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1 Introduction

In this paper, we characterize the equilibrium payoffs in repeated games with imperfect public
monitoring and unequal discounting. In particular, we firstly recursively characterize the set of
feasible and sequentially individually rational (henceforth SIR) payoffs and that of perfect and
public equilibrium (henceforth PPE) payoffs for fixed discount factors a la Abreu, Pearce, and
Stacchetti (1990) (henceforth APS). Secondly, we characterize the limit sets of SIR and PPE payoffs
respectively as discount factors converge to 1 with the relative patience between players fixed. As
a corollary, we show that the pairwise full rank condition introduced by Fudenberg, Levine, and
Maskin (1994) (henceforth FLM) is sufficient for the folk theorem with unequal discounting, that
is, the limit set of PPE payoffs coincides with that of SIR payoffs.

The mostly related papers are Lehrer and Pauzner (1999) (henceforth LP), Fudenberg and
Levine (1994) (henceforth FL), and FLM. LP analyze the repeated games with perfect monitoring
and unequal discounting. They define SIR payoffs and show the folk theorem with two players.
This paper extends their results into two directions. Firstly, we obtain the characterization and
the folk theorem with imperfect public monitoring. Secondly, our results hold for general n-player
games. With unequal discounting, the intertemporal trade is important to achieve extreme points
and, in two-player games, the direction of the intertemporal trade is monotone. For example, for
the Pareto frontier, it is efficient to play actions that the impatient player prefers in early stages
and actions that the patient player prefers in later stages. A novelty of this paper is to overcome
the difficulty from the non-monotonicity of the intertemporal trade in n-player games.

On the other hand, FL show that the limit set of PPE payoffs can be characterized by the
solution of a family of static liner programming problems (FL problem) in equal discounting when
the dimensionality condition is satisfied. FLM show that if the pairwise full rank condition is
satisfied, this characterized set coincides with the feasible and individually rational payoff set.
This paper shows that the dimensionality condition of FL problem is sufficient to attain the limit
characterization with unequal discounting and that the pairwise full rank condition is sufficient to
attain the folk theorem with unequal discounting.

Other related papers are Harrington (1989), Haag and Lagunoff (2007), and Salonen and Var-
tiainen (2008). All of them consider perfect monitoring while we consider imperfect monitoring.

Haag and Lagunoff (2007) consider stationary equilibria while we consider non-stationary equilibria



taking the intertemporal trade into account. Salonen and Vartiainen (2008) construct an example
such that without public randomization, the set of PPE payoffs in repeated games with unequal
discount factors is not convex (or even not connected). In this paper, we show that this is not the
case in the limit, that is, the limit set of PPE payoffs is convex without public randomization.
The rest of the paper is organized as follows. Section 2 defines the model. In Section 3, we
characterize the set of SIR payoffs and the set of PPE payoffs in a recursive way. Section 4 is
devoted to our main results; we give the limit characterization of PPE payoffs that is valid if the
solution for FL problem satisfies the full dimensionality condition. In Section 5, we show that the
pairwise full rank condition implies the folk theorem. Section 6 discusses possible extensions and

concludes.

2 Model

2.1 The Stage Game

We consider a stage game with n players, 1,2, ...,n. In the stage game, players move simultaneously
and player i chooses an action a; from a set A;. We restrict our attention to a finite game, that
is, |Ai| < oo for all i. Let a € A = ﬁ A; be an action profile. An action profile induces a
probability distribution over a possiblezﬁlblic outcome y € Y, where Y is a finite set. Each
player i’s realized payoff r; (a;,y) depends only on his action a; and the public outcome y. Let
p(y | a) be the probability of y given a. Player i’s expected payoff from a is given by g; (a) =
> yey Py | a)ri(ai,y). Define g (A) = {g(a)},c4 for a notational convenience.

Letting A; = A (A;) be the set of probability distributions over A;. Then, a mixed ac-
tion «; for each player i is an element of A;. Let «;(a;) be the probability that «; assigns
to a;. Given a = (a1,00,...,a,) € A = 'ﬁ1Ai7 define p(y|a) = Y capW|a)a(a) and
9i (@) = 3 ey Dacar (| a)ala)ri(ai,y) Wia a(a) = aj(ar) ag (az) - ay (ay). As usual, we
define a_; = (a1, ..., Gi—1,Qix1, ..., 0p) € Ay = H#i Aj. The similar convention will be used if it
causes no confusion.

Let ir; be the individually rational payoff level for player i: ir; = min,_.c4_, maxq,ea, gi (@i, v—;).
IR; denotes the set of individually rational payoffs, that is, IR; = {v € R" : v; > ir;}, and IR =
Anl IR;. Note that the set of feasible payoffs of the stage game is co (g (A)) and the set of feasible
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and individually rational payoffs of the stage game is co (g (4)) N IR.

2.2 The Repeated Game

The stage game is played infinitely many times and in each period t = 1,2, ..., each player observes
the resulting public signal y;. The total payoffs of the players are defined as follows. Given a
sequence of probability distributions over the stage game payoff vectors and players’ discount factors
d = (61,...,0n), player ¢’s utility in the repeated game is the discounted sum of his expected stage
game payoffs. In keeping with the literature, it is equivalent to consider his expected discounted
average payoff, that is, letting {g/}?°, be player i’s sequence of expected stage game payoffs, his
total payoff is given by .
(1—6:)) 67 gh.
t=1

2.2.1 Feasible and Sequentially Individually Rational Payoffs

The payoff is feasible and sequentially individually rational (henceforth SIR) if it is attainable
by a sequence of correlated actions with the continuation payoff of each player in each period
greater than her individually rational payoff. Let p € A(A) be a generic element of correlated
actions, p(y | 1) = Y ,cap(y | a)p(a) be the probability distribution over public outcomes, and
9i(k) = D yey 2oaca Py | a)u(a)ri(ai, y) be player i’s expected payoff, respectively. The formal
definition of SIR payoffs is given as follows.

