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1 Introduction

One of the key results in the literature on infinitely repeated games is the folk theorem: Any
feasible and individually rational payoff can be sustained in equilibrium when players are
sufficiently patient. Fudenberg and Maskin (1986) establish the folk theorem under perfect
monitoring, that is, when players can directly observe the action profile. Fudenberg, Levine
and Maskin (1994) extend the folk theorem to imperfect public monitoring, where players
can observe only public noisy signals about the action profile.

The driving force of the folk theorem in perfect or public monitoring is the coordination
of future play based on common knowledge of relevant histories. Specifically, the public com-
ponent of histories, such as action profiles in perfect monitoring or public signals in public
monitoring, reveals past action profiles (at least statistically). Since this public information
is common knowledge, players can coordinate a punishment contingent on the public infor-
mation, and thereby provide dynamic incentives to choose actions that are not static best
responses.

With private monitoring, players can observe only private noisy signals about the action
profile. Common knowledge no longer exists and coordination is difficult (we call this problem

1" Hence, the robustness of the folk theorem to a general private

“coordination failure”).
monitoring has been an open question. For example, Kandori (2002) mentions that “[t]his
is probably one of the best known long-standing open questions in economic theory.”

Many economic situations should be analyzed as repeated games with private monitoring.
For example, Stigler (1964) proposes a repeated price-setting oligopoly, where firms set their
own price in a face-to-face negotiation and cannot observe their opponents’ prices. Instead, a
firm obtains some information about opponents’ prices through its own sales. Since the sales
level depends on both opponents’ prices and unobservable shocks due to business cycles, the

sales is an imperfect signal. In addition, each firm’s sales is often private information. Thus,

monitoring is imperfect and private. In addition, Fuchs (2007) applies a repeated game

'Mailath and Morris (2002 and 2006) and Sugaya and Takahashi (2010) offer the formal model of this
argument.



with private monitoring to a contract between a principal and an agent, and Harrington
and Skrzypacz (2007) analyze cartel behaviors using the framework of a repeated game with
private monitoring.

This paper is the first to show that the folk theorem holds in repeated games with generic
private monitoring. We unify and improve the three approaches in the literature on private
monitoring that have been used to show partial results so far: Belief-free, belief-based and
communication approaches.

The belief-free approach (and its generalization) has been successful to show the folk
theorem in the prisoners’ dilemma.? A strategy profile is belief-free if, for any history profile,
the continuation strategy of each player is optimal conditional on the opponent’s history.
With almost perfect monitoring, Piccione (2002) and Ely and Viliméki (2002) show the folk
theorem for the two-player prisoners’ dilemma. Without any assumption on the precision of
monitoring but with conditionally independent monitoring, Matsushima (2004) obtains the
folk theorem in the two-player prisoners’ dilemma.

Unfortunately, only limited results have been shown without almost perfect or condition-
ally independent monitoring: Fong, Gossner, Hoérner and Sannikov (2010) show the payoff of
the mutual cooperation is approximately attainable and Sugaya (2010a) shows the folk the-
orem in the two-player prisoners’ dilemma with some restricted classes of the distributions
of the private signals.

Several papers construct belief-based equilibria, where players’ strategies involve statisti-
cal inference about the opponents’ past histories. With almost perfect monitoring, Sekiguchi
(1997) shows the payoff of the mutual cooperation is approximately attainable and Bhaskar
and Obara (2002) show the folk theorem in the two-player prisoners’ dilemma. Mailath
and Morris (2002 and 2006) consider the robustness of equilibria in public monitoring to

almost public monitoring. Based on their insights, Horner and Olszewski (2009) establish

?Kandori and Obara (2006) use a similar concept to analyze a private strategy in public monitoring.
Kandori (2010) considers “weakly belief-free equilibria,” which is a generalization of the belief-free equilibria.
Apart from a typical repeated-game setting, Takahashi (2010) and Deb (2011) consider the community
enforcement and Miyagawa, Miyahara and Sekiguchi (2008) consider the situation where a player can improve
the monitoring by paying cost.



the folk theorem for almost public monitoring. Phelan and Skrzypacz (2009) characterize
the set of possible beliefs about opponents’ states in a finite-state automaton strategy and
Kandori and Obara (2010) offer an easy way to verify if a finite-state automaton strategy is
an equilibrium.

Another approach to analyzing repeated games with private monitoring is to introduce
public communication. Folk theorems have been proven by Compte (1998), Kandori and
Matsushima (1998), Aoyagi (2002), Fudenberg and Levine (2002) and Obara (2007). In-
troducing a public element and letting a strategy depend only on the public element allow
these papers to sidestep the difficulty of coordination through private signals. However, the
analyses are not applicable to settings where communication is not allowed: For example, in
Stigler (1964)’s oligopoly example, anti-trust laws rule that communication is illegal. Fur-
thermore, it is uncertain whether their equilibria are robust to the perturbation that the
message transmission has small private noises although the robustness to a small private
noise is one of the main motivations in private monitoring.

This paper incorporates all the three approaches. First, the equilibrium strategy to show
the folk theorem is occasionally belief-free. That is, we see the repeated game as the repetition
of long review phases. At the beginning of each review phase, every on-path strategy of each
player is optimal conditional on the histories of the opponents. Second, however, the belief-
free property does not hold except at the beginning of the phases. Hence, we consider each
player’s statistical inference about the opponents’ past histories as in belief-based approach
within each phase. Finally, in our equilibrium, the players do communicate but the message
exchange can be done with their actions. One of our methodological contributions is to offer
a systematic way to dispense the cheap talk message protocol with message exchange via
their actions.

The rest of the paper is organized as follows. Section 2 introduces the model and Section
3 states the assumptions and main result. The remaining parts of the paper are devoted
to its proof. Since the complete proof is long and complicated, in the proof of the main

text, we illustrate the main structure by focusing on the two-player prisoners’ dilemma with



cheap talk and public randomization and refer the complete proof for a general game without
cheap talk and public randomization device to the Supplemental Materials. Section 4 relates
the infinitely repeated game to a finitely repeated game with an auxiliary scenario (reward
function) as Horner and Olszewski (2006) and derives a sufficient condition on the finitely
repeated game to show the folk theorem. In Section 5, we intuitively explain the equilibrium
construction. In particular, after explaining Matsushima (2004) with conditionally indepen-
dent signals, we explain how to extend his result to conditionally dependent signals. We
will see that the players need to coordinate their future play through private signals. After
we formally define the structure of the finitely repeated game in Section 6 and strategy in
Section 8, Section 9 explains how the coordination works. Sections 11 and 12 verify the
strategy satisfies the sufficient condition for the folk theorem derived in Section 4. All the
proofs are given in the Appendix. In Sections 13 and 14, we comment on how we generalize
the proof in the main text to the case for a general game without cheap talk and public

randomization device in the Supplemental Materials.

2 Model

2.1 Stage Game

The stage game is given by {I,(4;,Y;, %),c;,q}. I = {1,...,N} is the set of players, 4;
with |A;] > 2 is the finite set of player i’s pure actions, Y; is the finite set of player i’s private
signals, and @; : A; X Y; — R is player i’s ex-post utility function. Let A = Hie ;A; and
Y = [[,c; Yi be the set of action profiles and signal profiles, respectively.

In every stage game, player ¢ chooses an action a; € A;, which induces the action profile
a=(ay,...,ay) € A. Then, a signal profile y = (y1,...,yn) € Y is realized according to a
joint conditional probability function ¢ (y | a). Given an action a; € A; and a private signal
y; € Y;, player i receives the ex-post utility @; (a;, y;). Thus, her expected payoff conditional
on an action profile a € A is given by u; (a) = > .y ¢ (y | @) @; (a;, y;). For each a € A, let

u (a) represent the payoff vector (u; (a)),c;-



2.2 Repeated Game

Consider the infinitely repeated game of the above stage game in which the (common)
discount factor is 6 € (0,1). Let a;, and y; , denote respectively the action played and the
private signal observed in period 7 by player 7. Player i’s private history up to period ¢t > 1
is given by ht = (ai,,yi,) _}. With h! = {}, for each t > 1, let H! be the set of all hf. A
strategy for player i is defined to be a mapping o; : fj H! — A(A;). Let ; be the set of all
strategies for player i. Finally, let E(6) be the set 7(S):flsequentiaul equilibrium payoffs with a

common discount factor 4.

3 Assumptions and Result

In this section, we state two assumptions and the main result (folk theorem).

First, we state an assumption on the payoff structure. Let F' = co({u(a)}aca) be the set of
feasible payoffs. The individually rational payoff for player i is v} = min, ,eca_, maxg,ea, u;(a;, a_;).
Note that we concentrate on the pure strategy minimax. Then, the set of feasible and in-
dividually rational payoffs is given by F* = {v € F : v; > v} for all i}. We assume the full

dimensionality of F™*.

Assumption 1 The stage game payoff structure satisfies the full dimensionality condition:

dim(F*) = N.
Second, we state an assumption on the signal structure.

Assumption 2 FEach player’s number of signals is sufficiently large: For anyi € I, we have
Y;| > max ¢ max |A;| + 2 Ayl Al ,max2|A;] ;.
iz g 442 3 1A 4 ezl

Note that RHS is bounded by a lineaer function of » j |A;|. Under these assumptions,

we can generically construct an equilibrium to attain any point in int(F™).



Theorem 1 If Assumptions 1 and 2 are satisfied, then the folk theorem generically holds:
For generic q (- | -), for any v € int(F™*), there exists 6 < 1 such that, for all§ > 6, v € E (8).

Since the full support assumption ¢(y | a) > 0 for all @ € A and y € Y is generic,
we assume the monitoring is full support. Then, any sequential equilibrium is realization
equivalent to a Nash equilibrium. Hence, for the rest of the paper, we consider a Nash
equilibrium.

For the proof in the main text, we focus on the two-player prisoners’ dilemma with perfect

and public cheap talk and public randomization device: I =2, A; = {C;, D;} and

for all 7. For notational convenience, whenever we say players ¢ and j, unless otherwise
mentioned, ¢ and j are different. In the two-player prisoners’ dilemma, Assumptions 1 and

2 are equivalent to |Y;| > 4 for all i. Furthermore, we focus on v with
v E 1nt([u1 (Dl, DQ), Ul(Cl, CQ)] X [UQ(DQ, Dl), UQ(CQ, Cl)]) (2)

Section 13 briefly explains how to show the folk theorem for a general game and Section 14
explains how to dispense cheap talk and public randomization device. See the Supplemental
Materials for the formal proofs.

We prove the theorem with the following steps. We arbitrarily fix v with (2) and im-
plement v by a strategy profile that is recursive in every Tp periods, where Tp € N should
be determined later. In Section 4, we relate the infinitely repeated game with a Tp-period
finitely repeated game with an auxiliary scenario. Specifically, we derive sufficient conditions
on a strategy and an auxiliary scenario in the Tp-period finitely repeated game from which
we can construct an equilibrium strategy to implement v in the infinitely repeated game.
In Section 5, we intuitively explain the structure of the equilibrium. Given this, Section 6
explains the formal structure of the finitely repeated game and Section 8 explains the equi-

librium strategy. In Sections 9, 11 and 12, we verify that the strategy satisfies the sufficient

7



conditions in the finitely repeated game.

4 Finitely Repeated Game

In this section, we consider a Tp-period finitely repeated game with auxiliary scenarios.
We derive sufficient conditions on strategies and auxiliary scenarios in the finitely repeated
game such that we can construct a strategy in the infinitely repeated game to support v.
The sufficient conditions are stated in Lemma 1.

Let 0/7 : H'P — A (A;) be player i’s strategy in the finitely repeated game. Let X7 be
the set of all strategies in the finitely repeated game. Each player ¢ has a state z; € {G, B}.
In state x;, player ¢ plays o; (x;) € ZiTP . In addition, player ¢ with x; gives an “auxiliary
scenario” (or “reward function”) 7;(z;,- : 6) to player j. Here, m;(x;,- : 6) : HIPTH — R,
that is, the auxiliary scenarios are functions from the histories in the finitely repeated game
to the real numbers.

For v with (2), we can take p > 0, v, and v; such that
U; (Dl,D2)+p<Qi <v; <v; < U (01,02)—p. (3)

Our task is to find o; (z;) and 7;(x;,- : 6) such that, for sufficiently large 6, there exists
Tp such that, for any ¢ € I,

1. For any z; € {G, B}, 0; (G) and o; (B) are optimal in the finitely repeated game:

Tp
0:(G),0:(B) € arg max B |Y 6 u; (ar) + mi(ay, ki7" 2 6) | o] oy(ay)| - (4)

Tp TP
o €%y t=1

2. The discounted average of player i’s instantaneous utilities and player j’s auxiliary

scenario on player i is equal to 7; if player j’s state is good (z; = G) and equal to v, if



player j’s state is bad (z; = B):

5TP Z&t Yu; (ag) + iy, b 8) [ o(a) | = o (5)
v; if x; = B.
Intuitively, for sufficiently large 9, since lims_,; 1:551, = %, this requires that the time

average of the expected sum of the instantaneous utilities and the reward is close to

the targeted payoffs v, and v;.
3. m(G, hJTP 1. 6) and m;(B, hJTP 1. 6) are uniformly bounded with respect to § and
m(G P L 8) <0,
mi(B, ;P 8) > 0. (6)
We call (6) the “feasibility constraint.”?

The following lemma gives us a sufficient condition about the finitely repeated game to

show the folk theorem in the infinitely repeated game:

Lemma 1 For Theorem 1, it suffices to show that there exist {{0; (%;)}s,c{c,B} }icr and

Hmi(zj, - 2 0)}a,eqa.8) Yier satisfying (4), (5) and (6) in the Tp-period finitely repeated game.

5 Intuitive Explanation

5.1 With Conditionally Independent Signals

Following Matsushima’s (2004), we first consider the case with conditionally independent

monitoring:

q(y; la,yi) =q(y;|a)

3For notational convenience, when we say that (6) is satisfied, it also implies that m;(G, h;‘r’““ : §) and
(B, thPH : 6) are uniformly bounded with respect to 6.



for all a € A and y € Y. That is, conditional on an action profile a, player ¢’s signal has
no information about the opponent’s signal. In this case, it is easy to construct o; (z;) and
mi(z;,- 1 ) satistying (4), (5) and (6).

With conditional independence, we can see a Tp-period finitely repeated game as a T-
period “review round” with a sufficiently long Tp = T'.

o;(x;) is simply defined as follows: At the beginning of the finitely repeated game, send
the message x; € {G, B} by cheap talk. Then, constantly take

a;(z;) = , (7)
Dz‘ if €T; = B
for T periods. That is, player ¢ with 0;(G) who wants to make player j’s value high takes
C; and player i with o;(B) who wants to make player j’s value low takes D;.
We are left to construct m;(z;,- : 6). We concentrate on the case with z; = G since
the case with x; = B is symmetric. If player j receives the message x; = B, then player
1 is supposed to take D;. Since D; is the dominant action, player i does not need to be

incentivized by the auxiliary scenario. Consider the following constant reward function:
mi(G Pt 1 8) = —pT.

Since the reward is constant, player i plays D;. Therefore, o;(B) is optimal after the message

z; = B and

Tp

> 6wy (a) + mi(GL AT 8) | 04 (B) 04 (G)

t=1

E

. . 1-46
lim lim
T—oob—11 — 6TP

T T =u(D;,C;) — p > v; from (3). (8)

T
1
t=1

By subtracting a proper fixed (depending only on ) positive number from the reward func-

tion, it is possible to attain v; exactly for sufficiently large 6 and T'. Note that subtracting

10



a positive number does not violate (6).

On the other hand, if player j receives the message x; = G, then player j needs to
incentivize player ¢ to take C; by the auxiliary scenario m;(z;,- : §). Suppose there exist
statistics \Iff;a] € {0,1} and go > ¢ such that, for each a; € Aj, \I/JC;GJ = 1 indicates that

C; is more likely to be played:

Ci,aj q2 lf a; = O’i)
& qjj,t | i, Q5| = )
qi if a; = Dz

The existence of such \I'JC;% , ¢2 and ¢; will be proven in Lemma 3. Take L such that
L (g2 — q1) > max2|u; (a)]. (10)

Since player j with z; = G takes C}, player j rewards player ¢ based on Zt a4 @0 , the

CZ Cj .
summation of \I/ :

mi(G R {Z VD (T + 25T)} — T

with some small € > 0. The reward is linearly increasing in \I/Ci’cj with slope L until
Zt v C”CJ hits the upper bound ¢,T + 2eT". If Zt Y “ does not hit the upper bound,
since playing C; instead of D; increases the expectation of (U 0 by (g2 — ¢q1) from (9), the
marginal gain of taking C; is L (g2 — ¢1). Since (10) implies that this marginal gain dominates
the difference in the instantaneous utilities, player ¢ has the incentive to take C;.

