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Abstract

Players coordinate continuation play in repeated games with public monitoring.
This paper asks the robustness of such equilibrium play with respect to private-
monitoring perturbations that are ex-ante close to the public-monitoring structure.
We show that, in two-player games with full support of public signals, no perfect pub-
lic equilibrium is robust to private-monitoring perturbations if it induces a “regular”
2 X 2 coordination game in the continuation play. This non-robustness result does
not apply to belief-free equilibria, which violate the regularity condition. Indeed, we
show that, in two-player games with an individual rank condition on public signals,
every interior belief-free equilibrium is robust to private-monitoring perturbations. We
also argue by means of an example that the non-robustness result is sensitive to the
assumption that every private signal must be interpreted as some public signal with

probability 1, and not with probability close to 1.
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1 Introduction

In repeated games with public monitoring, there is common knowledge about past public
signals, and thus the players can take an action profile that is not a static equilibrium by
coordinating continuation strategies contingent on public histories. In many cases, however,
players observe slightly different signals due to private shocks. The purpose of this paper is to
investigate whether and how equilibrium construction in public-monitoring repeated games
depends on the common knowledge assumption about past histories. More specifically, we ask
if players can maintain coordination approximately if the monitoring structure is perturbed
so that there is no longer common knowledge about past signals.

We formalize this question as follows. Fix a repeated game with public monitoring.
Perturb the game so that players observe noisy private signals. Each player has an “inter-
pretation” of signals, which is a function that maps her private signals to public signals. A
private-monitoring structure is close to the public-monitoring structure under a profile of
interpretations if, conditional on each action profile, the probability that all players observe
private signals that are interpreted as a common public signal y under private monitoring is
close to the probability that they observe y under public monitoring. Note that we measure
proximity between the two monitoring structures only in the ex-ante sense, and we do not
impose any restriction on a player’s interim beliefs about the opponents’ signals conditional
on her own signals. For example, Hérner and Olszewski (2006) analyze repeated games with
almost perfect monitoring, which is close to perfect monitoring in the ex-ante sense. Another
example is the Cournot oligopoly game, where firms produce almost homogeneous outputs,
and “market price” 6 is drawn from a continuous distribution. Each firm ¢ does not observe

f directly, but observes a firm-specific price:
Ww; = 0 + &;.

This monitoring structure is close to the public monitoring where firms observe binary public

signals about high or low prices, {# > 0} or {# < 0}, as long as noise terms &;’s concentrate



around 0.1

Given the above class of perturbations, we say that an equilibrium of a public-monitoring
repeated game is robust to private-monitoring perturbations if, for every private-monitoring
perturbation close to the original public-monitoring structure under a profile of interpre-
tations, there exists an equilibrium of the perturbed game close to the translation of the
original equilibrium into private strategies via the same or similar profile of interpretations.

In two-player games with full support of public signals, we show that no perfect public
equilibrium (henceforth PPE) is robust to private-monitoring perturbations under a certain
regularity condition that excludes belief-free equilibria and in particular, repetitions of static
Nash equilibria (Theorem 1). The analysis of PPE in games with public monitoring has
flourished since Abreu, Pearce, and Stacchetti (1990) and Fudenberg, Levine, and Maskin
(1994). Theorem 1 reveals that such analysis depends critically on the common knowledge
assumption on past histories. Except for PPEs that violate the regularity condition, no
PPE can be translated into equilibria in all perturbed games; either a perturbed game has
no equilibrium that is close to PPEs, or the way to translate a PPE depends on fine details
of perturbations.

The proof of Theorem 1 goes as follows. Suppose, for simplicity, there are two public
signals y and y. Take any PPE, and imagine we are at the beginning of period 2. By the
definition of PPE, it is optimal for each player to follow the continuation strategy after y
(resp. y) if the opponent also takes the continuation strategy corresponding to g (resp. y).
Now perturb the monitoring structure. At the beginning of period 2, each player decides
an interpretation of her private signal in period 1, and follows the continuation strategy
that corresponds to the interpretation. This induces a 2 X 2 coordination game, where the

players simultaneously choose their interpretations and payoffs are given by corresponding

Mailath and Morris (2002, 2006) analyze a closely related notion of almost public monitoring. They, how-
ever, exclude almost perfect monitoring by assuming full support of the original monitoring structure. They
also exclude the Cournot example because their notion of closeness measures distances among conditional

probabilities from the interim perspective. See Subsection 1.1.



continuation payoffs in the repeated game. Then, under a regularity condition, either (7, 7)
or (y,y) is a strictly risk-dominant profile in the 2 x 2 game, and the profile that is risk-
dominant prevails for all private signals in period 1 when each player is uncertain about
the opponent’s choice of interpretation, as in the contagion argument given by Rubinstein
(1989) and Carlsson and van Damme (1993). This makes it impossible to maintain players’
incentives to play non-equilibrium actions in period 1.

Thus the basic part of the proof is simple. At the technical level, however, we have two
more issues. First, PPE may prescribe players to play mixed actions in period 1, which
induce a rather complicated prior over the product set of actions and private signals. Here
we use the full-support assumption and show that the contagion argument applies to the
signal space independently of the realization of the action profile. Second, since signals do
not carry payoff-relevant information in the repeated game, a dominance region, where a
particular interpretation of signals is a dominant choice in the 2 x 2 game, does not exist in
our setting. For this reason, we show the existence of a region with non-trivial size where
the players follow the risk-dominant interpretation with large probability. These issues are
addressed in Lemma 4.

Note that Theorem 1 depends on the regularity condition, which allows us to identify
which interpretation, y or y, is strictly risk-dominant in the 2 x 2 game. The regularity
condition is satisfied in many PPEs, but violated in all belief-free equilibria, where each player
is indifferent between the two interpretations independently of the opponent’s interpretation.
Indeed, we show that, in two-player games with an individual rank condition on public
signals, every interior belief-free equilibrium is robust to private-monitoring perturbations
(Theorem 2).

Belief-free equilibria are arguably one of the most important findings in the literature
on private-monitoring repeated games, and have been extensively investigated in the last

decade.? Given the widespread use of belief-free equilibria, Theorem 2 is probably a “folklore

2Belief-free equilibria are first constructed by Piccione (2002) in the repeated prisoners’ dilemma, and

simplified by Ely and Viliméki (2002). Kandori and Obara (2006) consider belief-free equilibria in private



theorem” and hardly surprising. For example, Theorem 2 can be seen as a generalization
of Ely, Horner, and Olszewski (2005, Lemma 3).> Nevertheless, it should be noted that
Theorem 2 assures that the notion of robustness, as defined in this paper, is not absurdly
restrictive.

Combining Theorems 1 and 2, one can interpret our exercise as a first step toward
characterizing belief-free equilibria in terms of their robustness properties. That is, we show
that our notion of robustness is almost necessary and almost sufficient for an equilibrium
to be belief-free (as long as we regard both (i) non-interior belief-free equilibria and (ii)
non-regular non-belief-free equilibria as negligible).

Before moving on to the literature review, we point out a subtlety in the definition of
robustness. That is, in Theorem 1, we implicitly require that every private signal must be
interpreted as some public signal with probability 1. Suppose instead that, after observing
private signals that realize with small probability, players can play continuation strategies
that do not resemble original continuation strategies contingent on any public signal. Then
the proof of Theorem 1 fails and the contagion of risk-dominant interpretation stops near
such “uninterpretable” signals. Indeed, we can construct an equilibrium in the repeated
prisoners’ dilemma with public monitoring that satisfies the regularity condition but can be
approximated by equilibria in perturbed games if we allow for uninterpretable signals with
small probability. See Section 3.3. This example suggests that our non-robustness result is
not as straightforward an application of the contagion argument as it might appear to be at

the first glance.

strategies in the prisoners’ dilemma with public-monitoring. Ely, Horner, and Olszewski (2005) give a
general definition of belief-free equilibrium and characterize the equilibrium payoff set in two-player games.
Yamamoto (2009) extends the characterization to general n-player games. Horner and Olszewski (2006) use

“block belief-free” equilibria to show the folk theorem in games with almost-perfect monitoring.
3Note, however, that Ely, Horner, and Olszewski (2005, Lemma 3) analyze the limit case with almost

perfect monitoring and sufficiently patient players. They also focus on the robustness of belief-free equilibria

in bang-bang strategies.



1.1 Literature Review

Most closely related to our paper are Mailath and Morris (2002, 2006).* In those papers,
Mailath and Morris require that private-monitoring perturbations be small not only in the
ex-ante sense but also in the interim sense. That is, conditional on that a player observes a
private signal interpreted as a public signal, the probability that the other players observe
private signals interpreted as the same public signal is close to 1. Observing that the in-
terim closeness renders almost-common knowledge about relevant histories of finite length,
Mailath and Morris (2002) extend Monderer and Samet (1989) to dynamic environments and
show that a strict PPE is robust to almost-public-monitoring perturbations if the PPE has
bounded recall. Also, Mailath and Morris (2006) argue that bounded recall is “essentially”
necessary for robustness. In our setting, however, since private-monitoring perturbations
are small only in the ex-ante sense, conditional on that a player observes a private signal
interpreted as a public signal, the probability that the others observe private signals inter-
preted as the same public signal may be bounded away from 1. Given the larger class of
perturbations, our non-robustness result applies to a wider class of equilibrium strategies.
In particular, even strict PPEs with bounded recall are not necessarily robust in our sense.

In repeated games with private monitoring, Peski (2009a) shows that there is no equi-
librium other than repetitions of static equilibria if (i) the private-monitoring structure is
sufficiently “connected” in the sense that a player’s belief about the opponents’ signals con-
ditional on her signal changes continuously in her signal, (ii) the continuation strategies
depend only on finite partitions of the past histories, and (iii) there are smooth i.i.d. payoff
shocks.? There are several differences from our non-robustness result, but the most notable
one is that we do not use i.i.d. payoff shocks.

Fudenberg and Olszewski (2011) analyze repeated games with a long-run player against
a sequence of short-run players under asynchronous monitoring, where each player observes

underlying public signals of actions at random and privately known times. They show that

4See also Horner and Olszewski (2009) and Mailath and Olszewski (2011).
°See also Peski (2009b).



the best “cutoff” equilibrium payoff can be strictly lower under asynchronous monitoring
than under synchronous monitoring. To see this result, suppose that the long-run player
observes a signal near but above the cutoff. Since short-run players who observe signals at a
different timing than the long-run player observe signals with a different noise, the long-run
player believes with probability close to 1/2 that the next short-run player has observed a
signal below the cutoff and switched to the punishment phase. This diminishes the long-
run player’s incentive to maintain the cooperation phase. This intuition is similar to the
contagion argument we use in our non-robustness result.

