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Abstract

We study repeated games with imperfect private monitoring. We obtain the char-
acterization, which only depends on the parameters of the stage game, of the set of
belief-free review-strategy equilibrium payoffs in the limit as the discount factor con-
verges to one. Our characterization is valid for a generic monitoring technology if the
number of private signals is sufficiently large and the number of players is no less than
four.

In addition, we show a sufficient condition so that the characterized set contains a
Pareto efficient payoff profile.
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1 Introduction

The main finding in the theory of repeated games is that long term relationships enhance
cooperation. In fact, the central result is probably the folk theorem: any feasible and
individually rational payoff can be sustained in equilibrium when players are sufficiently
patient. Fudenberg and Maskin (1986) establish the folk theorem under perfect monitoring,
that is, when players can observe the opponents’ actions directly. Fudenberg, Levine and
Maskin (1994) extend the folk theorem to imperfect public monitoring, where players cannot
observe the opponents’ actions directly, but observe public noisy signals about the opponents’
actions.! Recently, it has been shown that these results are robust to the introduction of
private monitoring.> Horner and Olszewski (2006) show the robustness of the folk theorem
to almost perfect monitoring. Horner and Olszewski (2009) establish the robustness of the
folk theorem to almost public monitoring.?

On the other hand, when the monitoring is neither almost perfect nor almost public,
almost all the results are attained only with conditionally independent monitoring: players
can obtain no information on what their opponents have observed by observing their own
private signals conditional on an action profile. Based on the seminal earlier works by
Matsushima (2004), Ely, Hoérner and Olszewski (2004 and 2005) and Yamamoto (2007),"
Yamamoto (2009b) obtains the characterization of the equilibrium payoff set implementable
by so-called belief-free review-strategy equilibria (henceforth BFRSE) for a general N-player

game.’

!See also Fudenberg and Levine (1994).

2See Kandori (2002) and Mailath and Samuelson (2006) for the survey of private monitoring.

3See also Mailath and Morris (2002 and 2006).

4Matsushima (2004) obtains the folk theorem for two-player prisoners’ dilemma with conditionally in-
dependent monitoring. Ely, Horner, and Olszewski (2005) characterize the set of payoffs attainable by
“belief-free review-strategy” for two-by-two games with conditionally independent monitoring. Yamamoto
(2007) shows that efficiency (the payoff profile close to mutual cooperation) is obtained by a “belief-free
review-strategy” for an N-player prisoners’ dilemma with conditionally independent monitoring.

’The idea of the review strategy also appears in Radner (1985 and 1986) and Abreu, Milgrom and Pearce
(1991).

The belief-free equilibrium is firstly introduced by Piccione (2002) and significantly modified by Ely and
Viliméki. Yamamoto (2009a) characterizes the belief-free equilibrium payoff set when the discount factor
converges to one.



The main idea of BFRSE is as follows. The infinite periods are regarded as a sequence of
T-period review blocks. In each review block, suppose it is optimal to take a constant action.
Then, however noisy the monitoring is, when 7' is sufficiently large, players can statistically
infer the opponents’ actions with arbitrarily high power by aggregation of information across
T periods.

The remaining task is to verify the optimality of a constant action. It has been done with
conditionally independent monitoring. This paper is the first to attain the characterization
of the set of BFRSE payoffs for a generic monitoring structure.

The importance of conditional independence for Matsushima (2004), Ely, Hérner and Ol-
szewski (2005) and Yamamoto (2007 and 2009b) is explained as follows. To statistically infer
the opponents’ actions by pooling the information, it is important to create an equilibrium
where each player takes a constant action in each review block. Consider a prisoners’-
dilemma example, in which player ¢ is likely to be punished in the following review block if
a lot of signals indicating defection are pooled in the current review block by player j # i.
Suppose player i takes cooperation initially in the current review block. If the signals are
conditionally independent, after any realization of the signals, it is optimal to stick to the
cooperation since the observed signals have no information about whether player ¢ will be
punished or not. With conditionally dependent signals, however, in the periods near to the
end of the current review block, under some realization of the signals, player 7 considers that
she will be punished regardless of actions in the remaining periods of the current review
block, which destroys the incentive to continue cooperation. Let us call this problem the
“statistical inference problem”.

Specifically, in Matsushima (2004), Ely, Horner and Olszewski (2005) and Yamamoto
(2007 and 2009b), the signals are pooled as follows. Consider the situation where player j
reviews player 7. Conditional on that player j plays a; during the review block, she reviews

player i’s action by a random event whose realizations depend on (a;,w;), where w; is player

There are several papers that extend the belief-free equilibrium. Kandori (2008) generalizes the belief-free
equilibrium. Miyagawa, Miyahara and Sekiguchi (2008) apply the belief-free equilibrium to the situation
where players can increase the precision of monitoring by paying the cost. Takahashi (2010) applies the
belief-free equilibrium to the community enforcement.
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J’s private signal. Since the distribution of w; depends on player ¢’s action, player j can infer
player ¢’s action by pooling the realized random events. From player i’s perspective, the
statistical inference on player j’s review depends on the distribution of player j’s random
events conditional on player ¢’s signals and actions. If the conditional probability of the
random events does not depend on player i’s signals but only on player i’s actions, the
statistical inference problem does not occur. However, to satisfy this requirement for a
generic monitoring structure, it is necessary to have |A4;| x [€;| < |€;|, which cannot be
satisfied for all (i,7). Here, |©;| is the number of player i’s private signals and |A4;| is the
number of player i’s actions.

The idea of this paper is that, without assuming conditionally independent monitoring
directly, player j has sufficient information to create random events with the conditional
independence property against player ¢ if player j can also use the signals of the other
players. We formalize this idea without introducing any communication device, that is, after
main rounds corresponding to Matsushima’s review blocks, we introduce the communication
stages where players communicate about signals observed in the main rounds by taking
actions.

There are two main difficulties to construct an equilibrium based on this idea. Firstly, if
players communicate the realized signals of each period, the communication stages are too
long to attain the efficiency. Therefore, after each main round, players use only randomly
picked periods for monitoring and they communicate about signal observations in these
periods.® Since this randomization is done after the main rounds, this does not affect player’s
incentive to take a constant action. Secondly, we have to give an incentive for players to tell
the truth in the communication stages. As a usual claim in mechanism design, if we have
no less than three players to monitor a player, it is possible to give the incentive to tell the
truth. That is why we assume the number of players is no less than four.

Let us finish the introduction by reviewing other papers to attain the efficiency in re-

We do not assume the existence of public randomization devices. See the equilibrium construction in
Section 6.4 for the details of the randomization.



peated games with private monitoring.” Fong, Gossner, Horner and Sannikov (2007) attain
the efficiency result in a two-player prisoners’ dilemma with a not-nongeneric monitoring
structure. Neither their result nor ours contains the other as a special case. Moreover, the
main ideas are different. Fong, Gossner, Horner and Sannikov (2007) derive the condition
that the statistical inference problem occurs only with small probability on the equilibrium
path. On the other hand, this paper constructs a strategy that is completely free from the
statistical inference problem.

Several papers such as Sekiguchi (1997), Bhaskar and Obara (2002) and Chen (2009)
focus on belief-based techniques. In such equilibria, players’ strategies involve statistical
inference about the past history of the play. Results in those papers are limited to prisoners’
dilemma with almost perfect monitoring.

Another approach is to introduce explicit communication. Versions of the folk theorem
have been proven by Compte (1998), Kandori and Matsushima (1998), Aoyagi (2002), Fu-
denberg and Levine (2002) and Obara (2009). Since some practical economic settings make
communication impossible or costly, their result might not be applicable. For example, in
Stigler (1964)’s oligopoly example, anti-trust laws make communication illegal. Note that
this paper does not introduce explicit communication.

The similar results are obtained without discounting in Lehrer (1989) and Fudenberg and
Levine (1991). Although the average payoff in BFRSE under discounting with 7" being the
length of each review block converges to T-period time-average payoff when the discount
factor converging to 1, our equilibrium construction is significantly different from papers
without discounting since we need to take care of the incentives for the gain and loss in finite
periods.

The rest of the paper is organized as follows. Section 2 introduces the model. Section 3
defines the belief-free review-strategy equilibrium. Section 4 states the main result. Section
5 briefly overviews the basic theoretical ideas behind the equilibrium construction. Sections

6 explains the equilibrium strategy. Section 7 presents sufficient conditions for the efficiency

"Our review is close to that in Fong, Gossner, Horner and Sannikov (2007).



and the folk theorem.

2 Model

The stage game is given by {I, (Ai,Qi,gi)iel,q}. I =1{1,2,...,N} is the set of players, A;
is the finite set of player i’s pure actions, {2; is the finite set of player i’s private signals, and
gi + A; x Q; — R is player i’s ex post utility function. We assume N > 4 and |A4;] > 2. Let
A =]]A; and Q = [] ; be the set of action profiles and signal profiles, respectively. For
TcC IZTIA_I, Q_7, a_Z;IE A_7, w_g € Q_7 are defined as usual.

In every stage game, players choose an action profile a = (aq,...,ay) € A and then a
signal profile w = (wy,...,wy) € Q is distributed according to the conditional probability
function ¢ (- | a). Given an action a; € A; and a private signal w; € €Q;, player i receives a
profit g; (a;,w;). Thus, her expected payoff conditional on an action profile a € A is denoted
by 7 (a) = Y ,cqq (W | a)gi(a;,w;). For each a € A, let 7 (a) represent the payoff vector
(75 (@))er-

This paper imposes three assumptions on the monitoring technology ¢q. Firstly, we assume

the full support condition, which ensures that the set of Nash equilibrium payoffs is equivalent

to that of sequential equilibrium payoffs as Sekiguchi (1997) shows:

Assumption 1 Monitoring satisfies the full support condition if ¢ (w | a) > 0 for alla € A

and w € €.

Secondly, we require the following: the distribution of player j’s signals given (a;,a_;)
are linearly independent for fixed a;. This implies that player j can statistically infer the
opponents’ actions a_;. Mathematically, let us define Q; (a;) as follows. @, (a;,a_;) is a row
vector (¢ (w; | aj,a_))

wyen, @i (a;) is a matrix stacking @), (a;,a_;) for all a_; vertically.

Then, we can formally state the second assumption:

Assumption 2 Monitoring satisfies the identifiability condition if

rank [Q; (a;)] = [A-;]

6



forallj € I and a; € A;.

Finally, we require the following. Consider the distribution of all the players but (i,1)’s
signals, given an action profile (a;,a_;), player i’s signal observation w; and player I’s sig-
nal observation w;. Consider all these distributions when letting a_; and w; vary and
when exchanging the roles of player ¢ and [. We assume all these distributions are lin-
early independent. This implies that player j, using the information from players — (j,1,1),
can monitor player ¢ keeping the conditional independence property for players ¢ and [.
Mathematically, let Q; (a;, a_;,w;) be a matrix with rows (q (w_(,-,l) | aj,a_j, wi))w—(i,l)eg—(i,l).
Qi (aj, a_;) is a matrix stacking Q) (a;, a_;,w;) for all w; vertically. Q; (a;) is a matrix stack-

ing Q; (aj,a_;) for all a_; vertically. Q) (a;) is similarly defined with ¢ replaced with [. For
Qi(a;)

Qi (aj) = , we require the following:

Qi(ay)

Assumption 3 Monitoring satisfies the (N — 2)-identifiability condition if
rank [Qq (a;)] = [A—;| > ([€%] + |€u])

forall j,i,l € I with j #1i#1+# j and a; € A;.

For the rest of the paper, if we say 7, 1,1, we implicitly assume j # i # [ # j. We show
that if the number of private signals is sufficiently large, the above three assumptions are

generically satisfied.

Lemma 4 If |A_;| < || for all j and |A_j| x (|| + |[u]) < |Q_qy| for all j,i,1 € I,
then the full support condition, the identifiability condition and the (N — 2)-identifiability

condition are generically satisfied.

Proof. See Appendix. m
Consider the infinitely repeated game in which the discount factor is ¢ € (0,1). Let a;,

and w; , denote the performed action and the observed private signal respectively in period



t

7 by player i. Player i’s private history up to period ¢t > 1 is given by h! = (a;,,w;-),_,.

Let hY = () and for each t > 0, let H! be the set of all hl. Then, a strategy for player i is
defined to be a mapping o; : U H! — AA;. Let 3; be the set of all strategies for player
i and let ¥ = []%;. Also, for any strategy o; € 3;, history hl € H! and action a; € A;,
let o; | ht be pllggfer i’s continuation strategy after h! and o; (h!)[a;] be the probability for
o; to take a; after hl. In addition, let o; | (hf, a;) represent player i’s strategy &; € ¥; such
that &; (h?) = a; and for any h! € H}, &; | h! = o; | ™ where hl™ = (ht,h}). In words,
o; | (h, a;) denotes the continuation strategy after history hf but the action a; ;1 is replaced
with the pure action a;. Finally, let w; (o) represent player i’s expected average payoff by a
strategy profile o € X, that is, w; (o) = (1 = 8) E [>_72, 6" 'mi (ar) | o].

Our objective is to characterize the belief-free review-strategy equilibrium (BFRSE) pay-
off set under the above assumptions. The definition of BFRSE is given by Yamamoto (2009b),
followed by the characterization with conditionally independent monitoring. Instead of con-
ditionally independent monitoring, we assume the (N — 2)-identifiability, which is satisfied
generically. We show that we can “restore” the conditional independence property using the
(N — 2)-identifiability. We use the same notation and explanation as Yamamoto (2009b)

wherever possible to make comparison easier.

3 Belief-Free Review-Strategy Equilibrium

This section states a notion of the belief-free review-strategy equilibrium (BFRSE), on which

we concentrate. Firstly, we define a review strategy profile.