Hence, in order to show that player i takes C;, it suffices to show that, regardless of player
1’s stgnal observations, player ¢ believes that Zt Y i hits the upper bound with little
probability: For all h;,

T
CiC;
r ({Z‘I’m > qoT + QET} | z; =G, hz‘) <exp(— (g —q)T).
t=1

11



This can be shown as follows: If the monitoring is conditionally independent, regardless of

CZ,CJ

player i’s signal observations, player i’s beliefs on Zt 4 | z; = G, h; are approximately

distributed according to the normal distribution with the mean

T
PN Fraalet Cj] =T
t=1

and the standard deviation O(T'2) by the central limit theorem.* Since ¢, T + 2T is greater
than the mean by 26T times T % the order of the standard deviation, player i believes that
the probability that Zt n i hits the upper bound is negligible.

Therefore, 0;(G) is optlmal after the message x; = G and

Tp
S t—1 Tp+1 , ‘
Tlgrolo Llsl_r)ri WE tz; 6wy (a) + mi(G, ;T 6) | 00 (G) 05 (G)
T
= lim —E > i (a) + L {Z VY (T + ng)} — T | 0;(G),0;(G)
t=1 _

which is larger than o; for sufficiently small £ > 0 from (3). By subtracting a proper fixed
number from the reward function, it is possible to attain v; exactly for sufficiently large 6
and T'. Again, we can keep (6).

Since both 0;(G) and 0;(B) yield the same expected value v; and are subgame perfect

once message x; is sent, both ¢;(G) and o;(B) are optimal. Therefore, we are done.

4Here, we consider the incentive only on the equilibrium path. Since defection decreases the expected
value of \IIJCZC] , together with conditional independence, defection reduces the probability that 23:1 \Ifjczcj

hits the upper bound even more.

12



5.2 With Conditionally Dependent Signals
5.2.1 Problem

Now we consider the two-player prisoners’ dilemma with conditionally dependent monitoring
and explain the difficulty. To illustrate the problem, consider the case with z; = G' and sup-
pose we use the same 0,(G) and 0;(B) and the same reward as in the case with conditionally
independent monitoring. A problem occurs when x; = G and player j needs to incentivize
player i to take C;. Suppose player i’s signal and player j’s signal are highly correlated and

C;,0;

player i can infer 7 | W ;¢ from her own history very precisely. (i) Equation (5) requires

that the time average of the expected sum of the instantaneous utilities and the reward
function should be close to u;(C;, C;). (ii) Inequality (6) requires that the reward should be
negative. Since (iii) the time average of the instantaneous utilities is close to w;(C;, C;) if
player i takes C;, (i), (ii) and (iii) together require that if Z:{:l \I/fzcj is close to its ex ante

value ¢oT', then the time average of the reward should be close to 0. This means that player

. . T C;,C;
i cannot be rewarded if ) ,_, W™

that Y/, \If]CtCJ is already unusually high (greater than ¢,T + 2¢T') with high probability,

is unusually high. If, in period 7, player ¢ infers from A]

then player i stops cooperation after period 7.°

C;,Cj

Specifically, since the reward after receiving z; = G'is L{Y,_, ¥ it —(@T+2eT)} —pT,
Ci,C;

if player i believes that ZtT:l W has hit the upper bound g27'+2¢T" with high probability,

then player ¢ wants to stop cooperation. The problem is that this stops increasing when
ST UG > g+ 26T
5.2.2 Modification

Structure of the Phase To deal with the problem above, we consider the following

modification. First, for a moment,’ let us see the Tpr-period finitely repeated game as L

5This is also mentioned by Fong, Gossner, Hérner and Sannikov (2010).
We will modify the structure further to deal with problems arising later. See Section 6 for the final
structure.

13



repetition of the T-period review rounds with
pL > L. (11)

NOW, Tp =LT.
[Insert Figurel].

For notational convenience, let T'(1) be the set of periods in the /th review round. When
player j monitors player ¢, player j randomly drops one period t;() from 7'(l). That is,
Pr({t;(l) =t}) = % for all t € T(l). Let T;(1) = T(1) \ {t;({)} be the remaining periods in
the [th review round. Player j monitors player i during 7'(1) by

C;,C; .

ZteTj(Z) \I/j,t T+ 1y if z; = G,
Cy,D; .

ZtGTj(l) Wi+ ]‘tj(l) if z; = B.

Jit

(12)

Here, 1,4y € {0,1} is a random variable with Pr({1, =1}) = ¢» conditional on t;(l).
Hence, instead of monitoring by ;.1 \I/JCtC’ , player j randomly picks ¢;(I) and replaces

Ci\Cy
\Ijjvtj(l])

will be explained in Section 15.7.

with the random variable 14, ;) that is independent of the players’ action. The reason

Reward Function by Player j; Second, we will heuristically define the reward function

by player j.” There are following cases:

x; = B: When player j receives the message x; = B, then player ¢ takes a dominant
action and no incentive by the auxiliary scenario is necessary. Hence, it is straightforward
to construct a constant reward as in Section 5.1, achieving (4), (5) and (6). In this case, we

say \;(l) =G for all [ =1,..., L. See the case with z; = G for the meaning of \;(l).

x; = G: When player j receives the message r; = G, then we need to deal with the

problem mentioned in Section 5.2.1. See each of the L review rounds independent and

"See Section 8.3 for the formal definition of the reward function.

14



consider the following reward function for each /th round:

mi(G P = L{X;(1) — (T + 2eT)} — pT (13)

mi(B, ;7)) = L{X;(1) — (T — 2¢T)} + pT (14)

If we make

L
7Tl'(.’L‘j, h?PJrl : 5) = ZWi(xj, h,fPJrl,l),
=1

then, since the reward function is always increasing in X; ({) with slope L, it is always optimal
for player i to take Cj.

Since m;(x;, h;TFP’Ll 10) = Zlel (x5, h;TFPH, [) does not satisfy (6), we need further modi-
fication. Observe th following: For z; = G, if m; > —pT (that is, X;(l) > ¢.T + 2¢T") occurs
at most for one review round, then (6) is still satisfied. To see why, the maximum reward
in one review round is attained at X;(I) =T and 7;(G, h;TFPH, ) < LT — pT. On the other
hand, if X;(1) < T + 2¢T, then 7;(G, thPH, I) < —pT. Since we take L < Lp in (11), the
total reward in the finitely repeated game is still negative if X;(I) > g1 + 2T occurs only
for one review round. Symmetrically, for z; = B, if m; < pT' (that is, X;(I) < ¢T — 2¢T)
occurs at most for one review round, then (6) is still satisfied.

Therefore, once

X; (1) & [qoT — 2¢T, o T + 2¢T]

happens in the [th review round, we make player j’s reward function for the following review
rounds will be a negative constant for x; = G and a positive constant for x; = B. Specifically,
for the following review rounds [ with [ € {l+1,...,L}, suppose we modify the reward

function as

7Ti(G> h?P—Hai) = _pT (15)

mi(B, P D) = pT. (16)

Importantly, (6) is recovered since 7;(G, thP 1) > —pT and 7;(B, h?” 1) < pT happen

15



at most for one review round by definition.
Let \;(1) € {G, B} denote which reward function player j is using in the [th review

round:
e In the first review round, A\;(1) = G and the reward is (13) or (14).

e In the (I + 1)th review round with [ > 1,

— If \;(I) = B, then \;(l + 1) = B and the reward is (15) or (16).
— If \;(I) = G, then
« If X;(1) € [T — 2eT, goT + 2T}, then A\;(I + 1) = G and the reward is (13)
or (14).
« If X;(1) & [T — 2eT, g1 + 2T, then A\;(l + 1) = B and the reward is (15)
or (16).

See Figure 2 for the automaton representation. Hence, \;(l) = G implies that the reward
in the [th review round is (13) or (14) while A\;(/) = B implies that the reward in the Ith
review round is (15) or (16).

Note that ez ante, if the players play a;(x;),a;(x;), then X;(l) is approximately dis-
tributed according to the normal distribution with expectation ¢;7" and standard deviation
O(T'z). Since X;(l) & [g2T — 2eT, ¢2T + 2¢T) implies that X;(() is far away from its ex ante
value by 27T times the order of standard deviation, Aj (I 4+ 1) = B happens only with small
probability less than exp(— (go — ¢1) T'). Hence, we call the observation is “erroneous” if
X;(l) & [goT — 26T, g2 T + 2¢T).

[Insert Figure 2.

Optimal Action of Player ¢ Third, given player j’s reward function, we will derive
the optimal action of player ¢. Since the shape of the reward function changes as A;({)
changes, player 7 needs to infer \;(1). Let \; (I) € {G, B} be player i’s inference of \; ().
Forgetting the question of how player ¢ infers \;([) for a while, assume 5\3- (1) is always correct:

A; (1) = \; (1) for all I.

16



~

After sending x; = B Since \;(l) = G for any history of player j, \;(l) = G. Since
the reward function is constant, it is optimal to take a;(x;) = D;. Therefore, o;(B) such that

player ¢ always takes D; is optimal.

After sending z; = G If \;(I) = B, then since the reward is constant for the rest of the
finitely repeated game, it is optimal to take D;. We verify the incentive to take cooperation
when A;(I) = G by the backward induction.

For the last review round [ = L,

o If Xj(L) = @, then player i wants to take C; since the reward is linearly increasing in
X (1) with slope L and there is no effect on \;(L + 1). Player i’s average continuation

payoff at the beginning of Lth review round is

— If z; = G, then
t—tr,
lim lim 1;(;15 i > iery 0wl Gy, C5)
T—o0s—11—§ —6 T (L{X; (L) + (2T +2eT)} + pT) | C;, C;
= u (Oz, Cj) — 2L — p >0 (17)

with ¢ being the first period of the Lth review round.

— If z; = B, then
. . 1-¢ ZteT(L) 5t7tLui(Ci> Dj)
lim lim ) -
Tooob=11 -6 +67 T (L{X; (L) — (T — 2¢T)} + pT) | Ci, Dy
= u(Ci,D;) +2eL+p <, (18)

Note that replacing \I'JC;ZJ) with 1;,) in (12) does not change the incentive and value

in the limit where T" goes to infinity.

o If j\j(L) = B, then player ¢ wants to take D, since the reward is constant. Player i’s

average continuation payoff at the beginning of Lth review round is
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— If x; = G, then

. .o 1=96
lim lim
T—ooé—1] — 6T

Z 6t7tLUi<Di, CJ) — (57tL+1pT =Uu (DZ, Cj) —pP Z ;. (19)

teT(L)

— If z; = B, then
: : 1— 6 t—tr, —tr+1
Th_rgmlsl_rg 4T Z 8" "tuy(D;, D;) + 6 pT| =u(D;, D;) +p < v, (20)

teT(L)

We can subtract proper positive numbers depending only on = and A;(L) from (17) and
(19) such that the continuation payoff is exactly v; if z; = G. Similarly, we can add proper
positive numbers depending only on z and X;(L) to (18) and (20) such that the continuation
payoff is exactly v, if z; = B. Note that we can keep (6).

Therefore, 0;(G) such that player i with j\j(L) = @ plays C; and with j\j(L) = B plays
D; is optimal and player i’s continuation payoff is independent of \;(L).

For the second last review round [ = L — 1, since the continuation payoff from the Lth
review round is constant for A;(L), player ¢ do not need to consider the effect of her strategy
in the (L — 1)th review round on A;(L). Therefore, the same proof shows that o;(G) such
that player 7 with 5\j(L—1) = G plays C; and with 5\j(L—1) = B plays D; is optimal. Further,
we can make sure that player ’s continuation payoff at the beginning of the (L — 1)th review
round is 9; or v; depending on z; but independently of A\;(L — 1).

Recursively, we can show that o;(G) such that player i with \;(1) = G plays C; and with
;\j(l) = B plays D; for all [ is optimal and gives player ¢ v; or v; depending on z;.

In summary, player i’s action in the /th review round is defined as in Figure 3:
[Insert Figure 3]

Reward Function of Player j Revisited Fourth, we modify player j’s reward function

further to incorporate the fact that player j with S\Z(l) = B (player j infers that player i
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has observed erroneous histories) takes D; # a;(x;). As a preparation, we construct special
e

reward functions 7¢ (a;,y;) and 72 (a;,y;) that make player i indifferent between any action

profile.

Lemma 2 Generically, the following statement is true: For any p > 0, there exists u > p
such that, for eachi € I, there exist 7 : A; x Y; — [—u, —p] and 78 : A; x Y; — [p, 1] such

that

ui (a) +E [7¥ (aj,y;) | a] = constant > —u for all a € A,

ui (a) + E [7F (a;,y;) | a] = constant < u for all a € A.

When A;(I) = B, player j uses the reward 7}’ (a;, y;,) for each t in the /th review round
with [ > [ so that player ¢ can always assume ;\Z(l) = (. Therefore, the modified reward

function is explained in the following figure:
[Insert Figure 4]

The incentive compatibility that player ¢ does not try to manipulate Xj(l) will be proven

in Proposition 1.

5.2.3 Summary from the Perspectives of Infinitely Repeated Games

Here, we offer the summary of our equilibrium construction, using the language of infinitely
repeated games. As we can see from the proof of Lemma 1, we can see the finitely repeated
game as the first Tp periods in the infinitely repeated game and a positive (negative, re-
spectively) reward implies that in the continuation play from period Tp + 1 is higher (lower,
respectively) than the value in the initial period.

Suppose z; = G. Then, the value for player ¢ in the initial period needs to be close to
u;(C, C) to attain efficiency. Since the value in the initial period is very high, player j with

x; = G cannot reward player ¢ with high realization of auxiliary scenario (m; > —pT') by
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going to a higher continuation payoff from period Tp + 1. Instead, player j “allows” player
1 to take defection and “rewards” player ¢ by higher instantaneous utilities. While doing so,
player j’s incentive is given by the changes in the continuation payoff from period 7Tp + 1.
That is, the changes in the continuation payoff for player j while player ¢ with S\j(l) =B
defects correspond to the realization of the auxiliary scenario in Lemma 2 (the roles of players

i and j are reversed).

5.2.4 Coordination Problem

We are left to show how player ¢ infers A;(1). The rest of the paper is mainly devoted to the
coordination between \;(I) € {G, B} and A;(I) € {G, B}. In Section 6, we further modify
the structure of the finitely repeated game by introducing the supplemental rounds where
player j sends the message about A;(l + 1) by her actions after the [th review round. In
Section 8, we formally define the equilibrium strategy (actions and rewards) except for how
player ¢ infers player j’s message in the supplemental rounds. Then, in Section 9, we specify
player i’s inference of player j’s message in the supplemental rounds. This fully pins down
the strategy (actions and rewards).

While we define the equilibrium, we will introduce variables with various restrictions. In
Section 10, we verify that we can take these variables consistently.

Then, in Sections 11 and 12, we verify the equilibrium strategy (actions and rewards)

satisfies (4) (5) and (6).

6 Structure of the Phase

In this section, we explain the structure of the Tp-period finitely repeated game, which is
summarized in Figure 5 below. Tp depends on L and 7. L € N will be pinned down in
Section 10. 7" € N is a parameter of the equilibrium.

At the beginning of the finitely repeated game, we insert the “coordination block” where

each player i with o;(z;) sends x; by cheap talk simultaneously. At the end of the finitely
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repeated game, we insert the “report block” where the players report the whole history in
the finitely repeated game by cheap talk. The detail of the report block will be explained in
Section 12. These blocks are instantaneous with cheap talk but will take multiple periods
when we dispense cheap talk in the Supplemental Materials 3 and 4.

Between the coordination and report blocks, the players play Tp-periods finitely repeated
game. We divide T periods into L “main blocks.” The first (L — 1) blocks is further divided
into the following five rounds: For | € {1,...,L — 1}, the [th block consists of T-period
review round, T%—period supplemental round 1 for A; (I + 1), T%—period supplemental round
2 for M (1 + 1), T3-period supplemental round 1 for A(l+1) and T 2-period supplemental
round 2 for \y(I + 1).% The last Lth block has only the T-period review round. In the
Ith block, the sets of periods in the review round, supplemental round 1 for \;(I + 1) and
supplemental round 2 for A;(I+1) respectively are denoted by T'(1), T'(I, A;, 1) and T'(1, \;, 2).
For sufficiently large T', the length of the review round is much larger than that of the other
four rounds and the payofts from the review rounds approximately determine the equilibrium

payoft. See Figure 5 for the illustration.
[Insert Figure 5]

We show that, for sufficiently large T, for sufficiently large 6, with Tp = (L — 1) {T + 4Tz }+
T, there exist o; (x;) and m;(x;, - : ) satisfying (4), (5) and (6).