In the class of repeated games with perfect monitoring, Ely (2002) introduces the notion
of weak robustness, and shows in his Theorem 1 that, there is no strict equilibrium that is
weakly robust, except for repetitions of static equilibria.® This non-robustness result relies
on conditionally independent monitoring, and is logically independent of our non-robustness
result, which assumes full-support public monitoring, and can apply to mixed-strategy (hence
non-strict) equilibria.

To close the Introduction, we must mention that, although belief-free equilibria are robust
to private-monitoring perturbations, they may not be robust to other kinds of perturbations.
Applying the purification exercise a la Harsanyi (1973) to the repeated prisoners’ dilemma,
Bhaskar, Mailath, and Morris (2008) argue that the belief-free equilibrium constructed by
Ely and Valiméaki (2002) is not robust to smooth i.i.d. payoff perturbations.”

The rest of the paper is organized as follows. Section 2 defines repeated games with pub-
lic monitoring and their private-monitoring perturbations. Section 3 gives three examples,
which motivate us to formalize the notion of robustness to private-monitoring perturba-
tions in Section 4. Sections 5 and 6 show Theorems 1 (non-robustness) and 2 (robustness),

respectively.

6See also Matsushima (1991).
"See also Bhaskar (1998) and Bhaskar, Mailath, and Morris (2010).



2 Framework

2.1 Repeated Games with Public Monitoring

We begin our analysis by describing a repeated game with public monitoring. Let I =
{1,...,n} be the set of players with n > 2. For each i € I, A; is a finite set of actions
available to player i in each period. If the players play an action profile a = (aq,...,a,) €
A= A; x--- x A, then a public signal y is drawn from a finite set Y with probability
p(y | a), and each player i receives ex-post payoff u;(a;,y), which induces ex-ante expected
payoff u;(a) := " oy p(y | @)u;(ai,y).

The repeated game with public monitoring is the infinite repetition of this game. A
history of player ¢ at the beginning of period t is given by i%,t = (i1, Y1y s Qig1,Y1—1) €
ﬁw .= (A; x Y)'"1. A public component is given by by = (y1,...,1%_1) € Hy := Y'!, which
is commonly known at the beginning of period t. A strategy of player i is a function §; from
H, = U, F[i,t to AA;. The continuation strategy of §; after izl € H; is denoted by §; | ;Lz
Let U;(S) denote the discounted expected payoff of player ¢ with discount factor § when
players obey a profile § = (31,...,3,). A strategy profile s is a sequential equilibrium if, for
each 7 and fzz € PN[Z-, the continuation strategy §; | BZ is a best response to the distribution
of 5, | h ;= (51 | Bi,... i1 | l~1i_1,§i+1 | Bi+1,§n | Bn) given some belief over h_;
(conditional on k;) that is consistent with §.

A strategy is public if it only depends on the public component of the history: s;: H:=
U, H, — AA;. A public-strategy profile § is a perfect public equilibrium (PPE) if, for each
h € H, the induced continuation strategy profile § | A = (5; | h,...,5, | h) is a Nash
equilibrium of the repeated game, i.e., U;(§ | h) > U;(3,,5_; | h) for alli € I, h € H, and 3.

The public-monitoring structure (Y, p) has full support if p(y | a) > 0 for all a € A and
yey.



2.2 Private-Monitoring Perturbations

The objective of this paper is, given an equilibrium of the repeated game with public moni-
toring, to check the robustness of the equilibrium to private-monitoring perturbations. For
this purpose, we consider private-monitoring perturbations as follows.

A perturbed game is a repeated game with private monitoring. In each period, if the
players play an action profile a € A, a profile w = (wy,...,w,) of private signals is drawn
from a product Q := Q; x --- x Q, of measurable spaces according to joint probability
(- | a). Each player i observes w; € €;, interprets it as f;(w;) € Y, and receives ex-post
payoff uf(a;, fi(w;)), where f; is a measurable function from €2; to Y. We call f; player i’s

signal interpretation. Let £ = (f,..., fa).®

A private history of player ¢ at the beginning of period ¢ is given by h;; = (al Wi e
H;; == (A; x Q;)'', which consists of player i’s past actions al™t = (@i1,-..,a;4—1) and
private signals w/™' = (w;1,...,wis_1). A private strategy s; of player i is a measurable

function from (J, H;; to AA;.

For notational convenience, given a history h;; = (aﬁ_l,wf_l) in the private-monitoring
perturbation and an interpretation function f;: €; — Y, let fi(hit) = (ai1, fi(wi1), s @it—1, fi(wWir—1))
be the corresponding history in the original game.

We define the closeness of private monitoring to public monitoring in the following sense.

Definition 1. For £ > 0, a private-monitoring structure (€, 7, f) is ez-ante e-close to the

public-monitoring structure (Y, p) if
IT{weQ: fi(w) =yforalliel}|a)—p(y|a)<e
forallace Aand y € Y.

This definition says that the probability that every player observes a signal interpreted

as y in the private-monitoring structure is close to the probability that every player observes

80me can extend all the results in this paper to non-stationary perturbations, where the monitoring

structure (2, 7, f;) is indexed by t.



y in the public-monitoring structure. Note that the definition of ex-ante closeness does not
impose any restriction on a player’s interim beliefs about the opponents’ signals conditional
on her own signals. This is in contrast with the approach by Mailath and Morris (2002,

2006), who require both ex-ante closeness (Definition 1) and interim closeness, that is,
T({w_i € Qi fi(wy) =y forall j #i} [a,w;) >1—¢

foralli € I, a € A, and w; € f; *(y) whenever the conditional probability is well defined.? 1

3 Examples

In this section, we give three examples to illustrate how private-monitoring perturbations
prevent players from coordinating their future play. These examples also motivate the formal

definition of robustness in Section 4.

3.1 One-Period Punishment

The first example is the prisoners’ dilemma game with two signals, taken from Mailath and
Morris (2002, Section 3.1). Let I = {1,2}, A; = Ay = {C, D}, and Y = {y,7}. Each signal
realizes with probability

(

p ifa=CC,

p(y|a)= g ifa=CD or DC, plyla)=1-p(y|a).

U ifa=DD,

9Mailath and Morris (2006) extend the definition of interpretations so that f; is a measurable function
from Q; to Y U{0}. Here, f;(w;) = 0 means that w; is an “uninterpretable” signal with no corresponding

public signal. We will discuss the issue of uninterpretable signals in Section 3.3.
10Mailath and Morris (2002) assume that Q; = Y and f; is the identity function for every i € I. In this

case, ex-ante closeness implies interim closeness if (Y, p) has full support.

10



We assume that 0 < p < 1 so that both signals occur with positive probabilities when the

players play C'C. The ex post utility function u;(a;, y) is represented by the following matrix:

y Yy

—p—2 2
C 3—p—2q _ pt2q
P—q P—q
p| 3d=  _ 3r
q—r q—r

Then, the ex-ante stage-game payoffs are given by

C D
cl 22 -1,3

D\|3,-1 0,0

We consider the following public strategy:

. C ift=1lory_ =79,
Si(ht> =
D ift>2andy, 1 =y.
Under this strategy, players punish each other for one period immediately after y is observed.
We assume 7 > ¢ and § > (3p — 2q — r)~! so that the profile § = (51, 52) is a perfect public
equilibrium.
Given the repeated prisoners’ dilemma and the one-period-punishment strategy above,

we define the following 2 x 2 game:

Y Y

G(s) = Ur(310 19,52 19),U2(51 17,82 | 9) Ui(31 17,321 y),Ua(31 17,52 | y) -

)
Yy U5y, 52 19), 02051 |y, 82| W) Ui(S1 ]y, 82 y),Uz(81 ]y, 52| y)

where each player i chooses an action from {7, y}, and she receives payoft U(s; | i, 8; | y;)
when she plays y; and the opponent j # ¢ plays y;. Note that the values along the diagonal
are the players’ continuation payoffs in the public-monitoring repeated prisoners’ dilemma

after corresponding public histories, whereas the values off the diagonal are the payoffs when

the players fail to coordinate on their future play, which play no clear role in the analysis of

11



public monitoring without perturbations. Since s is a symmetric PPE, G(S) is a symmetric
coordination game with two pure-strategy equilibria (7,7) and (y,y). We assume that one

strictly risk-dominates the other, i.e.,
Ui(5: 19,5 | 9) + Ui(5: [ 5,55 | y) # U5 |y, 55 | 9) + Ui(8i | y, 55 | )

for i # 7.

We perturb the monitoring structure as follows. Each action profile a € A generates a
real number 6, which is uniformly distributed on [p—1,p]ifa=CC,on [¢—1,q] ifa=CD
or DC, and on [r — 1,r] if a= DD. As in Carlsson and van Damme (1993), each player i
observes a noisy signal w; about 6:

wi:9+£’ia

where & and & are uniformly distributed on [—¢/2, /2] independently of §. Player i inter-
prets the signal w; as y if w; > 0, and as y if w; < 0.1' Note that this perturbation is ex-ante
e-close to the original public-monitoring structure. Call this perturbation the global-game
perturbation (with €).

We will show that the perturbed game has no equilibrium that approximates the one-
period-punishment strategy. For the sake of concreteness, we focus on the following threshold

strategy: in period 1, play C' in period ¢t > 2, play C if and only if w;;—; > w.

Claim 1. There existn > 0 and € > 0 such that, if 0 < ¢ < € and |w| < n, then the threshold

strateqy with threshold w is not an equilibrium of the perturbed game.

Proof. Pick sufficiently small n,& > 0. Suppose that (7,%) strictly risk-dominates (y,y) in
G(8). (A similar argument holds if (y,y) strictly risk-dominates (y,%) in G(s).) Consider
player 4’s private history at the end of period 1 such that she observes w;; below but suffi-
ciently close to w. She believes that the opponent j observes w;; above @ with probability

close to 1/2, and hence expects that the opponent follows §; | 7 and 5; | y with almost equal

Here, players receive continuous signals. One can instead use discrete signals drawn from finite or

countably infinite signal spaces, similar to those in Rubinstein’s (1989) e-mail game.