Definition 1 A payoff profile v is feasible and sequentially individually rational (SIR) if there
exists {p'}5°, with ut € A(A) for all t such that, for all 1,

o0

vi=(1—68;) ) 6 gi(u),
t=1

vy = (1—6;) Zéﬁ”gi(,ut) > ir; for all T > 1.

t=1

Let F'(§) be the set of SIR payoff profiles. As LP point out, if the discount factors are unequal,
F(8) may be larger than the set of feasible and individually rational payoffs of the stage game.! In

'For more discussions about SIR, see LP.



general,
n

FO = H [iri, Igleajcgi(a)] D F(d) Dco(g(A)) NIR.

i=1
2.2.2 Perfect and Public Equilibrium

We restrict our attention to perfect and public equilibrium (PPE) in this paper. Since a; is player
1’s private information and y is a public outcome, the public history at the beginning of period ¢ is
h* = (0,y1,...,y:—1) and player i’s private history is hf = (0,a14,...,ar—1;). The set of histories
for player ¢ is H; = |J;2o(A; X Y)! and the set of public histories is H = |J;°, Y. Player i’s public
strategy is a mapping from H to A;.

Each strategy profile generates a probability distribution over the sequence of stage game payoff
vectors. Player i’s objective in the repeated game is to maximize his expected discounted average
payoff, that is, letting {g!}2°, be player i’s sequence of expected stage game payoffs, he maximizes
(1= 8) 3252, 6 gt

We concentrate on perfect public equilibrium (henceforth PPE), where player i’s strategy o; is
a public strategy and the strategy profile o forms a Nash equilibrium after any public history. Let
E(d) be the set of PPE payoffs.

3 Recursive Characterization

In this section, we recursively characterize the set of SIR payoff profiles, F'(§), and that of PPE
payoff profiles, F(d), as Abreu, Pearce, and Stacchetti (1990) (henceforth APS). In the following
sections, based on this recursive characterization, we characterize the limit set of SIR payoffs and

that of PPE payoff set as discount factors converge to 1 with the relative patience fixed.

3.1 The SIR Payoffs

Firstly, we give a recursive characterization of F'(§). As LP pointed out, since F(d) depends on
discount factors with unequal discounting, this characterization is nontrivial.

The following two notions are useful.

Definition 2 (SIR decomposability) v € IR is sequentially individually rationally (SIR) de-
composable on W C R™ if there exist p € A (A) andw € WNIR such that v; = (1 — 6;) g; (1) +65w;



for alli. Let BY (W : 8) be the set of all SIR decomposable payoffs on W C R™, that is,

P due A(A) andw e WNIR such that
B (W:6)={velR:

vi = (1 —8;) gi (n) + 6;w; for alli
Definition 3 (SIR self-generating) A set of payoffs W C R"™ is SIR self-generating if W C
B (W :§).

In words, v is SIR-decomposable on W if there exist a probability distribution y and w € WNIR
such that if players take the correlated action p and the continuation payoffs are given by w, the
total payoff is equal to v. Note that we allow players to take a correlated action and require
continuation payoffs to be in I R, which guarantees that F'(§) is the largest SIR self-generating set

in FY.

Proposition 1 F (8) is the largest SIR self-generating set included in F© and F (8) is convex and

compact.

The proof of this and all subsequent results are in the Appendix.

3.2 The PPE Payoffs

Secondly, we give a recursive characterization of E(§). Since a PPE preserves the recursive structure

with unequal discounting, APS can be extended directly.

Definition 4 (enforceability) Forv € R", a € A, and {w (y)},cy . {w (y)},cy enforces (v, ) if

v = (1= 6:) gi (@) + 6iE [wi (y) - o] = (1 = 64) gi (@i, i) + 6 E [wi (y) : @i, o]
for all i and a; € A; such that «; (a;) > 0,

vi=(1=6;) gi (@) + 6 Ewi (y) : o] = (1= 65) gi (ai, i) + 6 [w; (y) : as, a—g]
for all i and a; € A; such that o (a;) = 0.

Definition 5 (decomposability) v € R" is decomposable on W C R™ if there exist « € A and
{w () }yey withw (y) € W for all y such that {w (y)},cy enforces (v, a). Let B(W : §) be the set
of all decomposable payoff profiles on W C R™.



Definition 6 (self-generating) A set of payoffs W C R" is self-generating if W C B (W : §).

Proposition 2 E (8) is the largest self-generating set included in F© and E (8) is compact.

4 Limit Characterization

In this section, based on the recursive characterization of PPE payoffs, we characterize the limit
of the set of PPE payoffs F(d). With unequal discounting, with discount factors converging to 1,
we should keep the relative patience fixed for all the players. In this section, we fix the relative
patience in a certain way, that is, we consider the limit of §; = 1/(1+r;e) for all ¢ as & converges to
0. This is equivalent to keeping lg—fi / % = r;/ry for all ¢, which means the ratio of the relative
importance of instantaneous utilities against continuation payoffs is constant. We can extend our
results to the more general limit where we only require (1 — 6;)/(1 — é,) — 7 and 6; — 1 for all
1. See Section 6 for more details. We normalize 1 > --- > r,, = 1 and, for notational convenience,
we define R as a diagonal matrix whose ith entry is ;.

