Remember that in Assumption 13, we assumed that aiG that is used for player i to send the message is
the same as a¥ that is player i’s action in agj when player j € —i sends the message.
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degrees of freedom for x,°* while we have ‘An* (i)} ‘Yn*(i)‘ + 1 constraints. Hence, Assumption
2 together with (153) implies that we can generically find x for Conditions 2 and 3.

In addition, Condition 4 is generic if |Y;_;| > |Ay| and Condition 5 is generic if |V 1| >
2]Ay|. Note that Assumption 2 implies that these inequalities are satisfied.

The following lemma shows that Assumption 14 is sufficient for (158) and (159).

Lemma 34 If Assumption 14 is satisfied, then there exists € > 0 such that, for any € < g,
forany i€ I, (158) and (159) are satisfied.

Proof. The same as Lemma 26. m
In addition, the following lemma shows that Assumption 14 is sufficient for the construc-

tion of the reward stated above:

Lemma 35 There exists 4 such that, for each i and i, there exist 7§ (n*(i) — N(i),-,") :

Ay x Yy — [-4,0] and 78 (n*(i) — N(3),-,-) : Ap_1 x Yu_y — [0,4] such that
1. (160) is satisfied fori' = n*(i) and
2. (161) is satisfied for i’ € —n*(i).

Proof. The same as Lemma 3. =

45.2 Assumption for Dispensing with the Noisy Cheap Talk

We explain how player j sends a binary message m € {G, B} to player n via actions instead

of the noisy cheap talk. Since we only use the noisy cheap talk with precision p = %, we

concentrate on the case with p = %
As in the two-player case, with 7 being a small number to be defined, the sender (player

Jj) determines

m with probability 1 — 2,
zj(m) =9 {G,B}\ {m} with probability 7,
M with probability n

94 Note that two rows are parallel to 1.
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and player j takes

for T3 periods. The other players —j take agj.

For each ¢ € I, let y; be the realized frequency of player i’s signal observation while
player j sends m. In addition, let q;(a) = (¢;(y; | a)),, be player i’s signal distribution with
action profile a.

We want to construct f[n](m) € {G, B} from y, and g[n — 1](m) € {m, E} from y,_;
such that

e Player n infers the message correctly with high probability,

e Player n — 1 has g[n — 1](m) = m with high probability,

e Given m, player n believes that f[n|(m) = m or g[n—1](m) = E with high probability,
e Player n cannot manipulate g[n — 1|(m), and

e The players other then the sender and receiver cannot manipulate f[n](m) to increase

their payoff.

As in the two player case, g[n — 1](m) = E if and only if z;(m) # m or y,_; is not close
to the affine hull of player (n — 1)’s signal distribution with respect to player n’s deviation,

aff({an-1(a}’, an, af(m))}an). Using 2 of Notation 2 below,

L. gn —1)(m) = m if z;(m) =m and y,—1 € Hn_1[g] (m).
2. gln —1)(m) = E if z;(m) #m or y,—1 € Hn-1le] (M).

Here, we assume that player n — 1 knew the true message m. As will be seen in Section

52, player j informs player n — 1 of m in the re-report block. Since g[n — 1](m) only affects
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the reward function (does not affect o,_1(x,_1)), it suffices that player n — 1 knows the
information by the end of the review phase.

On the other hand, regardless of any player’s deviation, with high probability, player n
(receiver) receives y, close to the affine hull of player n’s signal distributions with respect to

player ¢’s action with ¢ € —i, that is,

aﬁ‘({qn(a§7 Qjs a’cj(j,n)>}aj€z4j) U aff({qn(anm, ajG, ag, acj(z‘,j,n))}mé{GyB}aifjﬂ,aiGAi)' (162)

Using 4 of Notation 2, y,, € G,[e] with high probability.

If y,, € Gu[e], then as in the two-player case, player n constructs f[n](m) such that

e f[n](m) = G if the conditional expectation of y,_; given m = G and y, is close to

H,—1[e] (G), and

e f[n](m) = B if the conditional expectation of y,_; given m = B and y, is close to

Hn-1le] (B).
Using 6 of Notation 2,
o fln)(m) = G ify, € H, 1,[e] (G), and
o flnl(m) = B if y, € Hu-1[e] (B).

Further, so that players — (j,n) cannot manipulate player n’s inference (if z;(m) = m),
player n infers that m is m € {G, B} if y, is close to the affine full of player n’s signal
distributions under the message m with respect to a unilateral deviation of each player
i € —(j,n), that is, if y, is close to aff ({qn(a}', a;, aﬁ(iyj))}i#,w%).

Using 8 of Notation 2,

e f[n](m) =G ify, € T,[¢e] (G), and

e f[n](m)= Bify, € J[e] (B).
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In total,
1. If y, € G,[e], then

(a) fln](m) =G ify; € Hn1,n[e] (G) U Tule] (G),

(b) fln](m) = B if y; € Hn1ale] (B) U Jnle] (B) or yi & Hn1nle] (G) U Tule] (G),

and

2. If y, ¢ Gnle], then player n infers f[n|(m) from the likelihood as in the two-player

case.

Here, compared to the two-player case, Z;[¢](7) is not introduced since Lemma 15 does
not have a counterpart of 3 of Lemma 2.
In addition, we want to incentives each player i € I to take a prescribed action by the

reward function 7} " (j, a;_1,y;_1) such that

e If player i is player j (sender), then the ex ante payoff of player ¢ is constant for all
a; € A;:

u;i (a;,a%) + B 777 (j, ai-1,4i-1) | a;, a%;] = constant. (163)

%

A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution
G

given a;,a”, are linearly independent with respect to a;. That is,

(Qi—l (yi-1 | as, agi))yi71

is linearly independent with respect to a; € A;.

e If player ¢ is not player j, then the ex ante payoff of player ¢ is constant for all a; € A;
regardless of player j’s message:
U (ai; (IJG, ag(i,j)) +E [Wfi_l(jy ai-1,Yi-1) | ai, CLJG, a'?(i,j)}

= (ai,af,ag(iﬁ-)) + B 7] (4, a1, yi1) | ai,af,ag(i’j)] : (164)
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A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution

given a;, al", ¢

aZ; ;) are linearly independent with respect to a; and m. That is,

(%—1(%-1 | ai, a;-n, ag(i’j)))yH
is linearly independent with respect to a; € A; and m € {G, B}.

We first give notations and then give a sufficient condition so that the above inference is

well defined and that the reward function exists.

Notation 2 For a]G, af € Aj and agj € A_;, form € {G, B}, we define the following:

1. A (|Ya1| — |An| + 1) X |Yao1| matriz H,_1(m) and a (|Yn_1] — |An] + 1) X 1 vector

Pn_1(m) such that the affine hull of player (n — 1)’s signal distributions with respect

G

to player n’s action when the other players take aZ", aZ (i)

15 represented by

m Y.—
aff({dn-1(a}", an, ag(jyn))}aneAn) N R\Jr 1

= {Yn—l € ]len‘1| P Hyoa(m)yn1= Pn71(m)} :

2. The set of hyperplanes that are generated by perturbing RHS of the characterization of

aff({dn-1(al"; an, af’v(jyn))}aneAn) N R'f’“l': Fore >0,

Vo1 € RV 3g ¢ RYVa1 140141 gyep that
Hn—l[s] (m> = ||€H < e,

Hy 1(m)yn-1= P, 1(m) +¢€

3. Let G; be a (|Yn| — |Aj] =237, 4, [Ail +1) X |Yo| matriz and g, be a (|Y,| — [A4;] —
23 izjn | Ail +1) x 1 vector such that (162) is represented by

{yn € RE/"‘ : GnYn: gn} .
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4. The set of hyperplanes that are generated by perturbing RHS of the above characteri-

zation: Fore > 0,

Yn € RP_/M : E|€ c ]R|Yn‘*|Aj|*221¢j7n|Ai\+l
Gile] = lell <
such that
Gnyn=28, +¢€

5. The matrixz projecting the distributions of player n’s signals on the conditional distrib-

ution of player (n — 1)’s signals given an action profile a:

Q(yn—l,l | aayn,l) e Q(yn—l,l | aayn,|Yn\)
Qn—l,n(a) - : :
Q(yn—1,|yn,1\ \ avyn,l) Q(yn—1,|yn,1| | a7yn,\Yn|)

6. Form € {G, B}, the set of player n’s signal frequencies such that player n’s conditional

expectation of player (n — 1)’s signal frequency is in H,_1[e](m) when the players take

al*,aC;:
r Yn € R‘f"‘” such that
there exist €1 € RYr-1l g, ¢ RYnl-lAnl+1l gpgy, | € R'I"‘l‘ satisfying
Hn-1.nle](m) = Yn-1 = Qn-1a(a]',a%)y, + €1,

H, 1(M)yn-1= Pn_1(M) + €2,

el lleall < &

|A;|[+1) x|Y,,|) matriz J,(m) and a (|Ya]|=>]

i#jm

7. Form € {G7B}? a (‘Yn|_2i;ﬁj,n ‘AZH_
1) x 1 wector r, () such that the affine hull of player n’s signal distributions with

respect to player i’s deviation with i € — (j,n) when the other players take aT', af(i i)
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15 represented by

m Y
aﬁ({qn(a]’ y Qi ag(i,j))h#imﬂ&&) N RL— |

= {yn e R T, () y.= I‘n(m)} :

8. The set of hyperplanes that are generated by perturbing RHS of the above characteri-

zation: Fore > 0,

Yn € Rl}{"‘ 1 Je € RIYr =2l Ail 1 such that
Tnlel(m) = le|| <,
Jn(M)y,=r,(m) + €

Similar to Lemma 25, we can take H,,_1(G), H,—1(B), J,(G) and J,(B) so that all the

elements of all the matrices are in (0, 1).