7 Almost Optimality

Instead of proving (4), we only establish the “almost optimality with exp(—Ti) > 0” until
Section 12: For all i € I and z € {G,B}?, for any 7 and h7, the loss of playing the

8Throughout the paper, we neglect the integer problem since it is handled by replacing each variable s

that should be an integer with |s] = max,en n.
n<s
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continuation strategy o;(z;) | hT is smaller than exp(—T'1):

max 1p s7p [Z,fjl 8 (ag) + mi(ay, hy " 6) | hZanTPan(%)}

B [0, 0 i (00) + milag, W71 6) | BT o)

N

<exp(—=T%). (21)
To see why this is sufficient, remember that we insert the report block where the players
report the whole history h; at the end of the finitely repeated game (see Figure 5). Based
on the reported history h;, player j adjusts the reward function mi(zj,- © 6) so that the
prescribed action is exactly optimal. This adjustment is very small for large T since the
original strategy was optimal up to the loss of eXp(—Ti) by (21).
The remaining task is to show the incentive to tell the truth about h;. Intuitively,

~ 2
hj —E [h] | hz] . For

with some norm, player j punishes player ¢ proportionally to ‘
a properly chosen norm, the first order condition to minimize the expected punishment
E[ hs — B [h; | Al

this punishment can also be small and does not affect the equilibrium payoff. Section 12

2 R
| hi] is to tell the truth: h; = h;. Since the adjustment is small,

formalizes the argument.

Therefore, until Section 12, our objective is to construct o; (x;) and m;(x;, - : ) satisfying

(21), (5) and (6).

8 Equilibrium Strategies

In this section, we partially define o; (z;) and m;(x;,- : §). In Section 8.1, we define the
equilibrium action given Xj(l). Then, in Section 8.2, we define S\j(l) given player i’s inference
of player j’s messages in the supplemental rounds. The definition of player ¢’s inference of
player j’s messages in the supplemental rounds will be deferred to Section 9. In addition,

Section 8.3 defines the reward function m;(x;, - : 6).
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8.1 Actions Given \;(l)

In this subsection, we explain the strategies o;(z;) given A;(1) € {G, B}. The transition of
A;(1) will be explained in the next subsection.
In the each lth review round, player i with o;(x;) takes a;(x;) with

a;(z;) = (22)

if \;(1) = G and D; if \;(I) = B. See Figure 3 to check the equilibrium action.
As player j calculates X;(l) defined in (12) to monitor player i after z; = G, player i

calculates
\Ifcj’Ci + 1, if T; = G,
Xy = { S (23)
ZtETi(l) Ui+ 1y ifxzi=B
if z; = G. Then, \;(l + 1) = B is the record of an erroneous history
X;(l) & [q2T — 2¢T, goT + 2¢T). (24)
That is,
G ifl=0or X;(l) € T — 2T, goT + 2T foralligl,
AN(l+1) = O ele = | (25)

B otherwise

if the cheap talk message is ; = G and \;(l + 1) = G if z; = B. Review Figure 2 for the
graphical explanation (note that the roles of ¢ and j are reversed).

Then, in the supplemental rounds 1 and 2 for \;(I + 1), player ¢ sends \;(I + 1). How
to send the message will be defined in Section 9.2. On the other hand, in the supplemental
rounds 1 and 2 for A;({ + 1), player j sends \;(l + 1) symmetrically defined. While player j
sends the message, player i takes C;. Let A\;(I + 1)(i) be player i’s inference of the message
A;(1+ 1), which will be defined in Section 9.2.
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8.2 Inference of \;(I + 1)

~

In this subsection, we explain the transition of player ¢’s inference of A\;(I + 1), A\;(I+1) €
{G, B}. Here, we take player i’s inference of player j’s messages in the supplemental rounds
for A\;(I + 1) (denoted by \;(I 4+ 1)(i) € {G, B}) as given. See Section 9 for the explanation
of \;(I+1)(4).

8.2.1 Statistics

Since A;({+1) depends on X;(1) = 3-,cr \If;ft(mi)’aj(xj) +1;,() as we have mentioned in (23),
(24) and (25), we formally define ¥$, first. Since W$, is i.i.d. within each review round, we
omit the time subscript if it is not confusing.

We want W§ to satisfy the following two conditions: First, player j needs to statistically

monitor whether player i takes a; or not. In particular, as we have mentioned in (9), we

want to establish that
for dl = Qy,
E [\I/? | &i,a]} = e
a1 for all CNLZ 7é a;
with ¢o > ¢;.
Second, as we will see in Section 8.2.2, player ¢’s continuation play depends on [ [\IJ? | a, yl] .
We want to prevent player j from deviating from a; to a; # a; to manipulate E [\1131 | a, yz]

It is sufficient to have

By, [Bug [92 | a,y1] | ai, ]

is constant with respect to a;. That is, player i calculates the conditional expectation of W
believing that a; is taken. The ex ante value of this conditional expectation is constant even
if player j secretly deviates to a; # a;.

In summary, we want to construct ¥§ with the following conditions:

Condition 1 We want to have
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1. \I/? monitors a;:

— g2 fora; = a;,

E V5 | &, a;] = .
q1 for all a; # a;.

2. Player j cannot manipulate the ex ante value of Eq,zj; [\Ifj | a, y,;} : Foralla; € Aj,
Eyz- [E\Iﬂ; [‘I’? | a;yi} ’ %dj] = Q2.

We construct ¥¢ in the following two steps. First, we define ¢ : Y; — (0,1). Second,
player j constructs a random variable W§ € {0,1} from %(y;) as follows: After taking a;
and observing y;, player j calculates 1§ (y;). After that, player j draws a random variable
from the uniform distribution on [0, 1]. If the realization of this random variable is less than
V5 (y;), then ¥$ = 1 and otherwise, ¥§ = 0.

Since Pr({¥$ = 1} | a,y) = ¢j(y;) for all @ € A and y € Y, Condition 1 is satisfied for
% if and only if ¢j(y;) satisfies

a _ s a q if a; = a;,
B [05(y) | @i a5] =Y aly; | s, a;) v (y;) = - (26)
v; q if a; # a;,

2. By, [By, [¥9(y;) | a,y:] | ai, ;] is constant with respect to ;. That is, for all a; € Aj,

DI s waly; | asi) pa (i ] aindy) = go. (27)

Yi Yi
Formally, we show the following lemma:

Lemma 3 Generically, the following statement is true: There exist go > q1 such that, for
each i € I and a € A, there exists a function ¢ : Y; — (0,1) such that (26) and (27) are
satisfied.
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8.2.2 Inference

Now we are ready to explain the transition of \;(I+1) € {G, B}. If z; = B, then \;(I4+1) = G
is common knowledge and so define ;(I +1) = G.

We are left to consider the case with z; = G. Since \;(1) = G is common knowledge and
so define \;(1) = G. Further, since \;(I + 1) = B once \;(I) = B has happened for some
[ <1 from (25), define \;(I+1) = B once \;(I) = B has happened for some [ < [. Hence, we
are left to specify, conditional on z; = G and A;(I) = G for all [ < I, how A;(I+1) € {G, B}
is determined.

Suppose j\j(l) = G is a correct inference: \;(l) = G. Then, A\;(l + 1) is determined as

G if X;(l) € |qpT — 2T, goT + 2T
)\j(l 4 1) _ J( ) [QQ q2 ] (28)
B it X; (1) & [q2T — 2T, goT + 2T

with X;(1) = 3 cr ) \If?ft(mi)’aj (=) 4 1;,)- Therefore, it is natural to consider the conditional
expectation of X;(():

E [Xj(l) | {at,yi,t}teT(Z)]

Instead of using this, we consider

Z B [\Ij?(tm) | a(x)ayi,ti| + q2

teTy(l)
with a (x) = (ai(x;), aj(x;)). Two reminders: First, player i calculates the expectation of the
summation of \Il;l(tw) over T;(1) (the set of periods when player ¢ uses to monitor player j),
not 7;(1) (the set of periods when player j uses to monitor player i).” As we will see, since
T;(1) and Tj(l) are different at most for two periods, this difference is negligible for almost
optimality (21). Second, player i conditions on a(z) being taken. Player i with A;(I) = G
takes a;(z;) = C; in the [th review round. In addition, as we have explained in Section

5.2.2, player j makes player ¢ indifferent between any action profile for the rest of the finitely

9The term go reflects the fact that the expected value of 14,0y is g2
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repeated game if \;(I) = B. Therefore, player i always conditions A\;(l) = G and player j
takes a;(z;) in the [th review round to calculate the conditional expectation.

Further, instead of using E [\I/?(tx) | a($),yi7t] directly, player i constructs (Ei\I/?(x))t €
{0, 1} as follows: After taking a;(x;) and observing y; ;, player ¢ calculates E [\D?(tx) | a(x), yz-yt] .
After that, player ¢ draws a random variable from the uniform distribution on [0, 1]. If the
realization of this random variable is less than E [\I/?(f) | a(x), yi7t] , then (Ei\I/?(”T))t =1 and
otherwise, (Ei\I/?(m))t =0. Let

EX;() = Y (BT, + g
teT; (1)

Since

Pr({(B0;") =1} |avy) =B [W557 | aw), e

for all a; and y;, conditional on {a;, y:}erq), the probability that

eT (29)

NN

> E [‘I’?,(f) | a(w),yi,t] g — EX(1)] <
tETi(l)
is of order exp(—T) by the central limit theorem.

There are following cases:

1. (29) is not satisfied. Let (;(I) = B denote this event. Player ¢ will use the reward
7r;“ (@it,yit) defined in Lemma 2 in the subsequent rounds and so player j is indifferent
between any action profile. Hence, this case is excluded from player j’s consideration.
The inference of A;(l 4+ 1) by player ¢ will be equal to the inference of the messages

~

about A;({+1) in the supplemental rounds 1 and 2 for \;(I+1): A\;(I+1) = X;(14+1)(3).

2. (29) is satisfied. Let (;(I) = G denote this event. Consider the following subcases:

(a) We have

1 1
EZXJ(Z) g [QQT — §€T, C]QT + §€T]

27



Let 0;(I) = B denote this event. Player i will use the reward 7}*(a;, yi:) in the
subsequent rounds. However, compared to Case 1, player j does not exclude this
case from her consideration. Again, player i uses the inference of the messages in

~

the supplemental rounds: A;({ + 1) = A\;(I + 1)(4).

(b) We have

1 1
E1X3<l> c [QQT — §€T, QT + §€T] (30)

Player ¢ randomly picks the following two procedures:

i. With small probability > 0, player i will use the reward 73" (a;,¥:¢) in the
subsequent rounds. Again, player i uses the inference of the messages in the
supplemental rounds: A;(I+1) = A;(I41)(i). Let 6;(I) = B denote this event
(hence, 0;(1) = B implies that either 2-(a) or 2-(b)-i happens).

ii. With large probability 1 — n, player ¢ believes S\j(l + 1) = G regardless of the
history in the supplemental rounds 1 and 2 for A;(I+1). Let 6;(I) = G denote

this event.

Then, we define 0;(1) € {G, B} after (,(I) = B in the same way as after (,(I) = G: If
(30) is not satisfied, then we have 6;(1) = B. If (30) is satisfied, then with probability
n, we have 6;(1) = B, and with probability 1 — n, we have 6;(l) = G.

For concreteness, we define that player ¢ who has deviated before the supplemental round
1 for A;(1+1) uses A;(1+1) = \;(I + 1)(i).

If 2-(b)-ii is the case, then since T;(I) and T}(l) are different only for two periods, after
knowing T;(1) and T;(1), (29) and (30) imply

B [Xj(l> | a(z), {yi,t}teT(l)] € [T — €T, g2T + €T]. (31)

Conditional on a(z) and {y;;}er@), conditional distribution of X;({) is distributed approxi-

mately according to the normal distribution with mean E [X; (1) | a(z), {y;+ }terq] and the
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standard deviation O(T'z) by the central limit theorem. Since (31) implies that the con-
ditional mean is inside of [T — 2T, g2 T + 2T by eT> times T, the order of the stan-
dard deviation of the conditional distribution X;(I) | a(x), {vi+}ierq), player i believes that
X;(1) € [g2T —2¢T, g7 +2¢T| with probability of order 1 —exp(—1"). Hence, player i believes
A;(1+ 1) = G with high probability and so A;(I +1) = G.

If 1, 2-(a) or 2-(b)-i is the case, we say “player i is ready to listen (to player j’s message
in the supplemental rounds).”

See the following figure for all the classification:
[Insert Figure 6]

Boxes 3, 5, 7 and 10 respectively correspond to 1, 2-(b)-ii, 2-(a) and 2-(b)-i.

Note that as we have mentioned in Figure 4 (the roles of i and j are reversed), when
player i has j\j(l + 1) = B, one of Boxes 3, 7 and 10 must to be the case and player j will be
indifferent between any action profile.

In addition, when player ¢ uses the messages in the supplemental rounds to infer ;\j(l +1),
player ¢ has made player j indifferent between any action profile. Therefore, we do not need
to consider the truthtelling incentive for player j in the supplemental rounds 1 and 2 for
(L4 1).

Further, as we mentioned in (29), conditional on {as, y:}ery, (29) is not satisfied with
probability of order exp(—T") by the central limit theorem. And 2 of Lemma 3 implies that
the distribution of E;X;(l) is independent of player j’s action. Therefore, player j cannot
manipulate 6;(1) € {G, B} by changing her own action in the [th review round.

Therefore, we have proven the following lemma:
Lemma 4 For sufficiently large T, for all x € {G, B}?, if \;(l) = Xl(l) =G, then:
1. Conditional on any {as, Yi }rerqy, ¢;(1) = G with probability no less than 1 — exp(—T5).

2. The distribution of 0;(1) € {G, B} is independent of player j’s action.
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3. If 2-(b)-ii is the case in the above explanation and \;(1) = \;(I) = G, then player i’s
conditional belief on A\;(I +1) = G at the end of the lth review round is no less than
1 — exp(—T%).

4. Whenever player i uses player i’s inference of player j’s messages in the supplemental
rounds for \;(l + 1), player i has made player j indifferent between any action profile

in the rounds after the lth review round.

8.3 Reward Function

In this subsection, we explain player j’s reward function on player ¢, m;(z;,- : §). The
following notation is useful: Let r € {1,..., L} U{(I, A1, 1), ([, A1,2)} U{(l, A2, 1) U (I, A2, 2) }4
be the generic index for the rounds. From Figure 5, there is the chronological order of the
rounds. Hence, with abuse of notation, we identify round r + 1 as the round coming right
after r. For example, with r = [ (Ith review round), r + 1 is the supplemental round 1 for
A1(l+1). In addition, let r < [ if and only if the round r is before the Ith review round and
r <!lif and only if r <l or r = [.

The total reward is the summation of the following rewards in the review rounds and

those in the supplemental rounds:

The I/th review round If (;(r) = B, ¥;(r) = B or §;(r) = B happens for some r < [,

then player 7 makes player ¢ indifferent between any action profile sequence by

ZteT(l) ‘St_lﬂz’G(aj,u yje) i z; =G,

(. pTPF1 _
7Tz<$]7 h] 7l) (5t71 B ' ‘ f o B
ZteT(l) T (aje,yje) if z; = B.

(32)
If ¢;(r) = 9;(r) = 0;(r) = G for all r < I, then player j’s reward based on z and \;(I).
Remember that the basic structure explained in Section 5.2.2 is summarized in the following
figure:

[Insert Figure 7].
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The formal description is given by

/

7i(z, 1,G) — pT if z; = G and x; = B,

7i(z, 1, G) + pT if z; = B and x; = B,

Toi Ti(2,1,G) + L{X;(1) — (T + 2¢T)} — pT if x; = G, z; = G and \,(1) =
Wi(l'j,hjp ,l) =

mi(x,l, B) — pT if x; =G, v, = G and \;(l) =

7i(z,1,G) + L{X;(1) — (T — 2¢T)} — pT if x; = B, x; = G and (1) =

\ 7i(z,l, B) + pT if z; = B, x; = G and \;(1) =

(33)

Here, 7;(x, 1, \;(1)) will be determined in Section 11 so that (21), (5) and (6) are satisfied.

The supplemental rounds 1 and 2 for \;(l+ 1) and X\y(/+1) Player j makes player i

indifferent between any action profile sequence by

Z 8t 737 (s Yit)- (34)

t

On the top of that, in the supplemental rounds 1 and 2 for \;(l 4 1), where player ¢ is the

receiver of the message, player j adds

LY, (1 - U5 <0 ifa; =G,
LY,V Ca“>0 ife; =B

to make it strictly optimal to take C;. Note that (35) is linearly increasing in W} Cuasi

The summary of rewards after (; = B, J; = B or ¢; = B In the [th review round,
if (;(r) = B, ¥;(r) = B or §; = B with r < [ has happened, (32) implies that any action
profile gives the same payoff. On the other hand, in the supplemental rounds where player ¢
receives the message, (35) is valid even after (; = B, ¥; = B, or 0; = B. Since (34) cancels
out the difference in the instantaneous utilities w.r.t. an action profile, taking C; is strictly

optimal by (35) and gives a constant expected payoff.
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With abuse of notation, we say “player i is indifferent between any action profile” if
¢(; = B, ¥; = B, or §; = B has happened, although player i strictly prefers C; while she
receives the message.

For concreteness, we define that, after player j deviates in the round r, player j has

¢;(r) = B and makes any action optimal for player 1.