For equal discounting, FL. show that the limit set of PPE payoffs can be characterized by the

solution of a family of static linear programming problems (henceforth FL problem):

lim £ (6) = () H(X) for all § with 6; =1/ (1 +¢) for all 4,
€0 AEA

A= [DeR™: |\ =1},

H\) = {veR": X v <supyeqg k(o A\)},
kE(a,\) = max A - v subject to
vER™ {w(y)}byey
( v; = (1—-10)gi(ai,a—i) + 6E [w; (y) : a;, v—y] v; = gi (as, ;) + Bz (y) : ai, a—g)
for all ¢ and a; € A; such that «; (a;) > 0, for all 7 and a; € A; such that «; (a;) > 0,

v; > (1=0) gi(ai,a—) + 0B [w; (y) : ai,a—i] < vi > gi (@i, a—) + Ex; (y) © ag, o] (1)
for all ¢ and a; € A; such that «; (a;) = 0, for all ¢ and a; € A; such that «; (a;) = 0,

0> X (w(y) —v) forally €Y, [ 0> A-z(y) forally €Y,



with z (y) = 25 (w (y) — v).
A natural extension of FL problem is to write down (1) with unequal discounting, which gives

us

kE(a, ) = max A - v subject to
Uean{w(y)}er

Uy = (1 - 61) (CLZ, ) + 60 [wz y) A, & z]
for all 4 and a; € A; such that o

Ui2<1 5)91(%7 )+6E[wz

a;) >

y) : ai, ]
for all i and a; € A; such that «; (a;) =

[ 0> A (w(y) —v) forally €Y.

(
(
(
(

However, this always gives us k (o, \) = 0o if A is not parallel to RA.

To clarify the problem, let us consider the two-player case with A\ = (1/v/2,1/y/2) and 1 >
ro = 1. Suppose we have a bounded solution (v*, {w* (y)}yey). Then, wi (y) = wi (y) — K and
wa (y) = wj (y) + K for all y satisfy all the conditions. The effect on A - v is

1
5(52—61)K>0.
The key observation is that since player 1 is less patient than player 2, the total effect of subtracting
K from the continuation payoff of player 1 and giving it to player 2 is strictly positive. More

generally, if we can find w such that

we can increase k (a, A) by replacing w (y) with w (y) + w and the existence of such w, which is
called the gain from the intertemporal trade by LP, depends on the global shape of the limit of
E (9).

Therefore, we provide the recursive characterization of the limit of F (§). Given W, calculate



the following

E(A: W :R)
= sup A - v subject to
vER™ a€A{w(Y)}, ey
= (1= 8) gi (ai,0) + 8B [wi (v) s azoi] [ 0= gi(ai,0) + Blai (4) 2 ai, 0

for all ¢ and a; € A; such that «; (a;) > for all 7 and a; € A; such that «; (a;) > 0,
vi 2 (1= 8i) gi (as, o) + 6B [wi (y) - i) | vi 2 i (0, i) + Bl (y) : @i, o)
for all ¢ and a; € A; such that «; (a;) = for all ¢ and a; € A; such that «; (a;) =0,
0>N(w(y)—v) forally €Y, 0>RA-z(y) forally €Y,
veW. ve W

\ \

with x; (y) = 15 s (wi (y) — vi). The condition that v € W implies that the gain from the intertem-
poral trade is restricted by the shape of W. Since the first three constraints are equivalent to FL

problem with direction R\,

E(A:W:R)= max A-o.
vEWNH(RX)
Define
HMN:W:R) = {v:X-v<k(\:W:R)},
BW:R) = (\HWA\:W:R).
AEA

Since B (- : R) is weakly decreasing, W ¢ F = B(W : R) ¢ F". In addition, B (W : R) is convex,
compact, and monotone. Therefore, there exists a largest fixed point of B(-: R) C FY and any
fixed point is convex and compact. Let QF be the largest fixed point of B(-: R) C F".

We will show that @ = lim. g E (§) under the assumption that dim (0,4 H (RA) = n.

Assumption 1 dim () H (RX) = n.

Several comments are necessary on Assumption 1. Firstly, dim (o, H (RX) = dim[(ycp H (N),
that is, Assumption 1 is equivalent to assuming the full dimensionality for FL problem.
Secondly, when Assumption 1 is violated, the exact shape of the set of PPE payoffs is an

open question even with perfect monitoring if discounting is unequal. In particular, we do not



know whether the folk theorem holds or not. The basic intuition of the necessity of the full
dimensionality for equal discounting is as follows?: if the full dimensionality condition is violated,
it implies that more than one players share the same preference. To give incentives to punish a
player, we must give “carrots” for the other players after the punishment phase. However, if the
punished player share the same preference with one of the punishers, the punished player also gets
carrots, which reduces the severeness of the punishment. As Chen (2007) points out, with unequal
discounting, however, even if the static preferences are the same, the intertemporal preferences are
different. Therefore, it might be possible to attain the folk theorem without full dimensionality.?

Thirdly, it is common to assume the full dimensionality for FL problem in the literature: with
perfect monitoring, Fudenberg and Maskin (1986) firstly introduce the assumption. Abreu, Dutta,
and Smith (1994) relax the assumption and Wen (1994) characterizes the equilibrium payoff set
when the full dimensionality condition is violated. With public monitoring, FLM and FL assume
the condition. Fudenberg, Levine, and Takahashi (2007) characterize the equilibrium payoff set
when the full dimensionality condition is not satisfied.