Definition 5 Let (¢;);°, be a sequence of integers with ty = 0, t; > t;_y for all 1 > 1. A
strategy profile o € ¥ is a review strategy profile with (t,)7% if o5 (hi™") [ais—1] =1 for all I,
t e {tl—l +2,... ,tl}, 1 and hi = (aw,ww) S Hf

In this definition, an infinitely repeated game is divided into infinitely repeated review
rounds. The /th review round is from ¢;_; + 1 to #;. Once player ¢ decides an action a; 41

in the initial period of each round, player i is stick to that action within that round.
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Secondly, we define a belief-free review-strategy equilibrium (BFRSE).

Definition 6 Let o € ¥ be a review strategy profile with a sequence (t;)52,. o is belief-free
if
oi | B € BR(o_; | B, ay) for all a_; with o_;(h";") [a_;] > 0

] —1

forallicI,l>1 and ht-1 € Hb-1,

Intuitively, a review strategy profile to be belief-free requires that, in each Ith review
round, conditional on the past history and what constant action the other players choose in
the current round, player ¢’s continuation strategy is a best response. Note that a belief-free
review-strategy profile is a Nash equilibrium by definition. Note also that our definition of

a belief-free review-strategy is the same as Yamamoto (2009b).

4 Characterization

Our objective is to characterize the set of payoffs attainable in BFRSE. To state the char-
acterization, we introduce several notations.

A non-empty set A C A is a regime generated from A if A has a product structure, that
is, A =[] A; with A; C A; for all i € I. As we will see, A is the set of actions taken on the
equilibrillelin path.

Let J be the set of all regimes generated from A. Suppose players can access to a public
randomization device, which selects a “recommended action set” A from J with probability

p(A).2 Let V(p) be the feasible payoff set when players obey this recommendation, that is,
for any probability distribution p € AJ, define V (p) as

V (p) ECO{Zp(A)W((L(A)Ha(A) € A, VAGJ},

Aeg

where coV denote the convex hull of a set V.

8We do not assume the existence of public randomization devices for the equilibrium construction.



For each i and A € J, consider the situation that players —i punish player i. Suppose
players —i are required to take actions included in A but player i is free to deviate to any
action. Then, the lowest payoff that players —i can guarantee regardless of player i’s action
a; € A; is

v, (A) = ,min maxm (a).

On the other hand, consider the situation that players —i reward player i. Suppose every
player is required to take actions included in A. Then, the highest payoff that players —i

can guarantee regardless of player ¢'s action a; € A; is

A= ey @)

Also, for each i and A € J, let @’ (A) € A and @’ (A) € A be such that a' ; (A) € A_; and
@', (A) € A_; solve the above problem, that is,

v; (A) = max m; (ai,gi_i (A)) ,0; (A) = min 7, (ai,ai_i (.A)) ) (1)

a; €EA; a;€A;

Note that a! (A) € A; and @} (A) € A; are arbitrary.

For all 7 € I, for notational convenience, let

po; =Y p(A) v (A),pri =) p(A)T; (A).

AeJ AeTg

As we will see, pv, is the payoff used for punishing player ¢ and pv; is that for rewarding

player i. For this to work, we assume the following full dimensionality condition’:

Assumption 7 A stage game payoff structure satisfies the full dimensionality condition if

dim U (V (p) N ]] [pyv;, pvi]) = N.

pEANT iel

9See empty, negative and abnormal cases in Yamamoto (2009b) for the cases without the full dimension-
ality.
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Now we can state our main result.

Theorem 8 If the full support, identifiability, (N — 2)-identifiability and full dimensionality
conditions are satisfied, then |J (V (p) N[ [pv;, pvi]) is the limit set of BFRSE payoffs as

) PENT ;e[
the discount factor converges to one, that is,

U V)N lpos,poi) = lim B (6) (2)

where E (8) is the set of BFRSE payoffs with discount factor 6.

Note that the characterization (2) is the same as Yamamoto (2009b). Yamamoto (2009b)
shows the result with conditional independence monitoring. Our objective is to show that
the same characterization is valid for a generic monitoring structure when N > 4.

The proof of Lg (V (p) NI [pv;, pus]) D lims_; E (6) is exactly the same as Yamamoto

peEAT el

(2009b) and so is omitted.! We explain that any v € int |J (V (p) N [] [pv;, pvi]) can be
peEAT iel
attained by BFRSE.

5 Basic Ideas: Recovery of the Conditional Indepen-
dence Property

To explain the idea, we consider a prisoners’-dilemma example in this section. The idea of
the review strategy is as follows. Even if the monitoring is far from perfect, if we aggregate
information for a long review round and make players take a constant action within a round,
we can statistically infer the opponents’ actions accurately. However, to make a constant
action optimal on the equilibrium path after any history, it is important to prevent the

statistical inference problem as explained in Introduction.

10Note that Yamamoto (2009b) does not use the conditional independence property to show [J (V (p)N

PEANT
I1 [pv;, pvi]) O lims .1 E (6).
icl
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Since Definition 6 requires that the strategy is optimal conditional on the opponents’
action in a current round, we conditional on that player j takes a;. Suppose player j tries
to infer player ¢’s action. To prevent the statistical inference problem, it is enough to show

the existence of the solution for

_ Q] ] [ ]

g} [ a;,Cra_ga,wl) -+ (@™ a;,Ciia g, wh) dc

1
Q Q, O @Z)(aj»wj)
q(w! | a;,Cia_ g, ™) g(wi' | a5, Cia gy, w™) : — |
] ' -
Q(wjl' | aj, Diya_gay,wi) - Q(Wj " aj, Diya_gjay,wi) 1€2; v
| Y(aj,w; ™)

I q(w; | aj7 Di,a—(j,i)7w'|i ‘) . e q(w‘L JI | aj7Diaa’—(j,i)7w'|i ‘) i = qD -

for any a_(; ;) € A_(j;) with ¥(a;,w;) € [0,1] and go > gp for all w; € Q; and a; € A;. Note

that the matrix expression is equivalent to

Bl(agwplaw)={ 0T
qp if a; = D;.
To see why this is sufficient, consider that player j reviews player i’s action as follows. After
each period 7 in the current round, after playing a; and observing w;,, player j draws
a random variable from uniform [0,1]. If the realization of this random variable is less
than ¢(a;,w;.), we say ¥, = 1 and otherwise ¥, = 0. Note that Pr ({¥ = 1} |a;,w;) =
¥ (a;,w;). Hence, (i) since Pr ({¥ = 1} |C},a—;) = gc > qp = Pr({¥ =1} |D;,a_;) for any
a_;, by counting the number of periods where ¥, = 1, player j can statistically distinguish
player i’s action. (ii) In addition, player i cannot infer player j’s counting from w; since
Pr({¥ =1}|a,w;) = Pr({¥ = 1} |a) for all a and w,;. However, so that the above system
has a solution generically, it is necessary to have |A;| x |€;| < |€2;], which cannot be satisfied
for all (7,1).

The idea of this paper is as follows. Suppose player j can also use the signal w_; ;) with

12



l # 7,1 to review player ¢ and

’Q—(i,l)’ 7]

Q(Wl(i,z) | aj,Ci, iy, wi) - Q(C‘C(i,l) | aj, Cy,a_ga),w;)
Q Qg Q; Plaj,wl )
q(wl_(u) | aj?Civa—(j,i)va ‘) (J(W|_(¢,l)l | | aﬁcz‘,a—(j,i),wL ‘) _
Q- :
q(wl—(iyl) | aj; D;, a—(4.0) wll) T q(w|—(i,l)l | ‘ aj, D;, a—(j,1)> wzl) |Q—(i,l)|
. . Y(aj,w i) )
Q; Q_g, Q;
- q(wl_w) | a5, D%a—(j,i)ML ‘) Q(W‘_(i,l() g | aj, D;, a—(j,z‘)awL |) _
(3)
for all a_(;;) has a solution for all a;. Equivalently,
E [w(aj,w,(“))m,wi} — dc i
qp ifa; = D;.

Suppose player j reviews player i’s action as follows: After each period 7, after playing a; and
observing w_; ) -,'" player j draws a random variable from uniform [0, 1]. If the realization
of this random variable is less than @/}(aj,w_(“)ﬁ), we say W, = 1 and otherwise ¥, = 0.
Then, the similar properties as (i) and (ii) are satisfied.

As we will see, it is important to have one player [ whose signal is not used when player

j reviews player i and player [ cannot infer player j’s counting about player ¢, which is

!1'Here, for simplicity, we do not take into account how player j collects the information of W_(i,- See
Section 6.4 for the details.
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expressed by the following condition:

Q_g, q
q(wlf(i,l) | aj, Ciaaf(j,i)awb Q(WL(@;) 0] | aj, Ciaaf(j,i)awll)
1
Q QG Q ¥(ay, w—(i,l))
Q(Wl_(i,l) | aj’cml—(j,z‘),wl l‘) Q<w|_(i,l)l | ajaCiaa—(j,i)?wl l') :
L)) :
‘I(Wl_(z‘,z) | aj, Dy, a- i), w}) q(w|_(z.,l)l | aj, Dy, a5y, w;) |2
: Plaj,w ;")
Q Q_, Q
| q(wl—(i,l) | aj;DuCL—(j,z')M} l‘) Q(W|_(i,l() Y |ajuDi7a—(j,i)awi l') |

for all a_;;), or,
qc if a; = C;

E [(aj,w_up)la,w] =
(735) if a; = Dz

This condition says that the conditional independence property holds for player [ when player
7 tries to monitor player ¢, which means the conditional independence property holds not
only while herself being monitored but also while someone else monitoring another player.

Note that if the (IV — 2)-identifiability is satisfied, there exists ¢ : A; x Q_(;;) — [0, 1]
satisfying (3) and (4).

6 Equilibrium Construction

6.1 Overview

Take any v € int |J (V (p) N [] [pv;,pvi]). Let p € AJ be such that v € int(V (p) N
pEANT el

[Lic; [pvs, pvi]). Let (w;),.; and (w;),.; be vectors of real numbers such that w; < v; < w; and
[Lic; [w;, w;] C int(V (p) N1, [pvs, p0i]). It suffices to show that ], , [w;, W;] is sustained
in BFRSE for sufficiently large 6.

In the rest of the paper, let “player i—1" refer to player i—1 for each ¢ € {2,..., N} and to
player N for i = 1. Likewise, let “player i+ 1" refer to player i+1 for eachi € {1,..., N — 1}

and to player 1 for i = N. In addition, let X; = {G, B} and X = []..; X;. As we will see,

i€l
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X, is the set of player i’s possible states in the equilibrium.

In the equilibrium construction below, we see the infinite repeated game as a sequence of
Ty-period block games. T, will be specified later. In each block game, each player i is either
in the “good state” G or in the “bad state” B. When player i is in state GG, she plays a Tj-
period repeated game strategy of during the current block game. On the other hand, when
player i is in state B, she plays a Tj-period repeated game strategy o?. These “block-game
strategies” o¢ and o2 are chosen in such a way that player i earns high block-game payoffs
w; if player ¢ — 1 is in state GG, and obtains low block-game payoffs w, if player ¢ — 1 is in
state B, that is, player i — 1’s state controls player i’s payoff. Therefore, the strategy o is
a “good” strategy and o7 is a “bad” strategy.

At the end of each block game, a player transits over two states G and B so that the
following conditions are satisfied: (i) given any players —i’s current state, player ¢ is indif-
ferent between being in good state and being in bad state and is not willing to deviate to
a block-game strategy ain # 0¥, oP; (ii) for each j # i — 1, player j’s state does not affect
player ¢’s continuation payoff from that block game; and (iii) player i’s continuation payoff
from a block game is high if player ¢ — 1’s current state is good and it is low if player ¢ — 1’s
current state is bad.

From (i), a player is indifferent between being in state G and in state B independently of
the opponents’ states. This assures that a continuation play from the beginning of each block
game is an equilibrium given any state profile and in this sense players do not coordinate a
choice of states. Moreover, (ii) and (iii) imply that player i — 1 can solely control player i’s
continuation payoff through a choice of states and hence player ¢ — 1 does not need to know
the state of the other players in order to punish or reward player i. (In particular player
1 — 1 chooses state G if he wants to reward player ¢, while she chooses state B if he wants to
punish.)

Note that the above structure of BFRSE is the same as Yamamoto (2009b). However,
Yamamoto (2009b) constructs an equilibrium to satisfy the above properties when monitor-

ing is conditionally independent. The contribution of our paper is to give a way to construct
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an equilibrium when monitoring itself is conditionally dependent. Our basic idea is to recover
the “conditional independence property.” That is, the important property that Yamamoto
(2009b) derives from conditionally independent monitoring is that each player i’s signal ob-
servations are, conditional on the action profile, not informative about the other players
continuation play. We construct an equilibrium such that even though the monitoring is
conditionally dependent, the statistics used to determine the continuation play satisfies the
following conditional independence property: each player ¢’s signal observations are not infor-
mative about the continuation play. After achieving the conditional independence property,
we can use Yamamoto (2009b)’s construction. Hence, we firstly explain Yamamoto (2009b)’s
construction, which works only for (almost) conditionally independent monitoring: for each
i, w; and a, ¢(w_;la,w;) = q(w_;|a). Secondly, we explain how to restore the conditional

independence property with conditionally dependent monitoring.