Assumption 15 For each j € I andn € —j, there exist af, af € Aj and a(_;j such that the

following seven conditions are satisfied:

1. There exists x € RIY»I=14i1=22 0 n Al H14H2(Yna|=[Anl+1) oy 0 that

!/

G, gn
anl(G)anl,n(ajG7 afj) X S 07 pnfl(G) x> 0.
Hn—l(B>Qn—1,n(ajB7 Cij) pn—l(B)

2. There exists x € R 171412 Zi#'”‘A”HH(ly"‘_zl'#jv"lAiHl) such that

Gn gn
(G) | xXZ0, | 1, (G) x>0
n(B) I'n(B)
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3. There exists x € RIY714:1=2 Zi#a‘,n‘Ai|+1+(|Y"*1HA"‘“)HY”FZ#J‘,?L‘A"'H such that

/

Gn 8n
anl(G>Qn71,n<ajG> ag]’) X S 0’ pnfl(G) x> 0.
Jn(B) r,(B)

4. There exists x € RYI714:172 i A (Yoo = A D H YRl DAl such that

!/

Gn 8n
Hn—l(B)Qn—l,n(ajB7 a'gj) X < 07 pn—1<B) x> 0.

5. For each k € {1,...,|Y,|}, we have

q(Ynlas, ;) # q(ynslal, af)).
6. Fori =7,

(gi—1(yi—1 | @, a%)))

Yi—1

is linearly independent with respect to a; € A;.

7. Fori € —j,

m G
(Qifl(yifl | Qi, a; aa—(i,j)))yFl
is linearly independent with respect to a; € A; and m € {G, B}.

For notational simplicity, we assume that (ajG, af )je ;in Assumption 13 satisfies Assump-
tion 15 for each ;.9
As Assumption 13, we can show that Assumption 2 implies that we can generically find

x’s for each condition of Assumption 15 and that Conditions 6 and 7 are satisfied.

% Remember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a? that is player ¢’s action in agj when player 7 € —i sends the message.
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The next two lemmas show that Assumption 15 is actually sufficient so that the above

inference f[n|(m) is well defined.

Lemma 36 If Assumption 15 is satisfied, then there exists € > 0 such that for all e < g,
for each j € I andn € —j, for any y, € A <{1yn}
Yn € Gnlel N (Hu-1,n[e] (M) U Te] ().

yneyn>, at most one m € {G, B} satisfies

Proof. The same as in Lemma 26. =

Lemma 37 For each m € {G,B}, j € I andn € —j, if Assumption 15 is satisfied, then

there exists a mapping from y, € A ({lyn} ) to fln](m) € {G, B} such that, for any

Yn EYn

m and y,, given m, player n puts a belief no less than 1 — exp(—O(T%)) on the events that

fIn](m) =m or gln —1](m) = E.

Proof. The same as in Lemma 27. =
We also provide the lemma to show that Assumption 15 is sufficient to construct the

reward:

Lemma 38 There exists @ such that, for each j € I and i € I, there exist n$(j,-,-) :

Ay x Yy — [—4,0] and ©P(j,-,-) : Ai_1 x Y1 — [0, 4] such that
1. (163) is satisfied for i = j and
2. (164) is satisfied for i € —j.

If € defined in (118) does not satisfy ¢ < € in Lemmas 34 and 36, then re-take ¢ such
that ¢ is smaller than €. This does not affect the consistency among the variables defined in

Section 34.

45.3 Assumptions for Dispensing with the Public Randomization

and Perfect Cheap Talk

First, to dispense with the public randomization, we need an assumption comparable to

Assumption 11 in the two-player case. For each i € I, with player j replaced with player
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i — 1 (the controller of player i’s payoff), all the definitions about a“, Y, ,, V', ,, (132),
(133), Y, and Y}, in Section 38.2 are valid with more than two players.

Now, we formally state the more-than-two-player analogue of Assumption 11:

Assumption 16 For each i € I, there exists a® € A such that there exist Yi"'_l,l, Yii—1,27 Dis
Vi and Y}y such that Y}, and Y}, satisfy

1. (132) and (133) with j replaced with i — 1, and

2.
Y;Z1 7é @»YZQ 7é @7Yi = Y;Zl U YZ%Y;—l = Y?—1,1 U Y;‘i—1,2-

For notational convenience, we assume that a“ is the same for each player and the same
as in Assumption 13.%

Second, when player ¢ with ¢+ > 2 sends the message, player ¢ — 1 wants to construct a
statistics ¢;_1(a;—1,¥y;—1) such that player i — 1 can infer player i’s message statistically and
that the conditional independence property holds for player i, as qﬁj(aj,yj) in Lemma 28:

For some a¥ € A;, &;_1 € A (4;_1), a®

Zim14) € A(i-1), for all y; € Y5,

_ q2 if a; = aiaa
E [¢i_1(ai—1;yi—1) | ai—lyag(ifl,i)uaiayi] = ) (165)
q1 if a; # aiG.

A sufficient condition for the existence of such ¢;_;(a;_1,y;_1) is as follows: Let
Qi—1(@i—1,ag(i,lyi),auyz‘) = (%‘—1(%—1,%—1 | 541‘—17ag(i,lyi),az‘,yi))ai_l,yi_l be the vector ex-
pression of the conditional probability of (a;_1,y;—1) after player i plays a; and observes y;,

assuming that players —i take a;_1,a®

(i-14)- It is sufficient that Qi(@i,l,ag(i_l’i),ai,yi) is
linearly independent with respect to a;, y;.
At the same time, while player ¢ sends a message by taking different a;’s, each player

n — 1 needs to incentivize player n to take the equilibrium strategy. To do so, we want to

9%6Remember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a,iG that is player ¢’s action in ac_;j when player 7 € —i sends the message.
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construct the reward to cancel out the differences in the instantaneous utilities: If we pick a?
from A;\{a¥} properly, then for each n € I, there exists a reward 7%"~1 (report, 4, @, _1, Yn_1)

G P

AR

such that the ex ante payoff of player n is constant for all a,, € A, and a; € {a

U (ana a—n) + E [Wﬁn_l (reporta 7:7 Ap—1, yn—l) | Qp, a—n]

= constant (166)

for all a,, € A, and

a_, € {(@i,l, aE‘(i_u’n), af) , (641-,1, a(_;(i_l’iﬂn), af)} if player n is not player i (sender),
a_, € {@i_l, af(iflyi)} if player n is player .
(167)
A sufficient condition for the existence of such 7%~ (report, i, a,_1,yn—1) is as follows:
Let
Qn1(i,an,a_n) = (Gn-1(Yn_1 | an, oz_n))yrh1 be the vector expression of the conditional prob-
ability of y,_1 after the players play a,,a_,. It is sufficient that Q,(i,a,,a_,) is linearly

independent with respect to a, € A, and a_, with (167).
Assumption 17 For eachi > 2, there exist a;_1 € A;_1 and af(i_u) such that Qi(ézi,l, af(i_lﬂ.), a;, Yi)
is linearly independent with respect to a;,y;. Further, there exist a¥,a? such that for each

107

n €1, Qui,an, a_y,) is linearly independent with respect to a, € A, and a_, with (167).

The former requirement is generic since we assume (152). In addition, the latter require-
ment is generic since |Y,, 1| > 2|A4,|.

Again, for notational convenience, for each i, a¥ that player i uses to send a message and

G . .
—(3-19)
G B

assume that (af’,a?) is the same as in Assumption 13.%7

77

a$ that player i takes in a when another player j is a sender are the same. Moreover,

We can show that Assumption 17 is sufficient to have ¢;_; with conditionally independent

property:

9TRemember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a? that is player ¢’s action in agj when player 7 € —i sends the message.
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Lemma 39 If Assumption 17 is satisfied, then there exist g > q such that for all i €
{2,..., N}, there exist ¢;_, : Ai_1 X Y;_1 — (0,1) such that (165) is satisfied.

Proof. The same as Lemma 28. =

In addition, Assumption 17 is sufficient to have 7%~ (report, i, ap_1, Yn_1):

Lemma 40 There exists i > 0 such that, for eachi € I andn € I, there exist & (report, i, -, -) :

An 1 xY, 1 — [—1,0] and w8 (report, i, -, ) : Ap_1 XY, 1 — [0,a] such that (166) is satisfied.

46 Coordination Block with the Noisy Cheap Talk

We consider the coordination block without the perfect cheap talk but with the noisy cheap

1

talk with precision p = 3.

As mentioned in Section 45.1, we define

N(G) = {i,i+1,i+2},
(i) € in |4 Y],
n'(i) € arg min |4;[[Y

(i) = {i,i+2}\{n"(?)}.