It might be possible to attain the tight characterization for the case without Assumption 1
a la Fudenberg, Levine, and Takahashi (2007) but it is beyond the scope of this paper. Hence, we

leave this for the future research and proceed to state out main theorem:

Theorem 1 1. For all § with §; = 1/ (1 + r;¢) for all i, E (§) C QF.

2. If Assumption 1 is satisfied, for all § with 6; = 1/ (1 + re) for all 4, lim._o E (§) = QE.

We will give the sketch of the second argument.

With equal discounting, the proof proceeds as follows.

1. Take some point o € intQ!. For t € (0,1), take the radial contraction of QF with respect
to o, that is, QFf = {v : I’ € QF such that v = (1 —#)v’' + to}. We can take a smooth,
convex, and compact approximation Q¥ of QI. Since t is arbitrary, it suffices to show that

QEF c B(QE : &) for sufficiently small e.

?Precisely, the following explanation is based more on the NEU condition of Abreu, Dutta, and Smith (1994) than
on the full dimensionality.

*Recently, Guéron, Lamadon and Thomas (2009) show the folk theorem for the specific example in Fudenberg
and Maskin (1986) without full dimensionality.
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2. To show this, it is important to have v such that

(a) > Mit5 (v — ) < 0 and

(b) there exists {w (y)} such that

U = (1= 0) gi (@i, a—i) + 0E [w; (y) : ai, o]
for all ¢ and a; € A; such that «; (a;) > 0,
0; > (1 =90)gi (ai,a—;) + 0E [w; (y) : a;, c—;)
for all ¢ and a; € A; such that «; (a;) =0,
0> (w(y)—0) forall y € Y.

With equal discounting, we have the following:

(a) Since o € int@Q!, max veQl A v — X0 = max veQl A v' — max,cqr A - v < 0. Hence, for

sufficiently good approximation Q% of Qf, Do 1= ‘5 (U —; ) = 1= ‘5)\ (v — v) < 0.

(b) Since ¥ € argmax,/cqr A - v, there exists v (A\) € argmax, cor A - v such that

vi (A) = (1= 6) gi (ai, a—i) + 6 [w; () : @i, ai]
for all ¢ and a; € A; such that «; (a;) > 0,

vi (A) 2 (1= 6) gi (ai, ) + 6 E [w; (y) : as, ai]
for all ¢ and a; € A; such that «; (a;) =0,

A (v(A) =v (X)) =0,

0> X (w(y) —v(N) forall y € Y.

Therefore, with @ (y) = w(y) + $(v(\) — 9),

= (1 =8) gi(ai, ) + 6 E[wi (y) : ai, ai]
for all ¢ and a; € A; such that «; (a;) > 0,
0; > (1 =6)gi(ai,a—;) + 6F [w; (y) : aj, a—4]
for all ¢ and a; € A; such that «; (a;) = 0,
0> A (w(y)—0) forally e Y.

11



The last inequality holds since

1

A-(@(y) =) = A (w(y) —v () + 5(v(A) = 0) + v () = 0) = A~ (w(y) = v(A)).

However, with unequal discounting, v € arg max,cqor A-v’ cannot work for the following reasons.

(a) Although A - (v? — @) < 0 holds, this does not imply X - ( i(v? — vl)>n < 0. The latter
=1
requires R\ - (v? — ©) < 0.

(b) Since ¥ € argmax, cqor A - ', there exists v (\) € argmax,cor A - v’ such that

vi(A) = (1= &) gi (@i, a—i) + 6 E [wi (y ) a, Qi
for all ¢ and a; € A; such that «; (a;) >

vi(A) > (1= 6;) gi (ai,a—;) + 6 FE [w; (y ) @i, 0]
for all ¢ and a; € A; such that «; (a;) =
0>X(w(y) —v(N)) for all y €Y,

However, showing the existence of {0 (y)}, such that

0i = (1 = 6i) gi (@i, ) + 6 E [wi (y) : @i, i

for all ¢ and a; € A; such that «; (a;) >

Ui 2 (1= 6i) gi (ai, a—i) + 6 E [wi (y) : ai, o] (2)
for all ¢ and a; € A; such that «; (a;) =

0>N-(w(y)—0) forally €Y,

is not straightforward. If we use @ (y) with w; (y) = w;(y) + %(vz()\) — 0;), the first two

conditions are satisfied while the last one might not be since

A (w(y) —0) =X (w(y) —v(A) + BRA- (v(X) — 0) (3)
and the last term can be large.

Let us consider 2.(b) first. We will construct an approximation Q¢ of Q% such that (2) is satisfied

for all A and ¥ € arg max,/cge A-v'. Let us consider the two-player case for simplicity. If there is a

12



unique maximizer arg max,cor A - v’ for all A, (2) is satisfied for all A\ and v € argmax,eqe A - v’
since otherwise Q¥ is not a fixed point. Hence, we concentrate on the case where there is a facet F'
on QF with some normal vector A. For simplicity, assume that there is a unique maximizer for any
N # X Let v* = argminycp R\ - v'. Consider the hyperplane passing v* with the normal vector
A+ eRA (see Figure below). Let Q° = QF N {v/ € R": (A +eRA) - v/ < (A +eR\) - v*}.