12



probabilities in the future. Since (7,y) risk-dominates (y,y) in G(s), player i strictly prefers

8; | to 5; | y, which implies that the threshold strategy is not an equilibrium. g

It is clear from the proof that Claim 1 does not depend on particular choices of payoffs
or strategies. The proof only uses the fact that the induced game G(S) has a strictly risk-
dominant equilibrium. In Section 5, we extend Claim 1 to other PPEs and show the non-
robustness of such equilibria even if we allow for non-threshold strategies in perturbed games.

Note that, since the one-period-punishment strategy has bounded recall, it is robust
to private-monitoring perturbations that are both ex-ante and interim close to the public-
monitoring (Mailath and Morris, 2002). Thus, Claim 1 exemplifies that the notion of ro-

bustness is sensitive to the class of perturbations to which robustness is tested.

3.2 The Ely-Valimaki Equilibrium

Consider the repeated prisoners’ dilemma with the same ex-ante payoff matrix as before,
but assume perfect monitoring this time. The following strategy is adapted from Ely and

Véliméaki (2002):
; aC+(1—a)D ift=1oraj, 1 =0C,

pC+(1—-p5)D ift>2andaj,—y=D.
In this strategy, if a player plays C, it costs her 1 in the current period, but induces the
opponent to play C' in the next period with additional probability @ — 3. Therefore, if
a — 3 = 1/(39), then she is indifferent between C' and D, hence this strategy becomes a
PPE.

This equilibrium is belief-free: for each ¢ and t, whether player j will take aC' + (1 — ) D
or BC' + (1 — B)D in period t, as long as the ex ante probability that player j will play
aC + (1 —a)D in period ¢t 4 1 is 1 after observing a;; = C' and the ex ante probability that
player j will play SC + (1 — 8)D in period t + 1 is 1 after observing a;; = D, player i is
indifferent between C' and D in period t. That is, player ¢ has (weak) incentives to follow

the equilibrium without coordinating her play with player j.

13



We have the following.

Claim 2. Ifa <1, >0, and a—f = 1/(30), then the Ely-Valimdki equilibrium § = (51, §2)
1s robust to private-monitoring perturbations in the following sense. For every T < oo, there
exists € > 0 such that, for every private-monitoring perturbation (2,7, f) that is ez-ante

e-close to (Y, p), the perturbed game admits an equilibrium s = (s, S2) such that
si(hit) = 5i(fi(hit))
forallt <T,ie€l, and h;y € H;;.

Sketch of Proof. As explained above, in the Ely-Valiméki equilibrium, each player faces the
trade-off between payoffs in the current and the next periods. This trade-off is independent
of whether the opponent is expected to play C' with probability a or § (or an in-between
probability in expectation) in the current period as long as the ex ante probability of taking
aC+(1—a)D is 1 after observing a;; = C and the ex ante probability of taking 5C'+(1—/3)D
is 1 after observing a;; = D. Therefore, even in the perturbed game, the player remains
approximately indifferent between C' and D regardless of her beliefs about the opponent’s
continuation strategies.

We need a slightly more careful argument, however. In the perturbed game, since the
marginal probability of f;(w;) can be slightly different. In that case, ex-ante payoffs are also
slightly different from those in the original game. Also, a player’s action leads to rewards or
punishments in the next period with probabilities slightly different from those under perfect
monitoring. Therefore, to keep the player being exactly indifferent between C' and D, her
continuation payoffs must be adjusted appropriately. We make this adjustment by modifying
strategies after period 7T'. This is possible as long as ¢ is small and we have enough slacks in

all the variables, which are guaranteed by assuming o < 1 and > 0 (and hence § > 1/3). &

For a complete proof, see Theorem 2, which generalizes Claim 2.
The intuition behind the robustness is straightforward: as we have seen in Claim 1, the

coordination of the future play based on the past signals is difficult in the perturbed game.

14



The belief-free equilibrium, on the other hand, does not require the coordination based on
the past signals and all what is important is the ex ante probability. Therefore, it is robust to
private-monitoring perturbations that are ex-ante close to the public monitoring structure.

However, as the second paragraph of the sketch of the proof indicates, for Claim 2, we
need to allow for small departures from the original equilibrium to make adjustments in con-
tinuation payoffs. This motivates us to introduce (n, T')-closeness in the next section, which
basically requires that the equilibrium should be close until period 7" but the continuation

play after period T can be completely different.

3.3 Threshold Strategies with Buffers

In Claim 1, we require that each player always interpret her private signal as some public
signal and follow the same continuation strategy as that in the original game via the interpre-
tation. Instead, if we weakened the notion of robustness so that a small “buffer area” were
allowed between the region where the signals are interpreted as y and the region where the
signals are interpreted as y, and continuation strategies after signals in that buffer area were
not restricted at all, then the proof we used in Claim 1 based on the contagion argument
would fail. This opens the possibility that there may be an equilibrium in the perturbed
game that approximates the original equilibrium. In what follows, we argue that it is in-
deed the case by constructing an equilibrium in the repeated prisoners’ dilemma with public
monitoring (but different from the one-period-punishment strategy) such that robustness is
sensitive to whether we allow for such a “buffer area” or not.'?13

Let us explain the “buffer area” more specifically. Fix some strategy profile § in a game
with public monitoring. Take 1 > 0 arbitrarily. Consider the global-game perturbation

with € > 0, as we introduced in Subsection 3.1.}* Suppose we only require that player i

12The following example uses a private-strategy equilibrium and not a PPE.
13The reader is recommended to skip this subsection on first reading, for it is long and will not be used in

the rest of the paper.
14 Although we restrict ourselves to global-game perturbations for the sake of concreteness, the argument
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interpret w; as ¥ if w; > £/2; y if w; < —¢/2. Given these interpretations, her strategy
s; in the perturbed game satisfies |s;(h;:) — 8;(fi(hit))| < n for all t > 1 and h;; € H;,
such that w;, ¢ (—¢/2,¢/2) for all 7 <t — 1.' On the other hand, if there exists ¢ with
wit € (—e/2,e/2), we do not restrict the continuation strategy after any history that contains
such w; 4.

The next lemma shows two important features of the buffer area in the global-game

perturbation.

Lemma 1. There exists € > 0 such that, for each i and for any € < g, the global-game

perturbation with € satisfies the following conditions with Q5 = R\ (—¢/2,¢/2).

1. For any w; € QF, conditional on that player j’s signal belongs to 5, the probability that
player j’s interpretation is the same as player i’s interpretation fi(w;) is sufficiently

high, i.e., Pr (w; € f; ' (fi(ws)) | a,w;, Q5) > 1 —¢ for any a € A and w; € €%

2. The probability that player i’s signal belongs to ¥ is high, i.e., Pr(w; € Q¢ |a) > 1—¢

for any a.

Condition 1 of Lemma 1 means that, if player ¢ observes a signal w; not in the buffer
area and knows that the opponent j also observes some signal not in the buffer area (but
does not know which signal), then she believes with large probability that the opponent j
interprets his signal in the same way as player ¢ interprets w;. Notice that, if we required
Pr(w; € f;l(fl-(wi)) | a,w;) > 1 —e¢, then Condition 1 would be equivalent to Condition 2 of
Definition 2 in Mailath and Morris (2006), implying that there is almost common knowledge
that the players interpret their signals in the same way. However, our Condition 1 is signif-
icantly weaker than requiring almost common knowledge about players’ interpretations. In

our Condition 1, player ¢ a priori conditions on the event that j’s signal belongs to %, but

in this subsection can apply to a general private-monitoring structure (2, 7, f) as long as it satisfies Lemma

1 for some Q2 C Oy and Q5 C Q.
5Here we use the max-norm |o; — o] = maxg,ea, |ai(a;) — o(a;)| for a;, o € A(A;).
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player ¢ does not necessarily put large probability on that event. Indeed, if w; = 4+¢/2, then
he puts probability only 1/2 that w; € €.

Our objective is to construct an equilibrium in a game with public monitoring such
that, by properly specifying continuation strategies after observing signals in the buffer area
(—€/2,e/2), we can separate the regions above /2 and below —e/2 and players outside
the buffer area can coordinate their strategies within each of these regions of the global-
game perturbation. (Continuation strategies after signals in the buffer area are completely
differently from the original equilibrium, but their incentive constraints must be satisfied in
the perturbed game.) Formally, we will construct an equilibrium § in a game with public
monitoring such that, for every n > 0, there exists € > 0 such that, for every global-game

perturbation with € < &, the perturbed game admits an equilibrium s such that

|si(hie) — 8i(fi(his))| <

forallee I,t>1, and h;; € H;; with w;, € 5 for all 7 <¢ — 1.

The construction of a desired equilibrium goes as follows. Consider the two-player pris-

oner’s dilemma with public monitoring as in Section 3.1. We assume!®

p>q>r, (1)
2 - 22> max {;L 2] (2)
pP—q p—q’ qg—r
P o lir
24 5> A (3)

In each odd period t = 1,3, ..., each player ¢ determines a state x; € {G, B}. (How the state
is determined will be discussed later.) In each odd period t, player ¢ takes C' if x; = G; D if
x; = B. In the next (even) period ¢t + 1, she takes C' if she observes y; = g; D if she observes
y: = y. With a slight abuse of notations, let 5;(z;) denote her action plan in periods ¢ and
t + 1 described.

Let p;[z;](hj) = pjlz;](aje; Ye, ajit1, yee1) be the probability that player j’s next state

will be G in period ¢t + 2 if her current state is x; in period ¢ and she observes Bj =

16Tt is possible to construct a robust equilibrium even without this assumption.
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(a4, Ys, @jor1, Yesn) for the last two periods. We determine p;[z;](h;) as follows.

1. Conditional on z; = G, player 7 is indifferent between C' and D in period ¢; strictly
prefers C' in period t + 1 if she observes y; = y; strictly prefers D in period ¢ + 1 if she
observes y; = y. That is, if player j plays 3;(G) followed by transition probabilities

p;[G](h;), both 5;(G) and §;(B) are best responses for player ¢ in period ¢, and player

1 has strict incentives in period ¢ + 1.

