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1 Introduction

Empirical work in economics relies more and more on Bayesian inference, especially in macro-
economics. For simplicity and computational tractability, applied Bayesian work typically makes
strong parametric assumptions about the likelihood. The great majority of Bayesian estimations of
dynamic stochastic general equilibrium (DSGE) models and VARs, for instance, assume Gaussian
innovations. Such strong parametric assumptions naturally lead to a concern about potential mis-
specification.

This paper formally studies the impact of model misspecification on the quality of standard
Bayesian inference, and suggests a superior mode of inference based on an artificial "Sandwich"

posterior. To fix ideas, consider the linear regression
yi=z0+¢e, i=1,--,n (1)

where the fitted model treats e; as i.i.d. N(0,1) independent of the fixed regressors z;. The
parameter of interest is the population regression coefficient 6, and the (improper) prior density p
of 6 is constant p(f) = 1. The model (’M’) log-likelihood is exactly quadratic around the maximum

~

likelihood estimator (MLE) 6,
Lusal0) = C = tn(0 — B340 — b) @)

where ¥y = (n7' Y"1, z2/) 7! and C is a generic constant. With the flat prior on 6, the posterior
density has the same shape as the likelihood, that is the posterior distribution is 6 ~ A (9, Yum).
Now suppose the fitted model is misspecified, because the Gaussian innovations &; are in fact
heteroskedastic &; ~ N (0, k(z;)). The sampling distribution of 0 then is

0 ~N(O,Ss/n), Sg=3uVIy (3)
where V' = n~' 3" k(z;)z2l. Note that under correct specification x(z;) = 1, the "Sandwich"
covariance matrix g reduces to X, via V = E]T/}. But in general, misspecification leads to a
discrepancy between the sampling distribution of the MLE 0 (3) and the shape of the model likeli-
hood: the log-likelihood (2) is exactly as if it was based on the single observation 6~ N (0, /n),
whereas the actual sampling distribution of 8 is as in (3). In other words, the model likelihood does
not correctly reflect the sample information about 6 contained in 6. This suggests that one obtains
systematically better inference about 6 by replacing the original log-likelihood Ly, by the artificial
sandwich log-likelihood

Lgn(0) = C' = $n(6 — 0)'S5" (0 — 6), (4)

which yields the "sandwich posterior" @ ~ AN (f,%g/n). Systematically better here is meant in

a classical decision theory sense: the model and sandwich posterior distributions are employed
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to determine the posterior expected loss minimizing action for some given loss function. Sandwich
posterior inference is then defined as superior to original Bayesian inference if it yields lower average
realized losses over repeated samples, that is if it results in decisions of lower frequentist risk.

In general, of course, log-likelihoods are not quadratic, the sampling distribution of the MLE is
not Gaussian, and priors are not necessarily flat. But the seminal results of Huber (1967) and White
(1982) show that in large samples, the sampling distribution of the MLE in misspecified models is
centered on the Kullback-Leibler divergence minimizing pseudo-true parameter value and, to first
asymptotic order, it is Gaussian with sandwich covariance matrix. The general form of the sandwich
matrix involves both the second derivative of the log-likelihood and the variance of the scores, and
can be consistently estimated under weak regularity conditions. Similarly, also the asymptotic
behavior of the posterior in misspecified parametric models is well understood: The variation in the
likelihood dominates the variation in the prior, leading to a Gaussian posterior centered at the MLE
and with covariance matrix equal to the inverse of the second derivative of the log-likelihood. See,
for instance, Section 4.2 and Appendix B in Gelman, Carlin, Stern, and Rubin (2004) or Section
3.4 of Geweke (2005) for textbook treatments. The small sample arguments above thus apply at
least heuristically to large sample inference about pseudo-true values in general parametric models.

The main point of this paper is formalize this intuition: Under suitable conditions, the large
sample frequentist risk of decisions derived from the sandwich posterior is (weakly) smaller than
the risk of decisions derived from the model posterior. This result does not imply that sandwich
posterior inference yields the lowest possible asymptotic risk; in fact, only in rather special cases
does the sandwich posterior correspond to the posterior computed from the correct model, even
asymptotically. But with the correct model unknown and difficult to specify, sandwich posterior
inference constitutes a pragmatic improvement for Bayesian inference in parametric models under
potential misspecification. Section 3.5 below suggests an implementation that is suitable also for
models with a high dimensional parameter that cannot be reasonably estimated by maximizing the
likelihood.

It is important to keep in mind that the pseudo-true parameter of the misspecified model must

! The pseudo-true

remain the object of interest for sandwich posterior inference to make sense.
parameter is jointly determined by the true data generating process and the fitted model. For
instance, with a substantive interest in the population regression coefficient in (1), an assumption
of Gaussian ¢; generally leads to a consistent MLE as long as E|[z;e;] = 0. In contrast, if the fitted
model assumes ¢; to be mean-zero mixtures of normals independent of the regressors, say, then the
pseudo-true value does not in general equal the population regression coefficient. In this setting,

the ostensibly weaker assumption of a mixture of normals distribution for ¢; thus yields less robust

! Also Royall and Tsou (2003) and Freedman (2006) stress that pseudo-true parameters do not necessarily have

an interesting interpretation.



inference in this sense, and it is potentially attractive to address potential misspecification of the
baseline Gaussian model with sandwich posterior inference instead. Section 5.1 below provides
numerical evidence on this issue.

One might also question whether losses in decision problems exclusively concern the value of
parameters. For instance, the best conditional prediction of y given z in the linear regression (1)
is in general a function of the conditional distribution of ¢|z, and not simply a function of the
population regression coefficient 6 (unless the loss function is quadratic). At the same time, most
"decisions" in Bayesian applied work concern the description of uncertainty about model parameters
(and functions of model parameters, such as impulse responses) by two-sided equal-tailed posterior
probability intervals. In a correctly specified model, these intervals are optimal actions relative to a
loss function that penalizes long and mis-centered intervals. Under misspecification with g # ¥/,
the sandwich posterior two-sided equal-tailed intervals are a systematically better description of
parameter uncertainty in the sense that the sandwich intervals are of lower asymptotic risk under
this loss function. In the empirical illustration in Section 6.2, we find that the sandwich posterior
implies substantially more uncertainty about model parameters in a three equation DSGE model
fitted to postwar U.S. data compared to standard Bayesian inference.

The relatively closest contribution in the literature to the results of this paper seems to be a one
page discussion in Royall and Tsou (2003). They consider Stafford’s (1996) robust adjustment to
the (profile) likelihood, which raises the original likelihood to a power such that asymptotically, the
inverse of the second derivative of the resulting log-likelihood coincides with the sampling variance
of the scalar (profile) MLE to first order. In their Section 8, Royall and Tsou verbally discuss
asymptotic properties of posteriors based on the adjusted likelihood, which is equivalent to the
sandwich likelihood studied here for a scalar parameter of interest. They accurately note that
the posterior based on the adjusted likelihood is "correct" if the MLE in the misspecified model
is asymptotically identical to the MLE of a correctly specified model, but go on to mistakenly
claim that otherwise, the posterior based on the adjusted likelihood is conservative in the sense of
overstating the variance. See Section 4.4 below for further discussion.

Since the sandwich posterior is a function of the MLE and its (estimated) sampling variance
only, the approach of this paper is also related to the literature that constructs robust, "limited
information" likelihoods from a statistic, such as a GMM estimator. The Gaussianity of the posterior
can then be motivated by the approximately Gaussian sampling distribution of the estimator, as
in Pratt, Raiffa and Schlaifer (1965, Chapter 18.4), Doksum and Lo (1990) and Kwan (1999), or
by entropy arguments, as in Zellner (1997) and Kim (2002). Similarly, Boos and Monahan (1986)
suggest inversion of the bootstrap distribution of 0 to construct a likelihood for §. The contribution
of the current paper relative to this literature is the asymptotic decision theoretic analysis, as well

as the comparison to standard Bayesian inference based on the model likelihood.



The remainder of the paper is organized as follows. Section 2 considers in detail the simple
setting where the log-likelihood is exactly quadratic and the sampling distribution of the MLE is
exactly Gaussian. Section 3 provides the heuristics for the more general large sample result, and
describes the suggestion for the implementation of sandwich posterior inference in models with a
high dimensional parameter. The formal asymptotic analysis is in Section 4. Sections 5 and 6
contain Monte Carlo results and an empirical application in models with a small and large number

of parameters, respectively, and Section 7 concludes.

2 Analysis with Gaussian MLE and Quadratic Log-
Likelihood

2.1 Set-up

The salient features of the inference regression problem of the introduction are that the log-likelihood
of the fitted model Ly, is exactly quadratic as in (2), and that the sampling distribution of 6 in the
misspecified model is exactly Gaussian as in (3). In this section, we will assume that ¥,, and Xg
are constant across samples and do not depend on . Also, we assume Yg # ¥, to be known—in
practice, g will need to be estimated, a complication that we return to in Section 3.5.

If the misspecification is ignored, then Bayes inference about § € R* leads to a posterior that is
proportional to the product of the prior p and the likelihood (2). Specifically, given a set of actions

A and a loss function ¢ : © x A+ [0, 00), the Bayes action a € A minimizes

/ 06, 0) by, (0 — O)p(0)d0 (5)

where ¢y, is the density of a mean zero normal with variance Y. In contrast, taking the sandwich
log-likelihood (4) as the sole basis for the data information about € leads to a posterior expected

loss of action a proportional to

/ (6. 0)s. (0 — O)p(B)0. (6)

With X, # g, (5) and (6) are different functions of a. Thus, with the same data, basing Bayes
inference on the original log-likelihood Lj;, will generically lead to a different action than basing
Bayes inference on the sandwich log-likelihood Lg,,. Denote by D the set of functions © — A that
associate a realization of 0 with a particular action. Note that with X, and Xg fixed over samples
and independent of 6, the actions that minimize (5) and (6) are elements of D. For future reference,

denote these functions by d}, and d%, respectively. The frequentist risk of decision d is
r(6.d) = Eolt(6.(0)) = [ €6.0)6, /0l ~ )y
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Note that r(6,d) involves the density ¢s,/,, reflecting that the sandwich covariance matrix g
describes the variability of # over different samples. The aim is a comparison of (6, d%;) and
(0, d%).

2.2 Bayes Risk

Since frequentist risk is a function of the true value 6, typically decisions have risk functions that
cross, so that no unambiguous ranking can be made. A scalar measure of the desirability of a
decision d is Bayes risk R, the weighted average of frequentist risk r with weights equal to some

probability density n
Rind) = [ 7(0.dyn(o)ao.

Note that with n = p, we can interchange of the order of integration and obtain
Rip.d) = [ [ 06, )s. (0~ 0)p(0)d0dy

If d € D is the decision that minimizes posterior expected loss (6) for each observation f, so that

¢ satisfies
/ 00, d5(0)) bssg /(0 — O)p(6)d6 = inf / 0(0,0) sy (6 — 0)p(6) b,

then df also minimizes Bayes risk R(p,d) over d € D, because minimizing the integrand at all
points is sufficient for minimizing the integral. Thus, by construction, d% is the systematically best
decision in this weighted average frequentist risk sense.

In contrast, the decision d}, that minimizes posterior expected loss (5) computed from the

original, misspecified likelihood satisfies
[ 10.38)65,,00 — )p(60)d8 = int, [ 000,0)5,,1, (0~ Op(O).
Clearly, by the optimality of d§, R(p,d};) > R(p, dy), and often, R(p,d},) > R(p, ds).
Example 1 Suppose © =R, p(0) = ¢y2(0 —11,), A =0 and £(0, a) = (0—a)?. Then, for J =S, M,

d5(y) = (w2 /n+ooy)/(Xs/n+03), and R(p,dy,) > R(p, d5).

