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Abstract

We construct a dynamic general equilibrium model with goods and labor markets, where
money is a medium of exchange. We show that there is a continuum of stationary equilibria
with di¤ering excess demands, which gives rise to the real indeterminacy of the unemployment
rate. In addition, we show that cleared markets do not necessarily entail higher welfare than
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1 Introduction

Long run unemployment rate is one of the major concerns in economics. To address this problem,

the present paper constructs an in�nite- and discrete-time dynamic general equilibrium model with

goods and labor markets, where money is a medium of exchange. Each period is divided into two

subperiods, day and night. During the day, agents search for a job and work at the �rms in the

endogenous job destruction setting. After paid their wage by �at money, they go to goods markets

at night. In the goods markets, the �rms entrust their goods to the auctioneer and get the sales.

The goods are distributed to the agents via the Vickrey auction with the cash-in-advance constraint

where payments are done in terms of �at money.

In this setting, we show that there is a continuum of stationary equilibria with di¤erent excess

demands, which gives rise to the real indeterminacy of unemployment rate. The underlying logic is

as follows. Since the amount of money the buyer pays is equal to that the seller accepts even in the

presence of excess demand, the traded volume is always balanced, which means, mathematically,

the violation of the rank condition for a locally unique equilibrium. Thus, we can �nd a stationary

equilibrium corresponding to any degree of excess demand.

More speci�cally, we con�ne our attention to stationary equilibria, where, for some positive

number p, all trades occur with p (as we will see, since the labor market is competitive and

the marginal productivity of the agent is equal to 1, the wage is equal to the price) and the

stationary distribution of the money holdings and employment status of the agents is on {(0; e),

(0; u), (p; e), (p; u),..., (Np; e), (Np; u)}, where (m; e) is the state of being employed with mp

money and (m;u) is the state of being unemployed with mp money, and Np is the endogenous

upper bound of the money holdings. Let us denote the measure of agents with (mp; e) by hm;e. In

addition, let Im;e and Om;e be the measures of the in�ow into and out�ow from (m; e), respectively.

hm;u, Im;u, and Om;u are analogously de�ned. Then, the conditions for the stationary distribution

are Im;e = Om;e and Im;u = Om;u for all m = 0; :::; N and
P
m (hm;e + hm;u) = 1. Since all

the agents belonging to the out�ow from some state must belong to the in�ow into the other

states, the total population is constant;
P
m (Im;e + Im;u) =

P
m (Om;e +Om;u) is an identity.

Furthermore, the total amount of money the agents pay in the auction is redistributed among

the agents through the �rms in the form of the wage, the total money supply is unchanged, that

is,
P
mm (Im;e + Im;u) =

P
mm (Om;e +Om;u) is also an identity. Therefore, we have 2N + 2
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unknowns, 2N + 3 conditions, and 2 identities, which means there always exists one degree of

freedom. Hence, the real indeterminacy occurs in the goods markets according to the degree of

excess demand, where the degree of excess demand is de�ned as the probability that the agents

with p money who strictly prefer consumption cannot consume.

In the equilibrium with excess demand, some agents who strictly prefer consumption are ra-

tioned. In the Vickrey auction with equilibrium price p, while the probability of winning is 1 for

those with bids more than p, the probability is less than 1 for those with bids equal to p if there

exists excess demand. In such a situation, even if one has p units of money and strictly prefers

consuming, the cash-in-advance constraint prevents her from bidding more than p and getting

goods for sure. This rationing in the goods markets changes the incremental value of currency;

that is, even if money holdings are constant at p, the probability of consumption varies as excess

demand. This alters the unemployment rate through agents�incentives to work, which induces the

real indeterminacy of the unemployment rate. Since the unemployment rate alters the amounts of

consumed goods, social welfare is also indeterminate.

The two related literatures are worth mentioning. Firstly, our results and approaches are dif-

ferent from the traditional discussion of the long run unemployment rate. Cooper and John (1988)

pointed out that, for the results of ine¢ ciency, misspeci�cation of prices, irrational expectations,

wage and price rigidities, increasing returns, or strategic complementarities are necessary. However,

in our model, the real indeterminacy of the long run unemployment rate does not depend on these

features.

Secondly, the real indeterminacy of stationary equilibria is mentioned in recent papers in mon-

etary economics, such as Green and Zhou (1998, 2002), Matsui and Shimizu (2005), Zhou (1999),

Kamiya and Shimizu (forthcoming), and Kamiya and Shimizu (2006). Lagos and Wright (2005)

resolved this indeterminacy by introducing a coexisting Walrasian market. However, in the Wal-

rasian market, the market clearing condition is imposed by de�nition. Therefore, it is worthwhile to

investigate whether the introduction of a large centralized auction market without a priori market

clearing condition can resolve the indeterminacy. In addition, to the best of our knowledge, this

paper is the �rst one that introduces money as a medium of exchange to the analyses of unemploy-

ment. Since, in the real economy, the reward for labor takes the form of �at money, it is important

to investigate whether the real indeterminacy in the goods markets spills over to the labor markets.
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The rest of the paper is organized as follows. Section 2 sets forth a model. Section 3 de�nes

the stationary equilibria we focus on. In Section 4, we solve the model and o¤er the intuitive

explanation of the factors of the real indeterminacy. Section 5 concludes.

2 The Model

2.1 The Natural Environment

We consider a dynamic general equilibrium model with following features. There is a [0; 1] contin-

uum of nonatomic private agents who live forever. In addition to the agents, there exist competitive

�rms. The number of the �rms is exogenously given by k 2 N. We assume that k can be arbitrarily

large and that the �rms are competitive. Thus, without loss of generality, we assume k = 1.

Time is discrete and in�nite. Each period is divided into two subperiods, day and night,

following Lagos and Wright (2005). The agents supply labor to the �rm during the day and

consume goods at night. The instantaneous stochastic disutility x is resulting from working. Goods

are indivisible and the agents can consume at most one unit per a day. The consumption of one

unit of the goods brings c instantaneous utility to the agents. The time discount factor is � 2 (0; 1)

and we assume agents do not discount utility at night during the day.1 Therefore, the expected

discounted lifetime utility is given by

E
1X
t=0

�t [�Iet xt + Ict c] ;

where Iet and I
c
t are (random) indicator functions that equal one if the agents are employed and

consume at t, respectively, and zero otherwise. The speci�c process in each subperiod is discussed

below.