2. Conditional on z; = B, player ¢ is indifferent between C' and D in both periods ¢ and
t + 1. Any strategy is a best response for player i in period ¢ if player j plays 3,(B)
followed by transition probabilities p;[B](h;).

We specify pj[z;](h;) so that conditional on z; € {G, B}, both 5,(G) and 5;(B) are

optimal and attain v;(z;):
vi(z) = max E [(1 = 0%) (ui(ar) + dui(a1))
82 (pslas] ()i G) + (1= pila)(h)) wi(B)) | 5 s(ep)| ()

where the maximization is taken over all behavioral strategies for the two periods ¢ and ¢+ 1.
We also want to have v;(G) > v;(B), i.e., §;(G) is a “good” strategy for player i; 5;(B) is a
“bad” strategy for player i.

For sufficiently large ¢, it is equivalent to consider the following “reward functions”

6;[x;](h;) instead of p;|x;](h;) such that 0;[z;](h;) is uniformly bounded with respect to
0,

0(G) = s maE [w(ay) + dus(acsr) + 65[G1(hy) | 3:,5,(G)]

0(B) = s maxE [ua(ag) + Gua(aves) + 65 (BI(F) | 50, 5(B)].

0 > 6;G](hy),

0 < 6;[B](h;)-
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Then,

Pj [G](}Nl]) =1+ 52 (Ul(é)__(svl(B))QJ[G](B])a
1-96

pi[B)(h;

J) = 52 (UZ(G) — UZ(B))GJ[B](hJ> (5>

satisfy (4). Here, 6;|G] < 0 describes the amount of punishments player j gives to player i by
transiting from the good state to the bad state; §;[B] > 0 describes the amount of rewards
player j gives to player ¢ by transiting from the bad state to the good state.

We further specify those reward functions as follows.
1. At state z; = G-

(a) 6,[G](h;) is additively separable and independent of (a;y, a;,41), i.c., 6;[G](h;) =
0;1G(ye)+00,(Gl(yt, yi+1), where 0;[G](y;) is the reward for period t and 6;[G](yt, ye+1)
is the reward for period ¢ 4 1 after y;.

(b) In period t + 1:

i. After v = y, we have 6,[G](y,y) = 0 (no punishment after the signal indicat-
ing C') and 0,[G](y,y) is sufficiently small so that player 4 strictly prefers C
to D:

2+ (1 =p)0;G] (5.y) >3+ 1 —q)0;(G] (7.y) - (6)

ii. Aftery, =y, 0;(G](y, ys+1) = 0 for all y; 11 (no reward) so that player i strictly
prefers D to C.

¢) In period t, 0;|G and 0;|G|(y) are determined so that player 7 is indifferent
(c) J Yy J Y y
between C' and D:

vi(G) = ﬁ 2+ (6;(G1(@) +6 2+ (1 —p)6[(G] (7,y))) + (1 =) 6;(Gl(y))
= 1—415 (B+¢q(6,[G1() +6 (2+ (1 =) 0;(G] (1,y))) + (1 —q) 6;[G](y)) -

(7)
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2. At state z; = B:

(a) 6,[B](h;) is additively separable, independent of a;,, and the second term is in-

dependent of vy, i.e., 0;[B](h;) = 6;[B](y) + 60;[B](aj41, Yi+1)-

(b) In period ¢+ 1, we have 0;[B](a;+1,y) = 0 (no reward after the signal indicating

D) and 6;[B](a;++1,y) is determined so that conditional on a;j;1, player i is
indifferent between C' and D:

if Clj7t+1 = C,

(8)

0;[Bl(aj+1,9) =

3
— | |
Q

if Q41 = D.

7
I

¢) In period t, 0;|B|(y) and 6;|B]|(y) are determined so that player ¢ is indifferent
(c) J J J Y
between C' and D. By (8), we have

w(B) = 15 <—1 +q (@[B](g) +6 (2+ p%q))
+(1—q) (ej[B](g) +6 (—1 + qzr)»
_ 1—i5 (r (ej[B](y) 45 (2 T p%q))
(1 - ) (@[B](@M(—qur))). 9)

First, consider state z; = G. (6) is satisfied if and only if 6;(G] (7,y) < —p%q. Suppose

‘ -
>

6;1G] (g,gi) R —ﬁ and 0 is sufficiently large. If we calculated the payoffs of taking C'
and of taking D in period ¢ respectively in (7) assuming 0,[G](y) = 0,;[G](y) = 0, then,
(2) would imply that player i strictly prefers C' to D in period t. Hence, player j punishes
player ¢ when y; =  to make player ¢ indifferent between C' and D by letting, for example,

0,1G)(5) ~ —o ( - ;%g) + L and 6,(G](y) = 0, which implies v;(G) = 2 + 2.
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We can give player ¢ strict incentives to play C after y, = ¥ at state x; = G by setting

for sufficiently small x > 0, where, thanks to (2), 6;[G](y) < 0 for sufficiently large 6. We

have

u(G) = 1—415 (2 + p%q) . (10)

Second, consider state x; = B. Suppose ¢ is sufficiently large. If we calculated the payoffs
of taking C' and of taking D in period ¢ respectively in (9) assuming 6;[B](y) = ;[B](y) = 0,
then (3) would imply that player i strictly prefers C to D in period ¢. Hence, player j rewards
player ¢ when y; = y to make player 7 indifferent between C' and D by letting, for example,
0,[B)(y) = (2 + p%q) — Lt and 6,(B)(g) = 0. In addition, (3) implies 6,(B](y) > 0 for

sufficiently large 6. We have

Ui(B)zl—i(s(a(prq)—;::). (11)

By (10) and (11) together with (1), we have v;(G) > v;(B).

Finally, by setting the initial states z; = x5 = G in period 1, we can completely specify

an entire profile § = (31, 35) of equilibrium strategies for sufficiently large .17

Claim 3. For sufficiently large 9, the above equilibrium s is Tobust to global-game pertur-
bations with buffer areas. That is, for every n > 0, there exists € > 0 such that, for every

global-game perturbation with € < &, the perturbed game admits an equilibrium s such that

|si(hie) = 3i(fi(hir))| <

1"We take sufficiently large & so that p;[x;](h;) belongs to [0, 1] when it is defined from 6;[z;](h;) via (5).
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forallie I, t>1, and h;y € H;y with w;, € QO =R\ (—¢/2,¢/2) for all 7 <t —1.
Proof. See Appendix. g

Note that, although both Claims 2 and 3 establish robustness to private-monitoring
perturbations, underlying logics behind these claims are entirely different. In Claim 2, the
key was the belief-freeness property of the Ely-Valimaki equilibrium such that players do
not need to coordinate their future play. In contrast, players do need to coordinate in the
equilibrium used in Claim 3. For example, in period 2, players coordinate to play C'C' if they
observe g and DD if they observe y. Also, since (6) is satisfied with strict inequality, the
induced 2 x 2 game G(S) is a coordination game with two strict equilibria, and generically
one of them strictly risk-dominates the other. This implies that, by applying the contagion
argument used in Claim 1, one can show that this equilibrium is not robust to global-game
perturbations if we do not allow for a buffer area. Thus it is not the belief-freeness but the
possibility of a buffer area that makes this equilibrium robust.

The proof of Claim 3 is involved, but the equilibrium we construct in the perturbed game
has the following structure. The equilibrium is recursive every odd period as in the original
(public-monitoring) game. In each odd period ¢, each player ¢ decides a state x; € {G, B},
and then follows an action plan in the next two periods (periods ¢ and ¢ + 1), denoted by
si(x;). More specifically, in period ¢, player ¢ plays C if z; = G; D if x; = B. In period
t + 1, she takes C if she observes w;; € Q5 N f;1(y) (i.e., wiy > €/2); D if she observes
wip € Q5N f7(y) (e, wiy < —€/2); her action will be specified later if w;, ¢ Q5 (i.e.,
wit € (—e/2,¢/2)).

To distinguish it from the reward function in the original game, for each state x; € {G, B}
and each private history h; = (@i, wit, Git1,Wirt1), we write 65 [z;](h;) with superscript e
for the reward function in the perturbed game. Player ¢’s incentives are controlled by player
Jj's strategy s;(z;) and the reward function ¢5[z;](h;) so that the following conditions are

satisfied. (Details are deferred to Appendix.)

1. At state z; = G-
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(a) 05[G](h;) is additively separable: 05[G](h;) = 05[G](f;(w;))+005 (Gl (W), ajer1, fi(wWjis1))-
(b) In period t + 1,

i. After player j observes w;; € €5 (i.e., |wj| > £/2), weset 05 [G)(wj i, ajiv1, fi(Wiir1)) =
0;(G](fi(wie), fi(wser1))-
ii. After player j observes wj, ¢ €5 (ie., w;; € (—¢/2,6/2)), we determine

05 [G(wjits ajer1, fi(wje1)) so that player i is indifferent between C' and D in

period ¢ + 1, conditional on a; 1.
(c) In period ¢, we determine 65[G](f;(w;.)) so that player 7 is indifferent between C
and D in period t.

2. At state z; = B:

(a) 05[B](h;) is additively separable: 5[B](h;) = 05[B](f;(w).))+005[Bl(aj 41, fi(wjis1))-

(b) In period t+ ]., we have 9;[3]((1]'7“_1, fj (wj,t+1)) = Gj [B](aj7t+1, fj(wj,t—&—l)) so that

player ¢ is indifferent between C' and D in period ¢ + 1, conditional on a; ;.

(¢) In period ¢, we determine 05[B](f;(w;)) so that player i is indifferent between C
and D in period t.

Finally, we set player i’s action in period ¢ + 1 so that, after she observes w;; ¢ €, she

plays a best response (if there are multiple best responses, we choose one arbitrarily) to

player j’s strategy s;(G) at state x; = G, given i’s belief about w; ;.

Now we want to show that the above strategy constitutes an equilibrium in the perturbed

game. We first verify player ¢’s incentive at the beginning of period ¢ + 1, after observing

(@1, w;y). Since any action is optimal if z; = B, regardless of player i’s belief about z;, player

i plays a best response to s;(G). Further, Condition 1-(b)-ii ensures that player i plays a best

response to s;(G) conditional on that w;, € 5. Conditional on the event that r; = G' and

wje € 5, Condition 1-(b)-i together with Lemma 1 implies that after observing w;; € €,

player ¢ believes that player j observes w;; € fj’l( fi(wiyt)), i.e., player j’s interpretation of
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w;¢ is the same as player ¢’s interpretation of w;;, with large probability. Note that player
1 has a strict incentive in the original equilibrium s, and we use the same reward function
after w;, € 25. Thus, in the perturbed game, if € is sufficiently small, player ¢ strictly prefers
C after observing w;; € f; *(7) and D after observing w;; € fi_l(g).