/

For sufficiently small e, for any X, v® € argmaxycge A - v/, and v € argmax,cgr ' - 0/,

/

RX' - (v — v°) is sufficiently small. Hence, for any A and v® € argmax,cge A" - v/, since (2) is

satisfied for v (\) and we have shown that R\ - (v (\) —v®) is negligible, v¢ (approximately) satisfies
(2).

Intuitively, comparing v¢ € argmaxyeqe A" - v' and v(\) € argmax,cor A - v/, we subtract
player 1’s continuation payoff from v(\) and add this to player 2’s continuation payoff (see Figure
below for the case with \' = \). Since player 2 is more patient, the effect of this operation increases

X\ - v, Hence, (2) is satisfied for v®.
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The remaining thing to show is 2.(a): firstly, we also modify 1. as follows: we take the radial
contraction of Q¢ with respect to o instead of Q®. We can take a smooth, convex, and compact
approximation Q5 of Qf and try to show that Q5 C B(Q$ : §). To show this, it is important that
for any A and v? € arg max,e@s A+ v, there is v® € argmax,cqe A - v’ such that R - (v? —v) <0
(Note that this corresponds to 2.(a). Note also that 2.(b) is already shown for any v¢). Since Q€ is
an approximation of Q. the sufficient condition is that there exists & > 0 such that for all A and
v € max, cqr A -V,

RX - (v—o0) > 2e, (4)

which implies that for sufficiently small e, for all A and v® € max,ege A - v/,
RX- (v¢—o0) >e. (5)

To see why this is sufficient, take any v? € arg maxy eQg A v’. Since Q5 is an approximation of Qf,
there exists v! € arg max,cge A - v with R - (1)2 — vl) ~ 0. Since Qf is inside of Q)¢ with respect
to R\, there exists v € argmax,cgr A+ v’ such that RX- (v! —v¢) < 0. Hence, RA- (v* —v¢) < 0.

Lemma 1 below shows that Assumption 1 is sufficient for (4). The reason is as follows.
While the effect of unequal discounting, represented by R, makes the requirement of (4) stronger,
it also “expands” Q' since there is a room for the intertemporal trade as we explained. These two
effects cancel out each other.

The following lemma formalizes the above argument. Note that E’ corresponds to Q5 with

sufficiently small e.

Lemma 1 If Assumption 1 is satisfied, there exist o € intQ! and & > 0 such that, for any
compact set E in the interior of QF, for any e > 0, there exists a compact and convex E' O E such

that

1. for all X\ and v € maxyecp A -V,

RX-(v—o0)>e. (6)

and
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2. for any A\, v € argmaxycp A - v, and vt € arg max, eor A - v,

RX-(v—2f) <e, (7)

5 Folk Theorem

In this section, we prove that under the pairwise full rank condition, we can show the folk theorem:

Assumption 2 (Pairwise Full Rank) For alli# j and a € A,

Ri (Oé)
rank = |A;| + |4;] - 1,

R; (a
where R; () is |As| x |Y| matriz with elements [R; (a)l,,, = p (v | @i, ;).

Assumption 3 (Individual Full Rank) For alli, there exists an action minmazing i such that,

for all j # 1,
rankR; (o) = |4;].

Given Theorem 1, it suffices to show that Q% is equal to the limit of F' (§) under the pairwise
full rank condition. Since F'(§) also varies as discounting, we firstly provide the characterization
of the limit of F'(§). The characterization is similar to the above except that we do not impose the
incentive compatibility condition for the action.

Given a compact W and A, calculate

EPA:W:R) = sup  A-v subject to
vEIR uEN(A)
v; = (1 = 6;) gi (1) + 65w; for all 4, vi = gi (1) + x4,
0> A (w—w), << 0> Rz,
veW. veWw,

15



with z; = lg—fi(wi — v;) for all 7. Define
HYOXN:W:R) = {v:A-v<k(\:W:R)},
BE(W:R) = NHFY(A:W:R).
A

Since BY (- : R) is weakly decreasing, W c FY = BF (W : R) ¢ F". In addition, BY (W : R) is
convex, compact, and monotone. Therefore, there exists a largest fixed point of B (-: R) ¢ FV
and any fixed point is convex and compact. Let F'® be the largest fixed point of BF (-: R) ¢ F".

Then, we can show the following theorem.

Theorem 2 (folk theorem) 1. F® > F(§) for all § with §; = 1/ (1 + i) for all i.

2. If Assumptions 2 and 3 are satisfied, for all § with 6; = 1/ (1 + re) for alli, lime_,o E () =
FR.

The intuition is as follows. Without loss of generality, there exists a € A that attains k¥ (A : W : R).

Therefore, it suffices to show that, if there exists a and x such that

Vi = G (CL)-FZEi Zi?“i,
0> R\ zx,

then, there exists {z (y)}yey such that

vi = gi (ai,a—i) + Ezi (y) : ai, ]

for all ¢ and a; € A; such that «; (a;) > 0,
vi > gi (ai, ) + B2 (y) : as, o]

for all ¢ and a; € A; such that «; (a;) =0,
0>RA-z(y) forallyeY.