2.2 What Occurs during the Day

The process during the day is analogous to an endogenous job destruction model. There are two

employment states for the agents; employed and unemployed. Only unemployed agents search for

jobs in McColl (1979)�s type search model. One interpretation of McColl�s type search is that the

1This assumption is without loss of generality.
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productivity of a job is the same while the disutility of a job di¤ers. We adopt this interpretation

and the productivity is normalized to 1.

An unemployed agent �nds a working opportunity with probability � (U), where U denotes the

aggregate unemployed rate. We assume that � (U) is continuous in U with f� : 9U 2 [0; 1] such that � = � (U)g �

(0; 1] being convex and compact. If � (U) = 1 for all U , we say the labor markets are centralized

since the unemployed can �nd an opportunity for sure. If she �nds one, the idiosyncratic initial

disutility x 2 R is drawn from the cumulative distribution F . If she wants to work under this

disutility, she applies for the opportunity. If she is not satis�ed, she skips the opportunity.

On the other hand, an employed agent also faces risk. We assume an idiosyncratic shock arrives

at a job with probability �. At the arrival of the shock, the disutility x is newly drawn from the

cumulative distribution function G, which is independent of the previous disutility. After observing

her disutility, she decides whether to reapply for the job or to quit. If she quits, she becomes

unemployed and starts to search for a job from the next day.

We assume following three assumptions. First, there exists some " > 0 such that F (") =

G (") = 0. This assumption means that working has some positive cost as Zhou (1999). As Zhou, it

will be shown that this assumption ensures the existence of an endogenous upper bound on money

holdings. Second, we assume F
�

c
1��

�
= G

�
c

1��

�
= 1 without loss of generality.2 Third, there

exists � such that F (�) (1� �)�c� f1 + � (1� �)g
R �
" x

0dF (x0) > 0. This assumption means that

there exists a possible state where the disutility of working is low compared to the instantaneous

utility from consumption. This ensures that those without money apply for the job with some

positive probability.

After the decision of the agents, the �rm decides which agents to hire and rehire. Figure 1

summarizes the discussion.

We assume the labor market clears. Therefore, if an agent applies or reapplies, she will be

employed. Thus, Figure 2 summarizes the transitions of the states of the agents during the day,

where ( ~m; i) denotes the state at the beginning of night, ~m is money holdings, i 2
h
"; c
1��

i
means

she was employed with disutility i during the previous day, and i = u means she was unemployed

2 If F
�

c
1��

�
< 1, rede�ne the new cumulative distribution function ~F as

(
~F
�

c
1��

�
= 1

~F (x) = F (x) for x < c
1��

. We can

similarly rede�ne ~G from G. If the shock is more than c
1�� , the agents do not want to work since each agent can

receive at most c utility per day.
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Some find
a working
opportunity

Shock occurs
to some

Initial
disutility
is determined

Renewed
disutility
is determined
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Whether
to quit or not
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employment
decision
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employed

Events
for previously
unemployed

Events
for firms

time

Production
takes place

Wages are
paid

Figure 1: The time table for the day
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Figure 2: Transitions during the day

during the previous day.

2.3 What Occurs at Night

After being paid their wages by �at money, the agents go shopping at night. There are several

market places where the Vickrey auction is held. The �rm entrusts its products to the auctioneer

and gets sales. We assume goods are perishable and only goods produced during the last day can

be sold at night. The agents search for the markets where the goods they want to consume are

sold. We simply assume that the agents cannot consume what they produced at day directly and

that they must search for the markets. This assumption approximates well the situation where the

division of labor is important and self-consumption is rare.3 If all the markets are symmetric, we

can assume there is one market place without loss of generality. Let q 2 (0; 1] denote the probability

of the agents��nding the market. q < 1 approximates the situation where the shopping has some

random-matching nature while q = 1 represents an economy with a centralized market.

The agents who can �nd the market participate in the Vickrey auction with the cash-in-advance

constraint, that is, a bid should be less than or equal to the bidder�s money holdings. The price is

determined as the supremum of the prices such that there is no excess supply with positive measure.
3See Diamond (1982) for more discussion.
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Thus, the situation where the price is p can be represented by Figure 3. The probability of getting

The Amount of Supply

Bids More Than p

Bids Equal to p

Bids less than p

Get Goods For Sure

Get Goods with probability

t
sv ≡ t

s

Figure 3: The Vickley auction

one unit of the goods is 0 and 1 if the bid is less than and more than p, respectively. If the bid is

p, the probability is

v � # of supply�# of bids more than p
# of bids equal to p

:

Thus, Figure 4 illustrates nighttime transactions with price p.

3 De�nition of Stationary Equilibria

What we want to show is the existence of real indeterminacy in the economy described above.

Firstly, we de�ne equilibria we concentrate on. After that, we solve the individual decision problem

taking the aggregate states as given in the next section. Then, we search for equilibria, where the

individual optimal decision is consistent with the aggregate states that the agents take as given.

Here, we are going to consider stationary equilibria in the trading environment just described.

Let p 2 R++ be the stationary equilibrium price. The domain of possible monetary holdings is

R+ and that of employment status is fug [
h
"; c
1��

i
. Let

�
~m
p ; i; p

�
be the state of the individual

agents, where ~m 2 R+ and i 2 fug [
h
"; c
1��

i
.
�
~m
p ; u; p

�
means that the agents in question are in

the night markets with ~m money holdings and were unemployed during the previous day when the

equilibrium price is p.
�
~m
p ; x; p

�
with x 2

h
"; c
1��

i
means that the agents in question are in the

night markets with ~m money holdings and were employed during the previous day with x disutility.

Here, we focus on equilibria where monetary distribution is f0; p; 2p; 3p; � � � g. Hence, given p, we
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can omit p and let f0; 1; 2; 3; � � � g denote the monetary distribution and (m; i) be the state of the

individual agents with mp = ~m.

To de�ne stationarity, we need to de�ne a measure on the agents�status. Let h be a probability

measure on Z+ �
�
fug [

h
"; c
1��

i�
. For the unemployed agents, we de�ne stationarity as hm;u �

h (m;u) being constant. As for the employed agents, let us de�ne hm;e �
Rn
(m;x);x2

h
"; c
1��

io dh and
a corresponding state as (m; e) � _n

(m;x);x2
h
"; c
1��

io (m;x). Then, from "law of large numbers", we

can de�ne stationarity as hm;e being constant.4

Moreover, we restrict our attention to stationary equilibria with Markov strategy that depends

only on the matching probability � = � (
P
m hm;u) and the degree of rationing v = Pr (getting one unit of the goods when a bid is p).