First, player i sends the message about z; € {G, B} to player n*(i) via actions. Let w; €
{G, B} be player n*(i)’s inference of this message. Second, player n*(i) sends the message
about w; to players N (i) via actions. Each player n € N(i) constructs player n’s inference
of w;, denoted w;(n) € {G, M, B}. Here, the inference M (“middle”) is introduced so that
it prevents player n*(i) from creating a situation where player n*(i) is pivotal. See 45.1 for

the definition of “pivotal.”

46.1 Structure of the Coordination Block

Formally, the coordination block proceeds as follows:

e The periods where the players coordinate on xy:
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— The coordination round 1 for x;. Player 1 sends the message about x; to player

n*(1) via actions. If n*(1) = 1, then this round does not exist.

— The coordination round 2 for z;. Player n*(1) sends the message about w; to

players N(1) via actions. Player n € N(1) creates the inference w;(n).

— For each j € N(1) = {1,2,3} and n € —j, we have the coordination rounds 3 for
x1 between j and n, where player j sends the message w;(j) via noisy cheap talk.
The players take turns: First, player 1 sends w;(1) to player 2, second, player 1
sends w1 (1) to player 3, and so on until player 1 sends w;(1) to player N. Then,
player 2 sends w;(2) to player 1, and so on until player 2 sends w;(2) to player N.
After player 2, player 3 sends w;(3) for each of the opponents —3 sequentially.

e The periods where the players coordinate on z;:

— The coordination round 1 for z;. Player ¢ sends the message about x; to player

n*(i) via actions. If n*(i) = ¢, then this round does not exist.

— The coordination round 2 for x;. Player n*(i) sends the message about w; to

players N (i) via actions. Player n € N (1) creates the inference w;(n).

— For each j € N(i) and n € —j, we have the coordination rounds 3 for z; between
j and n, where player j sends the message w;(j) via noisy cheap talk. Again, the

players take turns.

e The periods where the players coordinate on x:

— The coordination round 1 for z. Player N sends the message about zy to player

n*(N) via actions. If n*(N) = N, then this round does not exist.

— The coordination round 2 for zy. Player n*(/N) sends the message about wy to

players N(N) via actions. Player n € N(N) creates the inference wy(n).
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— For each j € N(N) and n € —j, we have the coordination rounds 3 for z between
j and n, where player j sends the message wy(j) via noisy cheap talk. Again, the

players take turns.

For notational convenience, let T'(: —,, n*(i)) be the set of periods in the coordination
round 1 for x;, where player i sends the message x; to player n*(i) via actions. Similarly,
let T'(n*(i) —w, N (7)) be the set of periods in the coordination round 2 for z;, where player
n* (i) sends the message w; to players N (i) via actions

We explain each round in the sequel.

46.2 Coordination Round 1 for z;

If player i is the same person as player n*(i), then this round does not exist. Let w; = x; be
player n*(i)’s inference (player ¢’s inference in other words).

Otherwise, player i takes a;’ and the other players —i take a, for T2 periods. Remember
that T'(i —,, n*(i)) be the set of periods in this round.

Player n*(i) creates her inference of z; denoted by w; as follows: First, player n*(i) creates
\Ijiz*(i),t € {0,1} from 1/);*(“ (Yn=(i)t) as player i creates \I/f(tx) from @Z)?(x) (yi1). See Lemma 33
for the definition of 1. (&) Un=(i).t)-

Second, player n* (i) randomly picks t,(;)(i —4, n*(2)) from T'(i —,, n*(3)).

Finally, player n*(i) infers x; from {\Ili*(i)’t}T(i—@in*(i)) but excludes period t,+(y(i —4,
n*(i)). That is, with Ty () (i —4, n*(8)) = T(i —4, 0 (1))~ {tpe()(i =, n*(0)) }, player n* (i)

infers w; = G if

1 i 91+ q
T3 Z V(i) = 5 (168)

—1 tETn*(i)(inin*(i))
and w; = B otherwise.

Lemma 33 directly implies the following:

Lemma 41 For any i € I and x; € {G, B}, if players i and n*(i) follow the equilibrium
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strategy, then

-

Pr({w; = x;} | ;) > 1 —exp(—O(T2))

and the conditional distribution of w; given x; is independent of another player j € — (i,n*(i))’s

unilateral deviation.

46.3 Coordination Round 2 for z;

This is the round where player n*(i) sends w; to players N (i). Player n*(i) takes a:fi(i), player
)» and each player j ¢ N(i) takes af for T2 periods.

i+1 takes aj,,, player n™(i) takes aj,..
See Assumption 14 for the definition of aj;; and a;.. ;). Remember that T'(n*(i) —w, N(4))
be the set of periods in this round.

See (156) and (157) for the definition of the L,(i) x |A4,||Y,| matrix I,(:). Based on
I,,(7), each player n € N (i) \ {n*(i)} constructs a random variable I, (i) as follows: After
taking a, and observing y,, player n calculates I, (i) 1, ,,. Here, 1,, .. is a |[4,]|Y,] x 1
vector such that the element corresponding to a,, ¥, is equal to 1 and the other elements are
0. Hence, I, (i) 1,,,, is a L,(i) x 1 vector. Then, player n draws L,(i) random variables
independently from the uniform distribution on [0, 1]. If the /th realization of these random

variables is less than the /th element of I, (i) 1,, ,,, then the [th element of I,,(7) is equal to
1. Otherwise, the [th element of I,,() is equal to 0. We have

Pr({(Ia(0), = 1} | a,y) = 4, (1) 1a, 4. (169)

Given {I n,t(i)}tET(n*(i)Hwi N(i)), Player n € N(i) infers w; as follows: Player n randomly
picks t,,(n* (i) =, N(7)) from T'(n* (i) —., N(i)). Player n infers w; from {Inat(i)}T(n*(i)—»wiN(i))
but excludes period ¢, (n* (i) —., N(i)). Specifically, with T,,(n* (i) —, N(i)) = T(n* (i) —w,
N (@)~ A{tn(n" (1) —w, N(i))},

1. Player n*(i) infers her own message straightforwardly: w; (n*(i)) = w;.
2. Player n € N(i) \ {n*(7)} infers as follows:
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1 Z
T Int<l)_q2]- Sea
T2 —1 - ) 7
L€y (n* (i) —w,; N (7))

then w; (n) = B.

(c) Otherwise, w; (n) = M (the posterior is not skewed enough for w; = G or w; = B

and so player n*(i) infers that the message is “middle”).
Assumption 14 implies the following Lemma:
Lemma 42 For any e < g, for anyi € I and w; € {G, B},
1. For any n € N(i"),

(a) If players n*(i) and n follow the equilibrium strategy, then
Pr ({w; (n) = w;} | w;) > 1 — exp(=O(T?)).

(b) The distribution of w; (n) given w; is independent of player j = N (i) \ {n*(i),n}’s

unilateral deviation.

2. For any history of player n*(i) at the end of the coordination round 2 for x;, player
n*(i) puts a belief no more than exp(—O(T'2)) on the event

{G,B} 3> w; (n** (1)) #w; (i + 1) € {G, B}.

Proof.
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1. Follows from (156) and (169).

2. Follows from Lemma 34 and Hoeffding’s inequality. By Assumption 3, excluding period
tn(n* (1) =, N(i)) does not affect the probability so much.

As we will see, as long as the noisy cheap talk by the other players transmits correctly in
the coordination round 3 for z; (this is true ex ante at the end of the coordination round 2 for
x;), player n*(4) is pivotal for some player’s inference of z; if and only if {G, B} 3 w; (n**(i)) #
w; (1 + 1) € {G, B}. 2 of Lemma 42 guarantees that, after any history (including those after
player n*(i)’s deviation), the probability that player n*(i) is pivotal is negligible for the
almost optimality.

For each n € N(i) \ {n*(i)}, consider player j = N(i) \ {n*(i),n}. As we will see, player
j is not pivotal if players n*(i) and n infer the same state w;. Therefore, 1 of Lemma 42
guarantees that player j cannot manipulate player n’s inference to create a situation where

player j is pivotal.

46.4 Coordination Round 3 for z; Between Players j and n

This is the round where player j € N(i) sends w;(j) to player n € I. Let w;(j)(n) €
{G, B, M'} be player n’s inference of player j’s message. Here, we assume that the noisy
cheap talk is available. See Section 48 for how to dispense with the noisy cheap talk.

If player j is the same player as player n, then w;(j)(n) = w;(j), that is, player j infers
her own message straightforwardly.

Otherwise, player j sends messages as follows. From w;(j) € {G, M, B}, player j con-
structs a sequence of two binary messages w;(j){1}, w;(j){2} € {G, B}*: If w;(j) = G, then
w; ({1} = w;(H){2} = G; If w;(j) = B, then w;(j){1} = wi(y){2} = B; If w;(j) = M, then
w;(j){1} = G and w;(j){2} = B with probability 3 and w;(j){1} = B and w;(j){2} = G
with probability 3.

Player j sends the two messages w;(j){1} and w;(5){2} sequentially via noisy cheap talk.
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With abuse of notation, we define gln — 1](w;(j)) € {wi(j), E} and f[n](w;(j)) €
{G, M, B} as follows: For g[n — 1](w;(j)),

1. gln — 1)(w;(5)) = w;(y) if and only if player n — 1 thinks that there is no error for
fIn)(wi(5){1}) and fn](wi(5){2}), that is, g[n — 1(wi(j){1}) = wi(j){1} and g[n —
1(wi(5){2}) = wi(5){2}-

2. gln — 1](w;(j)) = E otherwise.