Assumptions 2 and 3 are sufficient for the above argument since replacing R\ with A that is
parallel to R\ gives us the same problem as FLM. Note that if A\ = +e; for some i, RA is parallel
to A.
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6 Extension and Discussion

6.1 A Path of Convergence

One interpretation of the limit of §; — 1 is that d is fixed and the interval between two consecutive
repetitions of the stage game goes to 0. As LP pointed out, this approach is equivalent to taking a
path of discount factors that converge to 1 while keeping the patience ratio r; = log ¢;/ log ¢,, for all
i. While we take a special convergence sequence so that 6; = 1/ (1 + r;¢) for all i with & converging
to 0 in the previous sections, we can extend the results for any convergence sequence {8™}>°_;
that satisfies lim;, o0 8; = 1 and limy,—o0 (1 — 67%) /(1 — 6') = r; for all . Since logé;/log b, ~
(1 —46;)/(1—6y,) in the limit, the sequence in LP is a special case of our generalized convergence

sequence.

Theorem 3 If Assumption 1 is satisfied, for all {0™ }o°_, with lim,, 6£m) =1 and limy, o (1—

52(-m))/(1 - 55:71)) =r; for all i, limy, . E(d(m)) = QF.
As a corollary, we can extend Theorem 2.

Theorem 4 (Folk Theorem) If Assumptions 1, 2, and 3 are satisfied, for all {8™}2°_, with
im0 6™ = 1 and limp,—so(1—86™) /(1=6™) = r; for alli, limy, .00 E(8™) = limp,_se F(5™) =
FE,

6.2 Discussions

In this paper, we offer the limit characterization of the PPE and SIR payoffs respectively with
unequal discounting. In addition, we show that the pairwise full rank condition is sufficient for the
folk theorem. One remaining problem is, as mentioned before, to characterize the set of PPE payoffs
when the full dimensionality condition is not satisfied. Fudenberg, Levine, and Takahashi (2007)
solve the problem with equal discounting. The basic observation is that if the continuation payoffs
are in the subspace of R™, the payoffs of all the enforceable action profiles by the continuation payoffs
should be in the same subspace. This makes it possible to construct a inductive characterization
of the PPE payoffs with respect to the dimensionality. With unequal discounting, due to the

intertemporal trade, even though the continuation payoffs are in the subspace, it seems hard to
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derive a restrictions on the payoffs of the enforceable action profiles. We leave this problem for the

future research.

7 Appendix

7.1 Proof of Proposition 1

Analogous to APS. The convexity holds from the fact that we allow the correlation p and do not

consider the incentive to take an action.

7.2 Proof of Lemma 1

Since Assumption 1 is satisfied, we can take o € intQ!, where Q! is the solution for FL problem.
Firstly, we prove (6) for Q% itself: Suppose not. Then, there exists A* and v* € arg max,cqor A"V

such that
RX\*-v* < RX*-o. (8)

Therefore, since max,cor RA" - v > RA" - o, there exists 7 > 0 such that

max RA\* - v — RA* - 0™ > . (9)
ve!

“Shift up” v* by e\*: v® = v* + e\*. For sufficiently small ¢, co ({vs} U QR) satisfies the
following: for any A, there exists v € argmax,seco({ve}uQ®) A * v with v € H(RM\). To see this, for
any A, either (i) arg max ,(fyeyugry A - v C QT or (ii) v* € arg maXe,({yejugr) A - v For case (i), it
is obvious. For case (ii), for sufficiently small €, both [|A — A*|| and ||[v® — v*|| are sufficiently small.

Then, we have

|RA" - v* — RA-0v°| <

max RA\* - v — max RA-v'| <
v'eQ! v el

which implies v € H(RA). However, this means co ({v®} UQ®) is a fixed point of B(-, R), which
is the contradiction.

Secondly, we construct £’ such that (7) holds. Approximate Q% by a n-dimensional polygon Q.
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For any 7 > 0, we can take Q% such that Q% consists of finite (n — 1)-dimensional facets {Fk}szl
and, for any A and v € argmax,cgr A-v', there exists v € argmax, cqr A-v' such that |lv — || < 7.
Since 7 is arbitrary, it suffices to construct E’ such that, for any A\, v € argmax,cg A - v/, and
ot € arg max,cqr A U,

RX-(v—17%) <e (10)

Let A® be the unique tangential vector for F'*. For each k and e > 0, let
H* = {v e R" : (\F + eRAF) - v < ming cpr (AF + eRNF) - '}
be the hyperplane that is constructed by rotating F*. Define
Q°=QfnHn---NnHX.

We can guarantee that for all ¥, MaX, cQRA Tk (AF 4+ eRNF) . = maxv,eQe(/\k +eRN¥) -0/ by taking
e sufficiently small, that is, no facet H* is completely excluded. Let {F k}le be the set of facets
of Q°. We show that E' = Q¢ satisfies (10) for sufficiently small e.

1. Firstly, we show that (10) holds for A = \¥ 4+ e R\,

Suppose not. Then, for any € > 0, there exist e € (0,&), v(e) € FF, and vfi(e) €

argmax, cpx (A¥ + eRA¥) - v’ such that
RO+ eRN) - v (e) > ROV + eRNF) - v (e) + e

Since A\* - ¢/ is constant for all ' € F¥, without loss of generality, we can pick a fixed

vt € argmax,cpx RAF - 0.

In addition, since Q% > Q¢ > F* 3 v (e), MaX, cor Ny > Ak (e). At the same time, as e
goes to 0, {Fk}le uniformly converges to {Fk}szl. Hence, \¥.v (e) > maxX, cor Mo’ —0 (e).
In summary,

mMax, cor A > AR (e) > mMax, cor Mo —0(e).
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Note that, since v is on the facet F¥,
Ao = max,cor AT 0.

Note also that
v (e) € QF.

