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Motivation

e Key building block of econometrics: t-statistic for inference about mean

= White standard errors in regression reduce to inference about mean of
x;e; for suitably defined ¢e;, similar in GMM

e Potential challenge: inaccurate approximations by CLT in numerator and
LLN in denominator

=> induced by heavy-tailed population, especially asymmetry, in small sam-
ples

= effective sample size often not very large due to clustering

e Standard remedy: Bootstrap

—> provides refinement when at least three moments exist




Small Sample Null Rejection Probabilities

N(0,1) LogN F(45) t(3) P(0.4) Mix1 Mix?2

n = 50
t-stat 4.3 9.9 12.6 4.4 13.2 123 19.1
sym-boot 5.0 7.9 10.1 4.0 10.3 11.8 18.6
asym-boot 5.1 6.9 8.2 7.3 83 11.8 18.0
n = 100
t-stat 5.0 8.3 10.8 4.6 11.3 9.9 15.8
sym-boot 5.1 6.9 8.9 4.2 9.3 8.8 14.6
asym-boot 5.2 6.3 7.8 6.9 7.8 8.7 135
n = 500
t-stat 5.1 5.7 7.7 4.9 8.0 6.9 9.5
sym-boot 5.3 5.2 6.9 4.8 7.0 6.0 8.0
asym-boot 5.3 5.5 6.8 6.2 6.8 6.3 7.5

Note: Nominal 5% tests




Population Densities

| —— LogN
- F(45)
Pareto(0.4)




Basic ldea

e W, i.i.d. sample of size n with cdf F', Hgy : E[W] = 0, long right tail

e Divide and conquer: Largest k order statistics W¢ = (W7, ..., W), and
remaining n — k observations W™

e Conditional on W€, W/ i.i.d. with cdf F'(w)/(1—F(W{f)) forw < W¢
= Conditional mean under Hp:

(1—P(W >w))E[W|W <w]+ P(W > w)E[W|W >w] =0, so

P(W > w)E[W|W > w]
1—P(W >w)

m(w) = —E[W|W < w] =




Basic ldea, ctd.

e Asymptotic approximations:
1. WE€ has (joint) extreme value distribution

2. Conditional on W¢€, Z?;lk W™ is approximately normal with mean
—(n — k)m(Wy)

Tail properties of F' determine both asymptotic distribution of W€, and
form of m(-)

e Use computational methods to construct test that controls size under these
asymptotic approximations




Contributions

e New asymptotic approximation for inference about mean

= exploits extreme value theory and CLT

e Theory: Generates refinement for population with more than two but less

than three moments, while bootstrap does not

e Practice: Implementation that only requires few “tail observations”
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Review of Extreme Value Theory

e Sufficient for convergence of W7 to Fréchet extreme value distribution:

T S )

w—00 .y~ 1/& >0

= convergence if upper tail is approximately Pareto
=> more or less necessary

= student-t with df degrees of freedom induces convergence with
£ =1/df, etc.

e Then for some o >0
n_gwle = 0X1
where for z > 0, P(X1 < z) = G(x) = exp(_m—l/ﬁ)
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Joint Convergence of Largest £ Observations

o If n_{fo = 0.X1, then for any fixed k, also
Wyt X1
n"EWE = n~¢ : =X =0 :
443 X
where joint pdf of X is given by

k
G(zg) ] 9(z:)/G(z;)
i—1

with g(x) = dG(z)/dx

e X can be generated via X1 ~ G, Xo|X1 = 21 ~ G(x)/G(x1),
X3| X2 = x2, X1 = 71 ~ G(2)/G(x2), etc.
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Review: Rates of Convergence

e (Reiss, 1989): If for some wq, F' admits density for w > wq of the form
f(w) = o7 Hw/o) UL + h(w))
with h(w) uniformly bounded by Cow™9/¢, then

sup |[P(n W€ € B) — P(cX € B)| = O(n™?).
B
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Review: Distribution of t-statistic

o If E[W] =0 and E[W?] < oo, then Ty, = /nWhy/sn = N(0,1)
o Let T)Y|W be bootstrap draw of T}, conditional on W = {W;} ;

e Theorem (Bloznelis and Putter, 2003). If F is non-lattice and E[|W 3]

exists, then

sup |P(T; < t|W) — P(Ty, < t)| = o(n_l/z) a.s.
t

while, for E[W3] # 0, liminfn—o0o nt/Zsup, |P(Ty, < t) — &(¢)| > 0.
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Review: Distribution of t-statistic

e Theorem (Bentkus and Gétze, 1996): For some C' > 0, and E[W?] =1,
2
sup | P(Th < t) — ®(t)] < CE[W-L[|W| > v/n]]
t

+Cn Y 2E[[WR1W]| < v/a)|

e Is sharp (Hall and Wang, 2004), holds uniformly in F' (Bentkus, Bloznelis,
Gotze, 1996)
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Theory Contributions

1. No bootstrap refinement if extreme value theory holds with 1/2 < ¢ < 1/3

2. Combining CLT for truncated sample with extreme value approximation
for k largest observations yields refinement for 1/2 < £ < 1/3
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Bootstrap under 1/2 < £ < 1/3

P(|W|>w)
w_l/g

e Assume that for some 1/2 < £ < 1/3, limy—oo
|W| has Pareto tail with index &

> 0, so that

e Theorem:
(a) liminfrn oo n~(171/(28)) sup, | P(T, < t) — ®(t)| > 0
(b) 3=/ 2 supy | P(Tyy < t{W) — &(t)| = Op(1).