6.1.1 With Conditional Independence

In Yamamoto (2009b)’s construction, a Tj-period block game is divided into rounds and
each round is further divided into review phases. Specifically, a block game consists of a
coordination round, a confirmation round, K pairs of main rounds and supplemental rounds
and a report round. The coordination, confirmation, supplemental and report rounds are
regarded as “communication stages,” where players communicate via a choice of actions.
These rounds consist of a series of T-period review phases. As we will see, for each i, the
state space X; is also player i’s message space in each phase. Arbitrarily pick two different
elements from A; and call them a¥ and aP respectively. If player i wants to send message
x; € X; in a phase, she constantly takes a;* in that phase. Since T is sufficiently large, the
communication in these rounds is almost perfect. We will explain player ¢’s strategy given a

state z; € {G, B}.

States As we have seen, each player has two possible states x; € {G, B}. When player i’s
state is G, player i takes the good strategy o¢. On the other hand, when player i’s state is B,
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player i takes the bad strategy oZ. As we will see, ¢§' and o2 only differ in the coordination

round and confirmation round.

Coordination Round This round is regarded as a communication stage, where each
player i reveals whether she is in state G or in state B. The set of player i’s possible
messages is X; = {G, B} and player ¢ with state z; € X; sends message z; in order to reveal
her state. To send message z;, player ¢ chooses action a;* constantly in the coordination

round.

Confirmation Round This round is also regarded as a communication stage, in which
each player 7 reports her inferences about the messages from players —i in the coordination
round. The purpose of this communication is to make a confirmation and consensus about

what has happened in the coordination round.

Main Rounds and Supplemental Rounds Players’ play in the main rounds depends
on the result of the communication in the confirmation round. If a player has confirmed
that the current state profile is = (7;)Y, € X = {G, B}", then the player plays an action

ik

al

until some player’s deviation is confirmed in the supplemental round. Z can be different
from the true state profile . However, as we will see, on the equilibrium path, it is likely
that & = x. Therefore, the action profile a®* is played with high probability, which implies
that player ¢’s expected block-game payoff is high if player ¢ — 1’s current state is G and it
is low if player i — 1’s state is B.

In each supplemental round, every player reports whether or not they think the opponents
have deviated in the previous main round. Based on the messages in the supplemental round,

players try to make a confirmation and consensus about whether player ¢ has deviated in

the main round or not.

Report Round This round is also regarded as a communication stage and each player

reports what she has observed in the confirmation round and the supplemental rounds. The
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information revealed in the report round is utilized to determine the transition probability

between states G and B at the beginning of the next block game.

States in the Next Review Block Given the current state x; and the history in the
current block hlrb, player i’s state in the next review block, (that is, whether player i will
take the good strategy o or the bad strategy o?,) is determined so that the requirements

(i), (ii) and (iii) are satisfied.

6.1.2 Without Conditional Independence

So far, the idea of the equilibrium construction is the same as Yamamoto (2009b). However,
so that this construction works, it is important to have the conditionally independence
property for each round, that is, during the round, player i’s signal observations should
not reveal the other players’ inference of player ¢’s action. To “restore” the conditional
independence property if the monitoring itself does not satisfy conditional independence, we

consider the following modification:

Monitoring Rounds for the Coordination Round After the coordination round is
over, where each player i sends the message x;, we insert the “ith monitoring round for
the coordination round” for each i. In this round, each player j # i tries to infer player
1’s message in the coordination round by collecting information from players n # ¢,7. The
specific way to collect the information will be explained below. By allowing player ;7 to use
the information from players n # i, j, we can restore the conditional independence property

in the coordination round as explained in Section 5.

kth Monitoring Round After the £&th main round, we insert the “kth monitoring round.”
In this round, each player j # i tries to infer whether player 7 has deviated in the kth main
round by collecting information from players n # i, j. Again, by allowing player j to use the
information from players n # i, j, we can restore the conditional independence property in

the main rounds.
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Both the monitoring rounds for coordination round and kth monitoring rounds can be
seen as communication stages since players exchange their signal observations. In addition,
the substantial changes are also necessary for the confirmation and supplemental rounds,
which will be explained later.

One may notice that unlike cheap-talk games, actions in these communication stages are
payoff-relevant. However, the duration of the communication stages is much shorter than
that of the main rounds, so that payoffs in the communication stages are almost negligible.
This property is the same as Yamamoto (2009b), but for our equilibrium, this requirement
is harder to be satisfied since players need to exchange the messages about the signal ob-
servations in the main round. After each kth main round, we let players randomly select
only a small fraction of periods in the kth main round and use only these periods for the
monitoring, which makes the kth monitoring round sufficiently short. Further, since the
randomization occurs after the main round is over, this does not affect the incentive in the
main round.

Therefore, in summary, we consider the BFRSE illustrated in the picture below.

1°* Coordination Round A

l /
/
/

15t Monitoring Round for /  Kth Main Round

.o / \

the Coordination Round | «th Monitoring Round
/ i

Nth Monitoring Round for | Kth Supplemental Round

the Coordination Round /

l / Report Round

Confirmation Round /

l JI
/
f

15t Main Round /
y

15t Monitoring Round .i"i
/

15t Supplemental Round '
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6.2 Regimes and Payoffs

Let us formally construct block-game strategies. Take any v = (vq,...,vy) €int |J (V (p)N
pEAT
1 [pv;,pvi]). Let p € AJ be such that v € int(V (p) N[, [pvs, p7i]). Let (w;);.; and

icl
(w;),; be vectors of real numbers such that w; < v; < w; and such that the hyper-rectangle
[Lic; [w;, w;] C int(V (p) N]1,c; [pvs, pvi]). It suffices to show that [, ., [w;, w;] is sustained
in BFRSE for sufficiently large 6.

First, we define the action profile a®* that is taken in the kth main round with high

probability.!? There are a natural number K and a sequence of regimes (A!, ..., AX) such

that

M»

K
v (AY) <w, < v < < = 57 (A) (5)
Kk::l

k:
for all ¢+ € I and such that for each x € X, there exists a sequence of action profiles
(a®!,...,a"X) such that

k c Ak

for all k € {1,..., K} and

lfl’Z 1:B

Z s R (6)

> w; if Ti_1 = G

S'H

for all i € I. In words, (5) implies the following: if players —i play a’, (A!),...a" (AK),
player i’s time-average payoff cannot exceed w,. Hence, this action sequence is used to punish
player i. Similarly, if players —i play a*; (A'),.. .EZZ-(AR ), player i’s time-average payoff
is at least w; as long as player ¢ takes an action from the “recommended set” A¥. Hence,
this action sequence is used to reward player i. In addition, (6) implies that if player ¢ — 1’s
state is good, player i’s time-average payoff is high and if player ¢ — 1’s state is bad, player
1’s time-average payoff is low.

Given a natural number K, let (Al, AR ) be a cyclic sequence of (A, ... ,AK ) with

12Since this action is the same as Yamamoto (2009b), our explanations are also the same.
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length K, that is, A¥™K = AF for all k € {1,..., K} and n > 0. Also, let (a®!, ..., a®¥)
be a cyclic sequence of (a®!, ... ,am’f{) for all .

We will construct BFRSE such that, in each block game, each player ¢ takes an automaton
strategy with two possible states x; € {G, B}. When the state is G, player i takes the good
strategy ¢ and when it is B, player i takes the bad strategy oP. If the state profile is x,
players play a®* in the kth main round “almost always,” which gives us an average payoff

close to w? satisfying (6).

6.3 Message Protocol

Second, let us explain how players send the messages about the signal observations since in
our equilibrium, players exchange the messages about their signal observations via taking
actions.!?

Message Protocol for w; To send the message w; ; = w;, consider the following procedure.
Let us attach a sequence of actions a; (w;) = (a;1 (wi),...,a;m (w;)) to each w; € Q; with

Qim (wi) € {aiG, a?} for all m, w; € Q; and ¢ € I as follows:

e order w; such that Q; = {w;1,..., w0, }-

e a;1(w;) = af if w; € {wit,...,wijo,2} and a1 (w;) = af otherwise. That is,

ai1 (w;) = a if w; is in the first half of ; and a;; (w;) = a? otherwise.!

— For w; with a;; (w;) = af, a2 (w;) = af if w; € {wit, .., wiqal/2)/2} and
a; o (w;) = aP otherwise. That is, among w; in the first half of ;, a; 2 (w;) = af’ if

w; is in the first quarter and a; 5 (w;) = a? otherwise.

— Similarly, for w; with a;; (w;) = a?, a;2 (w;) = af ifw; € {wi /2415 - - - Wi (10— |1 /2)/2 }

and a; (w;) = aP otherwise.

— Keep this procedure until we can identify w; uniquely from a; (w;).

13This is unique to our equilibrium. Sections 6.3 and 6.4 are our new contribution.
141n the rest of the paper, we neglect the integer problems since they are fixed straightforwardly.
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Without loss of generality, we can assume M is constant among players. To send message
w;+ = w;, player ¢ takes a; 1 (w;) for S periods, then takes a; 2 (w;) for S periods and so forth.
Hence, to send w;; = w;, it takes M S periods.

Let us consider player j(# i)’s inference of player i’s message. For this purpose, the

following lemma is useful:

Lemma 9 Suppose that monitoring satisfies the identifiability condition. Then, there exist
q2 < q3 such that for alli,j € I, a € A and A; C A;, there exists a function ¢4, = Aj x Q; —
0,1] such that

q if a; € A,

E [¢4, (aj,w)) |a] =

g2 otherwise.

Proof. Analogous to Lemma 1 in Yamamoto (2009b). =
€

Suppose player j tries to infer whether player i sends a; ,(w;) = af or aP. After player j
takes a; and observes wj, she draws a random variable according to the uniform distribution
on [0,1]. If the random variable is less than ¢g,6)(a;,w;), we say ®; ({af}) = 1. Other-
wise, ®; ({af’}) = 0. Lemma 9 guarantees no matter what action players — (i, j) take,
Pr({®; ({af}) = 1}|a) = g3 if a; = af and Pr({®; ({a{'}) = 1}|a) = ¢ if a; = a?P.

Player j infers that player ¢ sends the message a;,,(w;) = af if ®; ({af'}) = 1 occurs

M

214 S times or more. Otherwise, she infers the message is a”. After inferring {a; ,,(wi)}, _,,

player j can infer the message about w; since {ai,m(wi)}n]\le uniquely identifies w;. The law
of large numbers guarantees that the message transmits correctly with high probability for
sufficiently large S.

In addition, as we will see, players need to send the message about t € {1,..., KT'}. Let

us explain the protocol to send ¢t € {1,..., KT}.

Message Protocol for ¢ Let us attach a sequence of actions a; (t) = (a;;1 (t) ;. .., Gijog, k7 (1))
toeach t € {1,..., KT} with a;,, (t) € {af,aP} for all m € {1,...,log, KT} as follows:

e a;,(t)=af ift € {1,...,KT/2} and a;; (t) = a? otherwise. Similarly to the above,
we attach a; (t) = a if t is in the first half of KT and a;;(t) = aP otherwise.
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e Keep this procedure similarly to the above until we can identify ¢ uniquely from a; (¢).

Note that we can make sure that |a; (t)| < log, KT.

When player ¢ wants to send the message about ¢, she takes a; (t) for T> periods, then
a; 5 (t) for T2 periods and so forth. Therefore, to send message about t, it takes (log, KT) T'2
periods. Similarly to the above, player j # i infers a;,,(t) = af’ if ®; ({a{’}) occurs %T%
times or more while player ¢ sends the message a;,,(t). Otherwise, she infers the message is
aP. Combining {ai,m(t)}flgﬁlKT, player ;7 can infer ¢.

Lemma 9 guarantees the following: (i) players — (7, j) cannot change player j’s inference
about player i’s message. (ii) Since Tz is sufficiently larger than the total number of messages

log, K'T', the law of large numbers guarantees that message ¢ transmits correctly with high

probability.

6.4 Equilibrium Strategies of the Block Game

With these protocols in hand, we can fully specify the equilibrium strategy of the block

game.

States As before, each player has two possible states x; € {G, B}. When player i’s state
is G, player i takes the good strategy o¢. On the other hand, when player i’s state is B,
player i takes the bad strategy oZ. As we will see, 0§ and o2 only differ in the coordination

round and confirmation round.

Coordination Round As explained, in this round, player ¢ reveals her own states x;. If
z; = G, player i constantly takes af for T periods. If z; = B, player i constantly takes a?
for T" periods. Note that this round takes T" periods and that each player sends the message

simultaneously.

1th Monitoring Round for the Coordination Round As explained, in this round,

player j # 4 tries to infer player i’s message in the coordination round by collecting the
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information from n # ¢, j such that the conditional independence property is restored.
e For each j and i # j,

— for each [ # i, j, player j collects information from players — (j,4,1) as follows:

* for each n # j,14,[, player n alternatively sends the message about w,,; with
t included in the coordination round. Let w, ; be player j’s inference about
Wt

* In total, (N — 3) players — (j,4,1) send the message. Let w_(;;; . be player
j’s inference about w_(; 1)+, that is, ©_(;;1 = {@nit fnzjii-

x Player j infers player ¢’s action in the coordination round based on the infor-

mation from players — (j,4,) as explained below.

— Hence, player j has (N — 2) inferences of player i’s message in the coordination

round depending on which player [ is excluded.

Since it takes M ST periods for each player n to send the message about w,; and all the
pairs exchange the messages alternatively, this round lasts for (N — 1) (N —2) (N — 3) M ST
periods.