Taking subsequence if necessary, the above four inequalities give us the following;:

RNe.v > RAF 0P 4¢,
Mooy = maxv/GQR)\k-v':/\ka,
v e QF,

with v = lime_,g v (e). Since the first two inequalities imply v ¢ Q¥, this is a contradiction.

Since the number of facets is finite, we are done.

. Note that any vector A that is not tangential to any facet is expressed as Z?:l ai(\Fi e R\F)
with 7 < n, ay >0 forall i =1,...,7, Z?:l o = 1, \¥ 4+ eR\¥ being tangential to F*i,
and F* N % # (.* For sufficiently small e, there exists vt € arg maxX,cor iy for all

t=1,...,n. Consider any ol e arg Mmax, cor A -v'. Then, since

0 > X (ot =3P
= Zé_l ai ki (B — 58) 4 eRN - (vF — oF)

> eRA- (v —of),

RX- (vt — 91 <0.

On the other hand, for any v € argmax, .o A - v, v € argmax, N foralli=1,..., 7.

"We identify the vectors with the same direction.
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Therefore, from 1., R\ - (v — vR) <egforall i =1,...,n. Therefore,

R (Z?_l ai)\ki> . (v — T)R)
= (Zﬁ aiR)\ki> (v — ol o — TJR) < ne.
i=1

Since n is finite, we are done.

Finally, since (6) is satisfied for Q%, for sufficiently good approximation Q¥ for Q¥ and suffi-

ciently small e, it is also satisfied for E’.

7.3 Proof of Theorem 1

Proposition 3 For all § with 6; = 1/ (1 + i) for all i, E (&) C QF.

Proof. It suffices to show that co(E(8)) C QF. From Proposition 2, for all \, there exists

v € arg maXyco(g(s)) A - v such that there exist a € A and {w(y)}yey such that

{w(y)}yey enforces (v, ),

w(y) € co(E(d)) for all y € Y.

Since A - w(y) < A-w for all y € Y, defining z(y) = 1E—T(LS7LR*1(111(Z/) —wv) foralyeY,

vi = gi(ai, o) + E[zi (y) : ai, a—i]

for all ¢ and a; € A; such that «; (a;) > 0,
vi 2 gi (ai, i) + E[zi (y) © ai, o]

for all ¢ and a; € A; such that «; (a;) = 0,
[ 0> RA-z(y) forally €Y.

For the other direction, the following lemma is helpful.

Lemma 2 Let W C R” be convex and compact. If there exist § with lg—fi/% =r; for all v and
> 0 such that W N B, (v) C B(W :8), then, for all ' with &, > &; and 1_—,6; 1_/6;’ =r; for all 1,

n n i F I}

W N By(v) c B(W:4§).
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Proof. Since W N B, (v) C B(W : §), for all v/ € W N By(v), there exist o and {w(y)}yey such
that

{w(y)}yey enforces (v/,a),

w(y) € W for all y € Y.

For &' with 8] > §; and 15{6; / lg,‘s/" = r; for all i, defining

8 — & 8:(1— 8 n
w(y:0') = < : v + : wi(y)) :
6;(1 = &) 85 (1 —65) i=1

{w(y : §')}yey enforces (v, a) for §’. Therefore, it suffices to show that w(y : §') € W forally € Y.

Since

i(1—¢8)  6;(1=14))
S(1—0) o, (1—6;)

8; bn 6p (1-=6 1-8\1-6, 8 bn 6o [(1=06; 1-68\ 18,
= Y / — — — /= T Y / — — —/— 7
1-6"1-6,)1—6,\ & s s 1-6;"1—=6,) 1=, \ & s s

= 0,

w(y : &) is a convex combination of v and w (y). Since W is convex, w(y : §') € W for all y € Y.

Proposition 4 For all § with 6; = 1/ (1 + 1) for all i, lim._o E (§) D QF.

Proof. Take any compact E C intQ®. It suffices to show that there exist € < 1 and E such that
for any e <&, E C E C B(E: 9).
From Lemma 7, there exist o € intQf and € > 0 such that there exists a compact and convex

F such that

1. there exists ¢ > 0 such that £ C E(t) = {v € R" : 3/ € E such that v = (1 — t)v' + to},

2. for all A and v € Max, o) A,

RX-(v—o0)>e.

and
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3. for any A, v € argmax,, A v', and v € arg max,cor A - v,
R 1,
RX- (v—v ) < Zte.

Consider F = UveE‘(t) Bité@)' Note that F satisfies

1. ECE,

2. for any A\, v € argmax, -5 \ - v/, there exists vt € Q¥ such that
Y A, g v'eE

(

vt = gilas, azi) + Elzi(y) | ai, a—;]

for all ¢ and a; € A; such that «;(a;) > 0,
vft > giai, a—i) + Blzi(y) | ai, o]

for all 7 and a; € A; such that a;(a;) = 0,
0> RA-z(y) for all y € Y,

R - (U — UR) < —%té,

which implies

vi = gi(ai, o) + Elzi(y) + vi — o]t | ai, ]
for all ¢ and a; € A; such that a;(a;) > 0,

v > gilai, ;) + Elxi(y) +vi — v | ai, a_y]
for all ¢ and a; € A; such that a;(a;) =0,

—3te > RX- (2(y) + v —ovf) for all y € Y.

\

The rest of the proof is analogous to FL. See Mailath and Samuelson (2006) for the details. m

7.4 Proof of Theorem 2

Firstly, we prove the first argument.

Proposition 5 FE > F (8) for all § with §; = 1/ (1 + r;e) for all i.