8.3.1 Set of Almost Optimal Action

Given the above reward function, let A;(1) be the set of player i’s optimal action in the /th
review round. As we will show in Section 11, A;(l) is as follows: If (;(r) = B, ¥;(r) = B or
6;(r) = B happens for some r < [ (and so (32) is being used), then A;(l) = A;. Otherwise
(and so (33) is being used), A;(l) depends on z; € {G,B} and \;(I) € {G,B}. If z; =
A;(l) = G, since the reward is increasing in X;(1), A;(I) = {C;}. If z; = B or )\;(l) = B,

then since the reward is constant, A;(l) = {D;}.

9 Inference of the Messages

In this section, we define how player ¢ infers player j’s messages in the supplemental rounds

for A;j({ 4+ 1). That is, how A\;(l +1)(i) € {G, B} is determined.

9.1 Conditions on the Message Exchange

We derive conditions on \;(! + 1)(¢) that makes the inferences explained in Figure 6 almost
optimal. See Condition 2 below for the summary.

First, if (29) and (30) are satisfied, player i needs to believe \;({ + 1) = G is true with
high probability regardless of player ¢’s continuation history. From 3 of Lemma 4, player
1 before seeing player j’s action in the continuation play believes that the probability of a

mistake is no more than

IS

exp(—15). (36)
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As we will see in Sections 9.2.1 and 9.2.2, player j’s strategy in the supplemental rounds
is determined by A;(I+1). In addition, as we have seen in Section 8.1, player j’s strategy in
the review rounds is determined by j\l(l + 1). Since the length of the supplemental rounds
is 4LT'2, this only updates player ’s belief by of order exp(T'z). Since (36) is much smaller
than 1/ exp(T'z), player i can keep high belief on A;(I+1) = G regardless of player ’s history
in the supplemental rounds.

In addition, player j’s actions in the review rounds indirectly reveal A;(l + 1) through
5\i(l + 1). Suppose player ¢ knows 5\1(1 + 1). See Figure 8, which summarizes the important
features of )\; and ;\j explained in Figure 6. Here, a;(l 4+ 1) is player i’s equilibrium action
in the (I 4+ 1)th review round prescribed in Section 8.1. Boxes 1 to 4 are about how player i
infers A\;(I + 1). Remember that player j infers A;(I + 1) symmetrically, which is expressed
in Boxes 5 to 11. Whether player j is in Box 5 or 6, player j uses A;(I + 1)(j) to determine
S\i(l + 1) with probability at least 7. Again, since the length of the supplemental rounds
is 4LT2, any S\Z(l + 1) can occur with probability of order eXp(—T%). Therefore, player i
believes that any S\Z(l + 1) occurs with probability at least of order 7 exp(—T%).10 Since (36)
is much smaller than 7 exp(—T'2), player i can keep high belief on Aj(l + 1) = G regardless

of player i’s history in the review rounds.
[Insert Figure §]

In summary, if (29) and (30) are satisfied, player ¢ believes that \;({ + 1) = G is true
with high probability regardless of player i’s continuation history, as desired.

Second, when player i uses \;(I 4+ 1)(i) to determine A;(I + 1), there are two cases:
AL+ 1)) = NI+ 1) and A\j(I 4+ 1)(4) # A;j(I + 1). If the former is the case, then the
inference is optimal. If the latter is the case, for almost optimality, it suffices to show that,
whenever \;(14+1)(:) # A;(I+ 1), conditional on A;({ + 1) (that is, even after player ¢ knows
that her inference was not correct), player i believes that player j makes player i indifferent

between any action with high probability: A;(l + 1) = A,.

10As we will see in Lemma 5, excluding Box 12 does not affect the posterior so much.
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Therefore, we want to have the following:

Condition 2 For the supplemental rounds, we want to have the following: Conditional on
Ai(l4+1) and N\;(1+1)(3), if \;(14+1)(¢) # X\;j(I+1), then player i believes that A;(1+1) = A,
with high probability.

9.2 Message Protocol

In this section, we explain how we establish Condition 2 in the supplemental rounds 1 and
2 for \;(I + 1), where player j sends A\;(I + 1) € {G, B} to player i.

The following notations are useful. Let af = C; and a? = D;."' Let q;(a) = (¢;(y; | @)y,
be a vector of player j’s signal distributions under a. In addition, let 1,,, be a |Y}| x 1 vector
such that the element corresponding to y; is 1 and the other elements are 0. q;(a) = (¢;(y; |

a))y, and 1,,, are symmetrically defined. € > 0 is a small number that will be specified in

Section 10.

9.2.1 Supplemental Round 1 for \;(I + 1)

First, we intuitively explain the supplemental round 1 for X;({ 4 1), which is summarized in
Figure 9 below. Let \; € {G, B} be a true message, that is, A\;(I+1) = A;. Player j (sender)
takes a;_-\j € {af,a}} for T 2 periods while player i (receiver) takes af for Tz periods.
Suppose player j requires player ¢ to infer the message in the following way. From the set
of periods in the current round T'(1, \;, 1) (see Figure 5), player j randomly picks t;(I, A;, 1).
Player j calculates the frequency of player j’s signal observation dropping period ¢;(I, A;, 1).
With T5(1, Aj, 1) = T A5, DA (A7, D let vl A, 1) = 2= 3 er gy 1) Lo (1) I the
distance to y;(l, A, 1) from the affine hull of {q; (a;\j, a;) e, (aff ({qj(ai"', ai)}ai)) is no more
than e, then player j requires player ¢ to infer \;(I + 1) properly.'? (ii) Otherwise, player j

will make any action optimal to player ¢ (let (I, \;,1) = B denote this case. Then, from

!Tn a general game, as we will see in the Supplemental Materials, any a]G and af with ajG #+ af generically
works.

12 As we will see in Section 9.2.2, there are subcases of (i) where player j makes player i indifferent between
any action profile, depending on the realization of the supplemental round 2 for A;(l + 1).
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(32), Ai(I+1) = A; for all [ > [). Since we take the affine hull with respect to player i’s
action, whether (i) or (ii) is the case is out of player i’s control. By the central limit theorem,
(ii) occurs with small probability and does not affect the equilibrium payoff.

Player i (receiver) calculates the conditional expectation of y;(l, A;,1). For Condition 2, it

suffices that player i infers (iii) A;(I4-1)(i) = G if the distance to B [y; (I, A;, 1) | {yit}iern,1), a5, a

from aff ({q;(a$,a;)}q,) is no more than 2e and (iv) A;(I + 1)(i) = B if the distance to
E [yj(l,)\j, 1) | {¥it beern,, 1),aJ , a5 } from aff ({q](aj ,al)}a) is no more than 2¢. To see
why this is sufficient, suppose A\;(l + 1) = G but player ¢ infers \;(l + 1)(i) = B. More-
over, assume that player ¢ knows that A\;(l + 1) = G and player j took aG. Conditional on
Aj(1+1) = G, the distance to B [y;(1, X, 1) | {yig beran,1), af, af | from aff ({q;(a¥, a;)}a,)
is more than 2e¢ (otherwise, (iii) should be the case and A;(l + 1)(i) = G). Notice that the
conditional expectation uses the true action ajG. Since the conditional variance of y;(l, A;, 1)
is of order T3~ by the central limit theorem, player i’s belief on the event that the dis-
tance to y;(1, A;, 1) from aff ({q;(a$, a;)}4,) is no more than € is at most of order exp(T2 ).
Hence, player i believes that A;(I+1) = A; for all [ > [ with high probability. The symmetric
argument holds for \;({ +1) = B.
For each )\ € {G, B}, instead of using E [yj(l iy 1) [ i beerang,1), @ ;\ , Qs } player i
calculates the following statistics: Player ¢ randomly picks ¢;(I,A\;,1). With T;(l,\;,1) =
T(l,A;,1) \ {t:(1, Aj,1)}, player i calculates ﬁZteTi(l,Aﬁl) [ yie | Vit @ ;\ ; l] for each
)\j. Here, player ¢ drops her own ¢;(l, A;, 1), not ¢;(l, \;, 1) that player j drops. However,
since Tj(l, Aj, 1) and T;(I, A\;, 1) differs at most for two periods, the same argument as above

,;\, l}v&nth

asymptotically holds if we replace E [yj(l, Ay ) [ Wi heerapn, 1), @

1 A
T 3w e

teT;(1,A,1)

1
= B Tl Z l'yj,t |y1<l )‘ 1)7 ] ’ zG
2 —1 teTi(LA;,1)

Here, Yi<l7 )\ja 1) = ﬁ ZteTi(l,)\j,l) lyi,t'
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The above inference is well defined if there is £ > 0 such that, for all € < &, there is no

player i’s signal observation {¥;}cr;,;,1) such that

1
The distance to B | — Z 1, | vi(l,A,1),a5 aj, a’
T2 —1 ’
i teTi(1,A7,1) |
from aff ({q; (af, @;)}a;) is no more than 2e, (37)
. 1
The distance to E P — Z L. | yi(l, 2, 1),a? a?.a af
L tETi(l,AJ‘,l) i
from aff ({qj(af, @;)}a;) is no more than 2e. (38)

Since y;(1,A;,1) € A ({1,,}y,ev;),"* by continuity, a sufficient condition for the existence of
such € is that there is no y; € A ({1, },.ey;) such that

[yJ IYM ]G7 zG} € aff ({qj(a/_jc7ai)}ai)7 (39)

E[y;lyiai,af] € aff ({a;(a], ai)}a,)- (40)

Here, E[y; | yi, a] is the conditional expectation of the frequency of player j’s signal observa-
tions given the frequency of player i’s signal observation for given periods where the players
take a. (39) imposes |Y;| — |A4;| conditions and (40) imposes |Y;| — | A4;| conditions. Hence,
there are 2 (|Y;| — |A;|) conditions in total. On the other hand, we have |Y;| — 1 degrees of
freedom for y;. Hence, if 2 (|Y;| — |Ai|) < |Y;| — 1, then there can be solutions for (39) and
(40) and the inference above may not be well defined.

To deal with this problem, we consider the following procedure. (v) If player i observes
yi(l,Aj,1) whose difference from the affine hull of {q;(a;,af)}s, is no more than e, then
player i infers A;({ 4+ 1)(7) in the supplemental round 1 for A;(I + 1). (vi) Otherwise, player
i infers A\;(I 4+ 1)(¢) in the supplemental round 2 for \;(I 4+ 1), which will be explained later.
Since we take the affine hull with respect to player j’s action, whether player ¢ infers A;(I+1)

from the supplemental round 1 or 2 is out of player j’s control (remember that the message

3Here, A ({1, }y.ev;) is the set of distributions over Y;.
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receiver i takes af’). By the central limit theorem, (vi) occurs with small probability and
does not affect the equilibrium payoft.

If (v) is the case, then the inferences (iii) and (iv) are generically well defined. To see
why, notice that this is well defined if there exists ¢ > 0 such that there is no y;(l, A;, 1) such
that the distance to y;(I, A;, 1) from aff ({q;(a;,af’)}4,) is no more than £ and (37) and (38)

are satisfied. A sufficient condition is that there is no y; € A ({14, },.ey;) such that

yi € aff ({ai(aj,af) }a,) (41)

and such that (39) and (40) are satisfied. Since (41) imposes |Y;| — |A;| constraints, there
are |Y;| — |A;| + 2 (|Y;| — |Ai]) constraints together with (39) and (40). Since the degree of
freedom for y; is |Y;| — 1, if

Vil = [A;] + 2 (15[ = [Ai]) = Y|

Y1 > 4] - 514l
then there is generically no y; € A ({1, },.ev;) satisfying (41), (39) and (40), as desired.

If (vi) is the case, then player ¢ infers A;({ +1)(¢) from the supplemental round 2. In this
case, player 7 has (;(I,\;,1) = B or ¥;(I, \;,1) = B.!* Then, from (32), player j is indifferent
between any action profile. That is, player j does not care about how player ¢ will play in
the subsequent rounds. Therefore, player j excludes this case from the consideration. In
particular, player j does not care about player ¢’s inference in this case. That is, whenever
player j’s message in the supplemental round 2 matters, player 5 puts 0 belief on this event

and player j is indifferent between \;(I + 1)(i) = G and X\;(I 4+ 1)(¢) = B."

14Gee Section 15.4 for details.

15As we have seen in Figure 6, whenever player i uses \;(l 4+ 1)(i) to determine ;\j (I+ 1), player j is
indifferent between any action profile. Hence, player j is almost indifferent to any action profile in the
supplemental round 1. However, player j’s history (and so actions) in the supplemental round 1 affects
player j’s belief about player i’s inference A;(l + 1)(¢), which, in turn, affects player j’s belief about the
optimality of A;(I + 1) since player #’s continuation strategy is jointly determined by Aj(1+1)(?) and player
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The summary of the cases is depicted in the following figure:
[Insert Figure 9.

9.2.2 Supplemental Round 2 for \;(l + 1)

Second, we intuitively explain the supplemental round 2 for A;(! + 1), which is summarized
in Figures 10 and 11 below. Again, this round matters only if player ¢ is in Box 8 of Figure
9 as a result of the supplemental round 1 for A;( + 1).

In this round, player j (sender) sends the message about \;({ + 1) again. Remember that
) is the true variable: \;(I + 1) = );. This time, player j sends the message as follows:

With n > 0 being a small number defined in Section 10, player j determines

A with probability 1 — 27,
zi(Aj) = {G,B}\ {\} with probability 7,
M with probability n
and player j takes

af if z;(\) = G,
)M =4 e if5(h)=B
205 +3a7 if z(A) =M
2108

for T2 periods. That is, player j sends the “true” message a = a;\j with high probability

j
1 — 2n while player j “tells a lie” with probability 2n. With probability n, player j sends
the opposite message z;(\;) = {G,B} \ {)\;}. With probability 7, player j “mixes” two

messages: z;()\;) = M and aé” = %a?%— %af . When player j tells a lie, player j makes player

i’s history in the lth review round on which A;(I 4 1) is based, as we have seen in Figure 8 (with the roles of
players i and j reversed). Hence, player j is almost indifferent, but not exactly indifferent in the supplemental
round 1 for A\;(I +1).

On the other hand, in the supplemental round 2, since player j excludes the cases where player ¢’s history
in the supplemental round 2 affects player i’s continuation strategy, player j is exactly indifferent to any
strategy.

See Proposition 1 for the formal statement of the above discussion.
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i indifferent between any action: 6,(1,\;,2) = B and A;(I + 1) = A, for all [ > I. Since a lie
occurs with small probability 27, it does not affect the equilibrium payoff.

Player i (receiver) takes a¥. Player i infers z;(\;) as follows. For the periods in the current
round T'(I, A;,2) (see Figure 5), let y;(l, \;,2) = (v:(l, A}, 2)),, be the vector representing the
frequency that player i observes y; in T'(I, A;,2). Conditional on 5\j € {G, B}, the likelihood

ratio between z;()\;) = z; € {G, B, M} and 2;()\;) = zj € {G, B, M} is

Pr(yi(LAg,2)lz(X)=%2;) . 1 :
log PrEny(l,)\j‘,Qﬂzj‘(;\j):zZ; is expressed as T’z (E(yi(l, A, 2),25) — L(yi(l, )}, 2), z;)) with

L(yi(l,2,2), zj) = yi1 (I, Aj,2) log Q(yz',1|a¢G7 ijj) +---+ yz’,\Yil(la Aj,2)log Q(?Ji,w aiG7 Oéjz-j)-
Since L(yi(l,Aj,2),z;) is strictly concave with respect to the mixture of a§ and a? and
A ({1, }yey;) 2 yi(l, A}, 2) is compact, there exists x > 0 such that one of the following is

true:

1. zj(Aj) = G is sufficiently more likely than z;(\;) = B: L(yi(l,};,2),G) — k >

2. z;(\;) = B is sufficiently more likely than z;(\;) = G: L(yi(l,);,2),B) — k >
£<yz(l,)\],2),G)

3. If zj(\;) = G and z;()\;) = B are equally likely, then since L(y;(, \;,2), z;) is strictly

concave, z;(A\;) = M is most likely: L(y;(l,A;,2), M)—r > L(yi(l,)\;,2),G), L(y:(l, \;,2), B).
(A y j j Y

If 1 is the case, then

Pr<2j(S\j):GP\j,yi(l,)\j,?)) 1 n_ 3 ) .
_ Pr(z;(0)=BIA;,y:(1,A;,2)) < eXp</$T2)172n for A; € {G,B}. Since
z;(A;) = M implies that player j told a lie and that player ¢ is indifferent to any action
profile, player i can believe that, conditional on A;(l+ 1), inferring A\;(141)(¢) = G is almost
optimal. Similarly, if 2 is the case, then player i can believe that, conditional on A;(l + 1),

inferring A;(I + 1)(¢) = B is almost optimal. Finally, if 3 is the case, then player ¢ believes
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conditional on A;(! + 1) that player j told a lie, that any action profile is optimal with high
probability, and that inferring A;(I 4+ 1)(¢) = B is almost optimal.
In summary, there exists k* > 0 such that, for any history in the current round, condi-

tional on the true \;(I + 1), one of the following three cases is true:

1. zj(A\;) = G is more likely than z;(\;) = B by exp(k*T2).

2. zj(};) = B is more likely than z;(;) = G by exp(x*T'z).