2.3 Bayes Risk with a Flat Prior

Now suppose the prior underlying the posterior calculations (5) and (6) is improper and equal
to Lebesgue measure, p(f) = 1. The shape of the posterior is then identical to the shape of the
likelihood, so that for inference based on the log-likelihood L j,, J = M, S, the posterior becomes

0~ N(0,3,/n) (7)

)



for each realization of #, and the decisions d satisty

[ 16.450))05,1,(0 = 000 = int [ €(0,0)65,,(0 — 0)ao. (®)

Proceeding as in the last subsection, we obtain R(p,d},) > R(p, d%), provided R(p, d%) exists.
What is more, if a probability density function 7(6) doesn’t vary much relative to
0(0,d(y))dsg m(y — 0) for any y € R, one would expect that

R(p.d) = / / 06, d(y)) b5,y — B)n(6)dbdy (9)
/ / (6. (1)) by — 0)dBn(y)dy.

Q

This suggests that also R(n,d},;) > R(n,d%), with a strict inequality if the posterior expected loss

minimizing action (8) is different for J = M, S.

Example 2 (i) Under squared loss as in Example 1, the decision d of (8) are identical, d§ = d;,
so there is no difference in their risks.

(ii) For the asymmetric "linex" loss function €(0,a) = exp[b(0 — a)] —b(6 —a) — 1, b # 0, one
obtains the variance dependent optimal rule d}(@) =0+ %bZ g/n.

(iii) Consider an interval estimation problem with © = R¥, A = (a;,a,) € R?, a; < a,, and
00,a) = a, — a4+ (1[0 < a](ar — 1)) + 1[0y > au](0a) — av)), where Oy is the first element of
0. Then it is easy to see (cf. Theorem 5.78 of Schervish (1995)) that the usual two-sided equal-tailed
posterior probability interval d?(@) = [9—mf}, 9+mj] with mY = ze/S,1)/n the 1—c™! quantile of
N(0,%,0,1y/n), satisfies (8), where ¥yq,1) is the (1,1) element of ¥;. Further, a calculation shows
that [ £(0,d5(0))dsm(0 — 0)d0 < [ €(0,d(0)) s, (0 — 0)d0 for all 6 when Sar # s, suggesting
that R(n,d%) < R(n,d4;) for all vague enough n.?

2.4 Risk under a Flat Prior and an Invariant Loss Function

A further sharpening of the risk comparison is possible if in addition to the flat prior, the loss

function is (location) invariant.
Definition 1 A loss function { : © x A+ R is invariant if for all € © =R* and a € A
5(07 CL) = 6(07 Q(_ea a))

where q : O x A— A is a flow, that is q(0,a) = a and q(02,q(01,a)) = q(01+03,a) for all 61,0, € O.

?None of these examples lead to a finite R(p,d%) with p() = 1, though.



For example, the loss function ¢(6,a) = (6 — a)? satisfies Definition 1 with ¢(6,a) = 0 + a.
If a%, J = S, M minimizes posterior expected loss with p(f) = 1 after observing 6 = 0 under

such an invariant loss function,

[ 6.6, 0008 = in, [ 106,016, (~0)d0

~

then the invariant rule d%(f) = q(f, a*) minimizes posterior expected loss under the log-likelihood

Lj,, since
[ 16.06.0),10(0 = 0)d8 = [ 000,01, (~0)0. (10)
Furthermore, for any invariant rule d(#) = (6, a)
T(07d) = Z 0 q Y,a ¢Zs/n(y 9)d

|
\ \

g ¢Es/n )dy

Thus, for J =S, M,
r(0,d5) = / Uy, a5 b, m(—4)dy (1)

that is the small sample frequentist risk 7(6,d%) of the invariant rule d% is equal to its posterior
expected loss (10) with p(f) = 1, and by definition, d¥§ minimizes both. This is a special case of the
general equivalence between posterior expected loss under invariant priors and frequentist risk of
invariant rules, see chapter 6.6 of Berger (1985) for further discussion and references. We conclude
that for each 6 € ©, r(0,d%) < r(0,d},), with equality only if the optimal action a* does not depend
on the posterior variance ¥;/n. Thus, for variance dependent invariant decision problems and a

flat prior, the small sample risk of d§ is uniformly below the risk of d},, and d3}, is inadmissible.

Example 3 (i) The interval estimation loss function of Example 2 (iii) is seen to be invariant
with q(0,a) = [a + 0y, au + 0y). Thus, by (11), r(0,d%) = [L(y, ( —m, my))bs n(—y)dy, and
the suggestion of R(n,d%) < R(n,dy,) of Example 2 (iii) is strengthened to the small sample ezact
result r(6,d%) < r(6,d3,) for all 6 € ©.

(ii) A different set estimation problem arises with © = R*, A = {all Borel subsets of R*} and
00,a) = pya) + cllf ¢ a], where py(a) is the Lebesque measure of the set a C R*. Also this
loss function is invariant, since £(0,a) = pp(a)+ cll ¢ a] = p(q(—60,a)) + c1[0 € q(—0,a)] with

q(0,a) ={y:y —0 € a}. By Proposition 5.79 of Schervish (1995), a’y = {0 : ¢5,,,(—0) > 1/c}, so
that d4(0) = {0 : quJ/n(Q 0) >1/c}.

(11i) Finally, suppose the decision problem consists of reporting an estimator of 0 along with
an indicator signalling that is has a certain precision: © = R, A =R x {0,1}, a = (ag,ap) € A,
00,a) = (14+apcp)l]|0 —ag| > cp|+(1—ap)(1—cp)1[|0 —ag| < cp|, where cp >0 and 0 < cp < 1.
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This loss function is invariant, too, with q(6,a) = (ag+0,ap), and a* = (0, 1[fffD b5, m(y)dy > cp].

~

Thus, d5(0) = (0. 1[[ és,u(y — O)dy > cp)).

3 Heuristic Large Sample Analysis

3.1 Overview

The arguments in Sections 2.3 and 2.4 were based on (i) a quadratic model log-likelihood; (ii)
Gaussianity of the sampling distribution of the MLE 9; (iii) a loss function that depends on the center
of the sampling distribution of 0; (iv) knowledge of the variance g of the sampling distribution of
9; (v) domination of the likelihood over the prior. This section reviews standard distribution theory
for maximum likelihood estimators and Bernstein-von Mises arguments for misspecified models,
which imply these properties to approximately hold in large samples for a wide range of parametric
models. Section 3.5 contains a suggestion for implementation of sandwich posterior inference, also

for models with a high dimensional parameter 6.

3.2 Pseudo-True Parameter Values

Let x;, i =1,--- ,n be an i.i.d. sample with density f(z) with respect to some o-finite measure .
Suppose a model with density g(z,0), # € © C R¥, is fitted, yielding a model log-likelihood equal to
Ly (0) =30 Ing(x;, 0). If f(x) # g(z,0) for all § € O, then the fitted model g(z, ) is misspec-
ified. Let 0 be the MLE, Ly, () = Supgee Ln(0). Since n~ Ly, (0) 2 Elng(x;,0) by a uniform
Law of Large Numbers, § will typically be consistent for the value f, = arg maxgee EIn g(x;,0),
where the expectation here and below is relative to the density f.*> If f is absolutely continuous

with respect to g, then

0(0) ~ B1n () = - [ fa)tn / ‘”’“"g)du(x) — _K() (12)

g(z,

where K (0) is the Kullback-Leibler divergence between f(z) and g(z, ), so 6 is also the Kullback-
Leibler minimizing value 6y = arg mingee K (). In misspecified models, this "pseudo-true" value 6y
sometimes remains the natural object of interest. As mentioned before, the assumption of Gaussian
errors in a linear regression model, for instance, yields 0 equal to the ordinary least squares estimator,
which is consistent for the population regression coefficient 6y as long as the errors are not correlated
with the regressors. More generally then, it is useful to define a true model with density f(x,0)
where for each 6y € ©, K(0) = Eln Lf) [ f(x,60p) In f(z’eo)du(:c) is minimized at 6, that is

g(x’he) g(xﬁ)
the parameter # in the true model f is, by definition, the pseudo-true parameter value relative to

3 As shown by Berk (1966, 1970), though, if the argmax is not unique, then 0 might not converge at all.



the fitted model g(z,0). Pseudo-true values with natural interpretations arise for fitted models in
the exponential family, as in Gourieroux, Monfort, and Trognon (1984) and in Generalized Linear
Models (see, for instance, chapters 2.3.1 and 4.3.1 of Fahrmeir and Tutz (2001)). We follow the
frequentist quasi-likelihood literature and assume that the object of interest in a misspecified model
is this pseudo-true parameter value, so that in the decision problem, the losses ¢ depend on the

action taken, and the value of 6.

3.3 Large Sample Distribution of the Maximum Likelihood Estimator

Let s;(0) be the score of observation 4, s;(6) = dIn g(z;,0)/00, and h;(0) = 0s;(0)/00'. Assuming

an interior maximum, we have > | 51(9) = 0, and by a first order Taylor expansion

0=n""2300 si(60) + (07! X0y ha(60)) n'/2(B — o) + 0,(1)

VS i (00) — Sitn2(0 — 0) + 0p(1) 12)

where ¥} = —E[hi(00)] = 0*°K(0)/0000|9—p,- Invoking a Central Limit Theorem for the mean

zero 1.i.d. random variables s;(6y), we obtain from (13)
n'2(6 — 0y) = N(0, ) (14)
where Y = X, VY and V = Els;(0y)si(0o)’]. Note that in a correctly specified model, 3¢ = X,

via the information equality V = %}

3.4 Large Sample Properties of the Likelihood and Prior

From a second order Taylor expansion of Ly, (#) around 8, we obtain for all fixed u € RF

LMn(9+n*1/2u)—LMn(@ = p /2 IZSZ +n- 1U'Zh Ju + 0,(1 (15)
2, —§u ZMU

because S s;(0) = 0 and n' S hi(A) 2 E[hi(6)] = —%;;. Thus, in large samples, the
log-likelihood Ly, is approximately quadratic in the n~'/2-neighborhood of its peak 0. By (14),
0 — 6y = O,(n"'/2), and by a LLN, n"' Ly, (6) — = Las(80) 2 Elng(x;,0) — Elng(z;,60) < 0 for
all @ # 0y by the definition of 6y. Thus, Ly, (0) — L Mn(@) with 6 # 0y diverges to minus infinity
with probability converging to one. This suggests that in large samples the log-likelihood is globally

accurately approximated by the quadratic function

Lam(0) ~ C = Ln(0 — 0)S31(0 — 0). (16)



Furthermore, for any prior with Lebesgue density p on © that is continuous at 6y, we obtain for
all fixed v € R¥

p(6o + nil/Qu) — p(0o).

Thus, in the relevant n~'/2-neighborhood, the prior is effectively flat, and the variation in the
posterior density is entirely dominated by the variation in Lyy,.

The large sample shape of the posterior then simply reflects the shape of the likelihood
exp[Lam(0)], so that the posterior distribution obtained from Lz, in (16) becomes close to

0 ~ N (0,55 /n).t

3.5 Implementation of Sandwich Posterior Inference

With the large sample properties of the MLE, the likelihood and the prior similar to those assumed
in Sections 2.3 and 2.4, the analysis there suggests that one obtains systematically better decisions
in misspecified models by basing Bayes inference on the sandwich posterior § ~ N'(6, g/n).> A cor-
responding formal result is derived in the next Section; this subsection discusses the implementation
of such inference.

Due to its normal shape, the sandwich posterior is fully described by its mean and variance.
Implementation thus requires the determination of an appropriate pair (9T, 25) from the sample.
Note that §' does not necessarily need to be equal to the MLE - 6; the arguments underlying
(14) and (16) go through for any estimator 8" that satisfies \/ﬁ(éT —0) 2 o.

In models with low dimensional @, one would expect the usual maximum likelihood statistics
0 and B¢ = 3,V with 7 = 'S h(0) and V = n~' 27 5;(6)s4(8)' to be an adequate
pair.