Now, we explain player j’s inference about player i’s message in the coordination round

based on the information from players — (j,¢,1). The following lemma is useful:

Lemma 10 Suppose that monitoring satisfies the identifiability and (N — 2)-identifiability

conditions. Then, there exists S such that there exist go < q3 such that, for all j,i,1 € I,
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a € A and A; C A;, there exists a function 7y 4, = 5 x Q_(j1) x A; — [0,1] such that

Yoa(wpwganla) Y Pr@gaplwgin)va, (@@ gansas)

@ (i, 1) €= (5,3,0)

= > q(wpw_ginlwna) D Pr@_gaplw—gan)va (@i ©-gin, a;)

O (5,0, € (5,5,0)

= Y awpwgiplona) Y Pr@ gaplw-gin)va, (@@ Gin, ;)

O (5,4, €= (5,6,0)
g3 ifa; € A,

g2 otherwise,

where Pr(w_;;nlw_(j,i1) is the probability that in the above message protocol, player j infers

the message is w_j ;1) when players — (j,1,1) send the message w_(;; -

Proof. The (N — 2)-identifiability condition guarantees the existence for the case with
Pr(w_(jinlw—¢n) = 1, that is, for the case where the message transmits perfectly. Since
the law of large numbers guarantees that the miscommunication occurs with sufficiently law
probability for sufficiently large S, the result holds. m

In Lemma 10, with abuse of notation, we assume ¢s, g3 are the same as Lemma 9 for
a simple notation. It is straightforward to consider the case where these are different.

Each player j constructs a random variable I'; as follows. After playing a;, observing
w;, and receiving the message w_(;;;) from the players — (j,4,l), player j draws a ran-
dom variable according to the uniform distribution on [0, 1]. If the realization is less than
Va, (Wj,w_(jin), a;), we say L'j; i (A;) = 1. Otherwise, I';; (0 (A;) = 0.

Note that the first two equalities in Lemma 10 imply the conditional independence
property for player ¢ sending the message in the coordination round and player ! excluded
from the players sending message to player j in the ith monitoring round for the coordina-
tion round. The last equality implies that no matter what actions players —: take in the
coordination round, the distribution of I';; _(; 1)(A;) is not changed assuming that every

player tells the truth in the monitoring rounds.
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Each player j, depending on the choices of — (j,i,1), has (N — 2) pairs of two infer-
ences 2 (7,1, — (4,4,1)) [1] and 29(j,4, — (4,4,1)) [2]. Player j infers player i takes al in the
coordination round based on the information from players — (j,4,1) if I';; _.;0({af}) = 1

happens more than 2287 times. Let 2°(j,4, — (j,4,1)) [1] = G denote this event. Sim-

B

ilarly, player j infers player ¢ takes a; in the coordination round based on the infor-
mation from players — (j,4,1) if T';; i, ({af}) = 1 happens less than M%T times.
Let 2°(j,4,— (J,4,1)) [1] = B denote this event. Otherwise, that is, if the frequency of
Tji—n({af}) = 1isin [22M8T 2E28T] then player j infers she is not sure about player
i’s message: 2°(j,i, — (4,1,1)) [1] = E.

In addition to 2°(j,4,— (j,4,1)) [1], player j has another inference z°(j,, — (4,1,1)) [2].
Player j infers player i takes af if T'j; _¢;n({af}) = 1 happens more than “I“T times:
2°%(4,4, — (4,4,1)) [2] = G. Otherwise, player j infers player i takes a?, that is, 2°(j, 4, — (4,4,1)) [2] =

B. Note that 2°(j,4, — (j,4,1)) [1] € {G, B} implies 2°(j, 1, — (4,4,1)) [1] = 2°(j,4, — (j,4,1)) [2].

Confirmation Round As explained, this round is also regarded as a communication stage,
in which each player j sends player j’s own message in the coordination round again and
reports her inferences about the messages from players —j in the coordination round. That

is, every player j reveals
(‘Tj, (xO (]7 i7 - (]7 i, l)) [1] 7$0 (]7 iu - (]7 i7 l)) [2])#]',@71'7@')
to the other players as follows:

e for each j, player j sends z;. To sends the message z;, player j takes afj for T' periods.

Then,

— for each 1,

* for each [, player j sends z° (4,4, — (4,4,1)) [1] € {G, B, E} using 2T periods.
To send the message 2° (4,1, — (J,4,1)) € {G, B}, player j takes af;‘)(j,i,—(j,z‘,l))[ll
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for 2T periods. To send z° (5,1, — (j,4,1)) = E, player j takes ajG for the first
T periods and af for the second T periods.

* Then, for each [, player j sends x° (5,4, — (j,4,1)) [2] € {G, B} using T pe-
riods. To send the message z° (4,4, — (4,4,1)) [2] € {G, B}, player j takes

a/:CO(JJ’_(JJ’l))[Z

i Vfor T periods.

Since each player sends the message alternatively, it takes (N +3N (N —1) (N —2))T
periods for all the players to send all the messages.

While player j sends the message x;, each player n # j takes a& and infers that player
J’s message z; is G if @n({af}) = 1 happens more than %T times. Otherwise, player n
infers z; is B. The inference for z° (4,4, — (j,4,1)) [2] is similarly defined.

Let us consider the inference of z° (j,4, — (j,4,1)) [1]. While player j sends the message
2° (4,4, — (4, 1,1)) [1], each player n # j takes a& and infers that player j’s message z; is G if

®,({a§}) = 1 happens more than 23T times for both the first 7' periods and the second
T periods. If @, ({a$'}) = 1 happens less than 23ET times for both the first T' periods and
the second T periods, then player n infers x° (4,4, — (j,4,1)) [1] is B. Otherwise, player n
infers 2 (5,4, — (4,4,1)) [1] is E.

Let Z; be the inference of x;. The inference for 2°(j, i, — (4,1,1)) [1] and 2°(4, 4, — (4,4,1)) [2]
are similarly denoted as 2°(j,1, — (4,4,1)) [1] and £°(4,4, — (4,4,1)) [2]. For notational simplic-
ity, let &, = z,, 2°%n,1,— (n,4,0)) [1] = 2°n,i,— (n,4,0)) [1] and 2°(n,i,— (n,i,0))[2] =
2%(n, i, — (n,4,1)) [2] be player n’s inference of player n’s own messages.

Note that player n’s inferences in total are expressed as

(gej, ((@0 (i, — (4,3, 1) [11,2° (3, 4, — (4,4, 1)) [2])1#,)#) -

0

Let m? be this inference profile of player n. Let M? be the set of inference profiles m?.

From the inference profile m?, player n confirms the state profile z as follows:

e for each 1,
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—if '%0 (jaia - (.]7 7;7 l)) [1] = E for all (.]7 7;7 - (j?iv l))j,l;ﬁi? then i,l =G.

If there exists (j,1) with 2° (4,4, — (j,4,1)) [1] = G and there does not exist (j,1)
with 2° (5,4, — (4,4,1)) [1] = B, then 7; = G.

Similarly, if there exists (j,1) with 2°(4,4,— (4,4,1)) [1] = B and there does not
exist (j,1) with 2° (4,4, — (4,4,1)) [1] = G, then 7; = B.

If there exist (7, 1) with 2° (4,4, — (4,4,1)) [1] = B and (5, 1') with 2° (', 4, — (j,4,0")) [1] =

G, then
* if

(N=2)(N=3)+1) x 1{2 =G}
+2 > {8 G- G.0) 2 = G}

S ((;Z_l?)ﬂw —3)+1) x 1{&; = B}
+Y S G- i) 2 = B

i g
then z; = G.

*x Otherwise, 7; = B.

Let M? () denote the set of all m® € M? such that Z is confirmed.

Consider the effect of player ¢’s action on the confirmation of Z; by player n. Since
the conditional independence property holds for (z° (j,i,— (j,i,1)));, after any player i’s
history at the end of the coordination round, the probability that there exist (j,1) with
2% (4,4, — (4,4,1)) [1] = B and (§',1') with 2° (5, i, — (j,4,1')) [1] = G is negligible since 22T
and %T are sufficiently far away. Therefore, player ¢’s message in the confirmation round
cannot affect the confirmation of Z; by player n with non-negligible probability. In addition,
since x; controls only player ¢+ 1’s continuation payoff, player i is indifferent whether z; = G
is confirmed or Z; = G is confirmed.

Consider the effect of player [(# i,n)’s action on the confirmation of Z; by player n. Since

the conditional independence property holds for (z° (5,4, — (5,4,1)));, if player s state is x;,
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the probability that 2° (4,4, — (4,4,1)) = z; for all (4,1) is almost equal to 1 after any player
I’s history at the end of the coordination round. Then, z; is confirmed with probability
almost equal to 1 regardless of player I’s messages in the monitoring round and confirmation

round. To see this, note that 2° (4,4, — (4,4,1)) = z; for all (j,1) implies that we have either

e there exists (j,1) with 2°(j,4,— (4,4,1)) [1] = x; and there does not exist (j/,1') with
{G,B} > 1°(5',4,— (§',4,1)) [1] # w4, or

(N =2) (N =3)+1) x 1{&; = z;}

331 {@ God - (1) = )
i 15
> ((N=2)(N=3)+1) x 1{d; # 2:}

i 1

In both cases, x; is confirmed.

To give the incentive to tell the truth, we make player j’s continuation payoff constant
whenever there exists (n, i) such that player j’s messages have an impact on the confirmation
of Z; by player n either in the 7th monitoring round for the coordination round or the
confirmation round. As we have seen, after any history at the end of the coordination round,
the probability that player j’s messages has an impact is negligible and this does not affect
the equilibrium payoff or incentive to follow the equilibrium strategy in the coordination

round.

kth Main Round This round lasts for K'T' periods. As we will see, if K is sufficiently
large, the duration of the main round is much longer than that of the other rounds, so that the
behavior in the main rounds almost solely determines the average payoff profile in the block
game. Players’ behavior in the main rounds is determined by the history in the confirmation

round and the previous supplemental rounds. Thus, we postpone the explanation.
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kth Monitoring Round This round is also a communication stage. In this round, player
j # i tries to infer player i’s action in the kth main round collecting the information from

n # i, j such that the conditional independence property is restored.

e For each j and i # j,

— for each [ # i, j, player j collects information from players — (j,4,1) as follows:

* player j randomly picks t_(;;;) € {1,..., KT} and sends the message about
t_(ji,) as explained above.

* Each player n # i,7j,1 infers t_(;;;) as explained above. Let f—(j,z;z) (n) be
player n’s inference of t_;; .

x Fach player n alternatively sends message about the signal observations in
the £th main round.

* In player n’s turn, player n firstly sends the message about w,; such that
t is the t_(j,;(n)th period of the kth main round. She secondly sends the
message about w;; such that ¢ is the £_(;;; (n) + 1th period of the kth main
round and so forth. In total, player n sends the message w,; such that ¢
is the 7th period in the kth main round with 7 € {f_(;.;(n),t_¢.pn(n) +
1,...,t_(in(n) +eKT} (mod KT) with € being sufficiently small.*®:16

* Player j believes that t_(;;; transmits correctly after any history. While
player j thinks player n sends the message w, ., player j infers w,; as ex-
plained above. Note that there exists a small chance of miscoordination
about t.

* In total, (N — 3) players — (j,4,1) send the message. Let w_(;;; . be player

j’s inference about the message.

For each j, i and [, player j sends the message about t_;,;) for (log, KT T: periods.

Responding to player j, each n sends the message about the signal observations in e KT

YHence, if {_(; j;) > (1 — €) KT, we identify, for example, {_(; j(n) + eKT as t_;; j;)(n) + eKT — KT.
16Note that we count periods from the beginning of the kth main round for 7 and t_(j,i,1) While we count
periods from the beginning of the block game for t.
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periods in the kth main round, which takes e KT'M S periods. Therefore, in total, the kth
monitoring round lasts for N (N — 1) (N — 2) ((10g2 KT)Tz + (N —3) gKTMS) periods.
Note that the message t_(;;;) determines which periods are used for players j and — (j,4,1)
to monitor player i. We only use ¢ fraction of the kth main round for monitoring. It is
important since if players communicate about all the periods in the kth main round, then
the kth monitoring round becomes too long and affects the equilibrium payoff.

Let us explain how player j infers player ¢’s deviation The following lemma is useful:

Lemma 11 Suppose that monitoring satisfies the identifiability and (N — 2)-identifiability
conditions. Then, there exists S such that there exist 0 < q1 < q2 < q3 < 1 such that
there exists T such that for all T > T, for all §,i,i',1 € I with j # 4,7 and i # i, a,a €
A, a; € Ay, ay € Ay and A; C A;, there ewist functions 4, = Q; x Q_¢j,1 X A;j — [0,1] and
V(a2 X Qi X Aj — [0,1] such that

> q(wjw_ginla) > Pr@ganlw-gin)¥a, (@i @—gin, ;)

w O (i) € (5,5,0)

= Y q(wpwgiplwna) Y Pr@ gaplo-gin)ta, (@59 Gin, ;)

w O (5,6, €2 (,5,0)

= Z q (wj,w_(j7i7l)|wl, a) Z Pr(@—jin|w-gi) ¥4, (wj,d)_(j,i,z), aj)

w O (5,4, € (5,5,0)
g3 ifa; € A,

q2 otherwise,
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Z q (W), Wi la) Z Pr(@_ i |w— .00V (asay) (@i @ (i) @5)

w ©_ (5,6, EQ_ (54,41

- Z q (wJ'?w—(j,i,i’)’Wia @) Z Pr(@—(m‘,z")|w—(j,z',i'>)¢(ai,a¢/) (wﬂ' W) aj)
w W (5,16 EQ_ (50,41

- Z q (wg',w—(j,z‘,i')|wz"7 d) Z Pr(a)_(j,i,i/)|w_(jvivi/))¢(ai»ai’) (wj’ ‘D—U’ivi')’ &j)
w ©_ (5,6, EQ_ (54,41

¢ if a; = a; and ay # ay,
= g3 if a; # a; and ay = ay,

Q2 otherwise,
where Pr(W_in|lw_() s defined in the same way as in Lemma 10.