For f[n](wi(j)), player i infers f[n)(wi(j) from fn] (w;(j){1}) and fln](wi(j){2}), using
the mapping between w;(j) and w;(j){1}, w;(j){2}.

L flnl(wi(5)) = G if and only if f[n}(wi(5){1}) = fln)(wi(7){2}) = G.
2. fln)(wi(j)) = B if and only if fln](wi(j){1}) = f[n](wi(j){2}) = B.

3. fln)(wi(j)) = M if and only if “f[n](wi(j){1}) = G and fln|(wi(j){2}) = B” or
“flnf(wi(7){1}) = B and fln](wi(j){2}) = G.”

g2[n — 1)(w;(j)) and fo[j — 1)(w;(j)) are analogously defined.
Finally, player n infers w;(j) as w;(5)(n) = fn](w;(5)).

46.5 Player n’s Inference of z;

Based on these rounds, player n infers z; as follows. Let z;(n) € {G, B} be player n’s

inference of z;. From {w; (§) (n)},cn(;). Player n constructs z; (n) such that

( (

i (n) = ‘ S ’ (170)
w; (n**(4)) (n) = Byw; (1 + 1) (n) = G,w; (n*

w; (n**(7)) (n) = G,w; (i + 1) (n) = B,w; (n*

B otherwise.

\
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Finally, let

be the profile of the inferences.

z (n) = {zi(n) }ier

46.6 Definition of 0, (c) € {G, B}

Based on the realization of the coordination block, if some events happen, then player 7 — 1

makes player i indifferent between any action profile sequence in the main blocks. 6;_1(c) = B

implies that such an event happens while 6;_1(c) = G implies that such an event does not

happen.

We will define the events to induce 6;,_1(c) = B: For each j € I, while the players

coordinate on x;,

1. There exists player j* € —i with j° € N(j) such that when player j’ sends the message

w;(j') to player ¢, player i — 1 has g[i — 1](w;(j’)) = E.

2. There exist players j' € —i and n € —i N N(j) such that when player j' sends the

message w;(j') to player n, player n has a wrong signal f[n|(w;(j’)) # w;(j’).

3. Player i is in N(j) and consider the following inference:

(

\

B

if

otherwise.

(171)

Note that this is what we replace player n’s inference of the messages in the coordination

round 3 in (170) with the true messages. We have 0,_1(c) = B if there exist n € I and

J € I such that player i’s message w; (i) matters for z;(n) in (171). That is,
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(a) If player i is n*(j), then
{G,B} > w; (n™(j)) # w; (j +1) € {G, B}. (172)

(b) If player i is in N(j) \ {n*(j)}, then
w; = w; (n*(4)) # w; (7). (173)

with ¢ = N(5) \ {i,n*(j)}.

Note that, although player n can be player ¢ herself, whether or not w;(7) matters in

(171) is determined by the other players’ messages {w; (i)}, ;-

In the definition of §;_;(c), player i — 1 uses the information owned by players —(i — 1, 7).
Section 52 explains how players —(i — 1,4) inform player i — 1 of their history necessary to
create 0;_1(c) in the re-report block. Since 6;_(c) only affects the reward function (that is,
does not affect o;_1(x;_1)), it suffices that player ¢ — 1 knows the information by the end of
the review phase.

We verify that the distribution of 6;_1(c) is almost independent of player i’s strategy:
For Cases 1 and 2, we need to verify that player ¢ cannot manipulate 6;_;(c) by affecting
some player’s message m. The definition of the noisy cheap talk implies that the probability
of g[i — 1](m) = E when player i is a receiver and that of f[n](m) # m when player j € —i
is a sender and player n € —i is a receiver are almost independent of m.%

For Case 3-(a), 2 of Lemma 42 implies that player i puts a belief no more than exp(—O(T'2))
on (172) after any history (including those after player i’s deviation) at the end of the coordi-
nation round 2 for x;. Since w; (n**(j)) and w; (j + 1) are fixed at the end of the coordination
round 2 for x;, whether (172) happens or not is almost independent of player ¢’s strategy.

For Case 3-(b), note that if w;(n**(j)) = wj, then (173) is not the case. In addition,

regardless of w;, this event happens with probability no more than exp(—O(T%)) from the

9%8Note that m can be affected by player i’s strategy before the round where player j sends m to player n.
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perspective at the end of the coordination round 1 for z; by 1 of Lemma 42.% Therefore,
no player can change the distribution of 6;_1(c) by more than exp(—O(T'z)).

In summary, we have shown the following lemma:
Lemma 43 If

1. the probability of g[i — 1](m) = E when player i is a receiver of a message m is almost

independent of m and

2. the probability of fln](m) # m when player j € —i is a sender of a message m and

player n € —i is a recewer is almost independent of m,
then, the distribution of 0;_1(c) € {G, B} is almost independent of player i’s strategy.

The premise of lemma is stated to clarify what assumption about the noisy cheap talk is

used, expecting that we will dispense with it later.

46.7 Incentives in the Coordination Block

First, Lemma 43 implies that player i does not have an incentive to manipulate 6;_;(c).

Second, we consider player i’s incentive to tell the truth about w, (i) with i € N(n) for
the coordination round 3 for x,, between i and ¢’ € —i. If player i’ with ' € —i received
a wrong signal f[i'](w,(j)) for some n € I and j € —i, then Case 2 of ;_1(c) implies
0;_1(c) = B. Hence, together with Case 3 of #;_1(c), whenever player i’s message matters
for x,, (i) for some ¢ € —i, then 0;_;(c) = B and player i is indifferent between any action
profile sequence. Therefore, it is optimal for player i to tell the truth.

Third, we consider the incentive of player 7 in the coordination rounds 1 and 2 for z,.
If player 7 is player n*(n), then since x,, controls the value of player n + 1 # n*(n), player
n*(n) is indifferent between coordinating on z,(j) = G for all j € I or z,(j) = B for all

j € 1. (170) and 2 of of Lemma 42 imply that, if the messages in the coordination round

9Note that w; can be affected by some player’s strategy before the end of the coordination round 1 for
Zj.
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3 transmit correctly if a sender is not player n*(n) (this is true with probability no less
than 1 — exp(—O(T'2))), then player n*(n) at the end of the coordination round 2 puts a
conditional belief no less than 1 — exp(—O(T'2)) on the event that z,(j) = G for all j € I or
x,(j) = B for all j € I regardless of player n*(n)’s history. Therefore, player n*(n) (player
i) is almost indifferent between any strategy in the coordination rounds 1 and 2 for x,,.

If player i is player n (the initial holder of state z,) but not player n*(n), then again,
since x,, controls the value of player n + 1 # n, player n is indifferent between coordinating
on x,(j) = G for all j € I or x,(j) = B for all j € I. 1 of of Lemma 42 implies that
regardless of player n’s strategy in the coordination rounds 1 and 2 for z,,, players n*(n) and
n+ 1 have w,(n*(n)) = wy(n+ 1) € {G, B} with probability no less than 1 — exp(—O(T'z)).
Then, (170) implies that, if the messages in the coordination round 3 transmit correctly if a
sender is not player n (again, this is true with probability no less than 1 — exp(—O(T'2))),
then either z,(j) = G for all j € I or x,(j) = B for all j € I. Therefore, player n (player )
is almost indifferent between any strategy in the coordination rounds 1 and 2.

If player 7 is not player n or player n*(n), then Lemma 41 and 1 of of Lemma 42 imply
that, regardless of player i’s strategy in the coordination rounds 1 and 2 for x,,, players n*(n)
and at least one player ' € N(n) \ {i} have w,(n*(n)) = w,(?) = x, with probability no
less than 1 — exp(—O(T'2)). Then, (170) implies that, if the messages in the coordination
round 3 transmit correctly if a sender is not player i (this is true with probability no less
than 1 — exp(—O(T'2))), then either z,(j) = G for all j € I or z,(j) = B for all j € I.
Therefore, player ¢ is almost indifferent between any strategy in the coordination rounds 1
and 2.

Finally, we show that the definition of §; ;(c) = B implies that, for any 4, for any ¢ in
the main blocks, for any hf, player i puts a belief no less than 1 —exp(—O(T'2)) on the event
that z(j) = z(i) for all j € —i or §;_;(c) = B by the following reasons: (i) If player i’s signal
fli)(wn(y)) was wrong for some n € I and j € —i, then, given w,(j), g[i — 1J(w,(j)) = E
with probability no less than 1 — exp(—O(T'z)). Since g[i — 1](w,(j)) is not revealed by

players (—i)’s continuation strategy in the main blocks, player ¢ believes that 6;_1(c) = B
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because of Case 1. (ii) If player i’ with i € —i received a wrong signal f[i'|(w,(j)) for some
n € I and j € —i, then Case 2 of 0;_(c) implies 0;,_1(c) = B. From (i) and (ii), player i
who considers almost optimality can condition that f[i']|(w,(j)) = w,(j) foralli' € I, n € I
and j € —i. (iii) If player 7 is pivotal for player i"’s inference of z,, with ¢/ € I and n € I,
then 6;_1(c) = B. Hence, w,(i) does not matter for player i’s value. Therefore, in total,
x(j) = x(i) for all j € —i or 0;,_1(c) = B.