In models with high dimensional 6, however, the likelihood might not be overwhelmingly infor-
mative about all unknowns in the model, which can lead to numerical instability and implausible
results from standard maximum likelihood estimation. Instead, recall from the last subsection
that the usual posterior distribution obtained from the misspecified likelihood and prior p is ap-
proximately 6 ~ N (é,EM/n). The center and scale of the usual Markov Chain Monte Carlo
posterior draws can thus be used to construct the pair (9T, Su/n). Since the posterior approx-
imation N (0,%,;/n) might not be accurate in the tails, it makes sense to rely on the median,
interquartile range and rank correlations of the posterior as follows: With Q'(g) the element-wise
gth quantile of the k x 1 posterior draws, set ot =" = Q"(0.5) and 2 /n = DTRUDM where
D" = diag(Q™(0.75) — Q"(0.25))/1.349, the i, jth element of the k x k matrix R is equal to

4Note that this convergence of the posterior is stronger than the convergence in distribution (14), as the former

is based on a convergence of densities, whereas the latter is a convergence of cumulative distribution functions.
°To avoid the issue of sandwich posterior mass outside O, it makes sense to pick a parameterization for § in which

0 =Rk,
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2sin(mp;;/6), and p;; is Spearman’s rank correlation between the ith and jth element of the pos-
terior draws of 6.5 The only remaining missing piece for S now is the variance of the scores
V.

A natural starting point for the estimation of V' is the usual average of outer products of scores,
Tty si(én)si(én)’ , now evaluated at the posterior median §".7 In models with an unobserved
stochastic component £ of probability density p°(£]0) given 6, the following expression might be
useful for the computation of the scores si(én): With L$(6, €) the (misspecified) model log-likelihood
of X; = (1, , ;) conditional on & (and L§(0,€) = 0), Ly (0) equals In [ exp[LS(0,£)]pc(£]0)dE

up to a constant, so that a calculation yields

5:(6) = / T#(0,€)dIT (€]0) — / Te (0, €)dII (€]6)

where T£(0,£) = 0L§(0,€)/00 + 0lnp(£]0)/00 and II5(£|0) is the conditional distribution of £
given (0, X;) implied by the fitted model. One can therefore employ n Markov Chain Monte Carlo
samplers for £ using data X, -+, X,, conditional on 8 = 9H and compute the posterior averages of
the derivatives Tf(én, €) to obtain {sl(én) n.

As a small sample correction, it further makes sense to add the curvature —H,(0) =
—0?1Inp(0)/0000" of the prior density at 9" to the outer product of scores,

V=0 S 50 )si(8 ) —n Hy(0)). (17)
=1

The idea is that the curvature of the posterior as measured by (S5)~ is the sum of the curvature of
the likelihood, —n~'>"" | h;(6), and the curvature of the prior —n ' H,(f). In a correctly specified
model, one would like to have 3I = 25\14‘7“2?4 close to f]}&—after all, under correct specification,
inference based on the exact posterior distribution is small sample Bayes risk minimizing. But
without the correction for V™, f]g is systematically smaller than 25[4, as the variance of the scores
only captures the —n=" 3", h;(f) component of (X¥,)~1.3

When £ is large, then n needs to be very large for VI in (17) to be an accurate estimator of the
k x k matrix V. But many decision problems effectively depend on a low dimensional function of

0 only. To fix ideas, suppose the loss function depends on the scalar parameter /6. The sandwich

6Moran (1948) derived the underlying relationship between the correlation and Spearman’s rank correlation of a
bivariate normal vector.

"For dynamically misspecified time series models, a Newey and West (1987)—type HAC variance estimator can
instead be applied to the sequence {sl(én) n.
8 Another way of thinking about the correction is as follows: Bayes inference in the Gaussian shift model Y ~
N(0,%) with prior § ~ N(0, H, 1) is equivalent to Bayes inference with a flat prior and observations (Y,Y,), where
Y, ~ N (6, H,") is independent of Y conditional on #. The correction term then captures the variance of the score

of the additional Y}, observation.
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posterior for /0 is given by /0 ~ N(// 0", SIVIST ), Thus, the Law of Large Numbers in (17)
only needs to provide a good approximation for the scalar random variables u; = ¢/ i%si(én), and
moderately large n (say, n = 50) might be sufficient for that purpose.

The final estimator 2 = ST VIS depends and to some extent exploits the information in the
prior density p: The posterior median 9H is pulled towards the center of the prior, and the correction
in V1 effectively treats the prior density as accurate information about 6. Asymptotically, this prior
dependence typically dies out, as the posterior from the misspecified model becomes ever better
approximated by 6 ~ N (6,%,/n), and the correction term —nial(én) vanishes. In small samples
one would expect the exploitation of prior information to yield better results if the prior information
is pertinent,” but it can clearly be detrimental if it is not: as an extreme example, suppose the prior
density p puts no mass on the true parameter value #y. Then 9H will not converge to #y even
asymptotically, invalidating the arguments that underlie the superiority of inference based on the
sandwich posterior. As a practical matter, the prior therefore needs to be chosen with care also for
misspecification robust inference based on the suggested f]gl

Section 6.1 below provides some Monte Carlo evidence that inference based on ©¥ can work well

even with small to moderate samples from models with a high dimensional parameter.

4 Formal Large Sample Analysis

4.1 Overview

This section develops a rigorous argument for the large sample superiority of sandwich posterior
based inference in misspecified models. The heuristics of the last section are not entirely convincing
because the sampling distribution of the MLE is only approximately Gaussian; the posterior from
the misspecified model is only approximately Gaussian; and the covariance matrix of the MLE often
depends on the true parameter value. The main Theorem 2 below also covers mixed asymptotic

normal models, where the covariance matrices ), and >g are random even asymptotically.

90f course, if the likelihood information does not fully dominate, one might also question the accuracy of the high-
dimensional quadratic approximation to the posterior log-density. But as mentioned above, many decision problems
effectively depend only on a low dimensional property of 6, and the quadratic approximation might still be reasonably
accurate in that subspace. What is more, many priors that are employed in practice have at least approximately a
quadratic log-density, so that a quadratic approximation to the posterior log-density can remain accurate even if the

prior is not entirely dominated by the likelihood.
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4.2 Set-up and Basic Assumptions

The observations in a sample of size n are vectors x; € R", i = 1,--- , n, with the whole data denoted
by X, = (x1,--- ,x,). The model with log-likelihood function Ly, : © x R™" — R is fitted, where
© C R*. In the actual data generating process, X,, is a measurable function D,, :  x © — R™",
X, = D,(w,0p), where w € € is an outcome in the probability space (€2, F, P). Denote by P, g,
the induced measure of X,,. The true model is parametrized such that 6, is pseudo-true relative to
the fitted model, that is, [ Lasn (6o, X)dP, 6,(X) = supy [ Lam (0, X)dP,g,(X) for all 0y € ©. The
prior on # € © is described by the Lebesgue probability density p, and the data-dependent posterior
computed from the (potentially) misspecified model is denoted by II,,. Let 0 be an estimator of ¢
(in this section, 6 does not necessarily equal to the MLE), and let drv (Py, P2) be the total variation
distance between the two measures P; and P;. Denote by P* the space of positive definite k x k

matrices. We impose the following high-level condition.

Condition 1 Under P, 4,,

(1) \/525(90)_1/2(9 —0o) = Z with Z ~ N (0, 1I}) and there exists an estimator PIFREN Ys(6o),
where Y5(0y) is independent of Z and X5(0y) € P* almost surely;

(ii) dry (I, N(0, $21(60) /n)) 2 0, where $a;(6) is independent of Z and $a1(0y) € P* almost

surely.

For the case of almost surely constant X,,(0y) and ¥g(6), primitive conditions that are sufficient
for part (i) of Condition 1 with # equal to the MLE may be found in White (1982) for the i.i.d.
case, and Domowitz and White (1982) for the non-i.i.d. case. As discussed in Domowitz and White
(1982), however, the existence of a consistent estimator f]s becomes a more stringent assumption in
the general dependent case (also see Chow (1984) on this point). Part (ii) of Condition 1 assumes
that the posterior II,, computed from the misspecified model converges in probability to the measure
of a normal variable with mean 6 and variance ¥ (fp)/n in total variation. Sufficient primitive
conditions with 0 equal to the MLE are provided by Bunke and Milhaud (1998) and Kleijn and
van der Vaart (2008) in models with i.i.d. observations. Shalizi (2009) provides general results on
the consistency (but not asymptotic normality) of posteriors under misspecification with dependent
data, and the general results of Chen (1985) can in principle be used to establish part (ii) also in
the non-i.i.d. case.

Condition 1 also allows X,,(6y) and ¥g(fy) to be random, so that the following results also
apply to locally asymptotic mixed normal (LAMN) models. See, for instance, Jeganathan (1995)
for an overview of LAMN theory. Prominent example in econometrics are regressions with unit
root regressors, and explosive autoregressive models. Section 4.5 below provides a set of sufficient

assumptions for Condition 1 that cover time series models with potentially random ¥,/(6,) and
Ys(6o).
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The decision problem consists of choosing the action a from the topological space of possible
actions A. The quality of actions is determined by the sample size dependent, measurable loss
function /£, : R* x A — R. (A more natural definition would be ¢, : © x A — R, but it eases
notation if the domain of /,, is extended to R¥ x A, with ¢,,(6,a) = 0 for 6 ¢ ©.)

Condition 2 0 < /,(0,a) <{<oo foralla € A, 0 € R¥, n> 1.

Condition 2 restricts the loss to be non-negative and bounded. Bounded loss ensures that
small probability events only have a small effect on overall risk, which allows precise statements in
combination with the weak convergence and convergence in probability assumptions of Condition
1. In practice, many loss functions are not necessarily bounded, but choosing a sufficiently large

bound often leads to similar or identical optimal actions.

Example 4 Let the bounded version of a loss function ¢ be defined as min(¢(6,a),). The bounded
versions of the squared loss function in Example 1 and the set estimation problem of Example 3 (ii)
then yield the same Bayes actions as in the unbounded problems, at least for large enough ¢. For
the linex loss of Example 2 (ii) and the interval estimation loss of Example 2 (iii), a calculation

shows that the optimal decisions approach the solutions to the original problem as { — co.

The motivation for allowing sample size dependent loss functions is not necessarily that more
data leads to a different decision problem; rather, this dependence is also introduced out of a
concern for the approximation quality of the large sample results. Because sample information
about the parameter 6 increases linearly in n, asymptotically nontrivial decision problems are those
where differences in 6 of the order O(n~'/2) lead to substantially different losses. With a fixed loss
function, this is impossible, and asymptotic results may be considered misleading. For example, in
the scalar estimation problem with bounded square loss £,,(6, a) = min((0 —a)?, £), risk converges to
zero for any consistent estimator. Yet, the risk of \/n-consistent, asymptotically unbiased estimators
with smaller asymptotic variance is relatively smaller for large n, and a corresponding formal result
is obtained by choosing £,,(#,a) = min(n(0 — a)?,¢).

In the general setting with data X,, € R™*", decisions d,, are measurable functions from the data
to the action space, d, : R™" — A. Given the loss function ¢, and prior p, frequentist risk and

Bayes risk of d,, relative to the probability density n are given by
ra(0,dy) = / 00, d(X))dP, o(X)
Ra(nds) = [ r0,,)0(6)d0

respectively.
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Bayesian decision theory prescribes to choose, for each observed sample X,,, the action that
minimizes posterior expected loss. Assuming that this results in a measurable function, we obtain
that the Bayes decision d,, : R™" — A satisfies

[ 0400, dasa (X, )1, (0) = it [ ,(6,0)aL, 0 (18)

acA

for almost all X,,. We will compare the risk of d,;, with the decision rule that is computed from

the sandwich posterior

0~ N(0,%g/n). (19)

In particular, suppose dg,, satisfies
/ Ca(0, dsn (X)), (0 = 0)d9) = i / (n(0,0) s, /(0 — 0)d0 (20)

for almost all X,,. Note that dg, depends on X,, only through 0 and f]g.