Thus, (�; v) are only relevant states. Let us de�ne 
 � (v; �). Formally, we concentrate on equilibria

with the Markov strategy de�ned as a pair � = (!; �)5 such that

� ! : Z+ �
�
fug [

h
"; c
1��

i�
� [0; 1] � [0; 1] ! R+: Bidding strategy. ! (m; i; 
) = b means

those with (m; i) bid bp � m under 
:

� � : Z+ �
h
"; c
1��

i
� [0; 1] � [0; 1] ! f0; 1g: Working strategy, where � (m;x; 
) = 0 means

those with m units of money at the beginning of the day quit or skip an opportunity with x

disutility and � = 1 means application or reapplication.

After observing the disutility, the situation is the same regardless of the previous employment

status. Thus, we do not distinguish between � for the previously unemployed and for the previously

employed. The probability of winning when b = 1 is given by

v =
# of supply�# of bids more than p

# of bids equal to p
: (1)

In equilibria with p, 0 < v � 1 must hold.

Since we assume the �rm is competitive and that the labor market clears, the labor market-

clearing condition is

w = p: (2)

4There have been well-known di¢ culties in providing a probability-theoretic foundation to the idea of "law of
large numbers" for a continuum of random variables. Here, following the convention of the labor search models, we
assume "law of large numbers" holds. See Judd (1985) and Feldman and Gilles (1985) for "law of large numbers".
The author is thankful to Satoru Takahashi for pointing out this problem.

5Since the agents are nonatomic, it su¢ ces to show that there is no incentive to deviate from the equilibrium path.
Thus, we only de�ne the strategy on the equilibria.
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We do not specify the labor market microstructure that induces (2). Rather, even with this restric-

tion, we can show the real indeterminacy of the unemployment rate.

Using these de�nitions, we can now de�ne stationary equilibria.

De�nition 1 A stationary equilibrium consists of a time-invariant pro�le h(!�; ��) ; h; v; �; pi such

that

1. fhm;u; hm;eg is stationary under the strategy (!�; ��),

2. 0 < v � 1 is derived by (1);

3. � = � (
P
m hm;u),

4. p = MP
m�1m(hm;e+hm;u)

,

5. (!�; ��) maximize the agents expected utility E
P1
t=0 �

t (�Iet xt + Ict c).

4 Optimal Strategy on the Equilibrium Path

Let us consider the optimal strategy of the agents next. Since the disutility shock is i.i.d., a Markov

strategy is optimal and satis�es the reservation property.

Proposition 2 For all q 2 (0; 1], there is a unique threshold R (m; 
) 2
�
� qc
1�� ;

qc
1��

�
for each m

such that

�� (m;x; 
) = 1, x � R (m; 
)

and R (m; 
) is continuous in �.6 In addition, for all q 2 (0; 1] and 
;

F (R (0; 
)) > 0.

Proof. See Appendix.

Next, we consider the optimal bid on the equilibrium path. The constant marginal utility of

consumption, the constant price, and the discount of the future imply that the optimal bid is to

maximize the probability of getting one unit of the goods for any 
.

6We follow the convension in the labor search models that the agents work if they are indi¤erent.
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Proposition 3 For all q 2 (0; 1],

!� (m; i; 
) = 1 for m = 1

!� (m; i; 
) 2 (1;m] for m � 2:
(3)

Proof. See Appendix.

Finally, we show that those with su¢ ciently large amounts of money holdings do not work since

there exists a positive lower bound of working disutility ".

Proposition 4 For all q 2 (0; 1], there exists N such that for all 
, R (m; 
) < " for all m > N .

Proof. See Appendix.

5 Stationary Distribution

In this section, we �nd the stationary equilibrium. FromProposition 3, v =
P
0�m hm;e�q

P
2�m(hm;e+hm;u)

q(h1;e+h1;u)
.

From Proposition 4, hm;e = hm;u = 0 for all m > N . Therefore, De�nition 1 is equivalent to;

1. �� (m;x; 
) = 1, x � R (m; 
), and !� (m; i; 
) = 1 for m = 1 and !� (m; i; 
) 2 (1;m] for

m � 2,

2. fhm;u; hm;eg0�m�N is stationary under the strategy (!�; ��),

3.

v =

P
0�m�N hm;e � q

P
2�m�N (hm;e + hm;u)

q (h1;e + h1;u)
, (4)

� = �

0@ X
0�m�N

hm;u

1A . (5)

Given 
, the transitions of h is summarized in Figure 5.

Using the modi�ed de�nition, we can show the real indeterminacy of equilibria.

Theorem 5 For any v 2 (1; 0], there exists fhm;e; hm;ug0�m�N that satis�es the stationary equi-

librium conditions.
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Figure 5: Transitions of h
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Corollary 6 Even if both the goods and labor markets are centralized, there exists fhm;e; hm;ug0�m�N
that satis�es the equilibrium conditions for any v 2 (1; 0].

A rigorous proof appears in the appendix. Here, we present an informal discussion. The tech-

nique to �nd a stationary distribution is the following. Firstly, arbitrarily �x v 2 (1; 0] and guess

a stationary distribution fhm;e; hm;ug0�m�N . Then, calculate the one-period forward distribution�
h0m;e; h

0
m;u

	
0�m�N from fhm;e; hm;ug0�m�N using (�� (m;x; 
) ; !� (m; i; 
)), where 
 = (v; �)

with � = �
�P

0�m�N hm;u
�
; that is, v is the initially �xed value and � satis�es (5) under the

guess. Since all the agents belonging to the out�ow from some state must belong to the in�ow

into the other states, the total population is constant. Hence,
P
0�m�N

�
h0m;e + h

0
m;u

�
= 1 al-

ways holds if
P
0�m�N (hm;e + hm;u) = 1. Thus, since the mapping from fhm;e; hm;ug0�m�N to�

h0m;e; h
0
m;u

	
0�m�N is a continuous function from the convex and compact set to itself, we can always

�nd a stationary distribution
�
h�m;e; h

�
m;u

	
0�m�N satisfying (5). Thus, to verify

�
h�m;e; h

�
m;u

	
0�m�N

is the equilibrium, it su¢ ces to show that
�
h�m;e; h

�
m;u

	
0�m�N satis�es (4).

The key is that, regardless of the initially �xed value of v,
�
h�m;e; h

�
m;u

	
0�m�N satis�es (4); i.e.,

if some distribution is stationary under the transition, then it necessarily satis�es (4) automatically.