3. zj(A;) = M is most likely by exp(x*T2).

See Figure 10 for the illustration of player j’s requirement and Figure 11 for player
1’s inference. Consider Condition 2: Since almost optimality is established conditional on

A; (I + 1), after realizing A\;(I + 1)(¢) # X;(I + 1), player i believes that 6,(l + 1) = B and
A;(I+1) = A, for all [ > [ with high probability.

[Insert Figures 10 and 11]

9.3 Formal Message Protocol

The formal definition of the supplemental rounds 1 and 2 for A;({+1) is given in the Appendix.
The difference from the above intuitive explanation is that there are several events denoted
by (; = B which are excluded from player i’s consideration. As we have mentioned in Section
9.2.1, when player j uses player i’s message in the supplemental round 2 for \;(I+1), (; = B
or ¥; = B has happened and player ¢ always assumes that her message in the supplemental

round 2 is irrelevant. In summary, we can prove the following Lemma.

Lemma 5 There exists € > 0 such that, for any ¢ € (0,&), for anyl = 1,...,L — 1, for
sufficiently large T, for any i,5 € I, there exists a message protocol in the supplemental

rounds such that

1. In the supplemental round 1 for \;(1+ 1),
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(a) Player j takes a;.j(lﬂ) and player i takes af for T periods.
(b) Player j creates (;(1,\;,1),0;(1,\;,1) € {G, B}.
(¢) Player i creates C;(1,Aj,1),9:(I,\;,1) € {G,B}. If (;(I,\;,1) = 9:(1, N, 1) = G,

then X;(I + 1)(¢) is determined solely by player i’s history in the supplemental

round 1.
2. In the supplemental round 2 for A\;(l + 1),

(a) Player j takes a mized strateqy and player i takes oS for T periods.
(b) Player j creates 6,(1,7;,1) € {G, B}.

(c) If Xj(1+1)(4) is determined by playeri’s history in the supplemental round 2, then
Ci(LA;, 1) = B orv;(l,\j,1) = B in the previous round.

3. Let (;, 95 and 6; be {C;(1), (1 Az, 1), C(L A DY {0501 0, DY and {6,(1, )5, 1), 60;(1, A5,2)} -

=1’ I=1"
respectively. Then
(a) Conditional on {\;(I + 1)}[L:_11 and “C; and 9; being all G,” player i believes that
N(L+1)(E) = N(I+1) or 9;(1,N;,1) = B or6;(l,\;,2) = B” with probability no
less than 1 — exp(—T'3).

(b) Conditional on {/\j(i—i— 1) lL;l and “C; and ¥; being all G,” any history of player

1 1n the supplemental rounds happens with probability no less than exp(—T%).

(¢) Conditional on {\;(I + 1)}%::_11 and “C; and V; being all G,” conditional on any
history of player i in all the supplemental rounds, player i believes that any A\;(1 +
1)(5) is possible with probability no less than exp(—T73).

(d) ¢; and ¥; are all G with probability no less than 1 — exp(=T'3).

(e) The distribution of (; is independent of player i’s strategy with probability no less
than 1 — exp(—T'3).

(f) The distribution of {0;,9;} is independent of player i’s strategy.
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10 Variables

In this section, we show that all the variables can be taken consistently satisfying all the
requirements that we have mentioned: p, 4, o, q1, &, L, L, n and «.

First, p is determined in (3), @ is determined in Lemma 2, ¢; and ¢» are determined in

1

Lemma 3, and ¢ € (0, 5) is defined in Lemma 5, independently of the other variables.

Given ¢; and ¢o, we define L to satisfy (10):
L(g—q) > II(II?;XQ lu; (a)] . (42)
Given p and L, we define L sufficiently large so that (11) holds:

L < Lp. (43)
We are left to pin down 7 and €. Take € > 0 and n > 0 sufficiently small such that

u; (D1, Dy) + p+2eL + 3un < v; < v; < u; (C1,Cy) — p — 26 L — 3un, (44)

and

€<1'I1iIl{gf,QQ—ql}. (45)

11 Almost Optimality of o;(z;)

Since we have pinned down A, (14 1)(i) in Section 9, Section 8.2.2 pins down A;(I+1). Then,
Section 8.1 pins down the equilibrium action. In addition, since we have pinned down 6;, (;
and ©;, Section 9 pins down m;(z;,-, ) except for 7;(z,1, \;). Therefore, we want to show
that there exists 7;(x,, \;) such that these actions and reward functions satisfy (21), (5)

and (6).
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11.1 Almost Optimality of \;(l + 1)

First, we show the almost optimality of S\j(l + 1). Since we verified 2 of Condition 2 is
satisfied in Lemma 5, this follows from Section 9.1.

For notational convenience, for each [th review round, let a;(/) be the sequence of player
7’s equilibrium actions in each [th review round with [ < [.

As we have mentioned in Section 9, in each [th review round (r = ), player i conditions
that (;(r) = J;(r) = G forall » < I. Since Condition 2 is satisfied conditional on {; = ¥; = G

in Lemma 5, the almost optimality still holds:

Lemma 6 For any Ith review round, conditional on a;(l) and (;(r) = 9;(r) = G for all
r <, for any history of player i where player i has not deviated in the supplemental rounds
for X;(I) with 1 < 1, playeri can believe that A;(1) = X;(1) or there exists r < | with 6,(r) = B
with probability no less than

1 — exp(—T3). (46)

11.2 Determination of 7;(z,1, \;)

Second, based on Lemma 6, we determine 7;(x,[, A;) such that 7;(x,[, \;) satisfies (6) and

show that o;(z;) is almost optimal:

Proposition 1 There exists w;(x,l, ;) that satisfies (6) and such that o;(x;) is almost op-
timal, that is, for sufficiently large T', for all round r,

1. If (;(7) = B or ¥;(7) = B with some 7 < r, then any strategy is exactly optimal.
2. If (;(7) = 9;(7) = G for all ¥ < r, then

(a) For all I € {1,....,L — 1}, for r = (I, \;,2) (supplemental round 2 for \;(I + 1))

where player ¢ takes a mixed strategy, any strategy is exactly optimal.

(b) For all I € {1,...,L — 1}, for r = (I, \;,1) or (I, \;,2) (supplemental round 1 or
2 for \;(I + 1)) where player i receives the message, af is strictly optimal by at

least $L(g> — q1).
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(¢) For the other rounds, o;(z;) is optimal with loss up to exp(—7'1).

1 follows from (32). 2-(a) is true since (;(7) = ¥,(7) = G for all ¥ < r imply that player
J has inferred X;(I + 1)(j) from the supplemental round 1 (See Figure 13 reversing the roles
of i and j). 2-(b) is true since taking af gives the almost optimal inference and (35) gives
a high reward on af. 2-(c) is true intuitively because (i) in the supplemental round 1 for
Ai(l+1), whenever player j is ready to listen, player i’s continuation payoff is fixed regardless
of player j’s inference from 4 of Lemma 4 and (ii) Lemma 6 guarantees that the coordination
goes well with high probability and that we can construct the reward functions in the review

rounds as in Section 5.2.2.

12 Exact Optimality

hI"*! in the report block and to establish

We are left to show the truthtelling incentive for
the exact optimality of o; (z;). Here, we offer the intuitive explanation. See Section 15.7 in
the Appendix for the formal proof.

The report block proceeds as follows: By public randomization device, the players coor-
dinate on who will report h;TFP *1. Only one player reports the history. Player 1 reports h{” 1
with probability % and player 2 reports hgp 1 with probability % Player ¢ who is supposed
to send h;TFP 1 according to the public randomization device sends two messages for each
round r sequentially where player i does not take a mixed strategy (that is, except for the
supplemental round 2 for A\;(I+1)): (i-r-1) What action player ¢ took and what signal player
i observed in the first period of the round r, (a;.,, ¥, ). Here, t, is the first period of the
round 7. (i-r-2) The history in the round r, {a;¢, ¥ }rer(r)-

Let h] be the history in each round where player ¢ does not take a mixed strategy before
the round r. Notice that, before player i sends the message about (i-r-1), the messages about
h} have been sent.

By backward induction, for each r, player j who is not supposed to send hJTP by

the realization of the public randomization device adjusts the reward function as follows.
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Here, to verify the truthtelling incentive, we distinguish the true histories h], (a;+,,¥:+,.) and

{ai,t7yi,t}teT(r) and the messages ]Aﬁ; (di,t,«u gi,tr) and {di,ta Qi,t}teT(r)-

a"i’ajatr}

7-r-1) Given fzr, player j gives a reward based on { V., such that any action
(2 J:tT

aiGAi
that should be taken by o;(z;) after h7 is optimal in ¢, (the first period of the round r).

(j-r-2) Player j punishes player i if player i is likely to tell a lie about (a;¢,, ;) in (i-r-1).

(j-r-3) Player j gives a reward based on ZteT(T) \If?ft’t”’aj’t such that constantly taking the
same action as d;, during the round r is optimal. (j-r-4) Player j punishes player i if player
i is likely to tell a lie about {a ¢, Ui }brer(r) in (i-r-2).

We take the punishment and reward satisfying the following requirements:

1. Within the round r, we take the reward in (j-r-1) much larger than the punishment
or reward in (j-r-2), (j-r-3) and (j-r-4). Similarly, we take the punishment in (j-r-2)
much larger than the punishment or reward in (j-r-3) and (j-r-4), and the reward in

(7-r-3) much larger than the punishment in (j-r-4).

2. Between rounds, we take the punishment and reward from (j-r-1) to (j-r-4) much

larger than those from (j-r + 1-1) to (j-r + 1-4).

By backward induction, we can verify the truthtelling incentive and make o;(x;) exactly
optimal: In round r, we do not need to consider the punishment or reward for the round
7 > r by Requirement 2 above. First, given that player i tells the truth in the report block,
(j-r-1) is enough to make the equilibrium strategy optimal in t,, taking into account the
effect on (j-r-2), (j-r-3) and punishment and reward for the round 7 > r by Requirement
1. Second, (j-r-2) is enough to give the truthtelling incentive for (a;4,,y:+,.) since (i) the
punishment and reward for (j-7-1), (j-7-2), (j-7-3) and (j-7-4) with 7 < r are sunk, (ii) the
reward (j-r-1) is sunk, and (iii) the punishment and reward for (j-r-3) and (j-r-4) are much
smaller than the reward for (j-r-2). Third, given the truthtelling incentive for a;;,, (j-r-3)
is enough to incentivize player i to constantly take a;; within the round r since (i) the
punishment and reward for (j-7-1), (j-72), (j-m3) and (j-7-4) with 7 < r are sunk, (ii) the

punishment and reward for (j-r-1) and (j-r-2) are sunk, and (iii) the punishment for (j-r-4)
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is much smaller than the reward for (j-r-3). Finally, (j-r-4) is enough to incentivize player 4
to tell the truth about {a;y, ¥ }eer(r) since (i) the punishment and reward for (j-7-1), (j-7-
2), (j-7-3) and (j-7-4) with 7 < r are sunk, and (ii) the punishment and reward for (j-r-1),
(j-r-2) and (j-r-3) are sunk.

Note that we do not require player ¢ to send the messages about the rounds where
player i takes a mixed strategy. From Proposition 1, o;(x;) was exactly optimal without
the adjustment in the report block. We cancel out the adjustment of the punishment and
reward in the round 7 explained above once (;(7) = B or ¥;(F) = B with # < r happens.
Then, from Proposition 1, o;(x;) is exactly optimal in all the rounds.

In addition, in the supplemental round 2 for \;(I + 1), if (;(7) = 9,(7) = G until this
round, then player i’s strategy in this round does not affect the continuation strategy profile
including the report block except for player j’s messages in the report block. Since Propo-
sition 1 guarantees that o;(x;) is exactly optimal in this round without adjustment, we can
omit this round from the rounds whose history player ¢ sends the messages in the report
block about.

From Proposition 1, the last adjustment (j-R-3) can be very small. Hence, the total

reward and punishment can be small enough not to affect the equilibrium payoff.

13 General Games

13.1 General Two-Player Games

The prisoners’ dilemma is special in that, when player j’ state is B, the equilibrium action
D; can (i) attain the targeted payoft v; or v; depending on player i’s state and (i) minimax
player ¢ at the same time. However, in a general game, there does not always exist such an
action, which causes the following problem: Player j with z; = B and A, () = B needs to
give a positive constant reward as in (33) to sustain (6). On the other hand, player j needs
to ensure that player i’s payoff is below v, regardless of player ¢’s strategy. Therefore, player

j with z; = B and ); (I) = B needs to minimax player ¢ with high probability if player
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does not take a prescribed action although the minimaxing action can be different from the
prescribed action to attain the targetted payoff v; or v;.

For this purpose, player i constructs a statistics such that if its realization is low, then
player ¢ allows player j to minimax player i. Player ¢ sends the message about whether
she allows player 7 to minimax. Player j, on the other hand, calculates the conditional
expectation of that statistics which decreases if player © deviates. Modifying the coordination
protocol about A;(l 4+ 1), we can make a protocol such that the players can coordinate on
the punishment properly and that player j punishes player ¢ with high probability if the
realization of the conditional expectation is sufficiently low regardless of player i’s message
to keep player ¢’s payoftf below v, regardless of player i’s strategy. See the Supplemental
Material 1 for the formal description.

The fact that there does not always exist an action satisfying both (i) and (ii) is the
reason why the belief-free equilibrium payoff set is smaller than the feasible and individually
rational payoff set except for the prisoners’ dilemma. Horner and Olszewski (2006) consider
a way to coordinate on the punishment, which is different from ours. However, since their
coordination uses almost perfect monitoring, as Horner and Olszewski (2006) mention, it

was not known how to obtain the coordination in not-almost-perfect monitoring.

13.2 General More-Than-Two-Player Games

If there are more than two players, as Horner and Olszewski (2006), we let player (i — 1)’s
state determine whether player i’s value is 9; or v; independently of players (—(i—1))’s state.
With cheap talk, there is no conceptual difficulty to extend our result (See Supplemental
Material 2).
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14 Equilibrium Construction without Cheap Talk

14.1 Two-Player Games

Throughout the main text, we use perfect and public cheap talk and public randomization
devices.'® In the Supplemental Material 3, we show that cheap talk and public randomization
are completely dispensable and all the messages can be sent via actions without public
randomization.

Tp+1 .. .
h; "', The basic idea to send z; is

Note that we use the cheap talk messages for x; and
the same as in the supplemental rounds for A\;(I 4+ 1). As Lemma 5 shows, conditional on the
opponent message, the receiver can believe that her inference is correct or she is indifferent to
any action profile sequence. Therefore, even after observing the continuation strategy that
is not corresponding to her inference, the receiver can believe that she is indifferent to any
action profile sequence with high probability and that following the equilibrium strategy is
almost optimal. As we have seen in Section 12, we can attain the exact optimality afterwards.

There is one difference between \;(l+ 1) and z;. For \;(I+ 1), whenever player j changes
her strategy based on the inference of \;(I + 1), player j has made player i indifferent to any
action profile sequence and the sender’s inference of the receiver’s inference is irrelevant (4 of
Lemma 4). On the other hand, the receiver j constructs the reward function on the sender
i based on x; (remember that 7; depends on not only z; but also z;). Therefore, the sender
needs to have the inference of the receiver’s inference. For this purpose, player j sends back
her inference of z; to player ¢ to inform what inference the reward function is based on. The
incentive to tell the truth for player j can be provided.

As for hiTP *1in the report block, there are three problems. First, the cardinality of the
messages for our equilibrium construction is of order (|4;]|Y;|)". If we replace cheap talk
with the message exchange via actions straightforwardly, it takes too long to send all the
messages and affects the equilibrium payoff. The second problem is that we need to dispense

the public randomization device. It is important to have only one player who reports h;TFP 1

16 Even with cheap talk, however, the general folk theorem is new to the two-player case.
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since otherwise, while the opponent is reporting h;rp 1 player i could update the belief

over player j’s signal observations and the incentive to tell the truth about hiTP 1 would be
destroyed. On the other hand, to have the exact optimality, there needs to be a positive
probability for each player to report hiTP 1 and the reward function will be adjusted. Third,
there exists a positive probability that the messages do not transmit correctly. See the

Supplemental Material 3 for the solutions to these problems.

14.2 More-Than-Two-Player Games

There is a problem in coordinating on x;, unique to the case with more than two players:
Each player takes an action based on the her own inference about x;. It may be of some
player’s interest that some players take actions corresponding to z; = G and the others
take actions corresponding to z; = B. Then, that player may have an incentive to deviate
from the equilibrium action in order to manipulate the signal distributions and to induce
the miscoordination about x;. See the Supplemental Material 4 for how to deal with this

problem.

15 Appendix

15.1 Proof of Lemma 1

To see why this is enough for Theorem 1, define the strategy in the infinitely repeated game

as follows: Define

1—6m(G, hJTPJrl 2 0)

p(G’,thPJrl 6 =1+

6P v — v, ’
1 —6mi(B, pTPrL . 0)
Qt)(B,h;TFPJrl 2 0) = ST o ]_ ” : (47)

If (6) is satisfied, for sufficiently large ¢, p(G, hJTP+1 :0), p(B, h]TPJrl :6) € 10,1] for all h;FPH.