4.3 Auxiliary Assumptions

The formal argument is easier to develop under a stronger-than-necessary condition and with an

initial focus on invariant loss functions.

Condition 3 For J = M,S:

(1) X0 = X;(00) is non-random;

(ii) A =R™, and for all € ©, a € A and n > 1, £,(0,a) = (u,a) with {' invariant in the
sense of Definition 1, u = /n(0 — 0y) and a = \/nq(—by,a);

(iii) For any probability distribution G on RF, there erists a wunique af such that
f@(u, ag)dG(u) = infaeAfgi(u, a)dG(u). Furthermore, if for some sequence of distributions G,
drv(Ga, N(0,S50)) — 0, then G, — % = argmingea [ (u, a)dy, , (w)du;

(iv) ' : R* x A — [0,0] is continuous at (u,d*) for almost all u € R¥.
Under Condition 3, the risk of the generic decision d,, under 6 is given by
it ) = [ F0.4,(X))dPusy(X) 1)
where d,,(X,,) = v/n(q(—b0o, d(X,)). We want to show that for J = S, M,
ra(fo, don) — E[F(S55'Z,5)

with the right-hand side identical to the small sample result (11) of Section 2.4.
Define @ = v/n(0 — ) and II,, the scaled and centered posterior probability measure such that
I,(A) = IL,({0 : n~'/2(§ — §) € A}) for all Borel subsets A C RF. Thus Condition 1 implies
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U = E}Q/OZZ and dTV(fIn,N (0,%a0)) 2, 0. The posterior expected loss of the action v (Xy) =
q(0o, drrn(X,) //n) satisfies
/ O(u + @, dypn (X,0))dIT, (u) = inf / Ci(u + @, a)dIL, (u) (22)

acA

and by the invariance property of Condition 3 (ii), (22) is also equal to

/ 7, g(—it, dygn(X))) L, (1) = inf / 7w, g(—it, a))dil, (u) = inf / Flu, a)dil,(u).  (23)

acA acA

Thus, Condition 3 (iii) implies that @(X,,) = ¢(—, dym(X,)) = ay, 2, &%, where the convergence
follows from dry (IL,, N'(0, Za0)) 2 0. Therefore, by another application of invariance, Condition
3 (iv) and the continuous mapping theorem

00, dyra(X,)) = F(—, (X)) = F(SH2Z,a%,). (24)
But convergence in distribution of bounded random variables implies convergence of their expecta-
tions, so (21) and (24) imply

(60, darn) = / F(—0,5(X))dPy g, (X) — E[F(SY2Z, a) (25)

as was to be shown. The argument for r,(6y, ds,) — E[(:(S4; Z,a%)] is entirely analogous, with
the distribution N(0,%g) playing the role of II,, and dry(N(0,3s),N(0,Zs0)) = 0 replacing
dry (I, N'(0, Zh0)) 2 0.

While mathematically convenient, Condition 3 is potentially quite restrictive: posterior expected
loss minimizing actions are not necessarily unique for all posteriors, or even relative to a Gaussian
posterior (think of the set estimation problem of Example 3 (ii)), and a generalization to non-
Euclidian action spaces A raises the question of an appropriate metric that underlie the continuity
properties in parts (iii) and (iv).

To make further progress, note that as long as aj, is expected loss minimizing relative to
N(0,X10), it satisfies

/gi(u,d}‘wwzm(u)du: C1I€1Jf4/l7"(u,a)¢2Mo(u)du.

Thus,
0< [fi(u,a(X n)) s, (w)du — fgZ (u &7\4)¢2MO(U)dU

< fél a’ n))(¢21\40( )du - dH fgz u aM)(¢E]\[0( )du - d]‘:‘[n(u))
where the second inequality follows from (23). But dTV(Hn, N(0,%110)) 2 0 and Condition 2 imply

(26)

that for any sequence a, € A
| /gi(u, ) (P, (w)du — dIL, (w))] < by (N(0, Saro), L) = 0.
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With the middle expression in (26) bounded below by zero and above by a random variable that

converges in probability to zero, we conclude
[ a0 i 2 [ F i), (0 (21)

Thus, a(X,,) converges in probability to a}; in the pseudometric d (a1, as) = | [ O (u, ay) s, o () du—
S li(u, az)ds,,,(uw)du|. For (25) to go through, this convergence must imply the convergence in
distribution (24). Thus, it suffices for £ to be two-fold continuous as follows: if a (nonstochastic)
sequence of actions a, comes close to minimizing expected loss relative to N(0,Xy0), then (a)
it yields losses close to those of the optimal action @i, £'(u,a,) — F(u,a},) — 0 for almost all
u € R* and (b) losses incurred along the sequence u, — u are close to those obtained at u,
@(un, an) — /i (u,a,) — 0 for almost all u € R¥. Under this assumption, the analysis of dg, again
follows entirely analogously to da,.

An additional restrictive feature of Condition 3 is the implicit scalability of actions assumed in
part (ii): without a vector space structure on the action space A, a = y/ng(—bp,a) is not even
defined (think of the estimation-and-signal-of-precision problem of Example 3 (iii), for instance).
In the initial argument leading to (24), Condition 3 (ii) was useful to argue for the convergence in
probability a(X,,) 2 at;. But the refined argument below (27) does not rely on the convergence of
actions, but only on the convergence of the implied losses. This makes it possible to do without any
scale normalization of actions. A suitable general condition, which also covers random ¥ ;(6) as well
as loss functions that are not sample size independent functions of \/n(6 —6), even asymptotically,

is as follows.

Condition 4 (i) ¢, is asymptotically locally invariant at 6y, that is there exists a sequence of

invariant loss functions (', in the sense of Definition 1 such that

sup lim sup €, (0o +u/v/n,a) — £, (60 + u/v/n, a)| = 0

u€RkF "7 acA

For J=M,S,

(ii) for sufficiently large n, there exists measurable a’ : P* — A such that for P-almost all
25(00), [ 0,(0,a5(25(00))) b5, (00)/m (0 — 00)d0 = infaca [ £,(6, @) b5, (60 (0 — b0)d0;

(iii) for P-almost all ;(60) and Lebesgue almost allu € R¥: w, — u and [ £,(0, an)ds;, (g0)/m (0 —
00)df — [ 0:(60,a;,(35(00))) b5, (90)/n(0 — 00)dO — O for some sequences a, € A and u, € R* imply
£3.Bo + /7, 3n) — (B + /7, 0555 (60))) — 0.

It might be instructive to get some sense for Condition 4 by reconsidering Example 3 (i) and

(i).
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Example 5 Assume 3;(0y) is P-almost surely constant, so that a¥, = a’(X,(60)), J = M, S is
not random.

(i) Consider the bounded and scaled interval estimation problem with £,(0,a) = (.(6,a) =
min(vn(a, — a + 10a) < @l(a — 0q)) + A[fq)y > a.](0q) — au)).l) and large , where
the scaling by /n prevents all reasonable decisions from having zero asymptotic risk. Then
Vnak, = (—Zcfigm , ZCK[\/W) with Kz < 1 a correction factor accounting for the bound
¢ on l,, and any sequence a, that satisfies the premise of part (iii) of Condition 4 must satisfy
Vna, — v/nas, — 0. Thus ¢ (0 + u,//n,a,) — (00 + u/v/n,a%,) — 0 for all u € R*, so
Condition 4 holds.

(it) In contrast, consider the bounded and scaled set estimation problem with A = {all Borel
subsets of R¥} and €,,(0,a) = min(n*/?p; (a) +c1[0 ¢ al, {) with { large. It is quite preposterous, but
nevertheless compatible with Condition 1 (i) that the posterior distribution 11, has a density that
essentially looks like ¢s,,, (g, /n(ﬁ—é), but with an additional extremely thin (say, of base volume n™*)
and very high (say, of height n?) peak around 0y, almost surely. If that was the case, then dy, would,
in addition to the highest posterior density region computed from ¢s, g5y m(0 — é), include a small
additional set of measure n=* that always contains the true value 0. The presence of that additional
peak induces a substantially different (that is, lower) risk. It is thus not possible to determine the
asymptotic risk of dyr, under Condition 1 in this decision problem, and correspondingly it can be
shown that £,,(0, a) = min(n*?u; (a)+cl[f ¢ al, ) does not satisfy Condition 4. In the same decision
problem with the action space restricted to A = {all convex subsets of R*}, however, the only actions
a,, that satisfy the premise of part (iii) in Condition 4 satisfy dy({u : 0o + u/\/n € a,},a%) — 0
where a5 = {u : ¢, g0y (u) > 1/c} and dy is the Hausdorff distance, and £}, (6o + un/\/n, a,) —
0 (0o +u/\/n,a%,) — 0 holds for all u that are not on the boundary of a.

In absence of a (local) invariance property of ¢, it is necessary to consider the properties of the
random matrices ¥j/(0y) and Xg(6p) of Condition 1 at more than one point, that is to view them

as stochastic processes X)(+) and Xg(-), indexed by 6 € ©.

Condition 5 For n an absolutely continuous probability measure on © and J = S, M,

(i) Condition 1 holds pointwise for n-almost all 0y and X ;(-) is P-almost surely continuous on
the support of n;

(ii) for sufficiently large n, there exists a sequence of measurable functions d* : © x P* — A so
that for P-almost all X ;(-), [ £n(0,d5(y, 25(Y))) s, ()0 —9)d0 = infaca [ €0(0, )b, () /n(0—y)dO
for n-almost all y € O;

(iii) for n-almost all 0y, P-almost all Y;(-) and Lebesque almost all u € RF:
J (0, 00) 05, ()0 = Yn)d0 — [ (0, d5(Yns 2 (Yn))) B () (0 — Yn)dO — O and /n(y, — o) — u
for some sequences a,, € A and y, € R* imply (0, an)—Ln (0o, d (0o+u//n, L 5(0+u//1))) — 0.
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The decisions d; in part (ii) correspond to the optimal decisions in (8) of Section 2.3. Note, how-
ever, that in the Gaussian model with a covariance matrix that depends on 0, Y ~ N (0,%,(0)/n),
Bayes actions in (8) would naturally minimize [ £,(6,a)¢s,)/n (0 — y)df, whereas the assumption
in part (ii) assumes d; to minimize the more straightforward Gaussian location problem with co-
variance matrix X;(y)/n that does not depend on 6. The proof of Theorem 2 below shows that
this discrepancy is of no importance asymptotically with the continuity assumption of part (i);
correspondingly, the decision dg, in (20) minimizes Gaussian risk with a covariance matrix S¢ that
does not vary with 6. Part (iii) of Condition 5 is similar to Condition 4 (iii) discussed above: If
a sequence a,, comes close to minimizing the same risk as d(y,,X(y,)) for some vy, satistying
V/n(yn — 6p) — u, then the loss at 6y of a,, is similar to the loss of d (6 + u/+/n, X ;(00 + u/\/n)),

at least for Lebesgue almost all u.

4.4 Main Result and Discussion

The proof of the following Theorem is in the appendix.

Theorem 2 (i) Under Conditions 1, 2 and 4,

907dMn /Z 9a EM 90))¢25(90)/n(9)d9] — 0
ru(00, dsn) — E] / 00, 0 (S(00)) Bsso oy ()] — 0.

(ii) Under Conditions 2 and 5,

Ry (n, dam) — // Ay (Y, 2n(Y))) Ps g )0 — y)dO n(y)dy] — 0
Ry(n,dsn) — // Ay (Y, E5(Y))) b5 ()0 — v)dO n(y)dy] — 0.