Proof. The same as Lemma 10. =

Here, again, with abuse of notation, we assume ¢, g3 are the same as Lemma 9. It is
straightforward to consider the case where these are different. In addition, for the rest of
the paper, if we say j, 1,4, we implicitly assume j # i,7 and we identify (¢,7') and (', 7).

Let us assume the message about t_(;;; transmits perfectly for a while. Consider the
following construction of random variables. Suppose player j tries to monitor player i’s
action. After playing a;; in the 7th period of the main round, (i) if 7 € {t_(jip,t—(p +
L,...,t sy + KT}, that is, if j decides to use the Tth period to monitor player i based
on players — (j,4,1)’s information, then, after observing w;; and receiving the message
@_(ji. from the players — (j,4,1), player j draws a random variable according to the uni-
form distribution on [0,1]. If the realization is less than v, (Wt @it @jt), We say

Vi gane({ai}) = 1. Otherwise, Wi —n({a:}) = 0. (i) if 7 & {t_an(n),t-gan(n) +
1,... ,t_(j7i7l)( n)+eKT}, \1137 —Gant({a}) = 0.

Similarly, consider player j tries to monitor a pair (,4") based on the information from
players — (j,4,4'). (i) if 7 € {t_(j i), t—(iiy + 15 (i) + KT}, that is, if j decides to
use the 7th period to monitor players (i,7’) based on players (—j,1,4')’s information, then,
after observing w;, and receiving the message w_(;; ) from the players — (j,4,¢'), player

j draws a random variable according to the uniform distribution on [0,1]. If the realiza-
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tion is less than ¢, oy (Wit O (it @je)s We say Wi (i@ ar) = 1. Otherwise,
j7(i,i/)7_(j,i7,~/)7t(ai,ai/) = 0. (11) 1f T g {t_(m"i/)(’rl),t_(j,m/)(n) + 1, Ce ,t_(j,m-/)(n) + 8KT},

017
()~ Gt £ (@iy @it ) = 0.

=T =N

To consider how player j infers the other players’ actions in the kth main round based on
{Wi—Gapey and {¥; ;i i}, we define the following variables as Yamamoto (2009b).
Let Fy (7,T,r) be the probability that W;; i ({a;}) = 1 is counted r times during a
T-period interval when player ¢ chooses some a; # a; in the first 7 periods and then a; in the
remaining 7' — 7 periods.'® Let F (7, T,7) be the probability that ¥, ;i (). (i, a) = 1
is counted r times during a T-period interval when player i chooses a; # a; in the first
7 periods and then chooses a; in the remaining 7" — 7 periods, while player ¢’ chooses a;

constantly.'? Let (Z7)%,, (Z5)%_, and (Z])32_, be sequences of integers such that

Zh < eq < Zf,

ZT < 5(]3T»
Zr Zr
Jim Y R(TTr) = lim Y FK0Tr)=lm Y F0Tr)=1
r=Z¥+1 r:ZéF’+1 r>Zr
|z | Zp | Zr
%E&)?‘Eq? = 7 T = e =0

and

lim TF, (0,T — 1, Z7) = co.

T—o0

The existence of (Z1)%_q, (Z)F., and (Z%)72, is assured by the law of large numbers
as Yamamoto (2009b). Notice that, even though the probability of W;; (;in:({a;}) = 1
is go given that j decides to use that period to monitor player ¢ based on — (j,14,[), since
the probability that the specific period t is selected is €, the overall probability is eqs.

Therefore, compared to Yamamoto (2009b), we multiply ¢ and g3 by . The same is true

1"Note that we count periods from the beginning of the kth main round for 7 and t_(j,i,1) while we count
periods from the beginning of the block game for t.

18Note that this probability is independnet of j,4,! and a_;.

!9 Again, this probability is independnet of 7,7, and a_; ;).
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for \Il (i) Gyt (@i G ).

Then, player j monitors player ¢’s action as follows. Suppose player j confirms z, that
is, m? eM Q(x), in the confirmation round. Then, player j tries to infer whether a pair of
players (i,4') has taken a;’ w am,k or not in the kth main round. If \IJ (i) — Gt (@iy ar) =1
occurs more than Z}. times, player j infers that player i does not take ai’ in the kth
main round while player 7’ takes af,’k based on the information from players — (j,1,7'). Let
x*(4,(i,7'), — (j,1,4')) = i denote this event. Similarly, if \Tfﬁ(i,if),,(j,,-’i/),t (a;,ay) = 1 occurs
less than 7}, times, player j infers that player ¢ takes af’k while player " does not take af,’k
based on the information from players — (j,4,4'). Let 2*(j, (4,7'), — (j,4,7')) = ' denote this
event. Otherwise, we say z%(j, (i,4'), — (4,4,4')) = 0 (nobody deviates).

So far, we assume t_;; ;) transmits perfectly. Lemma 10 implies that the conditional in-
dependence property is restored for @jﬂ',_(j?i,l)vt ({a;}) and \I/] (i) (i)t (@i Gir). Now, let us
consider the situation where players send the messages and infer ¢_(;;;) as explained above.
Even though there exists a positive probability of miscoordination, since T: is sufficiently
large compared to log, K'T', the miscoordination occurs with very small probability. Mathe-
matically, we can prove the following. Let W;; _ ;1 ({a:}) and V; ) — (i) (ais air) be the

random variables constructed in the same way as \Ijj,i,f(j,i,l),t ({a;}) and \IJ (6,37, Gisisi) . (@i Qir)

but assuming ¢_;;;) does not transmit perfectly. Then, the following lemma holds:

Lemma 12 Under the inference protocol explained above, for any j,i,i',l € I, a; € A;,

KT

ay € Ay, t € {1,..., KT} and any action sequence a7 and signal observations w®T in the

kth main round,

({\Pm Gant ({ai}) = 1} | a®T WKT) 0 (T2>
—Pr ({‘I’j,z‘,f(j,z‘,l),t ({ai}) = 1} | a®T wKT) |
Pr({\Ijj7(i’i,)7_(.7‘7i77:1)7t (ai? ail) = 1} ‘ CLKT’ wKT) = o (TQ)
— Pr({; i1, G (@i, ap) = 1} | X7 WET)
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Proof. From the Hoeffding’s inequality, for any € > 0, the probability that t_(; ;;) does not
transmit perfectly is less than

log, KT exp (T_HS)

for sufficiently large T. Therefore, since log, KT exp (T~1*¢) = o(T?), the lemma holds. =
Since the conditional independence property holds for q}j,i,f(j,i,l),t ({a;}) and @jy(i’i/)’,(j’m/)yt (@i, ay),
the “almost conditional independence” property holds for W;; _ ;1 ({a:}) and W ;1) — iy (@4, air).

As Yamamoto (2009b) shows, this is sufficient for the equilibrium construction to work.

kth Supplemental Round As explained, this round is also regarded as a communication
stage, in which each player i reports her inferences in the kth monitoring round. That is,

every player j reveals (:E”C (7, (3,9"), — (4, 0,7 )))Z ypj 1O the other players as follows:
e For each j,

— for each (i,7'), player j sends z* (j, (i,7'), — (j,i,4')) € {i,4',0} using 2T peri-
ods. To sends the message z* (j, (4,7'), — (j,4,7)) = 4 with i < ¢ 2° player i
takes a¢ for the first T’ periods and then a? for the second T periods. To send

2% (5, (i,4") , — (j,4,i")) = 7, player i takes aP for the first T periods and then af

for the second T periods. To send z* (4, (i,i") — (4,4,4')) = 0, player j takes a?

)

for 2T periods constantly.

Each player sends the message alternatively here. Each player j has (N — 1) (N — 2) /2
inference depending on which pair (4,4') is monitored. Hence, it takes N (N — 1) (N —2)T
periods for all the players to send the message.

While player j sends the message z* (j, (i,4') , — (j,4,i')) with i < 4’, each player n # j
takes aS and infers that player j’s message is ¢ if ®,({a$'}) = 1 happens more than 27T
times for the first T" periods and less than % for the second T periods. On the other hand,

player n infers that player j’s message is i’ if ®,({a$'}) = 1 happens less than LIET times

20Since the order for (i,i') does not matter, for notational simplicity, we assume i < i’ here.

35



for the first T periods and more than % for the second T periods. Otherwise, player n
infers player j’s message is 0.
Since player n receives the message from all the players —n, player n’s inferences in total

are expressed as ((ﬁ:k (7, (3,4"), — (j,i,z”)))i7i,¢j>j (As before, (2* (n, (i,i),— (n, z',z")))m,#n
is player n’s own message). Let mf = ((fc’~€ (7, (3,4"), — (j,i,i’)))i7i,¢j)j be the inference
profile of player n. Let M* be the set of inference profiles m*.

We say that player ¢’s deviation is confirmed by player n if and only if the following is

true: according to the inference profile mF*,
# i i G A7 A iand 3 (67, - (4,0) =i} > (N - 2)°
and for all ¢« # 1,

#1400 #£7 #cand 3 (5, (1,7), - (4,0,7) =} < (N -2)%.

Then, for each i € I, let MF (i) denote the set of all m* € M* such that player i’s deviation
is confirmed. Notice that there is at most one player whose deviation is confirmed by n.
If no deviation is confirmed, we say mF € MF (0), that is, MF¥ (0) is the set of inferences
according to which no deviation is confirmed.

Consider intuitively when player i’s deviation is confirmed. There are (N — 1) possible
choices about who monitors i (the choice of j in 2* (4, (i,4') , — (j,4,7'))). Each monitor has
(N — 2) choices about with whom player i is paired (the choice of 7’ in * (4, (4,7") , — (4,1,4'))).
Therefore, there are (N — 1) (N —2) “votes” for player i’s deviation in the supplemental
round. We confirm player i’s deviation if and only if player ¢ is an only person who collects
more than (N — 2)* votes.

Let us verify that, as long as the other players follow the equilibrium strategy, player i

cannot create the situation that for some ¢ # 1,

#14,0 u# £ #vand 3F (5, (1,7, — (4, 0,4)) =} > (N = 2)°
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with non-negligible probability. For each ¢ # 4, player i can control (a?k (2, (¢,7") , — (i, 0,7 )))l,
votes. Therefore, player i can control (N — 2) votes. In addition, by changing the message
in the monitoring round, player i can control (z* (4, (¢,'), — (j, ¢, 7' )))“, ;- Therefore, player
i can also control (N — 2) (N — 3) votes. In total, player i can control (N — 2)* votes. How-
ever, this is not enough to induce # {j,7' : ¢ # j # i’ # v and 2% (4, (1,7) , — (j, 0, ') = o} >
(N — 2)2, which implies that player i cannot prevent others from confirming player i’s devi-
ation if player ¢ deviates in the main rounds.

To give the incentive to tell the truth in the kth monitoring and supplemental rounds,
whenever player i’s messages in these rounds affect the confirmation of the deviation of any
player, we make player ¢’s continuation payoff constant. Whether player ¢’s messages have an
impact or not depends only on  (j, (¢,¢'), — (4,¢,")) jiic( the conditional independence

property holds for player i.

kth main round Now we can specify the action in the kth main round. For player ¢ with
m? € M? (i), that is, if Z is confirmed, player i takes ;"' in the first main round. For k > 2, if
there exists & < k—1 such that (m?, ..., mF 1) € M? (&) x ML (0)x - -- x MF1 (0) and mF €
MF (§), then player i takes a (A) and @ (A) if Z;—1 = B and G, respectively. Intuitively, if
Z is confirmed in the confirmation round and if there is player ;7 whose unilateral deviation
from af» was firstly confirmed in a previous round, then player i takes the punishment action

J

a;

(A) if player j — 1, whose state controls player j’s equilibrium payoffs, is in the bad state
and takes the reward action d{ (A) if player j — 1 is in the good state.

Report round This round is also regarded as a communication stage and each player
reports what inference profiles they had in the confirmation round and the supplemen-
tal rounds according to her private history. Thus, the message space for player i is J;
= (M? x M} x --- x M[). Here, players send their messages alternately and send M}, ...,
and MX similarly to before. Note that M} is included into M} and so is omitted. How to send
messages about M}, ..., and MX is analogous to the confirmation round and the supplemen-

tal rounds. Therefore, each player spends N+3N (N —1) (N —2)T+N (N —1)(N —2) KT
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periods. Thus, this round lasts for N + 3N?(N — 1) (N —2)T + N?*(N — 1) (N —2) KT

periods in total.
Determinant of 7, Therefore, in total,

Ty = {1+ N(N-1)(N-2)(N-3)MS+3(N—-1)(N-2)}T
+K{K+N(N—1) (N —2) ((log2KT)T*%+(N—3)MSeK) LN (N-1) (N—z)}T

+{N*+3N*(N—-1)(N—-2)+N*(N-1)(N-2)K}T.

As we will see in the Appendix, each player i is

e indifferent for any message in the initial period of the coordination round conditional
on the other players’ actions. Once player ¢ decides which message to send, it is optimal
to take a constant action. Therefore, the initial period of the coordination round is

included in (¢ + 1);°, in Definition 6.

o indifferent for any message in each monitoring round for the coordination round, confir-
mation round, monitoring rounds, supplemental rounds and report round conditional
on the other players’ actions. Therefore, each period in these rounds is included in

(t; +1);2, in Definition 6.

e indifferent for any action in 4; in the initial period in each main round conditional
on the other players’ actions, but a constant action is optimal in a given main round
once player ¢ decides which action she takes. Therefore, the initial period in each main

round is included in (¢; + 1),°, in Definition 6.

6.5 Equilibrium Strategy in the Repeated GGame

So far, we focused on the strategies in the block game. Here, let us explain how to construct

the equilibrium strategy in the infinitely repeated games from the strategies in the block
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game. Since we have recovered the conditional independence property for the block game,
the rest of the paper is the same as Yamamoto (2009b).