The reason is that the amount of money someone pays is identical to that accepted by another;P
mm (hm;e + hm;u) is constant. On the other hand, the gross revenue of the �rm is

X
m

ph�m;e; (6)

which is identical to the payment by the agents;

qp

8<:v �h�m;e + h�m;u�+ X
2�m�N

�
h�m;e + h

�
m;u

�9=; : (7)

Since (6) and (7) are identically equal to each other, (4) is identity.

Therefore, the fundamental reason for the real indeterminacy is the following. Since the amount

of money the buyer pays is equal to that the seller accepts even with the existence of excess demand,

we can �nd a stationary equilibrium corresponding to any degree of excess demand.

In the Vickrey auction with equilibrium price p, while the probability of winning is 1 for those

with bids more than p, the probability is less than 1 for those with bids equal to p if there exists
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excess demand. In such a situation, even if one has p units of money and strictly prefers consuming,

the cash-in-advance constraint prevents her from bidding more than p. Then, the degree of quota,

v, changes the incremental value of money, which also changes the unemployment rate through

the agents�incentives to work. If we neglect the continuation value for simplicity, getting p more

units of money for those with 0 current money holdings is qvc. On the other hand, for those

with p current money holdings, this incremental value becomes q (1� v) c. Therefore, the marginal

value of money changes as v changes. Since this makes R (0) and R (1) change with v, so does the

unemployment rate.

The above logic does not depend on the value of q and the form of �. Thus, even if the goods

and labor markets are centralized, the real indeterminacy persists.

For comparison, we cite the result when we impose the restriction that the goods markets clear;

that is to say, a Walrasian equilibrium is realized. See Sugaya (2007) for more details.

Theorem 7 (i) There always exists a Walrasian equilibrium7.

(ii) Under some regularity conditions, the Walrasian equilibrium is unique.

(iii) The continuum of stationary equilibria in Theorem 5 includes the Walrasian equilibrium

as a point with v = 1.

As we have mentioned, everyone with p money holdings strictly prefers consumption in station-

ary equilibria, which means they must consume in Walrasian equilibria with price p. Thus, v = 1.

Therefore, in spite of the existence of the real indeterminacy above, we can show that the Walrasian

is unique. Therefore, contrary to the conventional wisdom, the large auction market cannot induce

the Walrasian.

6 Welfare Comparison

Since the discussion about unemployment is mainly related to social welfare, we will consider the

welfare comparison among di¤erent degrees of excess demand. Let us consider a benevolent social

7We de�ne a Walrasian equilibrium with p as a stationary equilibrium that satis�es all the conditions of De�nition
1 plus the requirement that all the agents with no less than p money holdings who strictly prefer consuming can
consume for sure.
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planner who wants to maximize the social welfare;

X
m�0

(Z
n
(m;x0);x02

h
"; c
1��

io V �m;x0� dh+ V (m;u)h (m;u)) .
Assume that the social planner is subject to the same matching constraints as the �rm and the

agents; that is, he takes q, � (�), F (�), and G (�) as given. Further, the planner only uses stationary

policies.8 Then, the maximization problem is

max
R;q

1X
t=0

�t (min f1� Ut; qg c� yt)

s:t:

8<: Ut � Ut�1 + � (1�G (R)) (1� Ut�1)� � (Ut�1)Ut�1F (R) ,

yt � yt�1 � �yt�1 + � (1� Ut�1)
R R
" xdG (x) + � (Ut�1)Ut�1

R R
" xdF (x) ,

where yt denotes the social disutility in the labor force at date t, R denotes the reservation disutility.

The logic is as follows. Socially accumulated utility per day is the amount of consumed goods

multiplied by c minus current disutility. Today�s unemployment rate is yesterday�s unemployment

rate plus those newly unemployed minus those newly employed. Today�s social disutility is yester-

day�s disutility minus disutility of those hit by the shocks plus the expected amount of disutility

for those who are hit by the shocks and stay and those newly employed.

Solving this and evaluating the Euler conditions yield

if U � 1� q,

8<: �
�
� (U) + �0 (U)U

	 R R
0 F (x) dx = (1� � (1� �)) (c�R) + ��

R R
0 G (x) dx,

U = �(1�G(R))
�(1�G(R))+�(U)F (R) ,

if U � 1� q, U = 1� q:

Sugaya (2007) shows that if and only if �0 (U) = 0 and q = 1, this condition is equivalent to

the equilibrium conditions with v = 1. If �0 (U) < 0, employment has positive externalities which

make it easier for others to �nd a job. In competitive equilibria, however, the agents are nonatomic

and do not consider this e¤ect. Thus, the employment rate with cleared markets is lower than the

social optimum. Similarly, if �0 (U) > 0, the employment rate with cleared markets is higher than

the social optimum.

8See section 8 of Pissarides (2000) for more details.
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Therefore, cleared markets do not necessarily entail higher welfare than excess demand. Usually,

employment has positive externalities. In such a situation, while the decline in v is ine¢ cient for

the distribution of goods, it may be e¢ cient for job creation since it makes the agents more patient

and decreases the unemployment rate by enlarging the di¤erence between V (1; u) and V (2; e). As

long as this positive e¤ect in the labor market outweighs the negative e¤ect in the goods markets,

the decrease in v is desirable.

The following result of the numerical analysis veri�es the claim. We use the following parameter

values; c = 3, q = 1, � (U) = 2
3 �

2
3U

2, f (x) = g (x) = 9�x2
18 .
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The maximum is attained with v = 0:36. The reason is that the unemployment rate is low for

low v, which is because the reservation for low v is high since having less money when v is low

entails the risk of being rationed. Since low U has a positive externality for �, the maximum value

9Note that without the assumption that F (") = G (") = 0 for some " > 0, the monetary holdings have an upper
bound when q = 1. Thus, we use these functions for the simplicity of calculation.
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is attained with low v.
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Therefore, in summary,

Theorem 8 A competitive equilibrium with v = 1, which is a Walrasian equilibrium, is not e¢ cient

and may be dominated by some stationary equilibrium with excess demand if and only if �0 6= 0.
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7 Conclusion

This paper constructs a dynamic general equilibrium model with goods and labor markets, where

money is a medium of exchange. What is new compared to the existing literature on the unem-

ployment problem is that we consider the interaction between the goods and labor markets in the

presence of money as a medium of exchange.

Contrary to the conventional wisdom, we have shown that the competition of many agents in

the large auction market does not realize a equilibrium with cleared markets (that is, a Walrasian

equilibrium). There exists a continuum of equilibria di¤ering in the unemployment rate.