The following lemma summarizes the above discussion:
Lemma 44 The following two statements are true:

1. If, for each player i € I,
(a) the probability of gli — 1](m) = E when player i is a receiver of a message m is
almost independent of m,
(b) the probability of fn|(m) # m when player j € —i is a sender of a message m
and player n € —i 1s a receiver is almost independent of m, and

(c) for alln with i # n+1, playeri’s value is almost the same between x,(j) = G for

all j € I and x,(j) = B for all j € I regardless of {$n/(j)}j61,n’§n—1 ' <n-1

implies that the coordination rounds for x, comes before those for x,),

then it s almost optimal for player i to follow the equilibrium strategy in the coordina-

tion block.

2. For any i € I, for any t in the main blocks, for any h%, player i puts a belief no less

than 1 — exp(—O(T'2)) on the event that z(j) = z(i) for all j € —i or 0;_(c) = B.

Note that, for the second statement, 1-(a), 1-(b) and 1-(c) are not necessary.

47 Structure of the Review Phase

Replacing the perfect cheap talk in the coordination block with the noisy cheap talk, the

structure of the coordination block is as explained in Section 46.1. Now, the coordination
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block has at most N(1+1+3(N —1)) rounds.!® After the coordination block, the structure
is the same as in Section 31 of the Supplemental Material 3. As in the Supplemental Material
3, let r be a generic serial number for a round.

If we replace the noisy cheap talk with messages via actions, then as we will see in
Section 48, we treat rounds where a player sends one message and rounds where a player
send two messages separately. Each round where the sender sends one message has T
periods. Section 48 explains how the sender sends the message. On the other hand, each
round where the sender would send two messages via noisy cheap talk is now divided into
two rounds each of which has Tz without the noisy cheap talk. Using the first T%—period
round, the sender sends the first message as we will explain in Section 48. After that, using
the second T%—period round, the sender sends the second message. With abuse of notation,

let r again be a generic serial number for a round and T'(r) be the set of periods in round r.

48 Dispensing with the Noisy Cheap Talk

We consider how player j sends a binary message m € {G, B} to player ¢ in some round.
Let r be the serial number of this round and T'(r) be the set of periods in round r.
As mentioned in Section 45.2, with 1 being a small number to be defined, the sender

(player j) determines

m with probability 1 — 27,
zj(m) = {G,B}\ {m} with probability 7,
M with probability 7
and player j takes
a§f if z;(m) = G,
jj(m) = af if z;(m) = B,

100The precise number depends on whether n*(i) = i or not for each i.
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for Tz periods. The other players —j take agj.

Then, intuitively, as in Section 45.2, g[n — 1](m) is determined as follows:

L. gn —1)(m) = m if z;(m) = m and y,—1 € Hn_1[g] (m).
2. gln —1)(m) = E if z;(m) #m or y,—1 & Hn-1l] (M).

Instead of using y,_; directly, as in the two-player case, we consider the following con-

struction of g[n — 1](m).

48.1 Formal: g[n — 1](m) € {m, E}

In the definition of g[n — 1](m), player n — 1 uses m, which is the information owned by
player j. Section 52 explains how player j informs player n — 1 of m. Since g[n — 1](m) only
affects the reward function (does not affect o,_1(z,_1)), it suffices that player n — 1 knows
the information by the end of the review phase.

If zj(m) # m, then g[n — 1](m) = E as in Section 45.2. Let us concentrate on the case
with z;(m) = m. Let y,,_1(r) be the frequency of player (n — 1)’s signals in round r.

First, player n — 1 randomly picks t,,_1(r) from T'(r), the set of periods in round r. With

Tn1(r) = T(r) \ {ts—1(r)}, player n — 1 constructs random variables {Q!" s

Lt}teTn,l(r) a
follows. After taking a, 1 (a,_1 = a* , if player n — 1 is the sender (n — 1 = j) since we
concentrate on z;(m) = m and a,_; = a&_; if player n — 1 is not the sender) and observing
Then, player n — 1 draws (|Y,,—1| — |4, + 1)

Yn—1,, Player n — 1 calculates H,_1(m)1,, ..

random variables independently from the uniform distribution on [0, 1]. If the /th realization

of these random variables is less than the Ith element of H,,_;(m)1 then the /th element

Yn—1,t)

of QnH_Lt is equal to 1. Otherwise, the /th element of Qf_u is equal to 0. Since all the

elements of H,,_;(m) are in (0,1), we have

Pr ({(Q{;ﬁl’t)l _ 1} | a, y> — (Hoa(m)1y, ), € (0,1) (174)

for all a and y.
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We define g[n — 1](m) = m if and only if

1 1 15
T 2 W XL Healml, | <5 (175)
2T e () P e

and

15
: - 176
—— 5 (176)

teln_1(r

1
Z ngl,t — Pp-1(m)|| <
(r)

In summary, there are following cases:
1. gln —1](m) = E if z,_1(m) # m, (175) is not satisfied, or (176) is not satisfied.

2. g[n —1](m) = m if z,_1(m) = m, (175) is satisfied, and (176) is satisfied.

48.2 Formal: f[n|(m) € {G, B}

On the other hand, let us consider how the receiver (player n) infers the message. Let y,, ()
be the frequency of player n’s signal observations in round r. Instead of using y,(r) directly
as in Section 45.2, we consider the following procedure to construct f[n](m).

First, player n randomly picks ¢,(r) from T'(r), the set of periods in round r. With
To(r) = T(r) \ {ta(r)}, player n constructs f[n](m) only depending on {yn¢}cs (- For
notational convenience, let y, (r, T, (r)) be the frequency of player n’s signal observations in
T, (r).

fIn](m) is determined as in Section 45.2 with y,(r) replaced with y,(r, T,,(r)):

1. Ify,(r,T,.(7)) € G,[e], then

(a) fln](m) =G if yi(r,T,(r)) € Hn—l,n[g] (G) U Tule] (G).
(b) flnl(m) = Bifyi(r,Ta(r)) € Hn-1,n[e] (B)UTue] (B) or yi(r, Tn(r)) & Hun—1,n[e] (G)U

Tnle] (G), and

n|(m

2. If yo(r, Th(r)) ¢ Gulel, then player n infers f[n](m) from the likelihood as in the two-

player case.
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By Assumption 3 (full support), neglecting (angtn(,,), yn,tn(r)) does not affect the posterior

so much.

48.3 Definition of 0, ((j —,, n) € {G, B}

While player j € I sends a message m to player n € —j, for each i € I, player ¢« — 1 creates
0;-1(j —=m n) € {G,B}. As for 6;_1(c), 6;_1(j —m n) = B implies that player ¢ — 1 makes
player ¢ indifferent between any action profile sequence in the subsequent rounds.

Again, player i — 1 uses the information owned by players —(i — 1,4). Section 52 explains
how players —(i — 1,4) inform player ¢ — 1 in the re-report block. Since 6;_1(j —,, n) only
affects the reward function (does not affect o;_1(x;_1)), it suffices that player i — 1 knows
the information by the end of the review phase.

To create 0;_1(j —.m, n), player i — 1 calculates the following variables:

Construction of QiT If i — 1 # n, then player n informs player ¢ — 1 of how many times
player n observes y, for each y,, € Y,, in T'(r) (while receiving the message). Let T'(r,y,) be
this number.

For each y,, € Y,,, player i—1 calculates G,,1,,. Then, repeat the following process T'(r, y,,)
times: Player i — 1 draws <|Yn| — Al =22 00 [ A + 1) random variables independently
from the uniform distribution on [0, 1]. If the /th realization of these random variables is
less than the /th element of G,,1,,, then the /th element of Qf is equal to 1. Otherwise,

the [th element of QS is equal to 0. Since player ¢ — 1 repeats this process T'(r, y,,) times, it

T(ryn

o ). Since all the elements of GG,, are in

generates T(r,y,) i.i.d. random variables {QST
(0,1),

Pr ({(QﬁT)l - 1}) = (Gol,,),.

In total, {{QST T(T’yn)} is constructed.
’ ynEYn

T7=1

Construction of ©; (m) In addition to player n informing player i — 1 of T'(r, ), player

7 informs player ¢ — 1 of m in the re-report block.
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For each y,, € Y, player ¢ — 1 calculates J,(m)1,,. Then, repeat the following process
T(r,y,) times: Player i — 1 draws (|Yn| — D izjm | Av| + 1> random variables independently
from the uniform distribution on [0, 1]. If the /th realization of these random variables is less
than the Ith element of .J,(m)1,,, then the Ith element of ©(m) is equal to 1. Otherwise,
the Ith element of ©7(m) is equal to 0. Since player i — 1 repeats this process T(r,y,)

)}T(T’y"). Since all the elements

times, it generates T'(r,y,) i.i.d. random variables {Q;{’T(m

of J,(m) are in (0,1),

Pr <{(Q£,T(m))l - 1}) = (Jo(m)1,,), .

In total, {{Q;{ ~(m) }T(r’yn)} is constructed.
’ Yn€Yn

T=1

Definition of 0, _1(j —,, n) € {G,B} For player i € {j,n} (sender or receiver), 0;,_1(j —m
n) = G for any history.
If player i is in players — (j,n), then player ¢ — 1 has 6;_1(j —, n) = G if

T(Tvyn)
T=1

1. The frequency of {{QST } is close to g,:
’ Yn€Yn

T(ryn)

SX Y <}

ynEYn =1

Regardless of player i’s deviation, this is the case with probability 1 — exp(—O(T'2))

by Notation 2 and the law of large numbers.'%!