Before the analysis of infinitely repeated games, it is useful to consider the following
T,-period repeated game with transfers. Let Ein be the set of player i’s strategies in the
T,-period block game. Suppose that player i receives a transfer U; : lLIiT_”1 — R after the
Ty-period block game. Let w{! (O'Tb, Ui) denote player i’s average payoff in this auziliary

scenario when the players perform a block strategy profile o7 € X7t that is,

1-6 [&
uf (™) = g | 287 B ) | "] + D EUE) | o™

Let criT” | ht denote player i’s continuation strategy after history hi € H} induced by UZTb €
»1. Also, let BRA(c™ | ht ,, U;) be the set of player i’s best replies in the auxiliary scenario
continuation game from period t 4+ 1 on, given that opponents play UT’; € ET”Z in the block

game and that their past history is k' , € H' .
Let UP and UF be as in Lemmas 13 and 14.

Lemma 13 Suppose that monitoring satisfies the full support, identifiability and (N — 2)-
identifiability conditions and that the stage game satisfies the full dimensionality condition.
Then, there exist K and T such that for all T > T, there exists 6 < 1 such that for all
0 € (5, 1) and for all i € I, there exists UP : HiTj’l — R such that for all 1 > 0, k% € HY,

hir, € HP, and x € X with z;_, = B,

0P | hit € BRA(o_; | h';,a_;) for all a_; € supp (o' | hY), (7)
wit (0%, UFP) = w, (8)
0 <UP(hi*y) < 5 (9)

Lemma 14 Suppose that monitoring satisfies the full support, identifiability and (N — 2)-
identifiability conditions and that the stage game satisfies the full dimensionality condition.

Then, there exist K and T such that for all T > T, there exists 6 < 1 such that for all
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o€ (5, 1) and for all i € I, there exists UL : ILIZ»T_*’1 — R such that for all 1 > 0, h" € H",

h?ﬁl € lT-IiT_”1 and xr € X with z;_1 = G,

0P | hi € BRA(o_; | h;,a_;) for all a_; € supp (07" | ht), (10)
wit (0%, UF) = 1w, (11)
T gE(RT,) <0, (12

Proof. See Appendix. m

Notice that Lemma 13 ensures that, if player i — 1 is taking the bad strategy, (that
is, if player ¢ — 1’s state is B), the other players —i take either the good strategy or bad
strategy, and player i — 1 uses the reward function UZ, then both the good strategy and the
bad strategy are optimal for player ¢ and give the payoftf w,. On the other hand, Lemma
14 ensures that, if player i — 1 is taking the good strategy, (that is, if player ¢ — 1’s state is
(), the other players —i take either the good strategy or bad strategy, and player ¢ — 1 uses
the reward function U, then both the good strategy and the bad strategy are optimal for
player ¢ and give the payoff w;.

Hence, to prove Theorem 8, it suffices to construct each player ¢ — 1’s strategy o;_; in
the infinitely repeated game so that the state transition ensures that player ¢’s continuation
payoff in the infinitely repeated game without auxiliary scenario is actually equal to the
continuation payoff in the block game with auxiliary scenario.

Formally, player i — 1’s strategy o;_; (v) in the infinitely repeated game is specified by
the following automaton with the initial “intermediate state” v € HI (w;, W]

ic
Intermediate State w; Go to state B with probability p;_; and go to state G with
probability 1 — p;_; such that w; = p; _w, + (1 — p;_1) W;.

State B Play the block strategy 0P, for T, periods. After that, go to the intermediate
state w; given by w; = w; + (1 — §) UP(hl2)).
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State G Play the block strategy of ; for T, periods. After that, go to the intermediate
state w; given by w; = w; + (1 — &) U (h*,).

From Lemmas 13 and 14 and the one shot deviation principle, o (v) = (0; (v)),.; is
a Nash equilibrium. From Sekiguchi (1997), there exists a realization equivalent sequential

equilibrium.

6.6 Comparison with Yamamoto (2009b)

Let us comment on how our equilibrium construction is different from Yamamoto (2009b) to
clarify our new contribution. Our equilibrium construction solves two problems: restoring

the conditional independence property and constructing BFRSE.

Restoring the Conditional Independence Property To restoring the conditional in-
dependence property, the monitoring rounds for the coordination round and the main rounds
are introduced in addition to the coordination, confirmation, main, supplemental and report
rounds that are shared with Yamamoto (2009b).

Player ¢’s continuation payoff is determined by the following four events: (i) what state
profile is confirmed by others, (ii) whether there exists (n,j) such that player i’s messages
in the monitoring rounds for the coordination round and the confirmation round have an
impact on the confirmation of z; by player n, (iii) whether player i’s deviation is confirmed,
and (iv) whether player i’s messages have an impact on the confirmation of the other players’
deviation. Give that player i’s messages do not have an impact on the confirmation of the

1.2l As explained, if either (ii) or

states as explained in (ii), (i) is out of player i’s contro
(iv) is true, to give the incentive to tell the truth, player i’s continuation payoff is constant.
Since (ii), (iii) and (iv) are determined by the message exchange where player i is excluded.
Therefore, to restore the conditional independence property for all (i), (ii), (iii) and (iv)

based on the exchanges of the messages, we construct random variables to monitor player ¢

21 More precisely, player i can control whether z; = G is confirmed by all the players with probability close
to 1 or B is confirmed by all the players with probability close to 1 via changing player i’s action in the
coordination round. However, player ¢ is indifferent since x; controls only player i 4+ 1’s continuation payoff.
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with the following properties:

e player ’s signal observations have no information about the random variables used to
monitor herself, that is, = (4,7, — (j,4,0)) with j,1 # i and z(j, (¢,), — (j,¢,¢')) with
i € (¢,¢/). This restores the conditional independence property about whether x; = G;

is confirmed or x; = B; is confirmed and whether player i’s deviation is confirmed.

e player i’s signal observations have no information about the random variables that
player n # ¢ uses to monitor player j # i, n when player i is excluded from the players
to send the message to n, that is, = (n,j, — (n,J,7)) and = (n, (i,7),— (n,7,4)). This
restores the conditional independence property about whether player i’s messages have
an 1mpact on the confirmation of x; and whether player i’s messages have an impact

on the confirmation of player j’s deviation.

Constructing BFRSE Once players obtain the conditionally independent signals, we can
use Yamamoto (2009b)’s construction with the following modifications: in both Yamamoto
(2009b)’s equilibrium and ours, we give the incentive for each player i to send the message
truthfully as follows: if player i’s messages have an impact on the results of the communica-
tion stages,?? player i’s continuation payoff is constant. To keep the efficiency, this cannot
happen with non-negligible probability. We construct the equilibrium such that if the mes-
sages transmit almost perfectly on the equilibrium path, no player can affect the result of
the communication stages. Then, by the law of large numbers, no player can affect the result
of the communication stages with non-negligible probability.

Since we introduce two additional communication stages, the number of votes under
each player’s control increases, which makes it harder to sustain the above property. This
is the reason why we require N > 4 and our “voting mechanism” in the confirmation and

supplemental rounds are more complicated than in Yamamoto (2009b).

22 As before, more precisely, player i can control whether x; = G is confirmed by all the players with
probability close to 1 or B is confirmed by all the players with probability close to 1.

42



7 Efficiency Result and Folk Theorem

Since we construct BFRSE to attain the same equilibrium payoff set as Yamamoto (2009b),
a sufficient condition for the efficiency result in Yamamoto (2009b) is also valid for our

equilibrium:

Proposition 15 Suppose that the feasible payoff set is full dimensional and that there are
profiles a* € A and a** € A such that maxg,ea, 7; (a;,a™) < m;(a*) < m; (a],a™) for all
i € I. Then the full dimensionality condition is satisfied and the payoff vector w (a*) is an
element of |J (V (p)N H [pv;, pv;]). Therefore, if the monitoring structure satisfies the full
support 007552'?@%72, the idfétiﬁability condition and the (N — 2)-identifiability condition, then

7 (a*) € lims_ £ (0).

Proof. Similar to Yamamoto (2009b). m
In addition, the next proposition assures that the folk theorem holds for the games with

prisoners’-dilemma structure.

Definition 16 The stage game is an N-player prisoners’ dilemma if A; = {C;, D;} for all

i€l, m(Dia_;) > m (Ci,ay) foralli € I and a_; € A_;, m; (Cj,a_;) > m; (Dj,a—;) for

allj#ianda_; € A_j and m; (Cy,...,Cn) > m; (D1,...,Dy) foralli e 1.

Proposition 17 Suppose that the stage game is an N -player prisoners’ dilemma with N > 4
and that the full support, the identifiability and the (N — 2)-identifiability conditions are

satisfied. Then, lims_,1 E (8) is equal to the feasible and individually rational payoff set.

Proof. Similar to Yamamoto (2009b). m

8 Appendix

8.1 Proof of Lemma 4

Note that the full support condition is generic. The identifiability condition is generically
satisfied if |A_;| < |Q;]. The (N — 2)-identifiability condition is generically satisfied for
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(jod,0) C T with i # j #1#4if [A_j| x (| + |u]) < [Qap)-

8.2 Proof of Theorem 8

From Section 6.5, it suffices to show that Lemmas 13 and 14 hold. The basic structure
and explanation is the same as Yamamoto (2009b) since we restore the conditional inde-
pendence property by introducing the monitoring round for the communication rounds and

main rounds.

8.2.1 Average Payoff with Perfect Monitoring

Let S be the set of all * € X* such that player i chooses a constant action from the
recommended set A¥ in the kth main round, for each k € {1,..., K} and for each history
up to the beginning of the kth main round. In addition, let w! (O'Tb | 6) denote player ¢’s
average payoff in the block game with discount factor 6 € [0,1] when a strategy profile
o € ¥ is performed under perfect monitoring and when payoffs in the periods other than

the main rounds are replaced with 0.2

Lemma 18 There exist £ > 0 and K such that foralle < € and K > F, there exists T
such that for all T > T, there exists 6 < 1 such that for all § € (5, 1}, vel, x_; € X_; with
Ti—1 — B, Zl~3_7; S X_i with ji—l = G, O'ZTb € Z?b and 6'?’] S Sin,
mawa(ZTb,xl|6)<w<wl< min_ wl (6%, 0" | §).
oibex)t o bes]

Proof. Analogous to Lemma 4 of Yamamoto (2009b). The difference is the existence of the
monitoring rounds for the coordination round and kth monitoring round for & € {1,..., K}.
However, if € is sufficiently small, the length of the monitoring rounds is negligible compared

to that of the kth main round. =

. . . . P :C i —
For notational convenience, define minge—i, g Max m, o7, W; (ot 6" | 6) = wr (6)
. T . L.
and max =, min 7, _.r, w!(0;%, 0" | §) = wl (§). Note that so far, the definitions
" iy =G T, T T Wi 075 0 )

231f § = 1, the average payoff is defined as the time-average payoff.
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are the same as Yamamoto (2009b).

8.2.2 Determination of K and ¢

Fix @ such that for all 7,

max; max, |m; (a)| <,
and there exists u; : A;_1 X ;1 — R satisfying
mi(a) + E[u; (a;—1,w;—1) | a] = 0 for all a, (13)
and

—u < Uy (ai_l,wi_l) < @ for all A;—1,W;—1. (14)

Note that the identifiability condition guarantees the existence.
We will define K and ¢ so that the payoffs during the main round dominates the payoffs

during the other rounds.

Lemma 19 There exist K, € > 0 and n > 0 such that there exists T such that for allT > T,
there exists & < 1 such that for all 6 € (5, 1} and i

2
(1—“)3% < Bn<w—ul (), (15)
T
K2T
(1— T )(\Ai]+2)ﬂ < (|Ai|+2)fq<wf’(5)—m-. (16)
b
K°T

Proof. Since limg .o .0 limy_ = 1, the result holds from Lemma 18. =

Ty
From now on, we fix K, e > 0 and n > 0 such that the above lemma holds. Note that, so

far, except for € > 0, the definitions and explanations are the same as Yamamoto (2009b).
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8.2.3 Proof of Lemma 13

Throughout this subsubsection, for each k € {1,..., K}, let hz[k} denote player i’s private
history up to the end of the kth supplemental round. Also, let hyﬂ’m] be player i’s history up
to the end of the kth main round, hEO] be player i’s history up to the end of the confirmation
round, and hg_l] be player ¢’s history up to the end of the monitoring round for the coor-
dination round. For each k € {—1,..., K}, let Hl-[k] represent the set of all hyz] and Hi[k’m]
represent the set of all hgk’m}

Given h;*y € H*, let I_; € (MP x M} x---x M), ; represent player i —1’s inference on
the messages from players —i in the report round. As Yamamoto (2009b) mentions, player
1’s actions in the report round cannot affect the realization of I_; since player ¢ — 1 makes
her inferences on player j’s messages using the random event ®; ;({a§}) and Lemma 9
asserts that player i cannot manipulate the distribution of this random event. Let I*, be
the projection of I_; onto (M} x M} x - x MF);.; for k € {0,...,K}.

Without loss of generality, consider a particular i € I. Suppose that UP is decomposable

into real-valued functions (9_1, 6, ... ,8K+1) such that

1 87107 (b)) + 60 (b))

UB —
8 | oK 6T (B IE,) 4 6705 (BT

i (hﬁl) -
where T4 is the last period of the monitoring round for the coordination round, Tj is the last
period of the confirmation round, and 7} is the last period of the kth supplemental round.

Intuitively, player i receives a transfer ' after the coordination round, 6° after the
confirmation round, 8% after the kth supplemental round for each k € {1,..., K}, and gE+1
after the report round.