What remains to be checked is player i’s incentive in period t. Note that, due to Lemma
1, the probability that player j will observe w;, ¢ €5 is small. Thus, player i’s continua-
tion payoffs in the perturbed game are close to those in the original game in expectation
at the beginning of period ¢, for each state z;. Hence, we can take a reward function
05 [5](fi(wje)) = 05]25](f(w;e)) such that player i is indifferent between C' and D in period
t.

Therefore, for each x;,z; € {G, B}, the above two-period strategy s;(x;) is optimal for
player i against s;(z;), given the reward function 65[z;](h;). Moreover, since the reward
function ¢5[z;](h;) is close to that in the original game as long as w;; & €2, si(hi;) is close
to 8;(fi(hiy)) if wir € Q5 =R\ (—¢/2,¢/2) for all 7 <t — 1.

A similar equilibrium construction is used in Horner and Olszewski (2006), who consider
“block strategies” s;(G) and s;(B) such that conditional on s;(G), both s;(G) and s;(B)
are optimal (but there may be non-optimal strategies), and that conditional on s;(B), any
strategy is optimal regardless of player ¢’s beliefs about player j’s private histories.!® Since
Horner and Olszewski (2006) assume almost-perfect monitoring and the canonical signal
space {2; = A;, as long as player ¢ observes a signal sequence that occurs with positive
probability in player j’s equilibrium strategy, player ¢ believes with high probability that
player j observes the signal that corresponds to the realization of player i’s strategy. Thus
there is almost common knowledge between the players about their histories that occur with
positive probability in equilibrium. In contrast, in our equilibrium, even if y occurs with
positive probability in the original equilibrium and w;,; € (), if wi¢ is close to 0 in the
global-game perturbation, player i puts beliefs only 1/2 on the event that player j interprets

her signal as y, which destroys the almost common knowledge property about interpretations

18Horner and Olszewski (2006) also consider games with more than two players.
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of private histories.

4 Definition of Robustness

An equilibrium in the repeated game with public monitoring is robust to private-monitoring
perturbations if, for any T' < oo, whenever private-monitoring perturbations are sufficiently
small in the ex-ante sense, then there exists an equilibrium of the perturbed game that is

close to the original equilibrium for the first 7" periods. The formal definition is given below.

Definition 2. Fix a private-monitoring perturbation (Q, 7, f), n > 0, and T < oo.

1. For each t <T —1, a profile g, = (g1, . - ., gnt) of measurable functions from H;, ; to

Y is n-close to f if
T({w e Q: gi(wiy | aﬁflaai,t;w;‘t*l) = filwir)} | @i, aiy) >1—n

for alli € I, (a;s,a ;) € A, and (ai™ ' w!i™) € Hy,.

(2

2. A profile s = (s1,...,8,) of strategies in the perturbed game is (n,T')-close to § via
{gi}i if

|55 (hie) — 5i(gi (hix))| <

forallie I,t<T,and h;; = (a!',w!™") € H,;, where

(2

Gi (hit) = (i1, gia(win | @in), aio, Gio(wio | @iny @iy win)s - s Qi—1, Gi—1(Wit—1 | Cl;f*l,wfd))-

Definition 3. A sequential equilibrium s of a public-monitoring repeated game is robust to
private-monitoring perturbations if, for every n > 0 and T' < oo, there exists € > 0 such that,
for every private-monitoring perturbation (€2, , f) that is ex-ante e-close to (Y, p), there exist
a sequence {g;} of interpretations and a Nash equilibrium s of the perturbed game such that

each g, is n-close to f and s is (n, T')-close to § via {g;}.
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In the above definition of robust equilibria, we are allowed to choose {g;} to construct
an equilibrium in the perturbed game that approximates the original equilibrium. For this
reason, we call {g;} “endogenous” interpretations. We require that those endogenous inter-
pretations be equal to exogenous interpretations f with large probability for the first 7' — 1
periods, but can be different with small probability or after period 7T'. In this sense, the no-
tion of endogenous interpretations generalizes threshold strategies in Section 3.1, where the
endogenous threshold w can be different from but must be close to the exogenous threshold
0. (Of course, we allow for more flexible interpretations than thresholds. For example, g;;

t—1
%

may depend on her entire private history (w!™',a!™! a;;).) If instead the strategy profile
translated via the exogenous interpretations f were required to be an equilibrium in the
perturbed game, that is, if exogenous and endogenous interpretations were required to be
equal with probability 1, then one could prove almost immediately that there is no robust
strict equilibrium other than repetitions of static equilibria.!®

Note that we require the closeness between exogenous and endogenous interpretations
only for the first T'— 1 periods. It is because we will make small adjustments in continuation
strategies after T' to deal with small changes in the marginal distribution, as we discussed in
Section 3.2. Note also that we require that s; and 3; prescribe similar mixed actions for all
private histories h;, (via endogenous interpretations), and not just for private histories that
realize with high probability. In this sense, in the rest of the paper, we employ the notion
of robustness stronger than the one we used in Section 3.3, which allowed for small buffer
areas.

Suppose that the perturbed game has an equilibrium that approximates the original
equilibrium. Then player ¢’s equilibrium payoff in the perturbed game is close to her equi-

librium payoff in the original game. Moreover, conditional on that each player j takes a;

and interprets his signal as y;, player i’s continuation payoff in the perturbed game is close

190ne could prove such a non-robustness result by considering a perturbation such that player i receives
a signal w; with small probability, where she interprets w; as y but, conditional on w;, she believes with

probability 1 that the other players interpret their signals as 3" # v.
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to U;(51 | a1,y1,---, 80 | @n,Yn). It is obvious from the above definitions, but worth stating

explicitly.

Lemma 2. Fiz a strategy profile s in the repeated game with public monitoring. For every
v > 0, there exist 1 > 0, T < 0o, and € > 0 such that, if a private-monitoring perturbation
(Q, 7, ) is ex-ante E-close to (Y, p), a profile g, of endogenous interpretations is Tj-close to
f for everyt <T — 1, and a profile s of strategies in the perturbed game is (7, T)-close to §
via {g:}, then player i’s continuation payoff in the perturbed game conditional on a; and w

is within distance v from U;(81 | a11, g1(wia | a11)s - 80 | @nty Gn(wna | ani)).

5 A Non-Robustness Result

In this section, we extend Claim 1 and provide a sufficient condition for non-robustness. For
simplicity, assume that the public-monitoring repeated game has two players I = {1,2} and
two public signals Y = {¥,y}, and the public-monitoring structure has full support. We
concentrate on a public perfect equilibrium (Extensions to general stage games and private
strategies are discussed at the end of this section.) As in Section 3.1, a PPE s induces the

following 2 x 2 game:

Yy Y

G(8) = Ur(51 19,52 | 9),U2(81 | 7,82 | ) Ui(31 |7, 52 | y), Ua(51 | 7,52 | y)

y
Yy | U5y, 52 19), 02051 |y, 82| W) Ui(51 ]y, 321y),Ua(31]y,52|y)

with two pure-strategy equilibria (7,7) and (y,y). Since the action of player 7 in period 1,
a; 1, does not affect the continuation strategy of player ¢ in the public strategy except for
the effect on the interpretation through g;, we can omit the dependence of the continuation
payoff on the action profile in period 1, a;.

A regularity condition is imposed on the 2 x 2 coordination game G(S) in the following

sense.
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Definition 4. A 2 x 2 coordination game

%) 52

Qq | Up, U2 V1,V2
Bi | wi,wy Ty, T
with two pure-strategy equilibria (aq, an) and (f1, B2) is regular if (aq, ) and (5, B2) have

different Nash products in the normalized game

&%) Ba
aq | U — wy, Uy — Uy 0,0 )
Io 0,0 T1 — V1, T2 — W2

e, (up —wy)(ug — vg) # (x1 — v1) (T2 — Wo).

The regularity condition is easily satisfied in many pure-strategy PPE. For example, if S is
a strict PPE under some parameters and not a repetition of static equilibria, then s is regular
under almost all nearby parameters in the monitoring structure, payoffs, and discounting.
Also the regularity condition is consistent with mixed-strategy PPEs. On the other hand,
the regularity condition exclude belief-free equilibria (we will discuss further in Section 6)
and in particular, repetitions of static Nash equilibria.

In Theorem 1, we show that in any repeated game with two players, two public signals,
and full support, if § induces a regular coordination game G(S), then § is not robust to
private-monitoring perturbations. This result generalizes Claim 1, and is consistent with
Claims 2 and 3 as we exclude the Ely-Valiméaki equilibrium by the regularity condition, and

employ the notion of robustness that does not allow for “buffer areas”.

Theorem 1. Ifs is a PPFE of a public-monitoring repeated game with two players, two public
signals, and full support, and G(8) is reqular, then § is not robust to private-monitoring

perturbations.

Proof. Suppose that s is a regular PPE robust to private-monitoring perturbations. For each

e > 0, we will construct a private-monitoring perturbation (2,7, f) that is ex-ante e-close
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to (Y, p) such that the perturbed game has no equilibrium close to s, contradictory to our
assumption.

By the regularity of G/(s), after changing the labels of ¥ and y if necessary, there exist
p1, p2 > 0 with p; + pe < 1 such that (7,7) is a strict (py, p2)-dominant equilibrium in G(8),

ie.,

piUs(3: | 9,85 | 9) + (L —p)Us(8: | 9,85 | y) > paUi(5i |y, 55 | 9) + (1 —pa)Us(5i | 9,55 | y)
(12)
forallz € 1.
The following lemma shows that the similar risk dominance property holds for the coor-

dination game where we replace public signals with the endogenous interpretations.

Lemma 3. There exist 7> 0, T < 0o, and € > 0 such that the following is true. Suppose
that (Q, 7, f) is ex-ante E-close to (Y, p), g is n-close to £ for everyt <T — 1, and s is an
equilibrium of the perturbed game that is (7, T)-close to § via {g;}. Then, for everyi € I
and a;; € supp s;(0), if wi1 satisfies T({wj1 € Q1 gja(wja | aji) =T} | ain, a1, wi1) > i

for all a;y € supps;(0), then g;1(wi1 | a;i1) =7.