We see the repeated game as the repetition of Tp-period “review phases.” In each phase,
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player i has a state x; € {G, B}. Within the phase, player ¢ with state x; plays according to
0; (z;) in the current phase. After observing hiTP *1in the current phase, the state in the next
phase is equal to G with probability p(z;, h;**' : §) and B with the remaining probability.
Player i’s initial state is equal to G with probability p’ and B with probability 1 — p!
with
Pyt + (1= pl)u; = vj.

Then, since
Tp
(1=6)) 6" uy (ay) + 6™ [p(G, by ")+ {1 = p(G, b ")},
t=1

+ 6w,

1-6 [,
= (1-46") L_ = {Z(St " (ag) + mi(G RGP 5)}
t=1

and

Tp
(1—20) Z 6wy (ap) + 677 [p(B, h]TPH)T)i + {1 —p(B, h]TPH)}yJ
=1

+ 5pri7

1-6 [
= (1-46") L_ ™ {Zét 1%(%)—1—%(3,]1?“:6)}
t—1

(4) and (5) imply, for sufficiently large discount factor 6,

1. Conditional on the opponent’s state, the above strategy in the infinitely repeated game

is optimal.

2. If player j is in the state G, then player ¢’s payoff from the infinitely repeated game is
v; and if player j is in the state B, then player ¢’s payoff is v,.

3. The payoff in the initial period is p/v; + (1 — p? )v, = v; as desired.

15.2 Proof of Lemma 3

First, note that (27) is equivalent to
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DI W watys L aws) payi | asag) = {Z a(y; | a,yi)a(y; | ai,aj)} V5 (Y;) = e

Yi Yj Yj Yi
(48)
Second, arbitrarily fix ¢z > ¢1. Let Q1(@;,a;) = (q(y; | di,aj))yj be the vector of
the distribution of player j’s signal conditional on a;,a;. In addition, let Qq(a;,a;) =
<Zy,- q(y; | a,vi)q(y: | ai,dj)> . The vectors (Q1(a;,a;) and (Qa(a;,@;) are generically lin-

Yj
early independent except for a; = a; and a; = a; since Assumption 2 guarantees that

1Y;| > |A;] +|A;| — 1. Therefore, there generically exists a solution {j(y;)},, for (26) and

(27). Note that if {¢§(y;)},, solves the system for g, and ¢, then, for any m,m’ € R,

{W} solves the system for ‘DW# and qlm#. Therefore, we can make sure that
Yj

Yo Y; — (0,1).

15.3 Proof of Lemma 2

This is generically satisfied if |Y;| > |4;| as Yamamoto (2009b).

15.4 Proof of Lemma 5
15.4.1 Explanation of 1 of Lemma 5: Supplemental Round 1 for \;(l+ 1)

The following is the formal description of the message exchanges in the supplemental round

1 for \;(I 4+ 1). Let us first introduce the following notations:
Notation 1 For \; € {G, B}, we define

1. the matrixz projecting player i’s signals on the conditional distribution of player j’s

signals given an action profile a:

qWia | a,vin) o a(yin | s yigv)
Qji(a) = : :
QW L asyin) - a(Wyyy) | asyiy)
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2. (1Y, — |Ai| + 1) x |Y;| matriz H;(X;) and (|Y;| — |A;| + 1) x 1 vector p;(A;) such that
the affine hull of player j’s signal distribution with respect to player i’s action when

player j takes aj_-‘j s represented by
S\j Y'] y’] — _
aff({q;(a)”, ) o) NRY = {y; € R H;O0)y; =psO00) . (49)

3. The set of hyperplanes generated by perturbing RHS of the characterization of aff ({qj(aj.‘j ;@) Fa; )N

RLY’": fore > 0,7

lell <,

H;[e](\) =1y, € RLYH :Je € ]R'fjv‘*'Ai'H such that ~ ~
H;(X)y; = pj(A)+e

4. The set of frequencies of player i’s signal observations such that the conditional expec-

tation of the frequency of player j’s signal observation is close to 'H,; [8](&) when the

Nooa.
j 7a/2"

players take a
Vi € R‘f' such that

there exist €1 € R‘f’", €9 € RL?HA”H and y; € ]R'fj‘ with

Hji [5](5\3') = Y = Qj,i(a;\jy af)yi + €1,

H;(\)y; = p;i(Ny) + e,

lew]|,llezl| <€

Without loss of generality, we can make sure that all the elements in H;(G) and H;(B)

are included in (0, 1) by the following lemma.

Lemma 7 We can take H;(G) and H;(B) such that all the elements are in (0,1).

Proof. Let my be the minimum element of H;(A;) and My be the maximum element of

(H;(N), , +Imul+1
. |MH|i|mH|+2 € (0,1) and

(A;). Let H;()\;) be the matrix whose (I,m) element is

- sy m
P;(A;) be the vector whose [th element is (ljljz\;;&'gHﬁ';l

1"We use the sup norm unless otherwise notified: ||x|| = max; |z;|.
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We will show

{.Yj eRY H(\)y; = pj(j\j)} =H;(N) = H;(\)) = {yy' eRYH(N)y; = f’j(/_\j)}~

1. H;(A;) C H;()

Suppose y; € H;(};). Since y; € aﬁ({qj(a?j,ai)}ai) C aff ({O,l}'yﬂ), ij(/_\j)yj =

p;(\;) as desired.

2. H;(N) D H;(\)
Suppose y; € H;();). Since aff({qj(a;\j, a;) }a;) C aff ({0, 1}1%1), without loss of gener-

ality, we can assume that one row of H;(},) is parallel to (1, ..., 1) and that the element

N . . 1+|m 1 1+|m 1
of p;(\;) corresponding to that row is 1. If (1, ...,1)y; # 1, then <‘M;||+‘gl|;r|+2, o \M;||+|ﬂ:|+2> y; =

% (1,..,1)y; # % and y; ¢ H,;();) as desired. If (1,...,1)y; = 1,

then there is another row h;()\;) and the corresponding element p;(\;) of p;(};) such
that

h;(A)y; # pi(N))-

Let h;();) be the corresponding row of H,();) and p;(};) is the corresponding element
of 15‘7 (/_\J> Then,

_ 1

h:(\,)y; = h;(\; 1) (1,....1))y;
J( ])yj |MH|+‘mH|+2( J( J)+<|mH|+ ) (1, 7))3’3
1 _
= h:-(\;))y; + +1
|MH|+‘mH|+2(]( ])y] M| )
1

(X 1) = 5. (s
| M| + [mp| + 2 (pJ( J)‘HmHH_ ) p]( J)

and so y; € H;(\;).

Given the frequency of player j’s signal observation y;(l,A;, 1), y;(l,A;, 1) € H;le]()))

corresponds to Box 2 of Figure 9. On the other hand, given the frequency of player ¢’s signal
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observation y;(1, A;, 1), yi(l, A\j, 1) € H;[e](G) corresponds to Boxes 5, 6 and 7 of Figure 9.

In addition, since

1 by by
E Tl Z ]‘yj,t | {yi,t}tETi(l,)\j,l)aajj>a? = Qj,i(a’jj7aiG)Yi(la)\j7 1)>
2 -1 teT;(1,),1)

vi(l, A, 1) € H;; [5](5\J) corresponds to Box 5 or 6 of Figure 9, depending on 5\]- =G or B.

Strategies The strategy in the supplemental round 1 for A\;(I + 1) is as follows: Player
j (sender) with X\;(I + 1) = \; € {G, B} takes a?j and player i (receiver) takes a@ for Tz
periods in the supplemental round 1 for A;({ 4 1), that is, for t € T'(I, \;, 1).

Requirement by Player ; As we have mentioned in Section 9.2.1, player j requires player

i to infer \;(I 4 1) correctly only if y;(I, A;, 1) € H;[e]();).

Instead of using y;(, )ij’ 1) directly, player j constructs random variables {Q]Ht} Ty 1)
as follows. After taking a;\j and observing y;, player j calculates Hj(/_\j)lyj,t. Then, player
j draws (|Y;| —|A;| +1) random variables independently from the uniform distribution

on [0,1]. If the /th realization of these random variables is less than the /th element of

H;j(M\)1,,,, then the Ith element of Qth is equal to 1. Otherwise, the [th element of th is

equal to 0. From Lemma 7,

Pr ({(Qh), = 1} la.y) = (H;

S\j)lyj,t)l € (07 1) (50)

for all a and y.

. H

1
Q1 0,1) = o > ol (51)
2 -1 teTj(LA,1)

o4



Player j requires player i to infer A\;(I + 1) correctly only if

1 1 < €
= >, Y > HOL, <3 (52)

1
> -1 tETj(l,/\j,l) —1 tETj(l,)\j,l)

and

19571 A5, 1) = ps(A)]| < (53)

€
5
In summary, there are following cases:

1. (52) is not satisfied. Let (;(l,\;,1) = B denote this event. This case is excluded from
player i’s consideration. From (50) and (51), by the central limit theorem, conditional

on {y;.} LT (A1)’ this occurs with probability no more than of order exp(—T%).

2. (52) is satisfied. Let (;(I,A;,1) = G denote this event.

(a) (53) is not satisfied. Let 6;(l,\;,1) = B in this event. Then, player j makes
player ¢ indifferent between any action profile sequence in the subsequent rounds.
This case is not excluded from player ¢’s consideration. Since we take the affine
hull with respect to player i’s action in (49), together with (50), the central
limit theorem implies that this occurs with probability no more than of order
exp(—T%) ex ante at the beginning of the supplemental round 1 regardless of

player i’s strategy.

(b) (53) is satisfied. Depending on the supplemental round 2, player j may require
player i to infer A;({41) correctly. Let 6,(l, \;,1) = G denote this event. Note that
(52) and (53) imply ||H;(X;)y;(l, A;,1) — p;j(A;)| < € by triangle inequality and
so y;(l,\;,1) € H,[e](};). Therefore, player j requires player i to infer \;(I + 1)

correctly only if y; (I, A;, 1) € H,;[e](\;) as mentioned.
In addition, if 1 is the case, we define 6,(I,\;,1) € {G,B} as in the case with
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C;(,Aj,1) = G: If (53) is not satisfied, then 0;(I,)\;,1) = B. If (53) is satisfied,
then 9]'([,/\]‘, ].) =G.

See the upper half of Figure 12 for the illustration. Figure 12 corresponds to Figure 9 in
the intuitive explanation. Box 2 of Figure 9 corresponds to Box 5 in Figure 12 and it is still
true that player j requires player i to infer \;(I + 1) correctly only if y;(I, \;, 1) € H;[e](\)).

Therefore, the sufficient condition for the almost optimal inference by player i is still valid.
[Insert Figure 12]

Inference by Player ¢ As mentioned in Section 9.2.1, if player ¢ infers A\;({ + 1) from the
supplemental round 1, then player ¢ infers A\;(I + 1) = 5\]- € {G,B} if

1
1 Z Ly, [ yi(l, A1), a j’ zG
> -1 tET;(1,A;,1)
is close to aff ({qj( a;’,a )}a) In other words, player ¢ infers \;(I +1) = G if y;(l,\;,1) €
Hj’i[é“](G) and )\]<l + 1) = B if yl(l, )‘ja 1) S Hj,l[E](B)

Instead of using y;(l, A;, 1) directly, player i constructs random variables {€2;:(G)},cr., WRIL

{int(B)}teTi(l,)\j,l) and {th}teTi(ly)\jyl) as follows.

Construction of {QZ t(j\j)} ( : with j\j € {G, B} After taking a¢ and observing
teT; l)\],l

Yis, player i calculates H;(A )Q“( a;’,af’)1y,,. Then, player i draws |Yj| —|A;| + 1 random
variables independently from the uniform distribution on 0, 1] If the lth realization of these
random variables is less than the [th element of H; ( 5)Qj, Z( a;’,af)1y, ,, then the /th element
of Q;,(};) is equal to 1. Otherwise, the Ith element of €2;,(},) is equal to 0. Since all the
elements of H -()\ ) isin (0,1) from Lemma 7and Q;;(a ;\ ,a)1,,, is a conditional probability

distribution, we have H;(\,)Q;(a’ a;’,af)1,,, €(0,1), and

Pr({(2u(V) =1} lay) = (H:00) Qi) a1y, ) - (54)
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Given {Qi,t(j\j)}teTi(l,/\j,l)’ let

~ 1 ~
QU1 = — > Q). (55)
T: -1 teT;(1,A,1)

Construction of {Qth After taking a¥ and observing y; ;, player i calculates

teTi(LA;,1)
H;(G)1,,,. Then, player i draws (|Y;| — |A;| + 1) random variables independently from the
uniform distribution on [0,1]. If the /th realization of these random variables is less than
the Ith element of H;(G)1,,,, then the /th element of th is equal to 1. Otherwise, the /th

element of th is equal to 0. By Lemma 7,

Pr ({(th)l - 1} | a,y> — (Hi(G)1,,,), € (0,1). (56)

Given {Q” (T 1)’ let

1
QF (I, M\, 1) = — > (57)
T2 =1, A1)

Player j infers A;(I + 1)(7) from the supplemental round 1 if and only if

[24(G)E A5 1) ~ Hy(G)Quaf  af)yi(l, Ay, )|
= | ¥ e - Y HOQuf e, | <5 69)

teT;(1,A4,1) tET(1,A5,1)

|8 A3, 1) — H(B)Qsa?, 0yl Ag, 1)
= | Y 2B - Y EBR < (69

teT; l)\ ,1) tETi(l,)\j,l)
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and

196 (1, M5, 1) — Hi(@)yi(l, Ay, D]

1 1 €
= Qf — — H;(G)1,,,|| < =
T% 1 Z 2t T% Z (G) Yit || — 27 (60)
tGTi(l,A]‘,l) tGTi(l,)\j,l)
9
|96 0,1 - pi(@)] < <, (61)

There are following cases:

1. (58), (59) or (60) are not satisfied. Let (;(I, A;,1) = B denote this event. This case is

excluded from player j’s consideration. From (54), (55), (56) and (57), by the central

limit theorem, conditional on {y; ¢}

BYRIL this occurs with probability no more than

of order exp(—T'2).

2. (58), (59) and (60) are satisfied. Let (;(I, Aj,1) = G denote this event.

(a)

(61) is not satisfied. Let v;(l,A;,1) = B denote this event. This case is also
excluded from player j’s consideration. Since we take the affine hull with respect
to player j’s action in the definition of H;(G) (this is symmetric to (49)), together
with (56), the central limit theorem implies that this occurs with probability no
more than of order eXp(—T%) ex ante at the beginning of the supplemental round

1 regardless of player j’s strategy.

(61) is satisfied. Let ¥;(l, \;,1) = G denote this event. In this case, player i uses
the supplemental round 1 to infer A\;(l + 1).

For the following classification, define K as follows: Since a continuous linear
transformation is Lipschitz continuous, we can take K such that, for any i and

\; € {G, B}, if y; € H,[e]()\;), then there exists € € R‘f}l_‘A”H such that

~ 5\] A
H;(M\)Qji(a} o )y; = pj(A;) +e,

el < (K —1)e (62)
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Given this K, we consider following subsubcases.
i. If we have

1:(G)(1, A5,1) = P (G)]| < Ke, (63)

then player ¢ infers \; (I + 1)(i) = G.
ii. If we have

1:(B) (1, A7, 1) = pi(B)I| < K, (64)

then player ¢ infers \;({ +1)(i) = B.

ili. Otherwise, player ¢ infers \;(I 4 1)(i) = B.

In addition, if 1 is the case, we define ¥;(l,\;,1) € {G,B} as in the case with
Ci(l,Aj,1) = G: If (61) is not satisfied, then ¥;(I,\;,1) = B. If (61) is satisfied,
then 19Z(l, )\j, 1) =G.

The following lemma shows that the above inferences are well defined. The intuition is

the same as one in Section 9.2.1.

Lemma 8 Generically, the following statement is true: There exists € > 0 such that, for all
e <&, if Case 2-(a)-i above is the case, then Case 2-(a)-ii is not the case. Symmetrically, if

Case 2-(a)-ii above is the case, then Case 2-(a)-i is not the case.

Proof. (60) and (61) imply that there exists €; with

H/(Q)y; = pi(G)+e,

led < e

(58) and (63) imply that there exists e with

H;(G)Qji(af,af )y; = pj(G) + e,

leall < (K +1)e.
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On the other hand, (59) and (64) imply that there exists 3 with

H;(B)Qji(a? af)y; = pj(B) +es,

lesll < (K +1)e.

Therefore, it suffices to show that, for sufficiently small e, for any ||e|| < e, there does

not exist y; € R‘f' such that

H;(G) pi(G)
Hj(G)iji(aJG,aiG) yi=| pj(G) | e (65)
H;(B)Qji(af , af) p;(B)

For generic ¢, with € = 0, such y; does not exist since we have |Y;| degrees of freedom
and |Y;| + 2|Y;| — |A4;| — 2|A;| + 1 constraints. Note that one row of each of H;(G),
H;(G)Q;:i(af,af) and H;(B)Qji(a?, af) is parallel to 1.