The underlying logic is as follows. Since the amount of money the buyer pays is equal to

that the seller accepts even in the presence of excess demand in monetary economies, the traded

volume is always balanced. Thus, we can pin down a stationary equilibrium only after arbitrarily

�xing the degree of excess demand. In the Vickrey auction with equilibrium price p, those with p

money holdings are rationed with some probability if there exists excess demand since the cash-in-

advance constraint prevents her from bidding more than p. This rationing in the goods markets

changes the incremental value of currency; even if the monetary holdings are constant at p, the

probability of consuming varies with excess demand. This alters the unemployment rate through

agents�incentives to work, which induces the real indeterminacy of the unemployment rate. Since

the production level determines consumption, social welfare is also indeterminate.

Though our work has shed some light on this subject, the result here does not mean the

monetary economies per se are instable. There are many other issues that are worth investigating.

In particular, whether our result implies that an equilibrium in the real world is intrinsically fragile

or some aspects could lead the economy to some speci�c state is an important yet unsolved question.

Whether there exists the real indeterminacy in monetary economies has crucial implication for

business cycles and the unemployment problem. Therefore, it is important to explore the factors

in monetary economies that we have not considered fully but which may stabilize the economy.

The transition paths, learning e¤ect or behavioral tendency of agents, the evolutionary stability,

the role of credit, and the action of central banks such as in�ation targets or control of the money

supply are the main candidates and the important topics for further research.
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8 Appendix

8.1 The Optimal Strategy of the Agents

8.1.1 Value Function

We take the value function approach. In a stationary equilibrium, the relevant information is


 � (v; �) =
 
# of supply�# of bids more than p

# of bids equal to p
; �

 X
m

hm;u

!!
.

Therefore, we study the value function in terms of the Bellman equation corresponding to some

arbitrarily �xed 
. The value for the agents with (m;u) can be written as

V (m;u; 
) = T (V (m;u; 
))

� max
0�b�m

~v (b)

8<: c+ ��
R c
1��
" max fV (m;x0; 
)� x0; V (m� 1; u; 
)g dF (x0)

+� (1� �)V (m� 1; u; 
)

9=;
+(1� ~v (b))

8<: ��
R c
1��
" max fV (m+ 1; x0; 
)� x0; V (m;u; 
)g dF (x0)

+� (1� �)V (m;u; 
)

9=; (8)

for m � 0,
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where V (m;x) is the value for those with (m;x) at the beginning of night and

~v (b) �

8>>><>>>:
0

qv

q

if b < 1,

if b = 1,

if b > 1;

that is, the probability of getting one unit of the goods when a bid is bp. Note that although

m� 1 < 0 if m = 0, we can identify the support of m as Z+ since ~v (0) = 0.

The logic is the following. If she bids bp if she �nds the goods markets, the probability of getting

one unit of the goods is ~v (b). If she wins, she can consume one unit of the goods and her money

holdings become m� 1. On the next day, with probability �, she can �nd a working opportunity.

The disutility resulting from working is drawn from F . When she applies for the job with disutility

x0, her state will become (m;x0) since there is no excess supply in the labor market. If she skips, the

state will become (m� 1; u). Therefore, she will work as long as V (m;x0) � x0 � V (m� 1; u).10

When she cannot �nd a working opportunity, she continues to be unemployed. Thus, her state will

stay at (m� 1; u). If she loses the auction or cannot �nd the goods markets, she cannot consume

but the money holdings are still m at the beginning of the next day. The decision at the next day

market can be analogously studied with m� 1 replaced by m.

Next, we consider the value for the agents with (m;x), which can be written as

V (m;x; 
) = T (V (m;x; 
))

� max
0�b�m

~v (b)

8<: c+ ��
R c
1��
" max fV (m;x0; 
)� x0; V (m� 1; u; 
)g dG (x0)

+� (1� �)max fV (m;x; 
)� x; V (m� 1; u; 
)g

9=;
+(1� ~v (b))

8<: ��
R c
1��
" max fV (m+ 1; x0; 
)� x0; V (m;u; 
)g dG (x0)

+� (1� �)max fV (m+ 1; x; 
)� x; V (m;u; 
)g

9=; (9)

for m � 0; x 2
�
� c

1� � ;
c

1� �

�
:

Though we restrict the support of F and G to
h
"; c
1��

i
, we de�ne the value function for x 2h

� c
1�� ;

c
1��

i
for the convenience of the following proofs.

10We follow the convension in the labor search models that the agents work if they are indi¤erent.
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The logic is as follows. With probability ~v (b), the agent can consume one unit of the goods

and her money holdings become m � 1. On the next day, the shock arrives with probability

�. She decides whether to quit her job or not. If she quits, her state will be (m� 1; u) while,

if she continues, her state will be (m;x0).11 Thus, the agent will be employed if and only if

V (m;x0)�x0 � V (m� 1; u). If she loses the auction or cannot �nd the goods markets, she cannot

consume but the money holdings are still m. The decision at next day market can be analogously

studied with m� 1 replaced by m.

The solution to the Bellman equation is the solution to the functional equation

TV = V:

We will show that the functional equation above has the following property.

Lemma 9 The Bellman equation above satis�es Blackwell�s su¢ cient conditions for all q 2 (0; 1];

i.e., given v, there is a unique solution in the functional space C [(m; i; �)], where C [(m; i; �)]

denotes the space of bounded functions continuous in m, i 2 fug [
h
� c
1�� ;

c
1��

i
, and � with sup

norm.

Proof.

1. Boundedness

For all m � 0, ~v (b), �, �, �, c
1�� and c are bounded. Furthermore, since the domain of

integral is compact, the integral of bounded functions is bounded. Thus, TV is bounded if V

is bounded.

2. Continuity

Since m and i = u are isolated, it su¢ ces to show that TV is continuous in � and i 2h
� c
1�� ;

c
1��

i
.

Firstly, ~v (1) 2 f0; qvg and ~v (b) 2 f0; qv; qg for m � 2. Thus, ~v (b) is independent of (�; i) and

compact. Secondly, since (�; i) are in a compact subset of R2, continuity of V is equivalent to

uniform continuity and integral preserves continuity. Therefore, the Theorem of Maximum

guarantees TV is continuous if V is continuous.
11x = x0 if no shock occurs.
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3. Discounting

By substitution, we get

(TV + a) (m; i; 
) = TV (m; i; 
) + �a:

4. Monotonicity

Monotonicity is obvious since all the coe¢ cients in our expression for V is positive.