2. The frequency of {{QST T(T’y")} is close to {T(TT’%‘)Gnlyn} (the frequency of
’ Yn€Yn

=1 Yn

191 While player n*(i) excludes one period t,-(;)(i —, n*(i)) from (168), player i — 1 does not exclude a
period from {T (7, yn)}y, -

The reason why player n*(i) excludes one period ;) (i —, n*(i)) from (168) is to prevent the contin-
uation play of player n*(i) from revealing player n*(¢)’s signal observation too much. This is important to
incentivize player n*(i) + 1 to tell the truth in the report block.

On the other hand, since 0;_1(j —,, n) is not revealed by player (i — 1)’s continuation play in the main
blocks, player ¢« — 1 does not need to exclude one period here.

The same causion is applicable for the other three inequalities to determine 6;_1(j —., n).
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Gn1,, using player n’s true signal observation):

T(r,yn) T(ryn) e
Ly Yae Ly Yen <
ynEYn T=1 ynGYn =1

Ex post (after conditioning {ax, y¢ },cp(,), this is true with probability 1 —eXp(—O(T%))

by the law of large numbers.

. The frequency of {{Qi T(m)}Tirl’y")} is close to r,(m):
’ T= ynGYn

ynEYn T=1 2

Regardless of player i’s deviation, this is the case with probability 1 — exp(—O(T'2))

by Notation 2 and the law of large numbers.

. The frequency of {{QiT(m)}T(T’yn)} y is close to {Mjn(m)lyn} (the fre-
ynE n

=1 T n

quency of J,(m)1,, using player n’s true signal observation):

T(r,yn) T(r,yn)
SN S SF TS S At
ynEYn =1 ynEYn =1

Ex post (after conditioning {a, y¢ },cp(,), this is true with probability 1 —exp(—O(T?))

by the law of large numbers.

If player i is in players — (j, n) and at least one of the above four conditions is not satisfied,

then player ¢ — 1 has 6; 1(j —, n) = B.

48.4 Summary of the Properties of g[n—1](m), f[n](m)and 0;_1(j —

n)

In summary, we can show the following lemma:
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Lemma 45 For sufficiently large T, for any 7 € I and n € —j, the above communication

protocol satisfies the following:
1. gln — 1](m) = E with probability 1 — 2n — exp(—O(T'2)) for any m € {G, B}.

2. Given any m € {G,B} and any y,(r), player n puts a belief no less than 1 —
exp(—O(T'2)) on the event that f[n](m) =m or gln — 1)(m) = E.

D=

3. Given m € {G, B}, any f[n](m) happens with probability at least exp(—O(T

))-

4. The probability of g[n — 1](m) being equal to E does not react to player n’s strategy by
more than exp(—O(T2)).

5. Fori € —(j,1), whenever player n does not have f[n|(m)=m, 0;_1(j —m n) = B.
6. For each i € I, the distribution of 0;_1(j —m, n) is independent of player i’s strategy
with probability no less than 1 — exp(—O(T'2)).

Proof.

1. This follows from the law of large numbers.

2. If f[n](m) = m, then we are done. Suppose not. Note that the definition of g[n—1](m)
implies that g[n — 1](m) = m only if z;(m) = m and (175) and (176) are satisfied.

Therefore, gn — 1](m) = m only if z;(m) =m and y,—1 € H,_1[e](m).

fIn](m) # m implies that either

(@) ¥nu(r,Tn(r)) € Hu—1,n[](m) is not the case, or

(b) player ¢ infers f[n](m) from the likelihood using y,(r, T.(r)) (neglecting yn+,.(r))

is the case. If (a) is the case, then by Hoeffding’s inequality, player n believes that
Vn-1 & Hn-1le](m) given m with probability 1 — exp(—O(T?)). If (b) is the case,
then by Lemma 37, player n believes that z;(m) # m given m with probability 1 —

1

exp(=0(T2)).
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Note that, by Assumption 3 (full support), neglecting (an,tn(r), yn,tn(r)) does not affect

the posterior so much.

. Given m, any (y¢),cp(, can occur with probability at least

T3
{rrylianq(y | a)} :

Assumption 3 (full support) implies that this probability is exp(—O(T'z)).

. Ex ante, g[n — 1](m) = E with probability 1 — 2 — exp(—O(T'z)) regardless of m.
Therefore, the probability of g[n — 1](m) being equal to E does not react to player n’s
strategy before round r by more than exp(—O(T'2)).

In addition, the distribution of Qil,t is independent of player n’s strategy in pe-
riod ¢ and (175) is satisfied ex post (conditional on {at,y:},cr () with probability
1—exp(—O(T'2)) by the law of large numbers. Therefore, the probability of g[n— 1](m)
being equal to E does not react to player n’s strategy in round r by more than

exp(~O(T4)).
. Follows from the triangle inequality.

. For player ¢« € {j,n}, 0,_1(j —m n) = G always. If i € {j,n}, then ex ante,
0:-1(j —m n) = G with probability 1 — 2 — exp(—O(T'2)) regardless of m. Therefore,
the distribution of 6;_(j —, n) is not changed by more than exp(—O(T'2)) by player

1’s strategy before round r.

In addition, by Notation 2, the distribution of inT and Q;{’T(m) is independent of
player i’s strategy in round r and Cases 2 and 4 in the definition of 6;_1(j —,, n) is
satisfied ex post (conditional on {a, Yt} cq(,) With probability 1 — exp(—0(T'2)) by
the law of large numbers. Therefore, the distribution of 6;_1(j —,, n) is independent

of player i’s strategy in round r with probability no less than 1 — exp( —O(T%)).
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49 Equilibrium Strategies

main
i .

In this section, we define o;(x;) and 7

49.1 States

~

The states \;(I + 1), N1 (1 + 1), d;(1 + 1), d;(I + 1)(2), c;(I + 1), 6;(1), 6:(N; (I +1)) and
6:(d; (I + 1)) are defined as in the Supplemental Material 3 except that x is replaced with
x(7) defined in Section 46.5.

If we replace the noisy cheap talk with messages via actions, then we use f[i](m) (when
player i is a receiver) and g[i](m) (when player i + 1 is a receiver) defined in Section 48. In
addition, each player i makes player ¢ + 1 indifferent between any action profile sequence if

the following events happen:

e In the coordination block, 0;(c) = B happens.

e In a round where player j € I sends a message m to player n € —j, 0;(j —,, n) = B

happens.

49.2 Player i’s Action
49.2.1 With the Noisy Cheap Talk

In the coordination block, the players play the game as explained in Section 46. For the other
blocks, o;(x;) prescribes the same action with x replaced with z(7) except for the report and
re-report blocks. See Sections 51 and 52 for the strategy in the report and re-report blocks.

49.2.2 Without the Noisy Cheap Talk

When player j € I sends a message m to player n € —j, then the strategies are determined

in Section 48.
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49.3 Reward Function

main

In this subsection, we explain player i—1’s reward function on player i, 7/ (x; 1, K™, 7P

main
i

§). In general, the total reward 7™ (z;_;, hmain pI*P™ . §) is the summation of rewards

for each round 7:

7_‘_;nain(ajiib h’ririalin7 hze_rleport . 6) = Z Wf(t, Oé,ii, yi*l,t)‘i‘z W;nam(l’i,h h?ialin7 h;fe_rilport’ re (5)
1=1 teT(l) r

Note that we add (106) to ignore discounting only for the review rounds. As we will see,

for the round where the players communicate, we use reward function that take discounting

into account directly.

We define 70 () b2 pEerePo™t . ) for each 7.
49.3.1 With the Noisy Cheap Talk
In the coordination block, for round r where player j sends message z; 1 to player n*(i),

player ¢ — 1 gives

TE (@i, RE, RSP 2 6) = Z 8 (G, @icgs Yie1)
teT(r)
to make player i indifferent between any action profile sequence.'”? Note that we take
discounting into account.
In the coordination block, for round r where player n*(j) sends message w; to player

N(j), player i — 1 gives

T (i, B HEP 6) = Y 6T (00 () = N (5) 5 @i Biere)-
teT'(r)

In the main blocks, the reward function is the same as in the Supplemental Material 3

W02 (4,ai—1.4,Yi—1.) is defined in Lemma 38. Here, we use the assumption that the same a?,af in
Assumption 13 satisfy Assumption 15 for each j.

If not, assume that (aG aB)j in Assumption 13 satisfy 6 and 7 in Assumption 15.

VR

274



except that x replaced with z(i — 1) and that if 6, _;(c) = B happens, then player i — 1 uses

main

main j rereport _ Ti—1
T (@, B iy ) = Z T (a‘fi,tayifl,t)
teT (1)

for all the review rounds to make player ¢ indifferent between any action profile.!%?

49.3.2 Without the Noisy Cheap Talk

For round r corresponding to a review round, the reward function is the same as in the case
with the noisy cheap talk except that if there is round 7 < r — 1 (before r) such that player
J sends a message m to player n in round 7 and 6;_1(j —,, n) = B happens, then player

7 — 1 uses

main main j rereport - Ti_1
T ('Ti—bhi—l? i—1 J)—E ; (a—i,tayi—l,t)

teT(l)
to make player 7 indifferent between any action profile.