= Since 3(£ —1/2) > 1—1/(2¢), also
sup; |P(T% < t|W) — P(Tj, < t)| = Op(nl=1/(2)), so no refinement.

e Proof: (a) Follows from sharpness of Bentkus/Go6tze bound.

(b) Apply Bentkus/Go6tze to bootstrap distribution:
nlyr W2I[W;| > /m] 5 0 from max; |[W;| = Op(nf),
and Y7, |[W;]3 = Op(n3%).
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Impact of Tail on CLT

e Roughly speaking, bootstrap distribution is generated by observing under-
lying distribution at 1/(n + 1), 2/(n + 1), ..., n/(n + 1) quantiles

= Bootstrap distribution has tail truncated at = n/(n + 1) quantile

e CLT approximations for location and scale normalized distributions:

Pareto(0.4) Truncated Pareto(0.4)

— n=100

N n=10,000
: —— n=1,000,000

— N(0,1)

0.5F
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New Asymptotic Approximation

e Suppose for w > wq, F' admits density of the form

f(w) = o Y(w/o) "Y1 + h(w)) (1)
with h(w) uniformly bounded by Couw—0/¢.

o Let s2 = (n—k) L Z;"Z_lk(WZm —W™)2. Then s2 LN E[W?]. By scale
invariance of ultimate test, set E[W?] = 1 wlog.

e Recall that from E[W] =0,

P(W > w)E[W|W > w]

m(w) = —EWIW < w] = = =0

= Under (1), and for w large, m(w) ~ My(w) = gl/fli_gwl—l/f

18



New Asymptotic Approximation

e Conditional on W€, W/ ~iid(—m(W§),02(WE)), where o?(w) =
VIW|W < w] =~ 1. By CLT

n—k m
?(@ L W) 'we L N( mal/i—l (WE)=1/¢ 1)
n — k)s2 —

e From n=¢We £ oX,
W€

Ve
n — k)sz

e Joint approximation

(Z kym we )a(zn § xi- 1/€777nX)

\/(n—k)52 \/(n—k)s "¢k
with Z ~ N(0,1)
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New Test

e Joint approximation

sk pym | we o <Z 3 1-1/¢ nnX>
\/(n — k)s2 \/(n — k)s2

e Construct interval valued function Z such that for all n > 0 and £ < 1/2

P (Z S Ve I(nX)) <a
1-¢
and then use 7 as test that rejects if
—k
Z?:l Wz'm g T Wwe

\/(n — k)s2 \/(n — k)s2
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Theorem

Under (1) and some technical assumption on Z, for &k > 1, 11j3kk < €< 1/2,
6 > ri(€) and all € > 0,

—k
P Z?L?le Wzm g T WE

\/(n — k)s2 \/(n — k)s2
—P <Z o nnlini_l/g g I(nnX)>' < Cn_rk(g)—i_e

where r,(§) = 3(L+k)(1~2¢)

ATk > 2~ b

= Recall liminfp_oon (=1 (2) sup, |P(T, < t) — ®(¢)| > 0, so new
approximation is refinement

= Proof: Given Bentkus/Gé6tze and TVD approximation of n—sWe 2 oX,
only hard part is to deal with s2 (but that is very involved)
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Determining 7

o Let 6 = (£,7n). For some given weighting function 1, consider program
mIin/E@[Iength(I(nX))]drl(Q)
s.t. Py (Z - nlg—gxé—l/ﬁ ¢ Z(nX)) < aforall €O
e Problem of the type considered in Elliott, Miiller and Watson (2015),
Miiller and Watson (2016), Maller and Norets (2016)

= Apply numerical techniques developed there to obtain approximate so-

lution

—- Computationally intensive to determine Z, but not difficult to use in

practice once obtained
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Two Tailed Problem

e Theorem also holds for two fat tails, where now W€ = (WL W) and
W™ are remaining n — 2k middle observations

e Asymptotic approximations then become

WE R
V(n—2k)s2 | a ( n~—(1/2=87) g RX R ) B ( niX R )
L Y, p—

D ] e ) = e

n—2k)ss

and

Z?__lzk Wi e a r & R\1-1/¢R | L ¢k 1-1/¢l
= WE ~ Z—n,, =(X%) +1n =(X1)