In this transfer scheme, the transfers for the past rounds are irrelevant to player i’s in-
centive compatibility. For example, consider the report round. Note that the transfer 67 is

a function of hE:ll]

, which does not depend on the history in the report round. Similarly, one
can check that the transfers ((9_1, 6, ..., 0% ) are irrelevant to player ¢’s incentive compat-

ibility in the report round. Likewise, the transfers (071, 6, ... ,9’“) are irrelevant to player
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i’s incentive compatibility in the continuation game from the kth main round.

In what follows, it is shown that there are transfers (9_1, 6, ..., 0% ) satisfying (7) through
(9). To simplify the notation, let X? denote the set of all z € X satisfying z;_, = B.
Likewise, let X _BZ- be the set of all x_; € X _; satisfying x; 1 = B.

Notice that so far, the definition of the functions and variables and explanations are
the same as Yamamoto (2009b). To restore the conditional independence property, the

functional form of (67", 6°,...,6% ") is significantly different from Yamamoto (2009b).

Construction of 65! Let

6Tr+1—t )

T,
K+1/3.Ty \ _ - Ui(az’q,t,wiq,t)
O (hy) =)

t=1

where T, is the length of the report round and (a;—14,w;—1.) is player (i — 1)’s action and
signal in the tth period of the report round.

65! is a transfer for the report round. Our definition of 65 is the same

Intuitively,
as Yamamoto (2009b). In addition, player i’s messages in the report round do not affect
61,6° ...,6% as Yamamoto (2009b). Since player i’s messages in the report round do not
affect player i’s utility, regardless of the conditional independence property, player i has the

incentive to follow the equilibrium strategy. Therefore, the similar proof in A.1 in Yamamoto

(2009b) can establish the following:

Lemma 20 1. Any action is optimal conditional on the opponents’ actions in each period

of the report round, that is, (7) holds for each period in the report round.

2. For all K and T, there exists 6 < 1 such that for all § € (0,5),
T, < 5T ().

Construction of 6% with k € {1,..., K} In this construction, the following notation is

useful. For each z € X, let HE] (z) be the set of h[f)]i e HY

)

such that for each j # 1,

47



regardless of player ¢’s messages in the monitoring rounds for the coordination round and

regardless of player i’s messages in the confirmation round,

mj € M; (z),

that is, players —i confirm z and play o}

—1

in the first main round regardless of player ¢’s
actions in the monitoring rounds for the coordination round and the confirmation round.
Define

q%= y HY ().

reXB
Notice that if all the players —i play the block strategy profile o** up to the end of the
confirmation round, then it is likely that the resulting history profile h[i)]i is an element of

7

; () with Z_; = x_;. Note that, if player ¢ deviates from 7", Z; can be different from z;
with high probability. However, as we have seen in Section 6.4, it is likely that either G; or
B; is confirmed and that player i’s messages in the ith monitoring round for the coordination
round and the confirmation round do not have an impact on the confirmation of z;.

Likewise, for each k € {1,..., K — 1} and z € X, let Hﬁ] (x) be the set of h[ﬂ € H@ such
that for each j # i, regardless of player 7’s messages in the kth monitoring and supplemental
rounds, no one’s deviation is inferred and players —i play af’f ! in the (k + 1) main round.
Define

a% = U el (x).

zeXB i
Note that, as before, if all the players perform the block strategy profile o® up to the kth
main round and if the other players than player ¢ perform ¢® up to the kth supplemental
round, it is likely that the resulting history profile h[_kl is an element of H @ (x) as explained
in Section 6.4.
Also, for each k € {1,..., K} and z € X, let H@ (x,1) be the set of h[ﬂ € HEZ] such that
there exists k € {1,...,k} such that for each j # i, regardless of player i’s messages in the

kth monitoring and supplemental rounds, player i’s unilateral deviation is firstly confirmed

in the kth supplemental round. Note that h[ﬂ is likely to be an element of HECZ] (x,1) if the
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other players than player i play the block strategy profile 0"

—1

but player i deviates from
a®* in the kth main round as we have seen in Section 6.4.
Define
= U <HE] (z) U HE (x,z)) .

zeXB
We specify the transfers (071,90, e ,GKH) are specified by backward induction. To

define 0%, assume that ((9k+1, e ,9K+1) have already been determined so that player ’s
[K]

—1

Vi(hm) and that (7) holds for the initial period of k£ + 1,..., Kth main round. Here, for

—1

0k+1 o 0K+1>

continuation payoff after history h[ﬂ € H”;, augmented by ( , is equal to

each k € {1,..., K} and h[_kl € H@, the value Vz(h[fi) denotes the maximum of player ¢’s
(K]

actual continuation payoff (i.e., the discounted sum of stage game payoffs) after history h”;
over all her continuation strategies, subject to the constraints that monitoring is perfect
and that payoffs in the communication stages are replaced with zero. For each h[i)]z € FI@,
the value V,;(h[i)}i) denotes the maximum of player i’s actual continuation payoff after history
BE over all iz[i)]z € ﬁ?}. and over all her continuation strategies, subject to the constraints
that monitoring is perfect and that payoffs in the communication stages are replaced with
zero. For each k € {0,..., K} and h[ﬂ ¢ FI@, the value Vz(h[_kl) denotes player i’s actual
continuation payoff when she earns max,c4 7; (a) in periods of the main rounds and zero
in other periods. Notice that the transfers (91, 0K ) are specified in such a way that
player i’s continuation payoff V;(h[ﬂ) from the kth main round is high and is the same for
all histories h[fl ¢ HEZ] This “constant continuation payoff” property is used to show that
player ¢ has a truth-telling incentive in the k£ — 1th monitoring and supplemental rounds,
even when h[ﬂ ¢ H Ei] so that player ¢’s messages in those rounds can affect the opponents’
continuation play.

Notice that so far, the explanation is the same as Yamamoto (2009b). However, as
explained in Section 6.4, since we insert the monitoring rounds to recover the conditional
independence property, the definition of H ECZ] (x) and H E“j(x, i) are more complicated. How-

ever, note that the key property for H@ (z) and HECZ] (x,4) still holds. That is, whether
h[ﬂ € H@(x}, h[ﬂ c HM (z,1) or h[ﬂ € <I:IH€Z]>C is fully determined by (2° (4,1, — (4,4,1)))

—1

Gl
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(z* (4,4, — (4.1, l)))jJ# and (2% (4, (¢, V'), — (4, ¢, L’)))#i’ie(w). Therefore, the conditional in-
dependence property holds for player 7 with respect to whether h[ﬂ €EH E] (x), h[ﬂ €eH E] (x,1)
or h[ﬂ € <Hﬁ]>c

Now, let us specify (91, e ,QK) by backward induction. Given that (GkH, o ,GK“)
(k]

—1

augmented by (0k+1, ...,0%%1), is equal to V}(h[k].) and that (7) holds for the initial period

—1

have already been determined so that player i’s continuation payoff after history h[_kl eH

of k+1,..., Kth main round.
For K 41, we are done by Lemma 20. Suppose we have constructed 0% with k > k+1.

Consider k. Suppose that 8* is decomposable as

Tp—KT
Hk(h[k] [k.>:ék(h[k7m] O ]kﬂ)_i_ kz U (@14, Wi1t) (17)
i—1 4 —4 i—1 8 e—(i—1,4,0), 4 -4 - 6Tk7KT+1ft 5
t=

where T}, is the total length of the kth main, monitoring and supplemental rounds and
Q—(i—l,i,l) denotes the realized messages from players — (i — 1,14,1) to player i — 1 during the
kth monitoring round with some fixed [ # ¢ — 1,4. Here, (a;_14,w;—1+) is player (i —1)’s
action and signal in the tth period of the kth monitoring and supplemental rounds.
Intuitively, 6% is a transfer for the kth main, monitoring and supplemental rounds. The
explanation of 6% is the same as Yamamoto (2009b) except that we have Q_(i_lyu) to restore
the conditional independence property and that I Z_l is more complicated due to the existence
of the monitoring rounds. Since I*;* and Q—(i—u,l) are independent of player i’s action in
the kth monitoring and supplemental rounds, similarly to Lemma 9 of Yamamoto (2009b),

we have the following:

Lemma 21 Any action is optimal conditional on the opponents’ action in each period of
the kth monitoring and supplemental rounds, that is, (7) holds for each period of the kth

monitoring and supplemental rounds.

Next, we specify a real valued function 8*. The following notation is useful. For each

h[_k; e HETH and a; € A;, let I/T/Z(h[_k; 1 a;) denote player i’s continuation payoff from the
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grl K+

kth main round, augmented by ( ) and by the second term of (17), when player

1 plays a; constantly in the kth main round and plays a best reply thereafter. That is,

KT
Wih Y, a) = 8 i, o7 (BT + 6™ D Pr(h RS, an) Vi),
=1 WM ep

where Pr(h%h[ﬂ_ 1], a;) is the probability that h[ﬂ realizes when player ¢ plays a; constantly in
the kth main round and sends z (i, (¢,¢') , — (4,¢,¢")) = 0 for all (¢,¢') in the kth supplemental

round while the opponents’ play Jfgi

h[_kl_ Y Note that the first term is the stage game payoff

in the kth main round and that the second is the continuation payoff after the kth monitoring

gl ’9K+1)

round augmented by ( . The stage game payoffs in the kth monitoring and

supplemental rounds do not appear here, as the second term of (17) offsets them.
For each 7 # i and hg.k_l] eH ][k_l], let Jf‘l denote the inference profiles calculated from
the history in the confirmation round and the past monitoring and supplemental rounds, that

is, J¥; = (m,m}, ... ,mk);.;. Note that W;(h*7. a;) only depend on (J*; !, a;). Therefore,

we can write W;(.J =1, a;) instead of Wi(h[k._l], a;). Recall that everyone tells the truth in

the report round from Lemma 20 and that I*; denotes the realized messages corresponding
to J*, in the report round. Hence, for any history up to the end of the Kth supplemental
round, 7%, = J% with high probability.

For each J*;', let {a} (J*;),..., aLA” (J¥71)} be a sequence of all the elements of A;

—7

such that

Wi (S5 ad (5) Wi ™ (1))

lim lim ... > lim lim
T—o0 §—1 T - T T—oo6—1 T

For each J*7 ' andn € {1,...,|A|}, let NS HE™M Q14 — {0,1} is the indicator

function such that 1[ ] (hL’iT], Q_(i_l,“)) = 1if the random event W;_1; _(;_1,1 ({ar(J*1),

JE
- aLA”(J 5-1)}) is counted more than Zgr times in the kth main round when player i — 1
kom] @

ML Qi) =

0 otherwise. Likewise, for each a; € A;, let 1,, : H, [ﬂn I x Q,(i,u’l) — {0, 1} is the indicator

)

7

monitors player i based on the messages from players — (i — 1,4,1) and 1 (757 ] (h[
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function such that lai(hE@Tl,Q,(i,ml)) = 1 if the random event W, ;; ;1 ({a;}) occurs
more than Zxp times in the £th main round when player ¢ — 1 monitors player ¢ based on
the messages from players — (i — 1,4,1) and 1ai(h£]f§n}, Q_(i_1.41) = 0 otherwise.
Then define 6* to be
ék(hz[lﬁn}, ! Q—(i—l,i,l))

—7

| Aq|
= Z Lo, (BT Qo) KT + Z Lo ) (BT Q)N (178 n)
a;€A; n=1
where A\ (If;l, n) solves
Vi (Jﬁ;l) = W (Jf;l, ai) 4 6T Z Pr (1&i|Jf;1, ai) KTn (18)
a;EA;
} |Ail
—i—(STk Z Pr (]E;1|JE;1) Z Pr(l[lffl,n} |JE;17 ai>)\k ([ﬁ;l7 n)
n=1

k—1
Ifi

for all J*;! and a; € A;. Since Vi(hgkfl]) only depends on J*; !, with abuse of notation, we
write V; (J*;') instead of Vi(h[_ki_l]). Here, Pr (1j) | J*;', a;) denotes the probability that the
indicator function takes 1 conditional on that player i chooses the constant action a; while

players —i play the action o”;" (J*;') constantly.?* Note that o' only depends on J*;".

In addition, Pr(7*;*|J*;!) denotes the probability that I*;! realizes given that the history
at the beginning of the kth main round is J*;'. In words, the values ()\k (If;l, n))[’“ﬂ , are

determined so that player i’s unnormalized continuation payoff after J* !, augmented by

(0%,...,0%%1) equals V;(J*71), no matter what constant action player i chooses in the kth

main round.

So far, the definition and the explanation of W;(J*7! ;) are the same as Yamamoto

(2009b) except that we insert Q,(i,u,l) to recover the conditional independence property,

25

that we use W;_;; _(;_1,,1) to restore the conditional independence property instead of 1;_,

24More precisely, Jf;"(h[fi_l]) with h[_ki_l] corresponding to J*7 1.

Z5For the definition of 1, ; in Yamamoto (2009b), see the original paper.
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and that the definition of J*;! implicitly includes the result of the message exchanges in the
monitoring rounds. Then, the conditional independence property is restored. In particular,

from Lemma 12,

li ZJ EJ[k PI'(Jk |‘]Ez 17 ZT}K:Tl)‘/z(JE,L)
1m max

:0’
T—00 {u; ,} K7, ZJ[kGJMPr(J’f T {ai 3 Awi Y DViTE)

where w; ; is the signal observation in the 7th period of the kth main round. Similarly,

Z&EA- Pr <1&¢|JE'_1 {CLZT}K:Tl> KTn
lim max e

—0
7o o | = e, Pr (Ll 75 {0 Y0 w0 ) KT

and

lim max Zlk Lbr (Ik 5 ) ZM' Pr(1 [I'“Il,n]uE ' {azr}KT))\k (Ik 'n)
T—00 {w,; } KT Zlk 1 Pr ([k 1|Jk 1) Z|A‘ PI“( [kalmﬂ‘]f 1 {alT}T 1’{ ZT}KT))\k (]k 1 )

=0.