Proof of Lemma 3. Pick any i € I and a;; € supp s;(0). If player i believes that, regardless
of a;; € supp s;(0), player j interprets g;1(wj1 | aj1) = ¥ with probability no less than p;,
then, by Lemma 2 and (12), player ¢ receives a higher payoff if she interprets w;; as ¥ and

follows 5; | 7 than 5; | y. n

For the rest of the proof, we take the global-game perturbation as in Section 3.1. More
precisely, let ; = 2y = R and 7 = 7°, where, conditional on each a € A, 7°(- | a) denotes
the joint distribution of w = (wy,ws) induced by the uniform distribution of (6,&;,&) on
[—p(y | a1),p(@, | a1)] x [—€/2,¢/2]* and w; = 0 + & for each i € I. Let fi(w;) =7 if w; > 0
and f;(w;) =y if w; <0.

Since (Y, p) has full support, let B := min,, p(y | @) > 0. The following lemma follows

from the characteristics of the perturbation in period 1.
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Lemma 4. There exist 1,2,d,Cy,Cy, D > 0 such that the following is true.
(i) For everyn <7 and ¢ <E, if g1.1 satisfies
m({wi €R*: gy (wig | a11) = filwi)} | @11, a01) > 1 =1 (13)

for all (ay1,a2,1) € A, then there exists xy € [De, B — De| such that
T ({wir €R:gra(wig | a1n) =y} | arg,a21,w21) > po
for all (a11,a21) € A, and way € [xg — Cae, ko + Cael.
(11) For every e >0 and x € [-B + De, B — De], we have
7 ({wj1 € [x — Cje,x + Cjel} | ar,wi1) > p;
foralliel, ay € A, and w;; € [x — (C; + d)e,x + Ciel.
Proof of Lemma 4. See Appendix. i

Fix any n < min{B, 7,7} and T > T. By the robustness of §, there exists ¢, 7 > 0 such
that, for every e < min{e, r,,2}, there exist a sequence {g;} of endogenous interpretations
and an equilibrium s of the perturbed game such that each g; is n-close to f, and s is
(n,T)-close to § via {g;}. This implies (13) is satisfied. By Lemma 4 (i), there exists
xo € [De, B — De| such that player 2 with private signal we; € [xg — Cae, xo + Cse] believes
that player 1 interprets w;; as y with probability more than p,. By Lemma 3, player 2
interprets wy 1 as ¥ on the equilibrium path. By Lemma 4 (ii), player 1 with private signal
wi1 € [zo — (C1 + d)e, zg + Cie] believes that player 2 interprets we; as ¥ with probability
more than p;, and, by Lemma 3, player 1 interprets w;; as ¥ on the equilibrium path.
Once again, by Lemma 4 (ii), player 2 with private signal wo; € [zg — (Ca + 2d)e, o + Coe]
believes that player 1 interprets w;; as ¥ with probability more than py, and, by Lemma 3,
player 2 interprets wy; as i on the equilibrium path. By induction, each player 7 interprets
wii1 € [-B+ (D + d)e,xo + Cie] as § on the equilibrium path. Since this is true for all

e < min{e, r,&,}, this is a contradiction. §
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Theorem 1 extends easily to games with more than two public signals as follows. Pick
an arbitrary pair of the public signals from Y and name them y and y. If a public signal
y # Y,y realizes, both players observe y directly. If  or y realizes, then the players observe
perturbed signals. We require that players’ endogenous interpretations after observing such

private signals be either 7 or y.

Corollary 1. Ifs is a PPE of a public-monitoring repeated game with two players and full
support and there exist two signals § and y such that G(S) is reqular, then s is not robust to

private-monitoring perturbations.

Theorem 1 also extends to games with more than two players under an additional con-
dition. (Here we assume two public signals or use the trick as above.) For a PPE §, let
G(s) be the n-player game, where each player i’s action set is {¥,y}, and her payoff is
Ui(51 | y1,--.,5n | yn) when players play (y1,...,¥n) € {#,y}". The induced game G(s)
is supermodular if Ui(5; | 7, (55 | yj)jzi) — Us(3i | ¥, (35 | yj)jz) is weakly increasing as
each player j # i switches from y; = y to §. A supermodular game G(8) is regular if either
(@, ---,7) or (y,...,y) is a contagious equilibrium in an open neighborhood of G(8).** Under
these definitions, Theorem 1 generalizes to games with more than two players.

We point out that Theorem 1 holds for equilibria in private (non-public) strategies as
long as the players play a pure action profile in period 1 and the 2 x 2 coordination game

induced by continuation payoffs after that action profile is regular.

Corollary 2. If s is a sequential equilibrium of a public-monitoring repeated game with two
players and full support, $(0) is pure, and there exist two signals § and y such that G(8) is

reqular after §(0), then § is not robust to private-monitoring perturbations.

This result shows that the robustness result in Subsection 3.3 is not because the equi-

librium in the original game is in private strategies, but because we use a flexible notion of

20An equilibrium of a static game G is contagious if it is selected in a global game with some noise
distribution. Frankel, Morris, and Pauzner (2003) show that every supermodular game has at least one (and

only one, generically) contagious equilibrium.
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closeness of strategies: in Subsection 3.3, we use a small “buffer area” on which players play
completely different actions between the original and perturbed games; in Corollary 2, we
use the notion of robustness (Definitions 2 and 3) that requires players to play similarly on

any history.

6 A Robustness Result

In this section, we show that belief-free equilibria are robust to private-monitoring pertur-

bations. Once again, we focus on two-player games.

Definition 5 (Ely, Horner, and Olszewski, 2005). A pair of strategies s = (81, 82) in the
repeated game with public monitoring is a belief-free equilibrium if, for every ¢ € I and

Ei,t c f{@t, iljﬂf < ‘E[jiv Uz(gz | Bi,tagj | ilj7t) Z Uz(gg,gj | iLN) for all 52

The Ely-Véalimaki equilibrium we discussed in Section 3.2 is a belief-free equilibrium.
Note that no belief-free public equilibrium induces a regular 2 x 2 game since both §;; | ¥
and 5;, | y are the best responses to both 5;; | 7 and §;; | y

We also define belief-free equilibria for the perturbed game. Namely, a pair s = (s1, $2)
of strategies in the perturbed game is a belief-free equilibrium if, for every i € I, h;y € H;4,
and hj, € Hjy, S; | hiy is a best response for player ¢ against s; | h;, in the perturbed game

starting in period ¢.

6.1 Unperturbed Marginal Distributions

Suppose that a private-monitoring perturbation (€2, 7, f) does not alter marginal distribu-
tions of interpreted signals. For example, Y = Q; = Qy = {7, y} with identity interpretations

f, and 7(- | a) is given by

Y )
y|pyla)—e €
y £ plyla)—e
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Then every belief-free public equilibrium remains a belief-free equilibrium in the perturbed
game (under the translation via exogenous interpretations f for the entire horizon). This

follows immediately from the definition of belief-free equilibria.

Proposition 1. Let § be a belief-free equilibrium in (Y, p). If t({w € Q: fi(w;)) =y} | a) =
ply | a) foralli € I, a € A, and y € Y, then the pair of private strategies, s = (s1, $2),
defined by

si(hit) = 8i(fi(hiz))
forallt>1,1€ 1, and h;; = (i wi™) e H;, is a belief-free equilibrium of the perturbed

game.

6.2 General Perturbations

With a slight perturbation on the marginal distributions of interpreted signals, a belief-
free equilibrium may not be an equilibrium in the perturbed game with the straightforward
interpretation for all t. As we saw in Section 3.2, however, we can restore players’ incentives
by modifying future actions.

A mixed action a; € A(A4;) of player i has individual full rank in (Y, p) if the collection
(p(- | @i, a;5))a;ea,; of [Y|-dimensional vectors is linearly independent. If some action of player
i has individual full rank, then Y| > |A;|.

For a strategy §;, let V;(8;) := maxz, U;(5;,5;). A regime is a product of nonempty subsets
of A; and Ay, A= A; x Ay. For a nonempty subset A; of A;, we say that player i’s payoff
v; is A;-enforced by a; € A(4;) and w;: A; x Y — R if we have

v; > (1 = 8)ui(ai, ) + 0E [wi(aj,y) | a;, oy

for all a; € A; with equality if a;, € A;, where the expectation is taken over (a;,y) generated

by (aivaj) and p-

Definition 6. A belief-free equilibrium § is compatible with a sequence {A;} of regimes if

the following conditions are satisfied for all t > 1,7 € I, ﬁi,t € I—ifz-,t, and fzﬁ € }NIN:
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L. supp 8;(hi) C Aqs
2. Vi(55 | ﬁj,t) is A; ;-enforced by §j(izj7t) and {Vi(5; | (Rju, @, Ye)) Yajen; ey

Every belief-free equilibrium is compatible with some sequence of regimes.?! For nota-
tional simplicity, we focus on a fixed regime: A; = A for all t > 1.2 For a given regime A, the

set of all belief-free equilibria that are compatible with A satisfies the following properties.

exchangeability If (51, 3;) and (8, 3}) are belief-free equilibria compatible with A, then so

are (51, 55) and (8], 32) (Ely, Horner, and Olszewski, 2005, Proposition 1).

recursion If (51,3,) is a belief-free equilibrium compatible with A, then so is (3, | hyy, 3 |

iLQ,t) for every iLu € gu, il27t € ﬁlt.

Let W(A) be the set of payoff profiles sustained by belief-free equilibria compatible
with A. By the exchangeability, W(A) is a product of two compact intervals, W (A) =
[w;(A), w1 (A)] X [wy(A),wa(A)] (Ely, Horner, and Olszewski, 2005, Corollary 1).

A product set W = Wy x Wy is self-A-generating if, for every ¢ € I and v; € W;, v;
is A;-enforced by some a; € A(A;) and w;: A; x Y — W,. By the recursion, W(A) is
self-A-generating. Also, every bounded self-A-generating product set is a subset of W (.A).
We say that W (A) is properly self-A-generating if, for every i € I, w,(A) is A;-enforced by
some a; € A(A;j) and w;: A; x Y — [w;(A),w;(A)) (excluding the right endpoint), and
w;(A) is A;-enforced by some @; € A(A;) and w;: A; X Y — (w;(A),w;(A)] (excluding the
left endpoint). Note that W (A) with a nonempty interior is properly self-A-generating if §
is sufficiently large (Ely, Horner, and Olszewski, 2005, p. 391).