\/(n—Zk)s 1—¢ft 1-— ¢k
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Small Sample Effects

1. Asymptotic approximations ignore translations of tail
= Unlikely to be very accurate in small samples

= Improve approximations via W€ ~ 7, (X + ky) for suitably chosen
offset xn,

= Yields EVT approximations continuous in £ also for £ < 0 (bounded
support)

— Leads to approximation of one tail with three parameters: mean k,
scale 1 and shape &, so total of 6 parameters

2. Better to use m(w) ~ Mpy(w) that doesn’t impose 1 — P(W > w) ~ 1

= Construct Z = Iy, for n moderate to small (say, smaller than 500)
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Implementation

e k=28, £ <0.5, kp such that

E[X20 + rn] >0

for both tails (so that 20th order statistic has approximately non-negative
expectation)

For n and/or £ small, bootstrap interval nearly controls size

= In is weighted average of nearly optimal solution and bootstrap interval,
with weights determined by appropriate function of (X%, X1?)

n—2k m
For 1 large, uncertainty about mean of =4=L—L_ dominates its random-

VvV (n—2k)s2

NEesSs

= transition to scale equivariant Z,, for very large XX or X1
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Null Rejection Probabilities

N(0,1) LogN F(4,55) t(3) P(0.4) Mix1l Mix?2

n = b0
t-stat 4.8 9.9 12.6 4.4 13.2 123 19.1
sym-boot 5.0 7.9 10.1 4.0 10.3 11.8 18.6
asym-boot 5.1 6.9 8.2 7.3 83 11.8 18.0
new 2.4 1.8 2.7 1.3 2.9 4.3 105

n = 100
t-stat 5.0 8.3 10.8 4.6 11.3 99 15.8
sym-boot 5.1 6.9 8.9 4.2 9.3 8.8 14.6
asym-boot 5.2 6.3 7.8 6.9 7.8 3.7 135
new 4.4 2.4 3.1 2.7 3.2 1.9 7.0

n = 500
t-stat 5.1 5.7 7.7 4.9 8.0 6.9 9.5
sym-boot 5.3 5.2 6.9 4.8 7.0 6.0 8.0
asym-boot 5.3 5.5 6.8 6.2 6.8 6.3 7.5
new 4.7 3.4 3.9 4.3 3.8 3.2 2.5
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Normalized Average Lengths

N(0,1) LogN F(4,5) t(3) P(0.4) Mix1l Mix?2

n = 50
t-stat 1.01 0.76 0.67 1.02 0.64 071 0.61
sym-boot 1.00 1.08 1.48 1.11 1.33 1.15 1.47
asym-boot 1.00 0.97 1.16 1.06 1.07 097 1.11
new 1.22 163 169 202 1.78 150 1.87

n = 100
t-stat 1.00 0.84 0.73 1.02 0.71 0.78 0.62
sym-boot 0.99 1.05 1.19 1.09 1.20 1.08 1.21
asym-boot 0.99 0.98 1.01 1.05 1.01 097 0.97
new 1.04 144 131 142 127 152 1.19

n = 500
t-stat 1.00 0.97 0.87 1.00 086 092 0.78
sym-boot 0.99 1.02 1.11  1.02 1.14 1.01 1.04
asym-boot 0.99 1.01 1.01 1.01 1.03 098 0.95
new 1.01 125 132 115 130 131 1.39

Note: Normalized by average length of size corrected t-stat
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Empirical Monte Carlo

e Consider Compustat database: 495 series on large number of firms. Pooled
panel 1992-2005, 59,300 observations, normalized by total assets if sensible

e At least 5000 non-missing observations, no more than 90% zeros

= 338 series

e For each series:
— Compute mean of entire series, and treat as population mean

— Repeat 20,000 times: Draw n data points at random, compute Cls and
check whether it contains population mean

= Obtain 338 null rejection probabilities, and average lengths
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CDF of Null Rejection Praobabilities

n = 50 n = 100
0.8 0.8}
06 06}
04+ 04}
0.2+ 0.2r
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
n = 500
— t-stat
—— sym-boot
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—— new

0.00 0.05 0.10 0.15 0.20 0.25
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Log Ratios of Average Lengths

New relative to sym-boot, conditional on both rejection probabilities < 6%

n = 50 n = 100
1.0¢ 1.0¢

08} 0.8}

0.6 b 0.6}
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Log Ratios of Average Lengths

New relative to size-adjusted t-stat, conditional on rejection probability < 6%

n = 50 n = 100

1.0
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Conclusions

e New approach to inference for mean in presence of potentially fat tails

e Theory: Provides refinement under Pareto-like fat tails (more than two but

less than three moments), while bootstrap does not

e Practice: Implementation that yields noticeably better size control in small

to moderate samples from fat-tailed populations

32




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 450
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 450
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 450
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