Hence, the “almost conditional independence” property in Yamamoto (2009b) holds. There-

fore, similarity to Lemma 10 in Yamamoto (2009b), we have the following.

Lemma 22 For all K, there exists T such that for all T > T, there exists 6 € (0,1) such

< . . k _
that for all 6 € [6,1), (18) has a unique solution and for all (hﬁ[;_]l,lfi b,

. (Tk - KT) a— 2KTny < 05 (h® | 1¥-1).

Also, using this transfer scheme, (7) holds for the initial period of the kth main round with
x € XB and player i’s continuation payoff after history hyi_l” 15 equal to Vi(h[fi_”).

Construction of 0° Let

To
h[O z : az 1,6y Wi— 1t)
= ]' 5T0+1 t ’
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where Tp is the length of the confirmation round and (@j—14,w;—1.) is player (i — 1)’s action
and signal in the tth period of the confirmation round.

Intuitively, #° is a transfer for the confirmation round. Our definition of 6° is the same
as Yamamoto (2009b). In addition, player i’s messages in the confirmation round do not
affect her continuation payoff as Yamamoto (2009b). Therefore, regardless of the conditional

independence, the similar proof for A.3 in Yamamoto (2009b) can establish the following:

Lemma 23 1. Any action is optimal conditional on the opponents’ action in each period

of the confirmation round, that is, (7) holds for the confirmation round.

2. For all T, there exists 6 < 1 such that for all § € (0,5),
~Tyu < 6°(hl",).

Construction of ! Suppose that #~* is decomposable as

5T,1+1—t

=
0 () = 8T 57 Yy ¢ 3 MOt (19)
t=1

where T_; is the total length of the coordination round and monitoring rounds for the
coordination round and (a;_14,w;—1,) is player (i — 1)’s action and signal in the tth period
of the block game.

For each z € X, let HZ[_F (x) denote the set of all hg:i] € Hi[j] such that for hgj],

e x(i—1,j,—(i—1,5,i) == forall j #i,i—1,

e player i — 1 takes a;";' constantly for the coordination round, and

o I'i 1 (-1 ({a;'}) occurs more than %ZT times when player ¢ — 1 monitors player

i’s message in the coordination round based on the messages from players — (i — 1,4, 1)

with arbitrarily fixed 1.2

26In the main round, only e-fraction of all the periods are used for the monitoring to keep the efficiency.
On the other hand, in the coordination round, each period is used. Since Zr is originaly defined for the
main round, we need to adjust the probability by multiplying é here for the coordination round.
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Then, for cach z € X, let 1, : H_}) — {0,1} denote the indicator function of H'_}! (z),
that is, 1,(hi"]) = 1 if and only if A2 € HU (2).

Let
07 () = D LT (@),
zeXB
where (A™! (a:))ZGXB solve

T . -
Yo, = 83T+ Y > Pr(A (@) ]e)A @) (20)
t=1 TeXB hgillleHz[:i](x)

FT N Pr(h o Vi(hY)

WO el

i

for all z_; € XPZ,. Here, Pr(hgj} (x) |o*) denotes the probability that hE:ll] (x) realizes when
players perform the block strategy profile % and Pr(h[i)]ila"’”) denotes the probability of
h[g}i (). Intuitively, the values (A~ (96))%E x, are determined so that (8) holds. Indeed,
the right-hand side of (20) denotes player i’s auxiliary scenario payoff from the block strat-
egy profile 0. Note that so far, the definitions and the explanations of ' is the same as
Yamamoto (2009b) except that we insert the monitoring rounds for the coordination round
to restore the conditional independence property, that the confirmation of (xj)j is more com-
plicated due to the existence of the monitoring rounds, and that we use I';_1; _(; j;) instead
of 1, 1.%7 As we will see, since we restore the conditional independence property by inserting
the monitoring round, it is possible to apply Yamamoto (2009b)’s proof.

We can interpret 6! as a transfer for the coordination round and monitoring rounds for
the coordination round. Since player ¢’s messages except for the coordination round do not
affect player i’s continuation payoff, any action is optimal for player ¢ conditional on the
opponents’ action for each period of each monitoring round for the coordination round.

Let us consider the coordination round. Without loss of generality, consider a particular

x_; € XB. Let Wi(0";", {a;,}]_,) denote player i’s unnormalized payoff in the auxiliary

2TFor the definition of 1, _; in Yamamoto (2009b), see the original paper.
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T_;

scenario against ¢_;" when player ¢ plays a; . in the 7th period of the coordination round.

Specifically,

W‘(O'gi_‘i {aiT}f—l)
= (ST 1+TO Z PI‘ 0]|U i 7{0%7}7— 1) ( 0])+6T 1+TO Z Pr 13 |0_:1: {alT}T 1> <§:>

h[fzeH[ﬂ zeXB
TN Pr(J |0 {ai YU )Vi(%) + 6T 3T Pr(1a007, {ai ) )A T ()
JO, zeXB

where Pr(h[ ot {a”}T ), Pr(1z]0%, {a”}T 1) and Pr(J°,|0%", {a”}T ,) are probabil-
ities that h[fl, (hg 11]) = 1 and J°; respectively occur conditional on o’ ,{aiJ}T:l. The
second line follows since V(h ) only depends on J°,

Note that W;(o"7", {ai,T}Tzl) is similarly determined as Yamamoto (2009b). In particular,

from Lemma 10, for any signal observation {ww}le in the 7th round of the coordination

round,

Pr(J%l0%" {air},-) = Pr(J2o%3 air by Awir} )

and

Pr(1z|o%, {ai,T}Zzl) = Pr(1;|0%, {aiﬁ}le , {wi,T}le).

Hence, the conditional independence property holds. Therefore, similarity to Lemma 11 in

Yamamoto (2009b), we have the following:

Lemma 24 For all K, there exists T such that for all T > T, there exists 6 € (0,1) such
that for all 6 € [6,1), (20) has a unique solution and for all hl*,,
3Ty — T < 671 (h).

Also, using this transfer scheme, (7) holds for the initial period of coordination round with

x € XB and for any period of the each monitoring round for the coordination round.
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Determination of § From the above argument, there exists T such that for all T > T,
there exists 6 < 1 such that for all § € (5, 1) and for alli € I,1 >0, h* € H", h?ﬁl € HiT_”1
and z € X with z;_1 = B, (7) and (8) hold. In addition, from (15),

U;(h*)) > 0 for all B,.

Fix some T' > T. Then, since Ui(hin 1) < 2Thu for all hin 1, for sufficiently large o,

w; — W,
" — forall h]b, € H®

Ty
Ul(hifl) < 1 o 6

which implies (9).

8.2.4 Reward Functions for the Good Strategy

Let us prove Lemma 14. As we will see, the basic structure of the proof is similar
to the above. Hence, except that we insert the monitoring rounds to restore the con-
ditional independence property and that we use Q,(i,lw) and W;_y; _(i—1,, for 0% and
z(i—1,7,—(i—1,5,0)) and T;_1; (i1, for 6~',%® the definitions and explanations are the
same as Yamamoto (2009b).

To simplify the notation, let X¢ be the set of all x € X satisfying 7, ; = G and X,
be the set of all x_; € X_; satisfying ;1 = G. Let ﬁ!’} = U HE] () and FI@ =

reXC

U (HHCZ] (x)U HE] (x,1)) for k € {1,..., K}. See Section 8.2.3 for the definition of HE] (x)

x€XC

and HE] (x) U HE (z,i) for k € {1,...,K}.

Without loss of generality, consider a particular i € I. Suppose that UZ is decomposable
into real-valued functions (9’1, e ,HKH) as in Section 8.2.3. We specify (971, e ,HKH) SO
that Lemma 14 holds.

Let 6° and #%* be as in the proof of Lemma 13, that is, these transfers are the

discounted sums of ;. Then, (10) holds for the confirmation round and the report round.

28 As we will see, UZ is decomposable into real-valued functions (971, cee HKH) as in Section 8.2.3.
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The sequence of transfers (91, 0K ) is specified by backward induction. Note that

0K+ is determined so that Lemma 14 holds. To define 6%, assume that the sequence
(9’““, 0% +1) is determined so that player ¢’s continuation payoff after history hyﬂ], aug-
mented by (9’““, . ,HKH), is equal to Vl(h[_kl) Here, for each k € {1,..., K} and h[_kl €

H Ez], the value V;(h[fl) is defined to be the minimum of player i’s continuation payoff after his-
tory h[fl over all her continuation strategies in the set {o." | hyﬂ] : Vhl[-k] € HZ-[k},‘v’aiT” € Sy,
subject to the constraints that monitoring is perfect and that payoffs in the communica-

tion stages are replaced with 0. For each h[f]i € HE]}, the value Vl(h[i)]z) is defined to be the
[0]

minimum of player i’s continuation payoff after history B[B], over all B[ﬂ € H", and over

all her continuation strategies in the set {o7" | hﬁ(” : tho] € H}O],Vain € S}, subject to
the constraints that monitoring is perfect and that payoffs in the communication stages are
replaced with 0. For each k € {0,..., K} and h[_kl & HEZ.], the value Vl(h[_kl) is defined to be
player ¢’s continuation payoff when she earns —u in periods of the main rounds and zero in
the other periods.

Suppose that 6% is decomposed as (17). Then, from the analogous argument to Lemma
21, (10) holds for each period of the kth monitoring and supplemental rounds.

To specify 6%, the following notion is useful. For each h[fl_ U e HEZ-_” and a; € A;, let
Wl(h[f; 1], a;) denote player i’s continuation payoff from the kth main round, augmented by
(9’““, 0K +1) and by the second term of (17) when player ¢ plays a; constantly in the kth
main round and plays a best reply thereafter. As before, we can write W; (J f;l, ai) instead

of VNVi(h[k-*l], a;).

—1

k
For each J*; ', let {a! (J*1),... ,alAi| (J¥71)} be a sequence of all the elements of A¥
such that
Wi (5 al (J51)) Wi(JE A (J41)
i\JZ a5 \J2 . . i\J_; 0y —i
lim lim ! > ... > lim lim )
T—o00 6—1 T T—o00 6—1 T

For each J*;" and n € {1,..., [A¥|}, let 1[ ; HZ.[E’I”] xQ_(i_141 — {0, 1} is the indicator

szl,n]

function such that 1[1151’”] (hyf’lnl7 Q—(i—l,z‘,l)) = 1 if the random event \Iji—l,i,—(i—l,i,l)({a?(Jﬁi_l)7
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. aLAi‘ (J*71}) is counted more than Zg times in the kth round when player i —1 monitors
player i based on the messages from players — (i — 1,4,[) and 1[sz__17n} (hyﬁn], Q_(i_l,i,l)) =0
otherwise. Likewise, for each a; € A;, let 1,, : Hz[liin }x Q 141 — {0,1} is the indicator
function such that 1ai(hEIiT]»Q—(i—l,i,l)) = 1 if the random event W, ;1,5 ({a;}) occurs
more than Zxr times in the kth round when player ¢ — 1 monitors player ¢ based on the
messages from players — (i — 1,4,1) and 1ai(h£]f§n}, Q_(i_lﬂ-,l)) = 0 otherwise.

Let C be a real number satisfying C' > 2u and 6* be
gr (] Qi-1,i0)

—7

A%
= —L,C+ > LW Q1) KT+ Lre1,0 (R Q)N (178, n)
aiEAf n=1

where \* (I_;x—1,n) solves

Vi (751
= Wi (J5Y a) — 67CTy + 6T 37 Pr(1a, | J54 ) KTy
&iEAi-C
A
F80 DT Pr (16 |5 Y P g |5 0N (15 ) (21)
Iﬁzl n=1

for all in’l and a; € A¥. Similarly to Lemma 22, we have the following:
Lemma 25 For all K, there exists T such that for all T > T, there exists 6 € (0,1) such
that for all 6 € [6,1), (21) has a unique solution and for all (hgk_]l, 5,

oE(l | 1Ry < (Tk - KT) @+ |AF| KT,
Also, using this transfer scheme, (10) holds for the initial period of the kth main round with
xr € X% and player i’s continuation payoff after history hgk__ll] 18 equal to V}(h[fi_l]).
Proof. Analogous to Lemma 22. =
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Then, the remaining task is to specify §~'. Suppose that 87! is decomposable as

T 4
) = 3 L ) 4 3 )
t=1

6’1:'_1+17t
reXC

where (a;_14,w;—14) is player (¢ — 1)’s action and signal in the tth period of the block game

and (A~ (2)) solve

zeXa

S w = =T (n+ lim (@l () - w)

FT Y Pr(lelon) a7 (@) + 87 3T PO Vi) (22)

i’EXG h[B]GH[O]

—1

for all x_; € X%. Then, the analogous argument to Lemma 24 establishes the following

lemma.

Lemma 26 1. Under UZ, (10) holds for the initial period of the coordination round and

any period of each monitoring round for the coordination round.

2. There exists T such that for all T > T, there exists 6 € (0,1) such that for all § € [6,1),

(22) has a unique solution and
07 (h)) < Toyi — (|Ai| +1) Tyn.

From the above argument, there exists T such that for all 7 > T, there exists § < 1
such that for all § € (6,1) and for alli € I, 1 >0, k" € H%, h*, € H/* and z € X with
x;_1 =G, (10) and (11) hold. In addition, from (16),

US(R*,) <0 for all B,.
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Fix some T > T. Then, since U;(h,*,) > —2Tyu for all hl*,, for sufficiently large &,

w; — w;

1-46

US(n*) > - for all h1*, € H®,,

which means (12) holds.
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