By Farkas Lemma, this nonexistence of y; for € = 0 is equivalent to the existence of

Yi|+2|Y;|—1A|-2|As|+1 .
x € RYHIMIIA2AbL

HJ(G)Qj,i(afv azG) x <0, pj(G) -x > 0.
H;(B)Qji(af, af

V@
G
=

Hence, for sufficiently small e, for any |le|| < e,

!/

HJ(G)Qj,i<ajG7 af) | x<0, pj(G) | +te| x>0
H;(B)Qji(af, af) p,;(B)

Again, by Farkas Lemma, (65) does not have a solution for sufficiently small e. =

See the lower half of Figure 13. Case 1 above is Box 7 of Figure 13. Case 2-(a) is Box 12.
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Case 2-(b)-i corresponds to Box 9, 2-(b)-ii corresponds to Box 10, and 2-(b)-iii corresponds
to Box 11.

Figure 13 corresponds to Figure 11 in the intuitive explanation. Box 2 of Figure 11
corresponds to Box 9 in Figure 13, Box 3 in Figure 11 corresponds to Box 10 of Figure 13,
and Box 4 of Figure 11 corresponds to Box 11 of Figure 13. The cases where player ¢ answers

“No” to the question in Box 1 in Figure 11 are included in Boxes 7 and 12 in Figure 13.
[Insert Figure 13]

Notice that whenever player i infers S\j(l +1) = B, then at least one of (;(I) = B, 6;(l) = B,
¢;(L,A;,1) = B and 9,(l, \;, 1) = B happens. Reversing the roles of ¢ and j, whenever player
j takes a (I + 1) # a(x;) (this implies A;(I + 1) = B), any action profile is optimal to player
1.

Finally, we show that Condition 2 in Section 9.1 is satisfied.
Lemma 9 For any e € (0,€), for sufficiently large T', for anyi € I and \;(1+1) € {G, B},
1. Conditional on A\;(1+1) and (;(I) = (;(I, \;,1) = G, player i believes that \;(I+1)(i) =
Ai(l+1) or6,(l,\;,1) = B with probability no less than 1 — exp(—T3).

2. Conditional on \;(I+1) and (;(I) = ;(I, \;,1) = G, any history of player i can happen
with probability at least eXp(—Tg).

3. Conditional on \;(1 + 1) and (;(I) = (;([, \j,1) = 9;(1, \;,1) = G, conditional on any
history in the supplemental rounds, player j believes that any \;(l + 1)(i) is possible
with probability no less than exp(—T%).

4o G, A5, 1) = 051, A4,1) = (1, A, 1) = 9i(l, A, 1) = G with probability no more than
exp(=T'3).

5. The distribution of Cj(l, Aj, 1) is independent of player i’s strategy with probability no
less than 1 — exp(—=T'3).
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6. The distribution of 0;(1, \j, 1) is independent of player i’s strategy.

7. The distribution of (;(I, \j,1) is independent of player j’s strategy with probability no
less than 1 — exp(—T73).

8. The distribution of ¥;(1, \;, 1) is independent of player j’s strategy.

Notice that, as we have mentioned, player i excludes the case with (; = B in 1 and 2 of
Lemma 9 and player j excludes the case with (; = B or ¥J; = B in 3 of Lemma 9.

Proof.

1. Suppose \;(I +1) = Aj. If \j(I +1)(i) = );, then we are done. So, let us concentrate
on \;(l +1)(i) # A;. Forget about the conditioning on ¢;(1;Aj,1) = G for a while. If
Aj (L4 1)(i) # A; but player i uses the supplemental round 1 to infer A;(l + 1), then

1) (A5, 1) = pi(N)|| > Ke
and player 7 has (58) and (59). Therefore, by triangle inequality,

>(K—1)5.

HHJ'()\J')Qj,z‘(% Lad)yi(l, A5, 1) — pi(N)

From (62), this implies that y;(I,\;,1) & H,;.[¢](};), which means that any y; €
A ({1,,}y,ev;) within e from the conditional expectation of ﬁ P 2.1y 1y, condi-
tional on the true message A;(I+1) = \; is not included in H;[e|(};). Since T;(l, A;, 1)
and Tj(1, A;, 1) differ at most for two periods, this implies that any y; € A ({1,,}y,ev;)
within § from player i’s conditional expectation of y;(l, A;, 1) conditional on the true
message \;(I + 1) = ); is not included in H;[g](A;). Since y;(I,A\;,1) € H,le]();) is a
necessary condition for 6;(l, A;, 1) = G, player ¢ puts the belief no less than exp(—T%)
on 0,(1,Aj,1) = G by Hoeffding’s inequality.
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Since Pr(¢;(l,Aj,1) = G | {yji}e) > 1 — exp(—=T'7) for all {y,,};, we have

Pr({yjete | C(LA1) = G {yithe)
Pr(C;(1, A1, 1) = G [ {yiete; {Yie}e) Pr({ysete | {yiehe)
Pr(¢;(1 A5 1) = G [ {yishe)
Pr(¢;(1,A;,1) = G [ {yje}e) Pr{jete | {vie}e)
Dty PTG A, 1) = G [ {yade) Pr({wsete | {wiehe)

. (1 —2exp(—=T7)) Pr({yji}e | {vit}e)s . (66)

(1+2exp(=T7)) Pr({y;i}e | {yiche)

Hence, even after conditioning on (;(I,);,1) = G, player i believes 0;(],\;,1) = G
with probability at most exp(—73). In addition, conditional on X;(I + 1), ¢ (1) is

independent of the supplemental rounds. Therefore, we are done.

. Suppose (;(I, A;,1) = B never happens. Conditional on \;(I+1) = )j, any (yi7t>teT(l D)

can occur with probability at least

1

T2
{g@ﬂ%l@} :

1
- log {minypyi,a q(yi | a, y])} 7

Hence, for

OD<e<

any history of player ¢ can happen.
By the symmetric proof to (66), conditioning on (;(,A;,1) = G does not change the
probability so much. Again, (;(I) is independent of the supplemental rounds.
. Suppose (,(I, A;, 1) = B never happens. Conditional on (at, ijt)tGT(l,)\j,l)7 any y; (1, Aj, 1)
can occur with probability at least

1

T2
{me@lm%ﬁ :

Y5 Yi,a
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Further, for any \; € {G, B}, for yi(l, \;, 1) sufficiently close to q(a?j,a?), (61) and
(63) are satisfied and \;(I 4 1)(i) = );. Hence, for

1
—log {minyj’yi,a q(yi | a, %)} 7

OD<e<

A;(1+1)(i) = A; can happen together with (61) (and so 9;(1, A;, 1) = G) with probability

no less than exp(—%T%).

By the symmetric proof to (66), conditioning on (;(I, A;,1) = G does not change the

belief so much. Again, (;(I) is independent of the supplemental rounds.

4 to 8 Follows from Hoeffding’s inequality and the fact that we take the affine hull with respect
to a; for the definition of H;(G).

15.4.2 Explanation of 2 of Lemma 5: Supplemental Round 2 for \;(/ + 1)
The following is the formal description of the message exchanges in the supplemental round

1 for \;(1+1).

Strategies Player j (sender) with the message \;(I+1) = \; € {G, B} determines z;(\;) €
{G, B, M} as follows:

A with probability 1 — 27,
zj(N) = {G,B}\ {\} with probability 7,
M with probability 7.

Here, 7 is determined in Section 10. Player j with z;(};) takes

. CL]G if Zj(j\j) = G,
ajj(/\j) = a? if 2;(\;) = B,
508 +3aP if z;(\) = M
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for T’ periods in the supplemental round 2 for A;(l+1), that is, for t € T'(I, A\;,2). Player ¢

(receiver) takes af.

Requirement of Player j Player j who has had (;(/,\;,1) = B or 0;(l, \;,1) = B in the
supplemental round 1 has already made player ¢ indifferent between any action profile in the
subsequence rounds. Player j who has (;(/, A;,1) = 0;(, A;, 1) = G requires player i to infer
Aj(L+ 1) correctly if and only if z;(A\;) = ;. 0;(1 + 1) = Bif z;(\;) # \;.

See Figure 12 again. Notice that Box 9 is the only place where player j requires player ¢

to infer A;(I 4 1) correctly and it happens only if ¢;(I,A;,1) = G and z;(\;) = ;.

Inference of Player i If player ¢ has used the supplemental round 1 to infer \;(I + 1),
player ¢ is stick to that inference. Otherwise, player ¢ infers A;(I+1)(¢) using the supplemental
round 2. Remember that player ¢ uses the supplemental round 2 only if (;(I,A;,1) = B or
¥;(l,A;,1) = B and player j (sender) excludes these cases from consideration (see Figure
13). Therefore, player j does not care about player i’s inference in the supplemental round
2.

Based on the signal observations in the supplemental round 2, {yi;}erq;2), the belief

of player i can be classified into the following three cases:

Lemma 10 For each \; € {G, B}, conditional on \;(I+ 1) = );, one of the following three

18 correct:
1. the likelihood ratio of z;(\;) = G compared to zj(\;) = B is no less than exp(T'7).
2. the likelihood ratio of z;(\;) = B compared to z;(\;) = G is no less than exp(T7).
3. the likelihood ratio of z;(\;) = M compared to z;(\;) = G, B is no less than exp(T'7).

If 1 of Lemma 10 is the case, then player ¢ infers \;(1+1)(¢) = G. This is almost optimal
since we condition on \;(I + 1) = \; € {G, B} and player i is indifferent between any action

if zj(\;) # ;. If 2 of Lemma 10 is the case, then player i infers \;(l + 1)(i) = B. This

65



is almost optimal by the same reason. If 3 of Lemma 10 is the case, then player i infers
Aj(L+1)(i) = B. In this case, z;(\;) = M # ), is highly likely and player i is indifferent to
any action. Therefore, this is also almost optimal.

Proof. Conditional on \;(I + 1) = ),

Pr (zj(Xj) =z | A, {yivt}teT(l,)\j,Q)) _ Pr ({yz’,t}te:r’(z,,\j,z) | 2(\y) = zj) Pr (z;(X;) = 2; |

_ —_ - U)X )) — o
Pr <zj(xj) — 2| N, {yi,t}teT(Mj,Q)) Pr ({yu}teT(l’)\jg) | 200) = z;,) Pr(z(%) = 2 |
Pr(z;(\)=21%;) .
Pr(z;(A)=213;)
y for {yi,t}teT(l,AjQ)’ log Pr ({yi,t}teT(l,Aj,Q) | (X)) = Zj) is expressed as Téﬁ(Yﬁ'(l’ A 2), %)
with

and is bounded by [ 77277]’ With y;(l, A\;, 2) being the frequency of each

1-2n?

‘C(Y’L<l7 )‘]7 2)7 Z]) - yi,l(la )‘]7 2) log Q(yl 1|a’z ) ] ) + -+ yZ,D/,|(l7 )‘]7 2) log Q(yz |Y||a7, )y &y )
Hence, it suffices to show that there exists & such that, with

L(f;, 2, 2;) = L(£;, 25) — L(£;, 2),

j
for any f; € A ({1,,},.ev;), one of the following is true:
1. zj(A\;) = G is more likely than z;(\;) = B: L(f;,G, B) > &,
2. 2;(\;) = B is more likely than z;()\;) = G: L(f;, B,G) > &,
3. 2;(\;) = M is more likely than z;(\;) = G, B: L(f;, M,G) > & and L(f;, M, B) > &

Generically, we can assume that for each k € {1,...,|Y;|},

(yzk|az y O ) 7é Q(yzk|a'z ’ ]) (67)
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P! -
Let af = Xa§ + (1 — A)af for A € [0,1] and consider

g9(£i,A) = firlogq(yialas, o)) + - + fivi log q(yi v las’, a)).
Then,
Pylf;\) _ ilf a(vilaf,0f) — alyslaf 0"
A o q(yixlal, )

for any f; because of (67). Hence, g(fi, A) is strictly concave. Therefore, since L(f;, 2;, Z;)

is the difference in g(f;, \), one of the following is true:
1. zj(A\;) = G is more likely than z;(\;) = B: L(f;,G, B) > 0
2. 2;(\;) = B is more likely than z;()\;) = G: L(f;, B,G) >0
3. zj(A\j) = M is more likely than z;(\;) = G, B: L(f;, M,G) > 0 and L(f;, M, B) > 0.
Hence,
max {E(fz, G, B), ,C(f“ B, G), min {E(fl, M, G), E(fz, M, B)}} > 0.
Since LHS is continuous in f; and A ({1,,},.cy;) is compact, there exists & > 0 such that
max {E(fz, G, B), E(fz, B, G), min {E(fz, M, G), E(fz, M, B)}} > K
for all f; € A ({1, }y.ey;) as desired. m
15.4.3 Proof of 3-(a) to 3-(f)
Follows from Lemma 9 and conditional independence of each round.
15.5 Proof of Lemma 6
Since A, (1) = A;(I) always holds for o;(B), we concentrate on o(G).
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Since once \;(I) = B is induced, then \;(I') = B for all the following rounds, there
exists a unique I* such that \;(I) = B is initially induced in the (I* + 1)th review round:
A(1)=---=X(*)=Gand \; (I*+1) = --- = \; (L) = B. Similarly, there exists [* with
A1) =--=XN0*)=Gand \;(*+1)=--- = \;(L) = B. If \;(L) = G (\; (L) = G,
respectively), then define [* = L (Z* = L, respectively).

Then, there are following three cases:
e [* = [*: This means \; (I) = A, ({) for all [ as desired.

e [* > [*: This means that player ¢ in the supplemental rounds 1 and 2 for Aj(i* +1)
inferred Aj(f* +1)(i) = B. Then, for any [ > [*+1, by 1 of Lemma 5, player i believes
that conditional on (;(7) = ¥;(7) = G for all r < I, player 7 in the [th review round
believes that \;(I* 4+ 1)(i) = A (I* + 1) or “6,(I*,\;,1) = B or 6,(I*, A;,2) = B” with
probability no less than 1 — exp(—1'3) as desired.

e [* < [*: There are following two cases:

— Player ¢ was ready to listen in the [*th block: by the same reason as above, we

are done.

— Player i was not ready to listen in the {*th block (this means that player i has not
deviated until the end of the main round of the [*th block). This means that 3 of
Lemma 4 is applicable and player ¢ at the end of the [*th review round believes
that A\;({* + 1) = G with probability no less than 1 — exp(—T75).

As we have mentioned in Section 9.1, player j’s continuation strategy reveals \;(I+
1) through (i) the strategy in the supplemental rounds and (i) A;(I +1). From
2 of Lemma 5, conditional on A;(I + 1) and ;(I*) = ¢;(I*,A;,1) = (;(I*, A, 1) =
9;(I*,\;, 1) = G, any history of player i can happen in the supplemental rounds
with probability no less than exp(—7'3). Hence, the update from (i) is bounded
by eXp(Tg). In addition, for \;(I + 1), player j is ready to listen with probability

at least 7 and 3 of Lemma 5 (with the roles of ¢ and j being reversed) implies
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that any A;(I+1)(j) happens with probability no less than exp(—7'3). Hence, the
update from (ii) is bounded by 2 . exp(T'3). Therefore, after observing player j’s
continuation strategy, player i believe \;(l 4+ 1) = B with probability at most

< exp(—T%) (68)

exp(—T%) % exp(2T5)
1 —exp(=T'5)

as desired.

15.6 Proof of Proposition 1

For (6), it suffices to have

N S 0 lf I’j == G,
T (2,1, \) (69)
>0 ifz; = B,

|7 (x,1,A5)| <max;,2|u; (a)|T (70)

for all z € {G,B}?, 1 € {1,...,L} and \; € {G, B}.

To see why (69) and (70) are sufficient for (6), notice the following: (70) implies uniform
boundedness. (69) implies that m;(z;, hJTPH, ) > —pT with z; = G or m;(z;, h]TPH7 ) < pT
with z; = B only if \;(I) = G and X;(1) & [quT —2¢T, gaT+2¢T)]. Since we have \;(I) = B for
I > [ after those events from (28), m;(z;, hTPJrl ) < —pT withz; = G or m;(x;, hTP+1 ) > pT
with z; = B except for one round. In addition, (69) implies —LT — pT" < m;(z;, h;‘-FP ) <
LT + pT for all z;. Hence, in total, > 1, m(z;, hTP+1 1) < LT — LpT < 0 with z; = G and
mi(z5, hTP+1 1) > —LT + LpT > 0 with x; = B. The strict inequalities follow from (11).
Therefore, (6) is satisfied.

Therefore, we prove Proposition 1 with (6) replaced with (69) and (70).