For round r where player 7 sends a message, player ¢ — 1 gives

main main j rereport i o t—1 _Ti_1/ -
M (@i, B R 0 0) = E 6, Qi—14t, yi—l,t)
teT(r)

defined in Lemma 38. Again, we take discounting into account.

50 Almost Optimality of the Strategy

We want to verity (8), (4) and (5) are satisfied. First, by definition in Section 49.3, (5) is
satisfied.

Second, since the length of the rounds other than the review rounds is T’ %, the payoff from
the review rounds approximately determines the payoff from the review phase for sufficiently

large ¢ (and so sufficiently large T'). Therefore, we neglect the payoffs from the rounds other

R . H 3 t . . .
193Gince wmain (g;_q, hmain pITPOM 1) does not depend on &, with abuse of notation, we omit § from
H H t . . .
AN (g, hmAR BT r 2 §) with r corresponding to the Ith review round.
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than the review rounds.

Third, we consider (8) and (4) in the case with the noisy cheap talk. Suppose that
x(j) = x(i) for all i, j € I at the end of the coordination block. Then, (8) and (4) are shown
as in the case with the perfect cheap talk.

This implies that the premises of Lemma 44 are satisfied. Therefore, (i) the incentive in
the coordination block is satisfied and (ii) we can concentrate on the case with x(j) = x(4)
forall 4,5 € I.

(i) and (ii) implies (8). In addition, by the law of large numbers, z(j) = = for all j € —i
in the coordination block with probability no less than 1 — exp(—O(T'2)). Therefore, (4) is
satisfied at the beginning of the review phase.

Finally, we consider (8) and (4) in the case without the noisy cheap talk. Again, suppose
that x(j) = z(¢) for all 4,5 € I at the end of the coordination block. Then, (8) and (5) are

verified as in the case with the perfect cheap talk except for the following two points:

e Player i — 1 makes player 7 indifferent between any action profile sequence because of
gli—1](m) = E or 0;_1(j —,, n) = B with higher probability. However, the probability
of g[i—1](m) = E or 6;_1(j —m n) is bounded by O(n). Hence, re-taking n sufficiently

small as we do in (141), we can deal with this problem as in the two-player case.

e When player j € —i sends a message m to player n € — (i, j), player i can manipulate
the distribution of f[n|(m). However, Lemma 45 implies that player ¢ cannot manip-
ulate 6;_1(j —m n). f[n](m) matters for player i’s continuation payoff if and only if

0;_1(j —m n) = G. Hence, the relevant events for player i are

— fIn](m) =m and 0;_1(j —m n) =G, or

— flnl(m) #m or ;1(j —n n) = B.
Since f[n|(m) # m implies 0;_1(j —,, n) = B, the relevant histories for player i are

— 0;1(j >mmn) =G, or
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- 91‘,1(]' —m n) = B.

Since player ¢ cannot manipulate 6; 1(j —.,, n) by Lemma 45, player i does not have

an incentive to manipulate f[n|(m).

To verify the incentives in the coordination block, we consider the premises of Lemmas
43 and 44 in the case without the noisy cheap talk.

The premise 1 of Lemmas 43 and premise 1-(a) of Lemma 44 are satisfied by Lemma 45.

As we have mentioned above, when player j € —i sends a message m to player n € — (i, ),
player ¢ does not have an incentive to manipulate f[n|(m). Therefore, the premise 2 of
Lemmas 43 and premise 1-(b) of Lemma 44 are satisfied.

We are left to verify the premise 1-(c) of Lemma 44: Player i’s value is almost the same
between z,(j) = G for all j € I and x,(j) = B for all j € I regardless of {zn/(j)},c; psn-
To formally show this, we proceed backward from player N’s state. There are following two

cases:

e Suppose that x,/(j) # x. (') happens for some n' € {1,....,. N —1}, j € I and j' € —j.
Then, by definition of {0; 1(j" —n ")}, and 2 of Lemma 44,'" player i puts a
belief no less than 1 —exp(—O(T'2)) on the event that 6;_;(c) = B in the coordination
rounds for z,,, or that there exist j;” € I and n” € —j” such that 6, (" —,, n") =B
happens when player j” € N(n') sends a message m to player n” in the coordination
round 3 for x,,. Therefore, if x,,/(j) # x,/(j') happens for somen’ € {1,...., N—1},j €I

and j' € —j, then player 7 is almost indifferent between any action profile sequence,

which implies player ¢’s value is almost constant.

e Suppose that x,/(j) = x,(j') for all n € {1,..., N — 1} and j,j' € I. Then, if either
zn(j) = G for all j € I or zx(j) = B for all j € I is the case, then we have verified
that (4) holds with x replaced with x(j). Since i # N + 1, player i’s value is almost
the same between zy(j) = G for all j € I and zy(j) = B for all j € I.

1042 of Lemma 44 does not use the premises 1-(a), 1-(b) and 1-(c).
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Therefore, 1-(c) of Lemma 44 holds for n = N. This implies that each player follows the
equilibrium path in the coordination rounds for x . Hence, at the end of the coordination
rounds for xy_1, each player i believes that zy(j) = zx for all j € I or 0;_1(j —nn) = B
in the coordination round 3 for x between some j € I and n € —j with probability no less
than 1 — exp(—O(T'2)). Hence, the same argument as for n = N holds for n = N — 1. By
induction, we are done.

Therefore, all the premises in Lemmas 43 and Lemma 44 are satisfied. This implies that

1. Tt is almost optimal for player ¢ to follow the equilibrium strategy in the coordination

block.

2. For any i, for any ¢ in the main blocks, for any hf, player i puts a belief no less than
1 — exp(—O(T'z)) on the event that z(j) = z(i) for all j € —i or “6;_1(j —m n) = B

or 6;_1(c) = B happens in the coordination block.”

Note that 1 implies the almost optimality of o;(z;) in the coordination block and that 2
implies the almost optimality of o;(z;) in the main blocks. Hence, (8) is verified.

Since we have verified (4) for z(j) = (i) for all 4,j € I, we are left to show (4) at the
beginning of the review phase. Compared to the case with the noisy cheap talk, we need to
deal with the fact that g[n — 1](m) = E and 6;_1(j —,, n) = B can happen when player j
sends a message m to player n in the coordination block with higher probability. However,
since the ex ante probability of §;_1(j —,, n) = B for some j € I, n € —j and m is bounded

by O(n), re-taking n smaller if necessary, we are done.

51 Report Block

We are left to construct the report and re-report blocks to attain the exact optimality of the
equilibrium strategies. In this section, we explain the report block.
Contrary to the two-player case, we directly construct the report block without public

randomization or any cheap talk.
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51.1 Structure of the Report Block

The report block proceeds as follows:

1. Player N sends the messages about AR,

2. Player N — 1 sends the messages about A1,

3. Player 3 sends the messages about hy#n.

4. As in the two-player case, players 1 and 2 coordinate on which of them will send

messages:

(a) Each player takes a“ and each player i observes her private signal ;.

(b) If player 2 observes ys € Yfl, then player 2 sends the message that y, € Yfl to
player 1. Otherwise, that is, if player 2 observes ys € Y22,2, then player 2 sends the
message that y, € Y222 to player 1.

5. If player 2 has sent the message vy, € Yfl, then player 2 sends the meaningful messages
about h#n. If player 2 has sent the message y, € YQ%Q, then player 2 takes a$ for the

periods where player 2 would send the messages about AF®" otherwise.
6. Player 1 sends the message about hPain,

7. The players play the round for conditional independence.

We explain each step in the sequel.

51.2 Player i > 3 sends A"

Since there is a chronological order for the rounds and r is a generic serial number of rounds,
the notations #¢, #;(k), T(r, k) and {ait, yit}cr () defined in the Supplemental Material
3 is still valid.
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Player i sends the messages about h™@™ in the same way as player 2 sends the messages
in the Supplemental Material 4 with two players.

That is, for each round r,
1. First, player ¢ reports #/.
2. Second, player i reports {# (k) }req1,.. k}- See Section 44.2.2 for the definition of K.

3. Third, players ¢ and ¢ — 1 coordinate on k(r) as players 2 and 1 coordinate on k(r) in

Section 44.2.2.

4. Fourth, player ¢ sends {a;, th}tGT(T k()" k(r,i) is the result of the coordination on

k(r).

In Steps 1, 2 and 4, player 7 sends a message as player 2 does in the Supplemental Material
4 and player 7 — 1 interprets the message as player 1 does in the Supplemental Material 4:
¢ aP}, player i — 1 takes @; ; and players —(i — 1,7) take a(_;(i_u)-

17

Player i takes a; € {a
Player ¢ — 1 constructs ®;_; € {0,1} from ¢, ,(a;—1,y;—1) as player 1 constructs ®; € {0,1}
from ¢, (a1, 1) in the Supplemental Material 4. Then, player ¢ — 1 infers player i’s message
from ®,; ; as player 1 infers player 2’s message from ®;. Then, from Lemma 39, player ¢
cannot infer ®; ; from player ¢’s signals.

In Step 3, the coordination between player i and 7 — 1 is the same as in Section 44.2.2

with j replaced with ¢ — 1. Assumption 16 implies that this is a well defined procedure.