1. The results in the two parts of Theorem 2 mirror the discussion of Sections 2.3 and 2.4: For
non-random g and s, the expectation operators are unnecessary, and in large samples, the risk r,,
at 0y under the (local) invariance assumption, and the Bayes risks R,, of the Bayesian decision dy;,
and the sandwich posterior (19) based decision dg,, behave just like in the Gaussian location problem
discussed there. In particular, this implies that the decision dg, is at least as good as djy, in large
samples—formally, the two parts of Theorem 2 yield as a corollary that limsup,, . (7.(0o, dsn) —
0 (00, dprn)) < 0 and limsup,,_, (R, (0, dsn) — Ru(n, dum)) < 0, respectively. What is more, these
inequalities will be strict for many loss functions ¢,, since as discussed in Section 2, decisions
obtained with the correct variance often have strictly smaller risk than those obtained from an

incorrect assumption about the variance.
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2. While asymptotically at least as good and often better as d,;,, the overall quality of the
decision dg,, depends both on the relationship between the misspecified model and the true model,
and how one defines "overall quality". For simplicity, we assume the asymptotic variances to be
non-random in the following discussion.

First, suppose the data generating process is embedded in a correct parametric model with
the same parameter space © as the fitted model, and true parameter 6. Denote by d¢, and Oc
the Bayes rule and MLE computed from this correct model (which are, of course, infeasible if
the correct model is not known). By the same reasoning as outlined in Section 3, the posterior
I, computed from the correct likelihood converges to the distribution N (¢, S¢(6g)/n), and O
has the asymptotic sampling distribution /n(0c — 6y) = N(0,Zc(6g)). Now if the relationship
between the correct model and the misspecified fitted model is such that \/n(fc — 8) = 0p(1), then
V(0 —6) = N(0,55(6o)) implies Sg(6g) = Se(6p) (even if Xy (0) # Ls(8o)) and under sufficient
smoothness assumptions on ¢, the decisions dg, and d¢, have the same asymptotic risk. Thus, in
this case, dg, is asymptotically fully efficient. This potential large sample equivalence between a
"corrected" posterior and the true posterior if \/n(f¢ — ) = 0,(1) was already noted by Royall and
Tsou (2003) in the context of Stafford’s (1996) adjusted profile likelihood approach.

Second, the sandwich posterior distribution 6 ~ N (0, 3¢ /n) yields the decision with the small-
est large sample risk among all artificial posterior distributions centered at 9, and dg, might be
considered optimal in this sense. Formally, let () be a probability measure on R*, and for given
6 € R¥, let Qp,, be the induced measure of § when /n(f — 6) ~ Q. Let dg, be the decision that

satisfies
[ £4(6,d0,(X,))dy,,6) = i, [ £,(6. )0, 0).

If Condition 4 holds for Qg,, in place of N(fy,X;(0)/n), and [£,(0,a5,)dQe,n(0) =
infoeq [ 04(0,a)dQg,n(0), then proceeding as in the proof of Theorem 2 yields r,(6o,dg,) —
J0(0,05,) 5400y m(0 — 00)d — 0, so that limsup, . (r(fo,dsn) — (00, dgn)) < 0. Thus,
from a decision theoretic perspective, the best artificial posterior centered at the MLE is the sand-
wich posterior. This is true whether or not the sandwich posterior is fully efficient by virtue of
Vn(fc — 0) = 0,(1), as discussed above. In contrast, Royall and Tsou (2003) argue on page 402
"when the adjusted likelihood is not fully efficient, the Bayes posterior distribution calculated by
using the adjusted likelihood is conservative in the sense that it overstates the variance (and under-
states the precision)." This claim seems to stem from the observation that g(6y) > X (6y) when
Vn(fc — ) # 0,(1). But without knowledge of the correct model, f¢ is not feasible, and the best
artificial posterior centered at 0 is the sandwich posterior.

Third, some misspecified models yield ¥g(6y) = 2/(6o), so that no variance adjustment to the
original likelihood is necessary. For instance, in the estimation of a linear regression model with

Gaussian errors, the MLE for the regression coefficient is the OLS estimator, and the posterior
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variance Y,7(6p) is asymptotically equivalent to the OLS variance estimator. Thus, as long as
the errors are independent of the regressors, the asymptotic variance of the MLE, ¥¢ (), equals
Yr(0p). This is true even though under non-Gaussian regression errors, knowledge of the correct
model would lead to more efficient inference, Y (6y) < ¥s(fp). Under the first order asymptotics
considered here, inference based on the original, misspecified model and inference based on sandwich
posterior (19) is of the same quality when 3g(00) = X(6).

Finally, dg, could be an asymptotically optimal decision in some sense because a large sample
posterior of the form N (0, 3g/n) can be rationalized by some specific prior. In the context of a
linear regression model, where the sandwich covariance matrix estimator amounts to White (1980)
standard errors, Lancaster (2003) and Szpiro, Rice, and Lumley (2007) provide results in this
direction. Also see Schennach (2005) for related results in a General Method of Moments framework.

3. A natural reaction to model misspecification is to enlarge the set of models under considera-
tion, which from a Bayesian perspective simply amounts to a change of the prior on the model set
(although such ex post changes to the prior are not compatible with the textbook decision theoretic
justification of Bayesian inference). Model diagnostic checks are typically based on the degree of
"surprise" for some realization of a statistic relative to some reference distribution; see Box (1980),
Gelman, Meng, and Stern (1996) and Bayarri and Berger (1997) for a review. The analysis here
suggests Se— Sy as a generally relevant statistic to consider in these diagnostic checks, possibly
formalized by White’s (1982) information matrix equality test statistic.

4. For the problem of parameter interval estimation under the loss described in Example 5
(i), the practical implication of Theorem 2 part (i) is to report the standard frequentist confidence
interval. The large sample equivalence of Bayesian and frequentist interval estimation in correctly
specified models thus extends to a large sample equivalence of risk minimizing and frequentist

interval estimation in misspecified models that satisfy Condition 1.

4.5 Justification of Condition 1 with Dependent Data

For models with dependent observations, such as time series or panel models, it is useful to write the
log-likelihood Ly, () of X, = (21, -+, 2p) as Ly (0) = > i 1;(8), where 1;(0) = Ly (0)—Lagi—1(0)
and Lp(6) = 0. Define the scores s;(0) = 91;(8)/00 and hessians h;(0) = 9s;(0)/0¢'. Under
regularity conditions about the true model, such as an assumption of {z;} to be stationary and
ergodic, a (uniform) law of large numbers can be applied to n='>""" | h;(#). Furthermore, note
that exp[l;(0)] is the conditional density of x; given X; ; in the fitted model. In the correctly
specified model, the scores {s;(fp)} thus form a martingale difference sequence (m.d.s.) relative
to the information X; = (a1, -+ ,2;), F[s:(00)|X;—1] = 0; cf. Chapter 6.2 of Hall and Heyde

(1980). This suggests that in moderately misspecified models, {s;(fy)} remains an m.d.s., or at least
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weakly dependent, so that an appropriate central limit theorem can be applied to n=/25,(6,) =
n~1/2 >t si(0p). One would thus expect the heuristic arguments in Section 3 to go through also

for time series models. The following Theorem provides a corresponding formal result.

Theorem 3 If under P, g,

(i) the prior density p(0) is continuous and positive at 0 = Oy;

(ii) Oy is in the interior of © and {l;}?_, are twice continuously differentiable in a neighborhood
O of Oo;

(iii) sup;<,, n?[5;(60)]] = 0, n7L 327 s:(00)si(60) > V(8o), where V(6y) € P* almost surely,
and n=Y2 3" si(00) = V(00)Y2Z with Z ~ N(0, I},) independent of V (6y);

(v) for all € > 0 there exists K(¢) > 0 so that P, g,(supjg_ge>e 7 (Lam(0) — Lam(6o)) <
—K(e)) — 1;

(v) n= Y70 [hi(0o)l] = Op(1), for any null sequence Ky, supjg_go<r, " 2y |[hi(0) —
hi(00)|] 2 0, and n=' 327 hi(fo) & =31 (80), where Sp(0y) € PF almost surely and ()
s independent of Z;

then Condition 1 holds with X5 = Y3, V¥, V = n~ 230 si(0)s:(0) and either (a) 0 equal
to the MLE and %7} = —n~! > hi(0) or (b) 6 the posterior median and 3y any consistent

estimator of the asymptotic variance of the posterior I1,,.

If also under the misspecified model, {s;(6y)} forms a m.d.s., then the last assumption in part
(iii) holds if max;<, F[s;(6o)'s:(6p)] = O(1) by Theorem 3.2 of Hall and Heyde (1980) and the so-
called Cramer-Wold device. Assumption (iv) is the identification condition employed by Schervish
(1995), page 436 in the context of the Bernstein-von Mises Theorem in correctly specified models. It
ensures here that evaluation of the fitted log-likelihood at parameter values away from the pseudo-
true value yields a lower value with high probability in large enough samples. Assumption (v) are
fairly standard regularity conditions about the hessians which can be established using the general
results in Andrews (1987).

5 Application: Linear Regression

5.1 Monte Carlo Results

As a numerical illustration in a low dimensional model, consider a linear regression with coefficient

0 = (o, )" and a single non-constant regressor w;,
yi=a+wf+e, (yi,w)~idid, i=1--- n. (28)

We only consider data generating processes with Fle;|w;] = 0, and assume throughout that the

parameter of interest is given by 5 € R, the population regression slope. If a causal reading of the
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Figure 1: Asymmetric Mixture-of-T'wo-Normals Density

regression is warranted, interest in 5 might stem from its usual interpretation as the effect on the
mean of y; of increasing w; by one unit. Also, by construction, o + w;[3 is the best predictor for
y;|w; under squared loss. Alternatively, a focus on § might be justified because economic theory
implies E[e;|w;] = 0. Clearly, though, one can easily imagine decision problems involving linear
models where the natural object of interest is not [3; for instance, the best prediction of y;|w; under
absolute value loss is the median of y;|w;, which does not coincide with the population regression
function « + w;f in general.

We consider six particular data generating processes (DGPs) satisfying (28). In all of them,
w; ~ N(0,1). The first DGP is the baseline normal linear model (DMOD) with &;|w; ~ N(0,1). The
second model has an error term that is a mixture (DMIX) of two normals where &;|w;, s ~ N (g, 02),
P(s =1) =08, P(s = 2) = 0.2, uy = —0.25, 01 = 0.75, yu, = 1 and 0o = /1.5 ~ 1.225, so
that E[e?] = 1. Figure 1 plots the density of this mixture, and the density of a standard normal
for comparison. The third model is just like the the mixture model, but introduces a conditional
asymmetry (DCAS) as a function of the sign of w;: &;|w;, s ~ N((1 —2 - 1[w; < 0])ug, 02), so that
for w; < 0, the distribution of ¢; is the same as the distribution of —e; for w; > 0. The final three
DGPs are heteroskedastic versions of these homoskedastic DGPs, where ¢;|w;, s = a(0.5 + |w;|)e],
g7 is the disturbance of the homoskedastic DGP, and a = 0.454... is the constant that ensures
E[(w;e;)?] = 1.