We say that a belief-free equilibrium § = (31, §2) compatible with A is interior if w,(A) <
Vi(3; | hyy) <Wi(A) for all i € T and hj, € Hj,.

21Qur definition of regimes slightly generalizes those of Ely, Horner, and Olszewski (2005) and of Yamamoto
(2009). According to our definition, a belief-free public equilibrium may be compatible with multiple se-
quences of regimes, and Ely, Horner, and Olszewski (2005) and Yamamoto (2009) provide explicit ways of

constructing such regime sequences.
22Extensions to time-varying regimes are straightforward.
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In Theorem 2, we show that in a two-player repeated game with individual full rank such
that W (A) is properly self-A-generating, any interior A-compatible belief-free equilibrium
is robust to private-monitoring perturbations. This generalizes Claim 2 in Subsection 3.2
because for regime A = {C, D} x {C, D}, W(A) = [0,2] x [0, 2] is properly self- A-generating
for § > 1/3, and the Ely-Vélimaki equilibrium with o < 1 and £ > 0 is interior.

Theorem 2. If s is an interior A-compatible belief-free equilibrium of a public-monitoring
repeated game with two players, every pure action has individual full rank in (Y, p), and

W (A) is properly self-A-generating, then § is robust to private-monitoring perturbations.

Proof. Fix T' < co. We will show that there exists ¢ > 0 such that, if a private-monitoring
perturbation (Q, 7, f) is ex-ante e-close to (Y, p), then the perturbed game admits a belief-free
equilibrium that is (0, T")-close to § via f.

Foreachie I,a€ A, and y € Y, define

mi(y [ a) = 7m({w € Q: filw:) =y} | a).

Since (2,7, f) is ex-ante e-close to (Y, p), we have |m;(y | a) — p(y | a)| < ([Y|— 1)e.
Since s is an interior belief-free equilibrium compatible with A, for every t > 1, ¢ € I,

;Li,t S ]:Ii,ta and Bj,t € ﬁj,t, we have

Vi(3; | hje) = (1= 0)ui(aig, 3;(hye)) + OB, [Vi(55 | (Rye, ey ye)) | g, 35(R0)]

=E,[(1 — 8)uf (aie, o) + 0Vi(5; | (hyeoajesve)) | aie, 85(hie)]

for all a;; € A; with equality if a;; € A;, and w;(A) < V(5 | Bﬁ) < w;(A), where the

expectation is taken over (a;., y:) generated by (a4, 5j(hj:)) and p.

Fix i € I. We define w;: H;; — (w;(A),w;(A)) for each t < T + 1 recursively as follows.
Let w;(0) = Vi(3;) € (w;(A),w;(A)). For each t = 1,...,T and h;, € Hj,, given that

)

w;(h;t) € (w;(A),w;(A)), it follows from the individual full rank that, for sufficiently small

€ > 0, there exists {wi(h;¢, aj,y)}a;en, ey such that

wi(hje) > Ex[(1 = 0)ui(ais, fi(wie)) + 0wilhjs, aje, fi(wie)) | aie, 35(hje)]
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for all a;; € A; with equality if a;; € A;, and w;(hj+, ajt, ye) € (w;(A),w;(A)) for all a;; € A;

1

and y; € Y, where the expectation is taken over (a;, w;;) generated by (a;., 5;(h;;)) and
7. Further, |w;(hjy, azi,v:) — Vil aj, yi)| goes to 0 as e goes to 0 and |wi(h;,) — Vi(h,,)]
goes to 0.

The following lemma shows that the set of belief-free equilibrium payoffs compatible with

A is lower hemicontinuous with respect to private-monitoring perturbations.

Lemma 5. If every pure action has individual full rank in (Y, p) and W (A) is properly self-
A-generating, then there exists 4 > 0 such that, if 0 < v < 74, then there exists € > 0 such
that [w, (A) + v, w1 (A) — 7] x [w,(A) + v,w1(A) — ] is self-A-generating in any perturbed

game that is ex-ante e-close to (Y, p).
Proof of Lemma 5. See Appendix. §

For each hiry1 € Higei, horsr € Haopp, since wy(hory) € (w,(A),w1(A)) and
wy(hyry1) € (wy(A), Wa(A)), by Lemma 5, for sufficiently small € > 0, there exists a belief-
free equilibrium (O'ill’TH, ag 2T+ of the perturbed game starting in period 7'+ 1 that sustains
(wl(lNzQ,TH), wQ(ﬁ17T+1)). Note that, by the exchangeability of belief-free equilibria, we can
assume without loss of generality that the choice of player 1’s strategy is independent of
l~z2,T+1, and that the choice of player 2’s strategy is independent of iLLTH.

Foreacht > 1,7 € I, and h;; = (af’l,w’?fl) € H;y, let

(2

§z(fz(hz,t)) ift<T
Si(hz’,t =
O_fi(hi,T+1)(Thi7t> ift>T 41,

2

where rh;; is the truncation of h;; by removing the first 7' periods. Then s = (sq, s2) is a

belief-free equilibrium of the perturbed game that is (0, 7")-close to § via f. §

We can strengthen the positive result by allowing for a larger class of perturbations. In
this direction, Theorem 2 extends easily to perturbed games that differ from the original

game not only in the monitoring structure, but also in payoffs.
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On the contrary, we can ask what happens if we use a more restrictive class of private-
monitoring strategies. For example, one can require that an equilibrium in the private-
monitoring repeated game be (7, T')-close to the original equilibrium via exogenous interpre-
tations with n = 0 or with 7" = co. Here, n = 0 means that each player’s action is exactly
the same as her action in the original equilibrium, and 7" = co means that the two strategy
profiles prescribe similar actions uniformly over all histories. Proposition 1 used n = 0 and
T = o0, and the current proof of Theorem 2 shows n = 0. We conjecture that Theorem 2

would hold for n > 0 but T" = oo under additional regularity conditions.

A Appendix

A.1 Proof of Claim 3

We construct an equilibrium s = (1, $2) in the perturbed game with ¢ > 0 that is close to
the original equilibrium s.

As explained in the main text, the strategy is recursive every other period. In period 1,
both players are in state G, i.e., x1 = x5 = G. In each subsequent odd period t = 3, ...,
each player i determines a state z; € {G, B}, and takes C if z; = G; D if x; = B. In period
t+ 1, she takes C' if she observes w;, € QF N f;7'(); D if she observes w;; € Q5N f7'(y); her
action will be specified later if w;, ¢ Q5. With a slight abuse of notations, let s;(x;) denote
her action plan in periods ¢ and t + 1 described.

We write p5[z;](h;) = p§[x;](ajs, Wit @jr1,wjer1) With superseript e for the probability
that player j’s next state will be G in period ¢ + 2 if her current state is z; in period ¢ and
she observes h; = (a4, w; s, @j14+1, wj1) for the last two periods.

We specify p5[x;](h;) so that conditional on z; € {G, B}, both s;(G) and s;(B) are
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optimal and attain the value v5(x;):

Vi (x;) = maxE [(1 — %) (ui(ay) + dus(agy1))

Si

+6% (p; 2] (hi)v5 (G) + (1 = p5la;)(Ry)) 05 (B)) | siy55(25)] - (14)

For sufficiently large 4, it is equivalent to consider the reward functions 65[x;](h;) that is

uniformly bounded with respect to § with

() = s max B [usa) + Suiar) + G1G)(hy) | s1,5(G)].
vi(B) = 55 IIE;LXE [ui(ar) + dui(agir) + 05 [B(hy) | si,5;(B)]
v1(G) > vi(B).

0 > 6(G)(h).

0 < 05[B](hy).

Then,
P (1-0) I
BBl = =0 _ge(py(ny) (15)

02 (vi(G) —vi(B)

satisfy (14).

We specify 05[z;](h;) as follows:

1. At state z; = G-

(a) 05[G](h;) is additively separable: 05[G](h;) = 05[G](f;(w;))+005[Gl(wj e, ajasr, fi(wjer1)).
(b) In period t + 1,
i. After player j observes w;; € €5 (i.e., [wj| > £/2), weset 05 [G)(wj 1, ajiv1, fi(Wjir1)) =
0;1G1(f5(wjn), fi(wjet)-
ii. After player j observes wj; ¢ € (ie., w;; € (—¢/2,¢/2)), we determine

051Gl (wjt, ajer1, fi(wiee1)) so that player i is indifferent between C' and D in

38



period ¢ + 1, conditional on a;;y,. Further, player ¢’s expected payoff at the

beginning of ¢ + 1 is constant regardless of a;,:
E [ui(ai11) + 05[G (Wi, @jas1, fi(Wier1)) | @p1] = constant. — (16)
Specifically, let

pP—q

0 if Qjt+1 = D.

- (2—¥—¥> if aji11 =0,
051Gl (wjts @ji1,Y) = !

—<2—¥—ﬁ>—% if aji1 = C,
051Gl (W), a1, y) = P ) p '
—E if Ajtr1 = D.
Then, from (2), 05[G](wj¢, aj 1, fi(wjer1)) < 0 and
1—7r

q—r

E [ui(air1) + 05 (G (wjs, ajas1, fi(wjer1)) | @] = —

Note that we have not yet specified player j’s strategy after observing w;; ¢ Q5.
However, (16) guarantees that the specification of player j’s action a1 after

observing w;; ¢ 25 does not change player ’s continuation payoff. Therefore,

05 [G)(ais, wig) = max E [w;(ag1) + 05[Gl(w)iss jast, fi(Wie1)) | @i, @1, wig, 55(G)]
Qg t+1

is uniquely defined without specifying s;(G) after observing w;; ¢ €25.
Here is a good place to fully specify s;(x;) for x; € {G, B}. As mentioned in the

main text, we choose player i’s action a;+y; in period ¢ 4 1 that maximizes

E [ui(at+1) + 9§[G] (Wj,h Ajt4+1, fj(wj,t+1>> | Qg ¢y Ag 141, Wit Sj(G)] .
(If there are multiple maximizers, choose one arbitrarily.)