51.3 Player 2 sends hy#"

Player 2 sends the messages about hy®™ as player ¢ > 3 if and only if player 2 observed
y2 € Y3, in Step 4 of Section 51.1. If player 2 observes y, € Y3,, then player 2 takes
a$ for periods where player 2 would send #5, {#5(k)}req,. x} and {azt, V21 }icrrnira)
otherwise. In addition, the coordination on k(r) between players 2 and 1 is the same as in
the Supplemental Material 4 (with the other players — (1,2) taking ag(i,z)). Assumption 16

implies that this is a well defined procedure.
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As for the case with i > 3, player 2 takes ay € {a¥,a}, player 1 takes a; and players
—(1,2) take af(l 5 Player 1 constructs ®; € {0, 1} from ¢, (a1, y1) to infer player 2’s message.

Lemma 39 guarantees that player 2 cannot infer ®; from player 2’s signals.

51.4 Player 1 sends hi"n

Player 1 sends the messages about A" to player N as player i > 3. As in the two-player
case, player 1 takes a; € {af,aP} and players —1 take a%.

After that, player 1 sends the histories in the report block to player N as player 1 does
to player 2 in the round for conditional independence in Section 44.4.1. Again, this set of
periods is called “the round for conditional independence.” In this round, player 1 takes
some action a; € A; and players —1 take a®,. Player N infers this message from yy. By 7
of Assumption 15, player N can statistically identify player 1’s action.!%

From the history in the round for conditional independence, player N constructs ®y.

Compared to the two-player case, player 2 is replaced with player V.

51.5 Reward Function 7"
First, for each i, player i — 1 gives the reward for player i that cancels out the instantaneous
utility. When player n € —1 sends the message about h™™ player i — 1 gives

t—1 __Ti—1
6w,  (report, n, a;—1,Yi—1)

to player i. (166) implies the payoff of each player i is constant for any action.

When player 1 reports hi**®, player 1 takes {af,a?} and players —1 take a%.'° Hence,
by 7 of Assumption 15, for each player i, player i — 1 can cancel out the differences in player
1’s instantaneous utilities by

SN (L, i, i)

105Gince we use Assumption 15, {af,af} and a% here are actions defined in Assumption 15, not in
Assumption 17. Note that, for notational simplicity, we use the same notations for different assumptions.
Y6Remember that {af,af } and a%; here are actions defined in Assumption 15.
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Next, we consider the reward in the round for conditional independence. As we will see,
player 1 sends in the re-report block what action player 1 takes in each period in the round
for conditional independence. Hence, for player i € —1, player ¢ — 1 will know a; from the
re-report block and player ¢ — 1 knows that players — (1,7) take aE‘(M). For player ¢ = 1,
since players —1 take a“,, player i — 1 = N knows a_; without the messages in the re-report
block. For each i, player i — 1 gives

5t_17Tfi_1 (@—i, Yi-1)

to cancel out the difference of player i’s instantaneous utilities.

On the top of that, while the players should take a® to coordinate on k(r) or whether
player 2 reports the history, player i — 1 incentivizes player i to take af’. Since player i — 1
knows that players —i take a®; € A_;, player i — 1 can construct a strict reward on a from
Lemma 16.

In the report block, when player ¢ sends the message, no player j € —i has an incentive
to manipulate player (i — 1)’s inference of player i’s message since player i’s message only
affects player (i — 1)’s reward on player ¢ and we construct the structure of the report block
in Section 51.1 and the punishment for telling a lie, g;(hi™", h’}fiport, i+, Jjt), so that player

j does not have an incentive to learn player ¢’s history from the report block.

report
%

Finally, we construct = that makes o;(x;) exactly optimal. This step is the same as

in Section 36 except for the following;:
® ¢, for each round r is defined as follows:

— If round r corresponds to the coordination round 1 for z; with some j € I where
player n infers player j’s message z; (that is, player n is n*(j)), then ¢, , is \I/fl,t

defined in (168).

— If round r corresponds to the coordination round 1 for x; with some j € I where

player n is not n*(j), then ¢, , is {0}.
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— If round r corresponds to the coordination round 2 for z; with some j € I where
player n receives a message from n*(j) (that is, player n is in N(j) \ {n*(j)}),
then ¢, , is I,,;(j) defined in (169).

— If round r corresponds to the coordination round 2 for z; with some j € I where
player n is not in N(j) \ {n*(j)}, then ¢, , is {0}.

— If round r corresponds to the coordination round 3 or the supplemental round,
then ¢, , is {0}.

— If round r corresponds to the review round, then ¢, , is the same as in Section

36.

e t; 1(r) is not defined for a round in the coordination block or supplemental round if
player (i — 1)’s continuation strategy does not depend on player (i — 1)’s history in

that round. In that case, player i — 1 randomly picks one.

e For a round in the coordination block where player ¢ takes a mixed strategy to send a
message, we (i) first cancel out the effect of the history in the round on learning about
the best responses from the next rounds, and (ii) second make any action sequence is
indifferent ex ante. Since player ¢ believes that player i is almost indifferent between
any strategies whenever player ¢ sends a message, this treatment is the same as we

incentivize player i to take a mixed minimaxing strategy in the review round.

We are left to deal with the probability that the message does not transmit correctly
with probability 1. We deal with this problem in Section 53 after we explain the re-report
block.

52 Re-Report Block

As in Section 37, we introduce the re-report block so that, for each player ¢, player ¢ — 1 can
collect the information necessary to construct m; from players — (i — 1,1).

The basic structure of the re-report block is the same as in Section 37:
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e Players — (N — 1, N) sends the information to player N — 1 to construct my.

e Players — (N — 2, N — 1) sends the information to player N — 2 to construct my_;.

e Players — (1,2) sends the information to player 1 to construct .
e Players — (N, 1) sends the information to player N to construct ;.

When players — (i — 1,7) sends the information to player ¢ — 1, each player takes turns

to send the information:

e Player 1 sends the information to player i —1if 1 € — (i —1,7). If 1 ¢ — (i — 1,14),
then skip this step.

e Player N sends the information to player i — 1 if N € — (i — 1,4). If N & — (i — 1,14),

then skip this step.

When player n € — (i — 1,7) sends the information about her history, she sends the

following information chronologically:

e For each round r, what strategy «,, player n took in round r. Note that this contains
the information about what message player n sent if player n sends a message in that

round. The cardinality of this message is no more than

|A,| + N -1
N——

the mixed strategy is taken
only if player n sends zj(m)=M
or minimaxes another player
e For each round r, for each (an, yn, ¢,,), how many times player n observed (a,, Yn, ©,)-
Note that this contains the information about what was player n’s inference of a mes-
sage if player n receives a message in that round. The cardinality of this message is no

more than 700,
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Note that the above two pieces of information is sufficient for player ¢ — 1 to construct

67;_1<j —m 7’L>
For each round r, what was t,(r). The cardinality of this message is no more than 7'

At the end of each [th review round, what was the realization of player n’s random-
ization for the construction of some states. The cardinality of this message is a finite

fixed number.

So that player i — 1 knows (a—i.),erp(rsy) and (Yn,t, (p”vt)teT(r,k(r,i))’

— first, for each r, player i—1 sends the message about k(r, ) to players — (i — 1,4).1%7

Each player n € — (i — 1,4) infers k(r,4) from their private signals. Let k, (r,1)

be player n’s inference. The cardinality of this message is no more than Ti.

— Second, player n sends the messages about (an,t,ym, gpn,t) to player

teT (r,kn(ry))

i — 1. The cardinality of this message is exp(O(T'1)).

If player n is player 1, then player 1 sends the message about player 1’s history in
the round for conditional independence: (ajs,y1¢) for all ¢ in the round for condi-
tional independence. Since the length of the round for conditional independence is

Sy T (7‘, ken (1, 2)) ’ = O(T%), the cardinality of this message is exp(O(T'1)).

Therefore, the cardinality of the whole message is exp(O(Ti)) and the length of the

sequence of binary messages {G, B} necessary to encode the information is O(T'1). To send

a binary message m € {G, B}, player n repeats o for T' 5 times to increase the precision.

The other players —n take a

G 108

-n-

By 7 of Assumption 15, player ¢ — 1 can statistically identify player n’s action. Also, for

each player 7, player j—1 can cancel out the differences in player j’s instantaneous utilities by

107We assume that player i — 1 knew player i’s inference k(r,i). See Section 53 for how to deal with the
small probability that player ¢ — 1 misinterprets player i’s message about k(r,1).

1%8Since we use Assumption 15, {af’,af} and a®; here are actions defined in Assumption 15, not in
Assumption 17. Note that, for notational simplicity, we use the same notations for different assumptions.
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the reward. The incentive to tell the truth is automatically satisfied since player n’s message
is used only for the reward on player ¢ with ¢ # n except for the round for conditional
independence. The incentive in the round for conditional independence is established as in

Lemma 31.

53 The Probability of Errors in the Report and Re-
Report Blocks

Note that the cardinality of the whole messages in the report and re-report blocks is exp(O(T i ))-
Hence, the length of the sequence of binary messages {G, B} that each player takes to send
the messages in the report or re-report block is O(T%).

Since all the messages transmit correctly with probability at least
L= O(T%) exp(~O(T%)),

by the same treatment as in Section 44.3, we can assume as if all the messages would transmit
correctly. We do not apply this procedure for the messages in the round for conditional
independence. As seen in Lemma 31, the incentive in the round for conditional independence

is established taking into account the probability of mis-transmission.
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