Inference is based on one of the following three methods. First, Bayesian inference with the base-
line normal linear regression model (IMOD) where &;|w; ~ N'(0, '), with priors 6 ~ N(0,10015)
and 3h ~ x3. Second, Bayesian inference with a normal mixture linear regression model (IMIX),
where &;|w;, s ~ N(u,, (hhs)™), P(s = j) = 7, j = 1,2,3, with priors § ~ N(0,10015), 3k ~ X3,
3h; ~ iidx3, (my,ma, m3) ~Dirichlet(3,3,3) and p;|h ~1i.d.N(0,2.5h7"). Third, inference based
on the artificial sandwich posterior § ~ N(,%g/n) (1SAND), where 6 is the MLE in the base-
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Table 1: Risk of Decisions about Linear Regression Coefficient

homoskedasticity heteroskedasticity
DMOD DMIX DCAS DMOD DMIX DCAS

Linex Loss, n = 50

ISAND 1.02 1.00 1.09 0.90 0.88 0.97
IMIX 1.02 090 1.05 0.91 0.75 1.13
Linex Loss, n = 200
ISAND 1.01 1.00 1.05 0.87 0.85 0.89
IMIX 1.02 0.85 1.50 0.94 0.72 2.72
Linex Loss, n = 800
ISAND 1.00 1.00 1.02 0.84 0.85 0.87
IMIX 1.01 085 4.02 0.95 0.78 8.14
Interval Estimation Loss, n = 50
ISAND 1.04 1.02 1.03 0.85 0.84 0.85
IMIX 1.01 094 1.03 0.90 0.81 0.96
Interval Estimation Loss, n = 200
ISAND 1.01 101 1.01 0.77  0.75 0.76
IMIX 1.02 091 1.25 0.90 0.78 1.86
Interval Estimation Loss, n = 800
ISAND 1.00 1.00 1.00 0.74 0.74 0.73
IMIX 1.01 090 2.66 0.92 0.82 5.64

Notes: Data generating processes are in columns, modes of in-
ference in rows. Entries are the risk under linex loss (29) and
interval estimation loss (30) relative to risk of standard normal
linear regression Bayesian inference (1MOD). Risks are estimated
from 10,000 draws for each DGP. The Monte Carlo standard errors
for the log of the table entries are between 0.002-0.022.

line normal model (that is, 0 is the OLS estimator), g = S, VS, Sy = ﬁ;l (n=ty°, zizg)_l,

=172\ 1,2 -1 _ -1\ 2 _ ’ _ 1)
Vi=n"th: Y " zizle?, hyt =n"tY " er, = (1L, w;)" and e; = y; — wif.

Table 1 contains the risk of Bayesian inference based on ISAND and IMIX relative to IMOD at

a = 3 =0 for the scaled and bounded linex loss
0n(0, a) = min(exp[2v/n(5 — a)] — 2v/n(f — a) — 1,30) (29)
with a € R and scaled and bounded 95% interval estimation loss
0,(0,a) = min(yv/n(a, —a; +40 - 1[8 < a](a; — B) + 40 - 1[B > a,](B — ay)), 80) (30)
with a = (a;,a,) € R?, a, > aj, respectively. The bounds are approximately 20 times larger than
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the median loss for inference using ISAND; unreported simulations show that the following results
are quite insensitive to this choice.

In general, IMOD is slightly better than ISAND under homoskedasticity, with a somewhat more
pronounced difference in the other direction under heteroskedasticity. This is not surprising, as IMOD
is large sample equivalent to inference based on the artificial posterior § ~ A (9, S /n), and S is
presumably a slightly better estimator of g(fy) than S under homoskedasticity, but inconsistent
under heteroskedasticity. IMIX performs substantially better than IMOD in the correctly specified
homoskedastic mixture model DMIX, but it does very much worse under conditional asymmetry
(DcAs) when n is large. It is well known that the OLS estimator achieves the semi-parametric
efficiency bound in the homoskedastic regression model with Ee;|w;] = 0 (see, for instance, Example
25.28 in van der Vaart (1998) for a textbook exposition), so the lower risk under DMIX has to come at
the cost of worse inference in some other DGP. In fact, the pseudo-true value 3, in the mixture model
underlying IMIX under DCAS is not the population regression coefficient 5 = 0, but a numerical
calculation based on (12) shows 3, to be approximately equal to —0.06. In large enough samples,
the posterior for 8 in this model under DCAS thus concentrates on a non-zero value, and the relative
superiority of ISAND is only limited by the bound in the loss functions. Intuitively, under DCAS,
IMIX downweighs observations with disturbances that are large in absolute value. Since ¢; is right-
skewed for w; > 0 and left-skewed for w; < 0, this downweighing tends to occur mostly with positive
disturbances when w; > 0, and negative disturbances if w; < 0, which leads to a negative bias in
the estimation of 3.

The much larger risk of IMIX relative to ISAND and IMOD under DCAS suggests that one must
be quite sure of the statistical independence of ¢; and w; before it becomes worthwhile to try to
gain efficiency in the non-Gaussian model DMIX. In contrast, the textbook advice seems to favor
models with more flexible disturbances as soon as there is substantial evidence of non-Gaussianity.
Alternatively, one might of course model a potential conditional asymmetry of e;|w;, possibly along
the lines recently suggested by Pelenis (2010).

In summary, if the object of interest is the population regression coefficient, then an important
property of the normal linear regression model is that the pseudo-true value remains consistent
whenever the disturbances are mean independent of the regressors. Further, in accordance to
Theorem 2, replacing the posterior of this model by the sandwich posterior 6 ~ N (9, Sg/n) yields

systematically lower risk in misspecified models, at least in medium and large samples.

5.2 Empirical Illustration

In Table 14.1 of their textbook, Gelman, Carlin, Stern, and Rubin (2004) report empirical results

on the effect of candidate incumbency on vote shares in congressional elections, using data from 312
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contested House of Representative districts in 1988. The dependent variable is the vote share of
the incumbent party, that is the party that won in 1986. The explanatory variable of interest is an
indicator whether the incumbent office holder runs for reelection. The incumbent party (Democrat
or Republican) and the vote share of the incumbent party in 1986 are included as controls. Gelman,
Carlin, Stern, and Rubin (2004) consider a normal linear regression model with a flat prior on the
regression coefficient and the log error variance, so that the posterior mean is exactly equal to the
OLS coefficient.

Table 2 reports posterior mean and standard deviations for IMOD, ISAND and IMIX in this
linear regression, with priors as described in the last subsection, except for h/100 ~ X% and a
4-dimensional N(0,1001,) prior on the regression coefficients. The IMOD posterior is numerically
very close to what is reported in Gelman, Carlin, Stern, and Rubin (2004). The sandwich posterior
of the incumbency coefficient has almost the same mean, but the variance is about twice as large.
This immediately implies that ISAND results in a substantially different action compared to IMOD
in decision problems that seek to describe the uncertainty about the magnitude of the incumbency
effect to other political scientists using the standard set estimation loss functions of Example 3. It is
also easy to imagine other decision problems where the difference in uncertainty leads to a different
optimal action: For instance, suppose an incumbent candidate credibly threatens the party leader
not to run again unless she is made chair of some committee. If the party leader views granting the
committee chair as well as losing the district as costly, and the incumbency coefficient is viewed as
causal, then there will be a range of beliefs of the party leader about his party’s re-election prospects
in the district that leads to a different optimal action under IMOD and ISAND.

The posterior mean of the incumbency variable under IMIX is noticeably larger than under IMOD
and 1SAND. Figure 2 displays kernel estimates of the error density for the two subgroups defined
by the incumbency variable. Not only are these two densities of different scale, underlying the
difference between the posterior standard deviation of IMOD and ISAND, but also their shape is
quite different. This empirical example thus exhibits the same qualitative properties as the DCAS

data generating process of the last subsection.

6 Application: Models with a High Dimensional Parameter

6.1 Monte Carlo Results in a Factor Model
Consider the following model of the 10 observed time series {y;;}7, j =1,---, 10,
yjyt:ij+ﬁjft+uj‘7t,t:1,"' ,n (31)

where f; is a scalar unobserved stochastic factor of unit variance V[f;] = 1, §; is the factor loading

of series j and the idiosyncratic shocks u;; are mutually independent, independent of {f;}]_; and
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Table 2: Posterior Means and Standard Deviations in Incumbency Advantage Regression
IMOD  ISAND  IMIX

Incumbency 0.114 0.114 0.119
(0.015) (0.020) (0.019)
Vote proportion in 1986 0.654 0.654 0.662
(0.039) (0.048) (0.043)
Incumbent party -0.007  -0.007  -0.007
(0.004) (0.004) (0.004)
Constant 0.127 0.127 0.115

(0.031) (0.039) (0.059)

Figure 2: Error Densities in Incumbency Regression Conditional on the Two Values of Regressor of

Interest
Incumbent Candidate Non-Incumbent Candidate

8r 8r

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Notes: Densities are estimated with a Gaussian kernel using Silverman’s (1986, page 48) rule-of-thumb

bandwidth.
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Vuj;] = o3. Suppose the model is estimated under the assumption that f, ~ iidA(0,1) and
w;y ~ 1idN (0, 0?), so that there are three parameters per series and 6 is of dimension 30. Call this
data generating process DMOD.

We consider two additional data generating processes for (31), under which the fitted model
is misspecified. In the first one, DSTDT, \/Mft ~ 1id7g and \/m%-,t/aj ~ 1id7g, where 7Ty is a
student-t distribution with 8 degrees of freedom, and the scaling by \/m ensures the variances are
as in DMOD. In the second one, DAR(1), f; and u;, are independent mean-zero stationary Gaussian
AR(1) processes with autoregressive coefficient 0.3 and the same variance as under DMOD, so that the
estimated model is dynamically misspecified. Under all data generating processes, a; = 3; = 0]2- =1
for j=1,---,10.

We compare three modes of inference. IMOD is standard Bayesian inference under the model
assumptions with a V'((1,1)’, I) prior on (o, 3;) and an independent prior 303._2 ~ X2, independent
across j. IS-1ID is sandwich posterior inference based on A (9H, > /n) as described in Section 3.5,
with the outerproduct of the n scores derived from z; = (y1,,- - ,%10,), and 6 is parametrized in
terms of {a;, 5;,In03};2,, so that © = R%. 1S-NW is just as IS-1ID, except that a Newey and West
(1987)-estimator is applied to the n scores with lag-length equal to 4.

Table 3 reports the risks of the interval estimation problem (30) about a4, 3, and o; (note that
o1 is a non-linear function of ). Despite the rather moderate sample sizes, sandwich posterior
inference does not lead to large increases in risk under correct specification (i.e., DMOD). At the
same time, student-t innovations favor sandwich inference about the covariance parameters 3; and
o1, and the Newey-West (1987)-version of the sandwich matrix estimator also leads to improved

risk for the mean parameter oy under autocorrelation.

6.2 Empirical Illustration

An important area of applied Bayesian work in economics is the estimation of dynamic stochastic
general equilibrium models. For instance, Lubik and Schorfheide (2004) (henceforth LS) estimate

a model which, after log-linearization, is given by the three equations

Ye = BEilyi] — 7(Re — Eimia]) + 90 (32)
T = BEma] + Ky — ) (33)
Ry = prRiy+ (1= pp)(h1me + Yoy — 2¢)) + €Rrs (34)

where y;, m; and R; are percentage deviations from steady state output, inflation and interest rate,
respectively. The steady state of yearly inflation and real interest rates are 7* and r*, and the
quarterly discount factor 3 is approximated by # = (1 + r*/100)~'/%. In addition to the i.i.d.

monetary policy shock eg; ~ (0,0%), the two additional shock processes are the demand shock g;
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Table 3: Risk of Interval Estimation Decisions in Factor Model

a1 b1 01

DMOD DSTDT DAR(1) DMOD DSTDT DAR(1) DMOD DSTDT DAR(1)
n =30

IS-1ID 1.00 1.00 1.05 1.01 0.96 1.01 1.01 0.98 1.03

IS-NW 1.03 1.02 0.99 1.02 0.99 1.03 1.03 0.99 1.05
n = 100

IS-1ID 1.00 1.00 1.03 1.00 0.97 1.01 1.00 0.94 1.02

IS-NW 1.02 1.02 0.93 1.01 0.98 1.01 1.02 0.95 1.03
n = 200

IS-1ID 1.00 1.00 1.02 1.01 0.97 1.01 1.00 0.94 1.00

IS-NW 1.01 1.01 0.90 1.01 0.98 1.00 1.01 0.95 1.00

Notes: Data generating processes are in columns, modes of inference in rows. FEntries are the
risk under interval estimation loss (30) relative to risk of standard Bayesian inference assuming
Gaussian innovations in model (31), IMOD. Implementation is as in Table 1. Monte Carlo standard

errors are between 0.002-0.01.

and the productivity shock z;

Gt = PgGt—1 T Egt, 2t = Pr2—1 +Exp (35)

where (g44,6.) are iid. with Vleg,] = 02, V]e.4] = 02 and Elege.] = p,,040.. Let 6 be a
parametrization of the 13 unknowns of this model.