1 follows from (32). 2-(a) is true since (;(7) = ¥,(7) = G for all ¥ < r imply that player
J has inferred X;(I + 1)(j) from the supplemental round 1 (See Figure 13 reversing the roles
of i and j). 2-(b) is true since taking af gives the almost optimal inference and (35) gives a

high reward on af.
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Therefore, we are left to show the existence of 7;(x, [, \;) with (69) and (70) and 2-(c) by
backward induction. From Lemmas 4 and 5, the distribution of ¢;, 9; and 0; is independent
of player ¢’s strategy with high probability and so we can neglect the effect of player i’s
strategy on (;, J; and 0;.

In the Lth review round, consider the case with x; = B first. If player j uses (33), then
D; is strictly optimal. If player j uses (32), then any action is optimal.

Consider the case with z; = G next. If player j uses (33) and \;(L) = \;(L) = G, then
C; is strictly optimal for sufficiently large T since the reward (33) is increasing in X;(L) and
(42) implies that the marginal expected increase in LX;(L) is sufficiently large.!® If player
j uses (33) and A;(L) = \;(L) = B, then D; is strictly optimal since the reward (33) is
constant. If player j uses (32), then any action is optimal. Hence, o;(z;) is optimal for these
cases.

For the other cases, by Lemma 6, player ¢ does not have posteriors more than exp(—T%).
Since the per-period difference of the payoff from two different strategies is bounded by
U = L + max;, 2|us(a)], the expected loss from o;(z;) (taking C; if \;(L) = G and D; if
A;(L) = B) is no more than exp(—=T3)UT < exp(—T4) for sufficiently large 7.

Therefore, in total, o;(x;) is almost optimal in the Lth review round.

Further, if player j uses (33) and A\;(L) = A,;(L), then player i’s average continuation
payoff at the beginning of the Lth review round except for 7;(z, L, A;) is

uwi(D;, C;) —p if x; = B,z; =G,

wi(D;, D;) +p if z; = B,z; = B,
ui(C;, ) — p—2eL if x; = G, z; = G, M\ (L) = M\(L) =
ui(Cy, D;) + p+ 2L if 2, = G x; = B, A\;(L

ui(D;, C;) — p if ;, = G,x; = G, \;(L

u; (D, D) + p if v; = G,x; = B, \;(L

Hence, there exists 7;(x, L, A;) with (69) and (70) such that player i’s average continuation

18For large T, the effect of dropping one ¢;(l) is negligible.
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payoff is equal to u;(Cy,C;) — p — 2¢L if z; = G and w;(D;, D;) + p + 2¢L if z; = B.

In the supplemental rounds for \;(L) (where player ¢ receives the message), as we have
mentioned for 2-(b) of Proposition 1, o;(z;) is exactly optimal.

In the supplemental round 2 for \;(L), as we have mentioned for 2-(a) of Proposition 1,
0;(z;) is exactly optimal.

In the supplemental round 1 for X\;(L), since (i) (34) cancels out the difference in the
instantaneous utilities, (ii) 4 of Lemma 4 guarantees that player i’s continuation payoff is
fixed regardless of player j’s inference of player i’s message if player j uses the inference
Xi(L)(5) for A;(L), and (iii) the equilibrium strategy gives the almost optimal inferences, '’
o:(z;) is optimal up to the loss of exp(—T3){UT + max, x, Ti(z, L, Aj)} < exp(—T1) for
sufficiently large T

In the (L—1)th main round, for the almost optimality, only difference from the Lth review
round is that, if A\;(L — 1) = G, then player i’s action in the (L — 1)th review round can
affect the distribution of A;(L). However, since (i) the miscoordination between A;(L) and
A;(L) will not occur with probability more than exp(—T'3) by Lemma 6 and (i) 7;(z, L, Aj)
is determined so that player i’s continuation payoff is the same between \;(L) = G and B if
the coordination goes well, this difference is negligible for the almost optimality.

Further, if player j uses (33) and S\j(L — 1) = A\j(L — 1), then player i’s average payoff
from the (L — 1)th review round except for 7;(x, L —1, \;) is given by (71). The cases where
(32) will be used in the Lth review round will happen with probability no more than 37
(player j is ready to listen to the message A\;(L) and z;()\;) # A;(L)) plus some negligible
probabilities for (; = B or ¥; = B. When (32) is used, per period payoff is bounded
by [—u,u] by Lemma 2. Therefore, there exists 7;(z, L, ;) with (69) and (70) such that
player i’s average continuation payoff from the (L — 1)th and Lth review rounds is equal
to u;(C;, Cj) — p — 2L — 22 if ; = G and w;(D;, D;) + p+ 2L + 22 if 2; = B. Since
the length of the supplemental rounds is much smaller than that of the review rounds, the

instantaneous utilities and rewards in the supplemental rounds do not affect the average

19See (68) to see how the history in this round can affect the optimality of player i’s inferences slightly.
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payoff.

Recursively, for [ = 1, Proposition 1 is satisfied and the average ex ante payoff of player
iis u;(Cy,C;) — p— 2eL — w if v; = G and u;(D;, D;) + p + 2eL + w if x; = B.
From (44), we can further modify 7; (z, 1, G) with (69) and (70) such that o;(x;) gives v; (v,

17

respectively) if z; = G (B, respectively).?”

15.7 Formal Construction of the Report Block

Tp+1
h;

We are left to show the truthtelling incentive for and to establish the exact optimality

Tp+1
hi

of o; (z;). To verify the truthtelling incentive, we distinguish the true history and

the message fl,LTP *1 In general, when we write a variable in player i’s history with “hat,” it
means player ’s message (and with cheap talk, equivalently player j’s inference) about that
variable.

Let A;(r) be the set of information up to and including the round r consisting of
e What state x; player j is in,
e What action a;(l) player j took in the [th review round with [ < r, and

e What states (;(7),9;(7) € {G, B} with 7 < r player j had.

We want to show that o;(z;) is exactly optimal in the round r conditional on 4;(r). Note
that A;(r) contains z; and so the equilibrium is belief-free at the beginning of the finitely
repeated game.

We introduce the following variables. Let R;(r) be the set of rounds 7 < r — 1 that are
not a supplemental round 2 for \;(I + 1) (with R;(1) = @), ¢, be the initial period of the
round 7, and ] be the summary of player ¢’s history at the beginning of the round r. b} is
a collection of |A;||Y;| x 1 vectors, one for each 7 € R;(r). The element of the vector for 7
corresponding to (a;, y;) represents how many times player ¢ observed (a;, y;) in the round 7.
iLZI'TP+1

We construct the message protocol for as follows:

20Remember that \;(1) = G.
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e By public randomization device, the players coordinate on who will report h;TFP +
Only one player reports the history. Player 1 reports h{” 1 with probability % and

Tp+1
hy

player 2 reports with probability % Suppose player 7 is picked by the public

randomization device.

e For each round r that is not a supplemental round 2 for A;(l + 1),

— Player i sends the history in the initial period of the round r: (a4, ,¥is,)-

— Player ¢ sends the history of the round r: {a;¢, ¥ }rer(r)-

With abuse of notation, we assume the players can send multiple messages sequentially.
Note that 67{ can be calculated by the messages sent before (a;¢., yit,)-

Player j gives a reward on player ¢ as follows. Here, we do not consider the feasibility
constraint (6). As we will see, the total reward in the report block is bounded by 7! and we
can restore (6) by adding or subtracting a small constant depending on z; without affecting
the incentive.

As a preparation, we prove the following lemma:

Lemma 11 Let h; and h; be playeri’s and player j’s histories at the end of the main blocks,
respectively. There generically exist € > 0 and g;(h;, a;,y;) such that, for sufficiently large T,
for any round r € Ri(R) and period t in T(r), conditional on (;(7) = 9;(7) = G with 7 < r,
it 1s better for player i to report a;,y;+ truthfully: For all h;,

E [gi(hj, @iz, i) | C;(7) = 05(F) = G with ¥ < v, h, (Gi, Jiy) = (aits Yir)] (72)
> E [gi<hj7 &i,t,?;/z',t) | Cj(f) = 793‘(7:) =G with 7 <, hy, (di,m@z’,t) # (ai,hyz’,tﬂ + gT_la
where (G;+,Uit) is player i’s message.
Proof. We show

9i(hg, ie, Gie) = =L, (0=t |1, — Blly,, | @i, Gies aj,t]||2
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works.?t?? To see this, consider the following two cases:
1. If t;(r) # t, any report is optimal since g;(h;, @; ¢, Yir) = 0.

2. If t;(r) = t, then period ¢ is not used for the construction of the continuation strategy.

Hence, player i, after knowing ¢;(r) = ¢ and a;,;, wants to maximize

L 2
amagix E [— Hlyj,t —B1,,, | G, Jig, Gj,t]” | @it, it Qjt] -
it>0it

The first order condition is
E [1yj,t | @it Vi, aj,t] =E[1y,, | Git, Dt ajq,

which generically implies (a;¢, i) = (@iz, Yit), and the second order condition is also

satisfied.

We are left to show that there exists € > 0 such that, for any h;, r € R;(R) and t € T'(r),
player ¢ puts belief at least eT~! on ¢;(r) = t. Suppose player i knows {a;,},er() and
{Yjr,0j .+ trer;(r) in addition to h;. Here, ¢, is

° Qﬁ for ¢ in the round r where player j is the sender of the message by a pure strategy,

e () (no information) for ¢ in the round r where player j is the sender of the message by

a mixed strategy,

o OF

j?t’

Q,.(G) and Q;,(B) for t in the round r where player j is the receiver of player

1’s message set by a pure strategy, and

v, = (\IJ?’(f), (E;¥;);) for ¢ in the round r that is a review round.

21'We use Euclidean norm in Section 15.7.
22Kandori and Matsushima (1994) use a similar reward to give a player the incentive to tell the truth
abouth the history.
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Since {a;-, Yjr, @, frer; () determines player j’s continuation strategy (including ¢; and
), it suffices to show that, conditional on {ar, yi+ }rer(r), {¥jrs @)+ frer(r) and (yﬂj(r), gpﬂj(r)) =
(4, ®;), player i puts belief at least €7~* on ¢;(r) = t. For any t and ¢’ € T(r), the likelihood
ratio between ¢;(r) =t and t;(r) =t is given by

Pr(t;(r) =t | {a-,y, T}TGT Ay, ™ P, T}TET (r) <yjt (r)> (Pj,tj(r)> = (_jaS_Dj)

Pr(tj( r)=t|{a, yi,T}TGT(T)a {yj;ra Soj,T}TET(r% (yj,tj('f')’ Soj,tj(r)> = (73'7 ©;
(

1
€ mlD(J(g,(,_D | a,Y;), . — :|
|:a,yi 7 ) mMiNg .y, Q<ij(10j | aayi)
1
€ | min q(y;,9; | a, %), — :
Ry MiNgy, 4,0, 4(Y5, 05 | @ i)

Since min q(y;, »; | a,v;) € (0,1) from Lemma 7, there exists ¢ > 0 such that

Pl"( ( ) =1 | {aTusz}TET {?ngSO]T}TeT (yj,tj(r)a%,tj(r)) = (gj7¢j))

> € Pr(tj(r) = tl ‘ {aTy yi,T}TGT(r)a {yj,ﬂ (pjﬂ-}TET(’!‘)) (yj,tj(r)v Soj7tj(r)> = (gja ()_0]))

forallt and #'. Since there exists at least one ' with Pr(t;(r) = t' | {ar, Vi }rerer), {¥isrs € brer(r) <yj,tj(7'); ¢
(7;,%;)) > T, we are done. m
By backward induction, for each r, we will construct the following rewards based on

player ¢’s messages:

e If we come to the round r with (;(7) = B or ¥;(7) = B with some 7 < r, then we
cancel out all the rewards explained below about the following rounds # > r. Then,
since we have established the exact optimality of o;(z;) in the round r with (;(7) = B
or ¥;(7) € B with some 7 < r without adjustment, any action is exactly optimal after

(and including) the round 7.
e If the round r is a supplemental round 2 for \;({+1), player i does not report the history
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in that round and the rewards below are all 0 for that round. Since Proposition 1

establishes the exact optimality without adjustment, we can keep the exact optimality.

e Otherwise, we consider the following punishment and reward:

— (r-j-1) Based on 6;", player j gives
> flai | By, Ay (r) Wiy (73)

with
fla; | ﬁg,Al (r)) € [T~ 10r+6 7=107%6] for all a; € A;

such that, after b, it is optimal to take a; € A;(h}). Note that if \IJ;.‘”;f""T =1,
that is, if it is likely that player ¢ took a; at the beginning of the round r, player j
rewards player i by f(a; | 6:, A;(r)) so that player ¢ wants to follow the equilibrium

strategy. The existence of such a function f will be verified below.

— (r-j-2) Player j punishes player i if it is likely for player ¢ to tell a lie about the
history in the initial period of the round r by

T710T+5.gi (hj> d'i,tr ) gi,tT) ) (74)

— (r-j-3) Player j makes it optimal to constantly take a;; within the round r by
adding
10743 Z st it (75)
)

Jt
teT (r
for ¢ included in the round r, that is, if player ¢ tells the truth and a;;, = a;g,,
then player j rewards player i if it is likely that player ¢ in the round r takes the

same action as the one in the initial period a;, .

— (r-j-4) Player j punishes player i if it is likely for player i to tell a lie about
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{a; s, yi,t}teT(r) by
Z T gi(hy, Qg Gi)- (76)
teT(r)

Based on the message 6;7, player j calculates AZ-(G;'), the set of player ¢’s action

that should be taken with positive probability in the round r after history 6;’.

We show the truthtelling incentive about (a;y,,¥is,) and {@y, Yit}beer) by backward
induction. We start from r = R, the last round. If (;(7) = B or ¥;(F) = B with some 7 < r,
the messages about the history in the round r are irrelevant. If (;(7) = 9;(7) = G with
7 < r, then regardless of the specification of f, since (73), (74) and (75) have been sunk, it
is optimal for player i to tell the truth about {a;¢, ¥it}ier(r). Since (74) dominates (75), it
is optimal to tell the truth about a;+,, v, .

For the round (R — 1), (73), (74), (75) and (76)for » = R are dominated by the smallest
loss in (76) and (74) for r = R — 1. Therefore, the same argument for the round R works.
We can proceed until the first round.

Recursively, therefore, regardless of the specification of f, we have established the opti-
mality of the truthtelling incentive in the report block. Now, we construct f(a; | b7, A;(r))
by backward induction.

At the beginning of the round R, if (;(7) = B or ¥;(7) = B with # < R — 1, then
any action is exactly optimal and the specification of f is irrelevant. Otherwise, player ¢’s
value of taking a constant action a; € A; conditional on A;(R) only depends on h given
the truthtelling strategy in the report block. This is true even after player ¢’s deviation

since player j’s strategy is i.i.d. within each round. Hence, we can write the value as

vi(a; | b, A;(R)). Let f(a; | BE, A;(R)) be such that

Pr(player i reports the history) Z f (@ | b, A;(R)) Pr <{\1/;1tagt — 1} | air = ai)

maxg,ea, vi(@; | bi', A;(R)) — vi(a; | b, A;(R)) if a; € A;(b]F)

0 otherwise
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for all h*. Remember that o;(x;) is almost optimal except for the adjustment of the reward in
the report block, that all the messages about h2 transmit correctly, and that the variance of
the reward in the report block based on the histories in the round R is bounded by T—108+5,

Hence, we can make sure that
flai| Gf,Aj(R)) € [~ 10R+6 p10R+6]

This makes it exactly optimal to take a; € A;(h%) at tg. After that, (75) and truthtelling
incentive imply that it is optimal to constantly take a; ;.

We can proceed until the first round and show the optimality of o;(z;). The difference
from the round R is that, when player 7 takes a;, it affects the reward for the messages sent
after a,,, y;, about the history in the following rounds. Since this effect is dominated by (75),
it is optimal for player ¢ to take the same action as a;, constantly.

Note that if the round r is a supplemental round 2 for A;(I + 1) and this round does not
have an impact ((;(7) = ¥;(7) = G with 7 < r guarantee this), then the expected rewards in
the report block are not affected by the strategy in the round r. Therefore, o;(x;) is exactly
optimal as stated in Proposition 1. In addition, if the round r is a supplemental rounds for
A;(l+ 1), since o;(z;) is strictly optimal by %E(qg — ¢1) without f from 2-(b) of Proposition
1, the equilibrium strategy is optimal regardless of the specification of f. Hence, we make f
constant at 0.

Finally, we consider the reward on the message x;:

fzi| ;).

Conditional on z; € {G, B}, o,(x;) gives v; (v;, respectively) if x; = G (B, respectively)
without the reward in the report block from Section 11. Since the reward in the report block
so far is bounded by [-T~2,T~?], we can take f(z; | z;) € [-T', 77| for all z;, z; € {G, B}
such that o;(x;) gives v; (v;, respectively) if x; = G (B, respectively) without the reward in

the report block.
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in each round

There are T periods There are T periods

in each round

in each round

in each round

each player with g;(x;) sends x; by cheap talk.

1t review round: t € T(1).

2"d review round: t € T(2).

(L — 1)threviewround:t € T(L — 1).

Lth review round: t € T(L).

Figure 1:
The Informal Structure of the Phase
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