Proof. From Proposition 1, for any A, there exists v € arg max,/cp(s) A - v" such that there exist

e A(A) and w € F(9) such that v; = (1 — 6;)gi(p) + 6;w; for all i. Since A - w < A - v, defining
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x = lf—%anl(w —v), v satisfies
vi = gi (1) + @,
0> R\ z,

veWw.

For the second argument, given above, it suffices to show the following proposition.

Proposition 6 If Assumptions 2 and 3 are satisfied, for any W, if v € IRN'W satisfies

v; = g (1) + x5,
0> R\ z,

then, there exists {x (y)}yey such that

vi = gi(ai, a—q) + Elzi(y) | ai, o]

for all i and a; € A; such that a;(a;) > 0,
v > gi(ai, ;) + Elzi(y) | ai, a—i]

for all i and a; € A; such that o(a;) =0,
0> RA-z(y) forally €Y.

Proof. We can assume y = a € argmaxyeca R - g(a’) without loss of generality. To see this,

consider

€ R - g(d
a arg max R\ - g(a')

/

' = x—g(a)+g(p).
Since argmax,sea(a) RA - g(1) = argmaxyrea R - g(a'),

v = gi (a) + 7,
0> R\,
veW.

Then, the rest of the proof is the same as FLM. m

24



7.5 Proof of Theorem 3

Given Theorem 1, it suffices to show that Q% is continuous in R.
Lemma 3 If Assumption 1 is satisfied, QT is continuous in R.

Proof. It suffices to show that, for any compact F C intQ¥, there exists e such that, for any R’
with ||R — R'|| < e, there exists E' D F such that B(E': R') C E'.

The proof consists of the following two arguments.

1. If Assumption 1 is satisfied, there exist o € intQ® and & > 0 such that, for any compact

E C intQ” and €’ > 0, there exist £/ D E and 1 > 0 such that

(a) for any X and v € maxyep A+ v, RA- (v —o0) > €, and

(b) for any A, X' with ||A = X|| <7, v € argmaxyecp A- v, and v(X') € argmax,cgr X' - V',
RN -v—RXN-v(\N) <¢.

From Lemma 1, there exists o and & > 0 such that there exists £’ D F such that

(c) for any A and v € maxyep A0, R\ (v —0) > €, and

(d) for any A, v € argmax,cpr A - v/, and v € arg max, cor A+ v, RA- (v—oft) <¢.

Let us define e as in the proof of Lemma 1. Then, it suffices to show that E' = Q¢ satisfies

(b) for sufficiently small e.

Take \ and v € arg max, ¢ A-v' arbitrarily. Then, there exists {a;, A*i 7| such that i < n,
SP i =1, >0foralli=1,....,2, \ = 30 a;(\¥ + eR\Fi) with AFi + eRAF being
tangential to F*, and F* N Fk #£ (. As before, any v € arg Max, cgr A * v’ satisfies

vR € arg Max, cGR Mool foralli=1,..., 7.

On the other hand, take any N = S o/ (A + eRA¥) such that #/ < n, 31, o} = 1,
af > 0foralli=1,...,7, \i + eRA¥i being tangential to F* and F* N F¥5 £ §. For any
a > 0, there exists 7j > 0 such that for any \ with H)\ — )\’H < n, we can take {)\k’} and
{A¥} such that oy > & implies A¥ € {\*}. Since the number of facets is finite, we can take

7 independently of A.
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Take any v'f € arg max,cor A" - v" and consider

RN - (v —o'f)

= RN (v—oft 4o —/B).

As in the proof of Lemma 1, R\ - (v — vf) < ne, which implies R\ - (v — vF) < ne +

ripmax, o |v —y[. In addition,

/ /
argmax,cgr A -+ U

n/

/ n /
= argmax,cor( E 1 AN 4 eziZI Al RAF )

and

=/ =/
n ’ n i _

g Nk R > max,,or E Ny —na max |z —y
i=1"" e i=1" z,y€F

imply
no
RN - (vF —v®) < — max |z —y
€ g,ycFU
by the following reason. Suppose not. Then, v/ £ v'® and RX'-(vfi—v'F) > n& max, .o | — yl.

However,

which is a contradiction.

Since & is independent of e, by taking sufficiently small &, we are done with (a).

. From Lemma 1, there exist o € intQf and & > 0 such that R\ - (v —0) > € for all A and
(NS maxvleQR A,

Take any compact £ C intQ®. Then, there exists a compact E with E C intF and E C intQ®.
Then, there exists t > 0 such that, for any ' D E, E'(t) = {v € R® : 3’ € E’ such that
v=(1—1t)v +to} satisfies E C E'(t).
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From 1, there exist £’ O E and 1 > 0 such that

(a) for any A and v € max, gz A- v, RA- (v —0) > €, and

(b) for any \, \ with H/\ = N|| <n, veargmax,cz A v, and v(X) € argmax,cor N - v/,
RN -v— RN -v(X) < tze.

Then, there exists ¢ > 0 such that, for all R with |[R— R/|| < e, N = (R)"'R)\ satisfies
H)\ - )\’H < n. Then, for any A and v(t) € arg MaX,y ¢ f (1) A-v', there exists v € arg max, ¢ A
v’ such that RA-(v—wv(t)) > te. For v, there exists v € H(RX') such that R'\-v— R'\-vf =
RN -v— RX - v < té, which implies v(t) € H(R'X). Therefore, E'(t) satisfies B (E'(t) : R)
and E C E'(t).
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