LS estimate this model under the assumption that the i.i.d. shock process e; = (ery, €1, €2) 18
Gaussian. This is convenient, since the Kalman filter can then be applied to evaluate the likelihood
after casting the linear system (32), (33) and (34) in state space form Y; = (v, m¢, Ry)' = py +A(0)E,,
& = G(0)&_; + Q(0)e;. Gaussianity of £;, however, is not a defining feature of the model: All white
noise processes for ¢; lead to identical second-order properties Y;, and thus to the same pseudo-true
value for 0 relative to the Gaussian model. At the same time, the informativeness of the data about
# depends on fourth-order properties of Y;, which are taken into account by the sandwich posterior,
but not by the Gaussian likelihood.

As long as the state space representation is invertible, the state &,_; can effectively be computed
from {Y,}!Z] (at least for ¢ large enough so that the impact of unobserved initial values has died
out). Thus, conditional on the true value of , the error in the Kalman prediction of Y; given {Y;}!Z]
is a linear combination of ;. With ¢; an m.d.s., this implies that the scores computed from the
Kalman filter remain an m.d.s., justifying the estimator 22 of Section 3.5 via Theorem 3.

Following LS, we re-estimate model (32), (33) and (34) on quarterly U.S. data from 1960:I-
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Table 4: Prior and Posterior in Lubik and Schorfheide’s (2004) DSGE Model

Prior 95% Posterior Probability Interval
trans  shape mean stdev IMOD IS-11D IS-NW

Uy In(¢;) G 150  0.25 [1.06,1.57]  [0.99,1.72]  [1.00,1.70]
Uy In(vy) G 025 0.15 [0.02,0.32]  [0.03,0.35] 0.03,0.38]
pr (%) B 0.50  0.20 [0.66,0.79] [0.64,0.81] [0.64, 0.81]
™ In(r*) G 4.00  2.00 [3.21,5.23] [3.30,5.41] 3.28, 5.44]
r* In(r*) G 2.00  1.00 [1.37,2.78] [1.47,2.90] [1.40, 3.04]
K In(k) G 0.50  0.20 [0.16,0.88] 0.12,1.75] 0.14,1.56]
1 In(r7!) g 2.00 050 [2.03,4.54] [1.90,5.27] [1.91,5.22]
Py In(p,) B 0.70  0.10 [0.81,0.91] [0.76,0.93] [0.77,0.93]
P, In(p,) B 0.70  0.10 [0.74,0.86]  [0.70,0.86] [0.71,0.86]
pg. In( }fﬁz:) Ny 000 0.40 [0.38,0.92]  [0.26,0.97] (0.27,0.97]
wr  In(wg) IG 0.31  0.16 [0.25,0.33]  [0.22,0.36] 0.21,0.38]
wy In(wy) ZIG 0.38  0.20 [0.12,0.21] [0.11,0.22] [0.10,0.23]
W In(w,) I6 .00 0.52 [0.83,1.16] [0.78,1.19] [0.78,1.20]

Notes: B, G and NV|_y ), are Beta, Gamma and Normal (restricted to the [1, 1] interval)
prior distributions, and ZG are Gamma prior distributions on 1/w? that imply the indicated
mean and standard deviations for w. The "trans" column specifies the reparameterization

underlying the sandwich posterior approximation in R'3.

1997:1V, so that n = 132.1° Table 4 reports the prior and 95% equal-tailed posterior probability
intervals from the model implied posterior, and the two sandwich posteriors of the last subsection.
Except for the mean parameters 7* and r*, the sandwich posterior indicates more uncertainty about
the model parameters, and often by a substantial amount. This is driven by severe departures from
Gaussianity: The Kalman forecast errors for y;, 7, and R, display an excess kurtosis of 1.28, 0.82
and 7.61, respectively.!’ An alternative to sandwich posterior inference would be to directly model
g as, say, i.i.d. mixtures of normals. But such an approach has the same drawback as the non-
Gaussian modelling of regression errors discussed in Section 5.1: The pseudo-true parameter in
such a mixture specification is no longer a function of the second-order properties of Y;, so that
m.d.s.-type dependence in ¢; may well lead to an estimator of 6 that is no longer consistent for the

value that generates the second-order properties of V;.

0Tn contrast to LS, we impose a determinate monetary policy regime throughout. Correspondingly, we adopt Del

Negro and Schorfheide’s (2004) prior on 1, with little mass on the indeterminacy region.
Tn a similar context, Christiano (2007) finds overwhelming evidence against Gaussianity of DSGE shocks.
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7 Conclusion

In misspecified parametric models, the shape of the likelihood is asymptotically Gaussian and cen-
tered at the MLE, but of a different variance than the asymptotically normal sampling distribution
of the MLE. We show that posterior beliefs constructed from such a misspecified likelihood are un-
reasonable in the sense that they lead to inadmissible decisions about pseudo-true values in general.
Asymptotically uniformly lower risk decisions are obtained by replacing the original posterior by
an artificial Gaussian posterior centered at the MLE with the sandwich covariance matrix. The
sandwich covariance matrix correction, which is routinely applied for the construction of confidence
regions in frequentist analyses, thus has a potentially constructive role also in Bayesian studies of

potentially misspecified models.
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8 Appendix

The following Lemma is used in the proof of Theorem 2.

Lemma 1 If £,, n > 0 is a sequence of stochastic matrices that are almost surely elements of P* and
¥n — o almost surely (in probability), then [ |¢s, (u) — ¢x, (u)|du — 0 almost surely (in probability).

Proof. The almost sure version follows from Problem 1 of page 132 of Dudley (2002). The convergence
in probability version follows by considering almost surely converging subsequences (cf. Theorem 9.2.1 of
Dudley (2002)). m

Proof of Theorem 2:

(i) For any d,, define 7/ (0o, d,) = E[¢!(0,d,(X,))], where here and below, the expectation is taken
relative to P,g,. Note that |ri (0, d,) — rn(00,dpn)| < supgen [€n(0o,a) — £4(0,a)] — 0 by Condition
4 (i), so if suffices to show the claim for ¢ (o, d,). Analogous to the notation of Section 4.3, define
Un(u,a) = £,(00 +u/\/n,a), O (u,a) = £ (u/\/n,a), G = /(0 — 60), Zs0 = Bs(60), Zaro = Sar(6o), and
I1,, the scaled and centered posterior probability measure such that II,,(4) = IL,({6 : n=Y/2(0 — §) € A})
for all Borel subsets A C R¥. By Condition 1 (ii), 5y = dTV(f[n,/\/'(O, M) 2, 0. Note that II,, is random
measure, a probability kernel from the Borel sigma field of R™™ to the Borel sigma field of R¥, indexed by
the random element X,, = D,,(w,0y), Dy, : Q X O — R™",

The proof follows the logic outlined in Section 4.3. To reduce the computation of asymptotic risk to
properties of nonstochastic sequences of actions, and also to deal with the stochastic nature of ¥, and
Y s0, we begin by constructing an almost sure representation of the weak convergences in Condition 1.
Consider first the claim about dpsy,.

Since (8, Gin, Z, L0, Saro) = (0, Z}g{)ZZ, Z,%.50, 20), by the Skorohod almost sure representation The-
orem (cf. Theorem 11.7.2 of Dudley (2002)) there exists a probability space (2*, §*, P*) and associated ran-
dom elements (3, , 4%, Z5, Shons hron)s 7 = 1 and (2%, S50, % 0) such that (1) (5,45, Z, o Shron) ~
(b @i Z, 50, Saso) for all m > 1 and (i) (8, 48, Z2s Shon Zhron) — (0, (S50)Y2Z%, 2%, Sk, Thyo) Pr-
almost surely. Furthermore, because R™*" is a Polish space, by Proposition 10.2.8 of Dudley (2002), the con-
ditional distribution of X, given (571, Uin, Z, Y50, 2a0) exists, for all n. Now using this conditional distribu-
tion, we can construct from (Q*, F*, P*) a probability space (27, F", P*) with associated random elements
(it 23 o Shron X5)s m > 1 and (2%, 550, Si) such that () (5 it 2, o Shron Xif) ~
(s i, Z, S50, S0, Xn) for all m and (i) (5, i, Z3, SEon Saron) — (0, (Z3)Y22+, 2+, 58, 51,0 Pt-
almost surely. Denote by f[f{ the posterior distribution induced by X,I, and write ET for expectations
relative to PT.

Now by definition (18) and (4}, X,7) ~ (tn, X»),

inf / O (u+ it @) (u) = / B+ it dagn (X)L () (36)
Pt—almost surely. Also, by Condition 4 (i), [ £ (u, afl(Ej\r/[O))ng;\rm(u)du < f&(u,&n(Xﬁr))quxm (u)du =
[ (u+a;t, gn(a), dn(X,‘f)))qﬁELO(u)du for a,(X;F) = qn(—4, dprn(X,5)) almost surely for large enough
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n. Thus, similar to (26),

0 = [ B a5y, (wdu— [ B ai (S, (Wi (37

MO

< /<Zg<u,an<x,t>>—Zn<u+a:,dMn< g (u)du

Mo
~ [ Gl ai(S0) T+ i anl 3(S), (w)d
b [ Bt i daan (6)) G, ) — T ()
[l anl, 03 (570 G, () — L ()
where the inequalities hold, for each n, P*-almost surely, so they also hold for all n > 1 P*-almost surely.
Furthermore, for any sequence a, € A, by Condition 2

| / Tt + i, @) (AT () — bge (w)dw)| < Lpy (T, N0, 5))

MO

< 05y + Ldry (N0, Sh50,), N (0,5 1,0)) — 0

Pt-almost surely, since 5 = dpy (I, N(0,53,0,,)) and dry (N (0,%7,,,),N(0,%1,,)) — 0 P*-almost
surely by Lemma 1. Also,

@ an(it ) = ot 0oy, du = [ i 0n) = 0oy, (a0
P*-almost surely by dominated convergence using Conditions 2 and 4 (i). Thus, for PT-almost allw™ € QT
the upper bound in (37) converges to zero, so that also

(wﬂ(u)du -0

MO MO

/E (ty an (X (@) byt (wﬂ(u)du—/ﬁ (1, % (S0 (W)

and 4 (wt) — & (w)/2Z (W) by the construction of (Q+,§+, P+). Condition 4 (iii) therefore implies
that also
b (=i (W), an (X (1)) = (=S (wH Y2 2T (), 4 (S (wh))) — 0

for Pt-almost all w™ € QF. As almost sure convergence and 57% < ¢ implies convergence
in expectation and (E;CO, E]\’}O) ~ (Zs0,Xn0) is independent of ZT ~ N(0,I;), we obtain
EF [0 (—it, an(X;0)] — B[S € (u, a’y(Swo))ds, (W)du] — 0. But this implies via 7% (0o, darn (X)) =
E[g%(oadMn(Xn))] = E[g%(_ﬂnvQn(_ﬁnvdMn(Xn)))} E*[W (=¥, an(X;))] that also 7,60, darn(Xn)) —
E[[ O (u, a;(Xm0))Ps, (w)du] — 0, as was to be shown.

The claim about ds, follows analogously after noting that [ |¢g_(u) — ¢ng(e,)(w)|du %0 by Lemma 1.