In period ¢, we determine 05[G](f;(w;)) so that player i is indifferent between C
and D in period t. Specifically, we choose 65[G](y) and 05[G](y) that satisfy

(6) = 5 (2 5IGI) + (1 — D) BIGI(Y) + B FIGIC, ) | (asa,050) = (C,O)
= —— (3+aB[6H) + (L ) BIGNw) + SR LEIGUD, i) | (as0,30) = (D, ).

(17)
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Since the equation (17) converges to the equation (7) as € — 0, it is easy to see

that we can find a solution for (17) for each e such that
051G1(y) 1 0;(Gl(y) <0 (18)
ase — 0 fory=y,y.
2. At state z; = B:

(a) 65[B](h;) is additively separable: 05[B](h;) = 05[B](f;(w;))+005[Bl(ajis1, fi(wji1))-

(b) In period t + 1, we have 05[B](ajy1, fi(wjir1)) = 051B](aj41, fi(wje1)) so that

player ¢ is indifferent between C' and D in period ¢ + 1, conditional on a; ;.

(¢) In period ¢, we determine 05[B](f;(w;)) so that player i is indifferent between C
and D in period t. Specifically, we choose ¢5[B](y) and 05[B](y) that satisfy

v (B) = m( — 1+ q05[B)(7) + (1 — ¢)65[B](y)
+9 (Pr(aj,t—i—l =C | (az‘,u@j,t) = (C’, D), Sj(B)) (2 + p%q)
+ Pr(aji1 = D | (a;1,a;4) = (C, D), s;(B)) (_1 + q g r)) )
- (rej[B](y) (1= nEB(Y)
+0 (Pf(aj,m = C' | (ai, a50) = (D, D), s;(B)) (2 + p%q)
+ Pr(ajiy1 = D | (@i, aj) = (D, D), s;(B)) (_1 + q z r)) )
(19)
It is easy to find a solution for (19) for each & such that
O:[BI(y) 4 ,Bl(y) > 0 (20)

ase — 0 fory =y,y.
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Now we show that the above strategy constitutes an equilibrium in the perturbed game.
First, we verify player i’s incentive in period ¢ +1 after observing (a; s, w; ). Since any action
is optimal if x; = B by 2-(b) (note that 05[B](f;(w;:)) is a “sunk cost” in period ¢ + 1),
regardless of player i’s belief about x;, player ¢ plays a best response to s;(G). Further,
Condition 1-(b)-ii ensures that player ¢ plays a best response to s;(G) conditional on that
wje € €, regardless of player i’s belief about w;, ¢ 5. Conditional on the event that
r; = G and w;; € O, Condition 1-(b)-i together with Lemma 1 implies that after observing
wi € Q5, player ¢ believes with large probability that player j observes w;; € fj_l( filwir)),
i.e., player j’s interpretation of w;, is the same as player ¢’s interpretation of w;;. Note that
player i has a strict incentive in the original equilibrium s, and after w;; € )5, we use the
same reward function as in the original game. Thus, in the perturbed game, if € is sufficiently
small, player ¢ strictly prefers C after observing w;; € Q5 N £, (7)) and D after observing
wig € 5N f;l(@-

Second, we verify player i’s incentive in period ¢. By 1-(c) and 2-(c), player i is indifferent
between C' and D, regardless of player ¢’s belief about z;.

Finally, we show that the above equilibrium is close to the original equilibrium. Clearly
si;(0) = 8;(0) = C in period 1. Take any odd period t. Let z; be player ¢’s state in period
t. In period t, player ¢ takes C' if x; = G and D if z; = D as in the original game. In
period t + 1, player i takes C if player i observes w;; € Q5 N f7'(y) and D if player i
observes w;; € Q5 N f;'(y). Therefore, as long as w;, € O, given player ’s state in period
t, player ¢’s action plan in the next two periods is the same as in the original equilibrium.
Now consider state transitions. To show that state transitions are close to each other in the
original and perturbed equilibria, from (5) and (15), it suffices to show that rewards are close
to each other if w;; € Q. Note that 05 [G](wit, @iri1, fi(wirr1)) and O5[Bl(a; 141, fi(witi1))
are the same as 6;[G|(fi(wir), fi(wirs1)) and 0;[B)(ai 41, fi(wir1)) if wiy € Q5 as desired. In
addition, by (18) and (20), 6[x;](fi(wit)) — Oi[zi](fi(wit)) as e — 0 for x; € {G, B} and
wit € Q5 C Q.

Since player ¢’s action in odd period t can pin down player i’s state x; in that period,
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si(hit) is close to §;(fi(hi)) if wir € QF =R\ (—¢/2,¢/2) for all 7 <t — 1.

A.2 Proof of Lemma 4

Let ¢ :=(1—p1 —p2)/4>0. Let C; :=2—+/2(p1 +2¢) € [1,2) and Cy := 1 if p; < py, and
Cy:=1and Cy :=2—/2(ps +2¢) € [1,2) if p; > py. Let D := max{Cy,Cy} + 1. Let A

denote the Lebesgue measure on R. The following lemmas are useful.

Lemma 6. There exists d > 0 such that the following is true. For every e > 0 and x €

[—B + De, B — De], we have
We(wj’l - [I — Cjé?,.?? + Oj&] ’ al,wi,l) 2 Di +<
foralliel, a; € A and w;y € [x — (C; + d)e, x + Ciel.

Proof. Take d > 0 sufficiently small. Then, noting that, for w;y € [-B +¢/2, B —¢/2], the
probability density of w;; with respect to the Lebesgue measure conditional on a; and w;

is given by

dr®(wyy | g, win) 1/e — |wj1 —wiil/e? w1 € [wi1 — &, w1+ €],
dA B

0 otherwise,

a simple algebra yields the result. n

Lemma 7. There exist g, K > 0 such that, for everyn > 0 and € <, if g11 satisfies
WE({wl e R?: 91,1(0J1,1 | 611,1) = fl(wl,l)} | a1,17a2,l) >1-n (21)
for all (ay1,a2,1) € A, then there exists xy € [De, B — De| such that
A{wi € [wo — Cre,x0 + Cie] s gip(win | a1n) = y}) < Kne (22)

forall a;1 € Ay.
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Proof. Fix any K > 2C1|A;|/B. Suppose that there exist n > 0, sufficiently small £ > 0,
and g¢; 1 such that (21) holds, but (22) does not. Pick any as; € A,. Since the probability
density of wy ; with respect to the Lebesgue measure conditional on (aj1,a21) s 1 onwy; €

[—B+¢/2,B —¢/2], by (21),

AM{w1,1 € [De, B — De] : g11(wi1 | a1,1) =y for some a1; € Ar})

< Y M{wi1 € [De,B=De]: gia(wia | ai1) = y})

a1,1€A1

= Z Wa({wu € [D&B - D5] : 91,1(w1,1 | Cl1,1) = g} | a1,1,a271)

a1,1€A1

< |Ayn. (23)

Let Me be the largest integer smaller than (B — 2D¢g)/(2C ). Then there exists {,, }2

m=1
such that [z —Cie, x1+Cel, . .., [ty — Cie, xpe+ Ce] are disjoint and included in [De, B—

De]. Since no z,, satisfies (22),
)\({wl,l € [D€,B — Dé] . ng(le | (11’1> = g for some ay c Al})
Me
> Z AMwig € [2m — Cie, 2 + Cie] s gri(wiy | a11) = y for some a1 € Ar})
m=1
> MeKne. (24)

Since Mee converges to B/(2C}) as € goes to 0, (23) and (24) contradict to each other for

sufficiently small ¢. g

Proof of Lemma 4. We will show that Lemma 4 holds for d > 0 in Lemma 6, € > 0 in
Lemma 7, and some 7] > 0. Since Lemma 4 (ii) is a corollary of Lemma 6, what remains to
show is Lemma 4 (i).

Pick K > 0 as in Lemma 7. Suppose that n > 0, ¢ <, and g¢; 1 satisfies

™ ({w; € R? : gra(wir|an) = filwin)} | @i, a01) >1—n

for all (ay1,a21) € A. Pick zy € [De, B — De] as in Lemma 7. For every wo; € |2y —

Cse, ko + Cae], note that the probability density of wy ; with respect to the Lebesgue measure
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conditional on aj, {wy1 : w11 € [xg — Cie, 29 + Cie]}, and wy; is bounded from above by

2 1 1 E
— max = —.
€ ,(1“‘01 —02)2 5

Thus, by Lemma 7,
7TE({WLl : 91,1(W1,1 ‘ al,l) = @} | a1,1, @21, {wl,l w1l € [$0—015,330+01€]},w2,1) >1-EKn.

for all (a11,a9:1) € A. Pick 7 > 0 such that (p; + ¢)(1 — EK7) > p;. If n < 7, then, by

Lemma 6,

T {wir €R:gr1(win | a11) =7} | ara,a01,w21)
> 71 (w1 € w9 — Che, w0 + Che] | ar,1, a,1,w2,1)
X1 ({wip € R:gia(win | ain) =7} | aig,a01, {wi1 wig € [wg — Cie, zo + Ciel},wa1)

> (p1+Q)(1 = EKn) >mp

for all (CL171, CL271) cA 1

A.3 Proof of Lemma 5

Since W (A) is properly self-A-generating, take 7 > 0 such that, for every ¢ € I, w,(A)
is Aj;-enforced by some a; € A(4;) and w;: A; x Y — [w,(A), w;i(A) — (14 1/0)7], and
w;(A) is A-enforced by some a; € A(A;) and w;: A; x Y — [w,(A) + (1 + 1/6)7, wi(A)].
For any v € (0,7], by translating continuation payoffs by ++/d, we have that every v; €
[w;(A) + v,w;(A) — 7] is A;-enforced by some «o; € A(A;) and w;: 4; x Y — [w,;(A) +
v/6,w;(A) — ~v/8]. Since each a; has individual full rank in (Y, p), by modifying w; into
w;, where |w;(aj,y) — wi(a;,y)| is of the order of €, v; is A;-enforced by «; and w] in the
perturbed game. Taking ¢ sufficiently small, we have |w;(a;,y) —wi(a;,y)| < (1/6—1)7, and
thus [w; (A) + 7,01 (A) — 7] x [wy(A) + v, wa(A) — 7] is self-A-generating in the perturbed

game.
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