8.1.2 Proof of Proposition 2

Proof. From Lemma 9, we can identify the solution to the Bellman equation as the optimal value

in the sequential problem. The agents with (m;x) can get at least as high value as the agents

with (m;x0) (x0 > x) by the same strategy12 as (m;x0) since x is i.i.d. Therefore, V (m;x; 
) is

nonincreasing in x. Similarly, V (m; i; 
) is nondecreasing in m and bounded by
h
0; qc
1��

i
.

Noting that V (m+ 1; x; 
)�x 2
h
�x; qc

1�� � x
i
is strictly decreasing and continuous in x while

V (m;u; 
) 2
h
0; qc
1��

i
is constant in x, there is a unique threshold R (m; 
) 2

h
� qc
1�� ;

qc
1��

i
such

that x � R (m; 
) , V (m+ 1; x; 
) � x � V (m;u; 
). Since V (m+ 1; x; 
) and V (m;u; 
) are

bounded and continuous in �, so is R (m; 
).

Suppose F (R (0; 
)) = 0 and those with (0; u) do not work with probability 1. Then, she

cannot make a positive bid. Thus, life-time utility is 0. On the other hand, consider the following

strategy;

work only if she �nds an opportunity with x0 � � at t = 0

b = 0 at t = 0

work only if she worked at t = 0 and no shock occurs at t = 1

b = m at t = 1

obey the strategy ��; !� for all t � 2
12This is not restricted to the case with Markov strategy.
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Then, the expected disutility is f1 + � (1� �)g
R �
" x

0dF (x0). On the other hand, at least with

probability F (�) (1� �), she can bid b = 2 at t = 1. Thus, the expected utility is at least

F (�) (1� �)�c. From the assumption, F (�) (1� �)�c�f1 + � (1� �)g
R �
" x

0dF (x0) > 0, which is

a contradiction.

8.1.3 Proof of Proposition 3

Since we take 
 as given for Proposition 3, we omit 
. Firstly, we prove the following claim.

Claim 10 For all q and for all � > 0, there exists N� such that for all 
, for all m � N�,8>>><>>>:
V (m;x) 2

�
q c
1�� � �; q

c
1��

i
V (m;u) 2

�
q c
1�� � �; q

c
1��

i
R (m) < �

: (10)

Proof. For all i 2
h
"; c
1��

i
[fug, V (m; i) � q c

1�� . On the other hand, q
c�(�)m�1c

1�� � V (m; i) since

the agents with (m; i) can get q c�(�)
m�1c

1�� by always quitting their jobs and bidding 2p for at least

m� 2 times. Hence, if m � N� �
j
log ��log qc+log(1��)

log �

k
+ 2, (10) holds.

Remark 11 Proposition 4 directly follows from Claim 10 if we take N = m".

Using claim 10, we can prove Proposition 3.

Proof. We will show that it is strictly optimal to make ~v (b) highest for all m � 1 by mathematical

induction.

1. For m = N , the argument holds from Claim 10.

2. When it is strictly optimal to make ~v (b) highest for all m � n+ 1, then it is strictly optimal

to make ~v (b) highest for m = n.

(a) The case for the unemployed

26



Suppose, in the contrary, b < argmaxb�m ~v (b) is one of the optimal strategies; that is,

V (n; u)

=

Z c
1��

"
��max

�
V
�
n+ 1; x0

�
� x0; V (n; u)

	
dF
�
x0
�
+ � (1� �)V (n; u)

� c+ ��

Z c
1��

"
max

�
V
�
n; x0

�
� x; V (n� 1; u)

	
dF
�
x0
�
+ � (1� �)V (n� 1; u) :

(11)

In addition, since b = 0 is always plausible,

V (n� 1; u) �
Z c

1��

"
��max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dF
�
x0
�
+� (1� �)V (n� 1; u) :

(12)

and

V (n; x) � ��

Z c
1��

"
max

�
V
�
n+ 1; x0

�
� x0; V (n; u)

	
dG
�
x0
�

+� (1� �)max fV (n+ 1; x)� x; V (n; u)g : (13)

From the assumption of mathematical induction,

V (n+ 1; x) � c+ ��

Z c
1��

"
max

�
V
�
n+ 1; x0

�
� x0; V (n; u)

	
dG
�
x0
�

+� (1� �)max fV (n+ 1; x)� x; V (n; u)g : (14)

From (13) and (14),

c+ V
�
n; x0

�
� V

�
n+ 1; x0

�
� 0: (15)

From (15),

c+ V (n� 1; u)� V (n; u) � 0 (16)

is necessary for (11) to hold.

27



However, from (11) and (12),

c+ V (n� 1; u)� V (n; u)

� c+

Z c
1��

"
��max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dF
�
x0
�
+ � (1� �)V (n� 1; u)

�
Z c

1��

"
��max

�
V
�
n+ 1; x0

�
� x0; V (n; u)

	
dF
�
x0
�
� � (1� �)V (n; u)

= (1� �) c+
Z c

1��

"
��max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dF
�
x0
�
+ � (1� �)V (n� 1; u)

�
Z c

1��

"
��max

�
�c+ V

�
n+ 1; x0

�
� x0;�c+ V (n; u)

	
dF
�
x0
�
� � (1� �) (�c+ V (n; u))

� (1� �) c+
Z c

1��

"
��max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dF
�
x0
�
+ � (1� �)V (n� 1; u)

�
Z c

1��

"
��max

�
V
�
n; x0

�
� x0;�c+ V (n; u)

	
dF
�
x0
�
� � (1� �) (�c+ V (n; u))

� (1� �) c� � jc+ V (n� 1; u)� V (n; u)j

= (1� �) c+ � (c+ V (n� 1; u)� V (n; u))

� c > 0; (17)

which is a contradiction. The second inequality uses (15) and the second equality uses

(16). Therefore, the value when she wins is strictly larger than the value when she loses.

(b) The case for the employed

From the result for the unemployment case,

V (n; u) < c+ V (n� 1; u) : (18)
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Thus,

c+ ��

Z c
1��

"
max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dG
�
x0
�

+� (1� �)max fV (n; x)� x; V (n� 1; u)g

���
Z c

1��

"
max

�
V
�
n+ 1; x0

�
� x0; V (n; u)

	
dG
�
x0
�

�� (1� �)max fV (n+ 1; x)� x; V (n; u)g

� c+ ��

Z c
1��

"
max

�
V
�
n; x0

�
� x0; V (n� 1; u)

	
dG
�
x0
�

+� (1� �)max fV (n; x)� x; V (n� 1; u)g

���
Z c

1��

"
max

�
c+ V

�
n; x0

�
� x0; c+ V (n� 1; u)

	
dG
�
x0
�

�� (1� �)max fc+ V (n; x)� x; c+ V (n� 1; u)g

� (1� �) c > 0:

The �rst inequality follows from (15) and (18). Therefore, the value when she wins is

strictly larger than the value when she loses.

Remark 12 If we admit mixed strategies, the agents with mp can choose the probability of getting

one unit of the goods in [0;maxb�m ~v (b)] by combination of bidding 0 and m properly. This makes

no change in the proof above. Since the optimal strategy is unique, we concentrate on pure strategies

without loss of generality.

8.2 Proof of the Real Indeterminacy

Here, we provide the rigorous proof of Theorem 5. As have mentioned, De�nition 1 is equivalent

to the following.

1. Fix v 2 (1; 0]

2. Guess a stationary distribution fhm;e; hm;ug0�m�N

3. Given 
 = (v; �) with � = �
�P

0�m�N hm;u
�
and (�� (m;x; 
) ; !� (m; i; 
)), calculate the

one period forward distribution denoted by
�
h0m;e; h

0
m;u

	
0�m�N taking fhm;e; hm;ug0�m�N as
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the initial distribution.

4. 
 is consistent with fhm;e; hm;ug0�m�N and (!�; ��);

fhm;e; hm;ug0�m�N =
�
h0m;e; h

0
m;u

	
0�m�N , (19)

v =
P
0�m�N hm;e�q

P
2�m�N (hm;e+hm;u)

q(h1;e+h1;u)
. (20)

Firstly, we formally de�ne the function from fhm;e; hm;ug0�m�N to
�
h0m;e; h

0
m;u

	
0�m�N as

h (0; e) = 0, (21)

h0m;e � vm (1� �+ �G (R (m� 1;
)))hm;e

+(1� vm�1) ((1� �)H (R (m� 1;
) ;m� 1) + �G (R (m� 1;
)))hm�1;e

+(1� vm�1) �F (R (m� 1;
))hm�1;u

+vm�F (R (m� 1;
))hm;u for 1 � m � N , (22)

h0m�1;u � (1� vm�1) ((1� �) (1�H (R (m� 1;
) ;m� 1)) + � (1�G (R (m� 1;
))))hm�1;e

+vm�G (R (m� 1;
))hm;e

+(1� vm�1) (1� � + � (1� F (R (m� 1;
))))hm�1;u

+vm (1� � + � (1� F (R (m� 1;
))))hm;u for 1 � m � N , (23)

h (N;u) � (1� vN ) ((1� �) (1�H (R (N : 
) ;N)) + � (1�G (R (N ; 
))))hN;e

+(1� vN ) (1� � + � (1� F (R (N ; 
))))hN;u, (24)

where vm � maxb�m qv (b), and

H (x;m) �

8><>:
h (f(m;x0) ;x0 � xg)

hm;e
if hm;e > 0,

1 if hm;e = 0.
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Figure 6: The in�ow into (m; e)

Note that vm is the probability of getting goods for agents with m money holdings and H (x;m) is

the probability that the disutility is no more than x given that the agents are previously employed

and have m money holdings at the beginning of the night. Here, although we use measure h, we

will show that we can express H (x;m) solely by fhm;e; hm;ug0�m�N and fR (m� 1;
)g0�m�N .

First, noting that all the agents with (0; e) cannot buy at night, their next states will be (0; u)

or (1; e). Since any agent who worked during the previous day has some money, there are no in�ows

into (0; e). Therefore, h0;e = 0.13

Second, we consider the stationary condition for (m; e). From Proposition 3, the agents with

m money holdings work if and only if the disutility is no more than R (m� 1). From Figure 5, the

in�ow into (m; e) consists of those with (m; e) who can buy one unit of the goods at night and stay

at the job on the next day, those with (m� 1) who cannot buy and stay, those with (m;u) who

can buy and �nd a job, and those with (m� u) who cannot buy and �nd. Figure 6 collects the

arrows into hm;e from Figure 5.

It is veri�ed from Figure 7 that those with (m; e) who can buy stay at (m; e) if and only if

the shock does not occur or the shock not more than R (m� 1;
) arrives, which yields the �rst

component;

vm (1� �+ �G (R (m� 1;
)))hm;e (25)

13Note that H (R (m0) ;�1) is irrelevant in (22) with m = 1 since h (0; e) = 0.
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Figure 7: Those with (m; e) who can buy and stay at the job

The situation for (m� 1; e) who cannot buy is more complicated. They have m � 1 money

at the beginning of the next day. Thus, they stay as long as x � R (m� 1;
). Note that, at

the beginning of the previous day, their money holdings were only m � 2. Hence, they decided to

work if and only if x � R (m� 2;
). Thus, those with initial disutility between R (m� 2;
) and

R (m� 1;
) quit even without a shock. Therefore, H (R (m� 1;
) ;m� 1) is the probability of

staying without a shock, which can be veri�ed from Figure 8. Thus, the second component is

(1� vm�1) ((1� �)H (R (m� 1;
) ;m� 1) + �G (R (m� 1;
)))hm�1;e (26)

As for those with (m� 1; u) who cannot buy and those with (m;u) who can buy, since they have

m�1 units of money at the beginning of the next day, they work with probability �F (R (m� 1;
)),

which is veri�ed from Figure 9. Thus, the third and fourth components are

(1� vm�1) �F (R (m� 1;
))hm�1;u + vm�F (R (m� 1;
))hm;u (27)
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Figure 8: Those with (m� 1; e) who cannot buy and stay

Third, we consider the stationary condition for (m� 1; u). The in�ow into those with (m� 1; u)

consists of those with (m� 1; e) who cannot buy and quit, those with (m; e) who can buy and quit,

those with (m� 1; u) who cannot buy and cannot �nd a job and those with (m;u) who can buy

and cannot �nd. Figure 10 collects the arrows into hm�1;u from Figure 5.

The �rst component, those with (m� 1; e) who cannot buy and quit, is equal to those with

(m� 1; e) who cannot buy minus (26). The second component, those with (m; e) who can buy

quit, is equal to those with (m; e) who can buy minus (25). The third and fourth components,

those with (m� 1; u) who cannot buy and do not work and those with (m;u) who can buy and do

not work, are equal to those with (m� 1; u) who cannot buy plus those with (m;u) who can buy

minus (27). Adding them up yields (23).
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Finally, we explain the expression ofH (R (m0; 
) ;m) =

8><>:
h (f(m;x0) ;x0 � R (m0; 
)g)

hm;e
if hm;e > 0,

1 if hm;e = 0.
From (24),

h
���
m;x0

�
;x0 � R

�
m0; 


�	�
= (1� vm�1)

0@ (1� �)H (R (m0; 
) ;m� 1)

+�G (min fR (m0; 
) ; R (m� 1;
)g)

1Ahm�1;e
+vm

�
(1� �)H

�
R
�
m0; 


�
;m
�
+ �G

�
min

�
R
�
m0; 


�
; R (m� 1;
)

	��
hm;e

+(1� vm�1) �F
�
min

�
R
�
m0; 


�
; R (m� 1;
)

	�
hm�1;u

+vm�F
�
min

�
R
�
m0; 


�
; R (m� 1;
)

	�
hm;u

Hence, dividing this by hm;e yields

H
�
R
�
m0; 


�
;m
�

= vm
�
(1� �)H

�
R
�
m0; 


�
;m
�
+ �G

�
min

�
R
�
m0; 


�
; R (m� 1;
)

	��
+(1� vm�1)

�
(1� �)H

�
R
�
m0; 


�
;m� 1

�
+ �G

�
min

�
R
�
m0; 


�
; R (m� 1;
)

	�� hm�1;e
hm;e

+�F
�
min

�
R
�
m0; 


�
; R (m� 1;
)

	��
(1� vm�1)

hm�1;u
hm;e

+ vm
hm;u
hm;e

�

Therefore, given fR (m; 
)g0�m�N and fhm;e; hm;ug0�m�N , we can calculate
n
fH (R (m0; 
) ;m)g0�m0�N

o
0�m�N

as follows. If h1;e > 0

H
�
R
�
m0; 


�
; 1
�

= min

8<: 1
1�v1(1��)

0@ qv�G (min fR (m0; 
) ; R (0; 
)g)

+�F (min fR (m0; 
) ; R (0; 
)g)
n
h0;u
h1;e

+ qv h1:uh1;e

o
1A ; 1

9=; (28)
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for all 0 � m0 � N . If h1;e = 0, H (R (m0; 
) ; 1) = 1 for all 0 � m0 � N . If hm;e > 0,

H
�
R
�
m0; 


�
;m
�

= min

8>>>>>><>>>>>>:
1

1�vm(1��)

0BBBBBB@
vm�G (min fR (m0; 
) ; R (m� 1;
)g)

+

0@ (1� vm�1) (1� �)H (R (m0; 
) ;m� 1)

+�G (min fR (m0; 
) ; R (m� 1;
)g)

1A hm�1;e
hm;e

+�F (min fR (m0; 
) ; R (m� 1;
)g)
n
(1� vm�1) hm�1;uhm;e

+ vm
hm;u
hm;e

o

1CCCCCCA ; 1
9>>>>>>=>>>>>>;
;

(29)

for all 0 � m0 � N . If hm;e = 0, H (R (m0; 
) ; 1) = 1 for all 0 � m0 � N .

Thus, let us de�ne a function fv from fhm;e; hm;ug0�m�N to
�
h0m;e; h

0
m;u

	
0�m�N as follows.

Given v. Calculate � = �
�P

0�m�N hm;u
�
. From 
 = (v; �), calculate R (m; 
). Using these,

recursively calculate
n
fH (R (m0) ;m)g0�m0�N

o
0�m�N

from (28) and (29). Using these, calculate�
h0m;e; h

0
m;u

	
0�m�N from (21), (22), (23), and (24).

Then, De�nition 1 is equivalent to the condition that
�
h�m;e; h

�
m;u

	
0�m�N is a �xed point of

fv and

P
0�m�N

�
h�m;e + h

�
m;u

�
= 1, (30)

v =
P
1�m�N h

�
m;e�q

P
2�m�N(h�m;e+h�m;u)

q(h�1;e+h�1;u)
. (31)

Therefore, if and only if the following proposition holds, Theorem 5 holds.

Proposition 13 For any v 2 (1; 0], if G and F are continuous, there exists
�
h�m;e; h

�
m;u

	
0�m�N

that is a �xed point of fv satisfying (30) and (31).

Proof.

1. For any v, there exists a �xed point of fv that satis�es (30)

Let the domain of fv be8<:fhm;e; hm;ug0�m�N ;
P
0�m�N (hm;e + hm;u) = 1

hm;i � 0 for all 0 � m � N and i 2 fe; ug

9=; :
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From (21), (22), (23), and (24),

P
0�m�N

�
h0m;e + h

0
m;u

�
=
P
0�m�N (hm;e + hm;u) = 1

h0m;i � 0 for all 0 � m � N and i 2 fe; ug :

Thus, fv is a function from a convex and compact set to itself.

From the following reasons, fv is continuous. Firstly, � is continuous in fhm;e; hm;ug0�m�N .

Secondly, from Proposition 2, fR (m; 
)g0�m�N is also continuous in �. Thirdly, if hm;e > 0,n
fH (R (m0; 
) ;m)g0�m0�N

o
0�m�N

are continuous in � and fhm;e; hm;ug0�m�N since max

operator preserves continuity and (N + 1)2 is �nite. If hm;e = 0, all the relevant terms

take the form of H (R (m0; 
) ;m)hm;e. For hm;e > 0, H (R (m0; 
) ;m) 2 [0; 1]. Thus,

limhm;e!0H (R (m
0; 
) ;m)hm;e = 0. Thus, H (R (m0; 
) ;m)hm;e are continuous. Finally,

(21), (22), (23), and (24) are continuous in 
,
n
fH (R (m0) ;m)hm;eg0�m0�N

o
0�m�N

, and

fhm;e; hm;ug0�m�N .

Therefore, Brouwer�s �xed point theorem guarantees the existence for all v 2 (1; 0].

2. Redundancy of v

What we want to show is that if
�
h�m;e; h

�
m;u

	
0�m�N is a �xed point of fv,

v =

P
1�m�N h

�
m;e � q

P
2�m�N

�
h�m;e + h

�
m;u

�
q
�
h�1;e + h

�
1;u

� ;

that is, the condition for v is redundant. Note that, from Proposition 3, h�1;e > 0. Thus, v

is always well de�ned.

Adding up the stationary condition for hm;e and hm�1;u, we get

(1� qv)h�1;e = qvh�1;u for m = 1,

(1� q)h�m;e = qhm;u for m � 2.
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Combining these yields

v =

P
1�m�N h

�
m;e � q

P
2�m�N

�
h�m;e + h

�
m;u

�
q
�
h�1;e + h

�
1;u

� :
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