(i) We again focus first on the proof of the first claim. For any €, > 0, one can construct a continuous
Lebesgue density 1 with [ |n—17|du;, < &, that is bounded away from zero and infinity and whose compact
support is a subset of the support of n—this follows from straightforward arguments after invoking, say,
Corollary 1.19 of Lieb and Loss (2001). Since |R,(n,dn) — R (1), dy)| < le,, it suffices to show the claim

for Ry (0, dprm)-
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Pick a 6y in the support of 7 for which Condition 1 holds. Proceed as in the proof of part (i) and con-
struct the random elements (52,@;, Z X ons Zhion) O the probability space (§2*,F*, P*). Since the sto-
chastic processes Lg(-) and X /(-) may be viewed as random elements in the Polish space of continuous R***
valued functions on the support of 7, the conditional distribution of (Xg(-), X (+)) given (Xso, Xar0) exists
by Proposition 10.2.8 of Dudley (2002). Further proceeding as in the proof of part (i), one can thus construct
a probability space (27, F", PT) with associated random elements (8:,@;;, Z5 S Shrons Xt ), n > 1
and (Z7,%%,, 510, 25 (), S4,(+)) such that (i) (Sz,a;,zg,zgomzﬂomxg) ~ (8 iy Z, B350, Za10s Xn)
forall n > 1, (80, 10, SE (), Z1,()) ~ (Zs(00), Zar(00), Xs(+), Zas(+)) and Z+ ~ N(0, I;) is independent
of (Sty, S0, SE(), S () and (i) (6n,dit, Z, Sk, Shion) — (0, (Sio) Y22+, 2+, 58, 5;0) PH-almost
surely. Finally, for values of 6 € R* outside the support of 7, define $,(#) and £7(6), J = S, M to equal
some element of P¥ in the support of ¥;(6).

Now similar to the proof of part (i), define
o = [ tulbo + (wt D)V daan (X6 g1 (W)
— [ ealbo+ a0V i B S50 (i
where @: = 0o + 4} /\/n. By Condition 5 (ii), 4 > 0. Using (18), we obtain the additional inequality
0 < 0= [0l (u+ )V a6 0 1) () — AT ()
[ B0+ (et G/ O S BT (0) = 6y (w)de) =0

and the P*-almost sure convergence follows from dpy (N(0,X7,,,,), N (0,51,,)) — 0 Pt-almost surely
via Lemma 1 as ¥}, — Y1, PT-almost surely, and 3: = drv (I, N(0,%1,0,)) — 0 PT-almost
surely by construction. Thus, d, — 0 P*-almost surely, too, and since ;' — (X§,)/2Z% P*-almost
surely by construction, Condition 5 (iii) yields £, (6o, darn(X;F)) — £n(80, d2 (00 + (X)) V2 ZF ) /n, 2 (60 +
(S50)/2 2% /\/n))) — 0 PT-almost surely. Since Z+ ~ N(0, I;) independent of (X&, 57,0, SE(), 1, () ~

(X5(60), 2ar(00), X5(+), Zar(+)) and X;F ~ X,,, dominated convergence implies

7n (60, dnin) — E[/ (00, dipn (B0 + w/v/n, Xar (00 + u/v/n)) s g gy (w)du] — 0. (38)

This argument can be invoked for 7-almost all 6y, so (38) holds for 7-almost all 6.
Pick a large K > 0, and define B = {0 € R* : ||£,(0)]] < K and ||Za(0)7||7! < K}, £,(0,a) = 1[0 €
B]t,(0,a) and 7,(6,d,) = Eg[,(6,d,)]. Then

R d) = / (B0, dn)i)(60)dBo = R(iy,d) + £(I6)

where ¢(K) — 0 as K — oo by monotone convergence. It therefore suffices to show the claim for
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From (38), dominated convergence, Fubini’s Theorem and a change of variables
[ alb0,dasa)ice)ito
= B [ [ 0060, diu B0+ 0/ ZaOo + 0/ V) () iB0)Bo +o(1) (39
= B [ [ a6+ /00,0000 0 (00 + /) d (1),

Now consider a realization of (Xps(-),Xg(+)). Pick 6 € B inside the support of 7, and define éZS(t)(u) =
l[t € B]gﬁzs(t)(u) For Ky > 0,

Auﬁ[(z Es(0+u/vn)

> (2m)7H/? / . 1[0 4 u/v/n € B] [”v‘i'r;fm det(Ss(0 + v/v/n)) "]

cexp[—% sup u'Sg(0+ v/v/n) tuldu
llvf| <K

- Psg(0)(w)du
[|ul| <K2

by monotone convergence. Note that fI\UII<K2 d)zs(e)(u)du — 1 as Ko — oco. Also

/| o, s ) S / K2 exp[— L |ul P~ du

[|u]|>K2

which is arbitrarily small for large enough K. Thus, [ b5 s(0-+u/ym) (W)du — 1, and from s, s(0-+u/ym) (W) =
Psg(0) (1), also Ik |P536(04u/vm) (W) — Psg(p)(w)|du — O (see Problem 1 of page 132 of Dudley (2002)). Define
pn REXRF = R as p, (0, u) = 7(0+u/\/n)/H(0) for 0 in the support of /), and p,,(0,u) = 0 otherwise. Note
that p = supg,,, £,(6,u) < 00 and p,,(6,u) — 1 by construction of 7, so that [ |p,, (0, u) —1|¢x () (u)du — 0

by dominated convergence. Therefore [ |pn(9,u)¢zs(9+u/\/ﬁ)(u) — g0y (w)|du < p [ |¢ES(9+U/\/7—1) (u) —
Psgo)(Wdu+ [ |py(0,u) — 1ps(p)(w)du — 0, and thus

[ (64 0/, 30,0000 0 () (6, )
= [ 00+ 0/ 300 (6,201 010y w0in — 0.
This convergence holds for 7-almost all 6, and p,, and ¢,, are bounded, so dominated convergence implies
[ [ 60+ 0/ 03006, 52100 10 ()0 + /) 09 (10)
[ [ a6+ w3 6. 201(0))) 0 () i0)8 0.

Since (39) holds for almost all (X/(+),Xs(+)), and the second term in (40) as well as (39) are bounded, it

also holds in expectation, and the result follows.
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The second claim follows analogously, using dgy (N0, ZS(@)),N (0,%5))) 2 0 under Py, ¢, for n-almost

fo from Condition 1 (i), the almost sure continuity of Yg(-) of Condition 5 (i) and Lemma 1.

Proof of Theorem 3:

By straightforward arguments assumption (iv) implies that the maximum likelihood estimator o=0"
is consistent, §” % . Thus, there exists a real sequence kI, — 0 such that E7, > 1 — k], where
7,, = 1[]|6™ — 6| < k.]. From now on, assume is n large enough so that {6 : ||6 — 6o|| < k,} C ©p. By

condition (ii) and a Taylor expansion
0 = T,n Y28,0™)
1
= T,n Y28,(00) + T, <n1/ H, (0o + A0" — 90))(1)\) n'/2(0™ — 6y)
0

almost surely, where Hy(0) = >_7" | hi(), and derivatives of the log-likelihood outside O are defined to be
zero. By assumption (v) Zun ™| [y Ha(6o + A0 — 00))dX\ — Hy,(00)|] < supjg_gy )<, n~ " Sory [[hi(6) —
hi(00)|] 2 0 and n~H, () & %, (60) = =Xy, so that ET,, — 1 implies

n'2(0" — 6p) = 53407 28,,(60) + 0,(1). (41)

The weak convergence in Condition 1 (i) for 6 = 0™ now follows from (41), assumption (iii) and the
continuous mapping theorem. The convergence n_lHn(Hm) L —%1(0p) ! follows immediately from this

result and assumption (v). Furthermore, from

1
Trsi(0™) = Tpsi(00) + T, </0 hi(Bo + A0 — 90))d)\> @™ — 00)

fori=1,---,n, we find

n

T, |In 1 (0™ s -1 (00)si(00)'|| < 2T,n'/?||0™ — 6 1721150
! " si(07) g 0)si(00) ni/2|] oll - (supn~lsi(6o) )

i=1
n 2
-1 2 -1
sup 1ha(O)]] + Tanl |6 — 6ol [*- | sup Gl
0-oli<k, Z 16—6o|<K, ;

m

and n=1Y°" si(0™)s:(0™) 2 V(6y) follows from the previously established n!/2||8™ — 6| = Op(1) and
assumptions (iii) and (v).

Define @ = n'/2(0™ — 0), p = p(f), LRn(u) = exp[Ln(fo + n~2u) — L,(6y)] and ij\{n(u) =
exp[—3u/'Syjyu + @Sy /yul. Then
p(Bo +n~Y?u) LRy (1)  pLRn(u)

Gnp n

dTV( N(0 ZM()/TI)) = du

< it [ oo+ ) LRaw) — SR, ) du+ 15 o —
where a,, = [ p(o +n"2u) LR, (u)du > 0 a.s. and &, = prR uw)du > 0 a.s. Since
i — an| < / [p(0 +n™/2u) LRy () — LR (u) | do (42)
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it suffices to show that [ ’p(&g + n~Y2u) LR, (u) — ﬁfl\%n(u) du 2 0 and a,;' = O,(1). By a direct calcu-
lation, d, = p(27m)*/2|S 0|2 exp[%ﬂ'ZﬁOﬂ], so that @ = O,(1) implies G, = Op(1) and G, ' = O,(1).
By assumption (iv), for any natural number m > 0, there exists n*(m) such that for all n > n*(m),

Pogo( sup  n7H(Ln(0) — Lu(60)) < —K(m™)) > 1—m™".

[16—60|[=m "

For any n, let m;, be the smallest m such that simultaneously, n > sup,, <, n*(m’), n2K(m™t) > 1
and n'/2m=1 > nl/4. Note that m, — oo, since for any fixed m, n*(m + 1) and m + 1 are finite and
K((m+1)"1) > 0. Define M,, : R¥ = R as M,,(u) = 1[n~2||u|| < m;']. Now

/ [p(0 +n/2u) LRy (1) — pER ()| du < / [p(60 + 1™ 2u) Mo (1) LRy () — $LR ()] s

+ / (1 — My (u)p(8o + n~u) LRy, (v)du

-1
n

and by construction of M,,(u), with probability of at least 1 — m,

IN

/(1 — My (u))p(0o + nil/zu) LR, (u)du /p(Ho + nfl/Qu)du . sup exp[Ln(0) — Ln(0o)]

[16—60]|>m !

< nFexp[—n - K(m;Y)] < nF/? exp[-n!/?] — 0.
Furthermore, with ¢, = [ M (u) LRy, (u) — LR, (u)|du,

/ 1p(60 + 1 Y2u) My (1) LRy, (1) — PLR (1) s < / 1p(60 + n ) — p| M () LRy (u)du + G,
and

/ [p(0 + n~"%u) = LMy (w) LRy (u)du < (G +@n/P) - sup  |p(6) = .

|16—60||<mz !
By assumption (i), p(6) is continuous at 6, so SUD|19_ gy || <m:: ! Ip(0) — p| — 0. Furthermore, a, = O,(1) as
shown above, so it suffices to prove that ¢,, 2 0 to obtain dpy (IL,, V(8" , Saz0/n)) 2 0.

By an exact Taylor expansion, for any u € R¥ satisfying 6y + n~/2u € ©y,
1
L (00 +nY2u) — Ly (00) = n~Y28,,(09) + 3o’ <n1 / H, (0o + )xnl/Zu)d)\> u
0

almost surely. Thus, for all n large enough to ensure {6 : ||0 — 6o|| < m, '} C Oy, also

sup My, (u)] LRy, (w) /LR, (u) — exp[u + 1u/ Ay (u)u]| = 0
u€Rk

almost surely, where §,, = n’l/zSn(Ho) — E]T/}Oﬂ and A, (u) = n7! fol H,(0y + An’l/Zu)d)\ + E]T/[lo. By

Jensen’s inequality

¢ = an / 11— Mo (u) expldyu + Lo/ An(u)uldg, . (u — @)du

IN

1/2
an (/(1 — My, (u) exp[dlu + %U'An(u)u])2¢2M0(u — ﬁ)du) (43)
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almost surely. By assumption (v),

Mo (u)[[An(w)]| < cn = " 051‘1|I<> I Ha(0) = Ha(60)l| + [In~" Hn(00) + Sl =0
—6ol|<ms,
and
/./\/ln(u) exp[20,u + u' A (w)u] oy, (u — @)du < /exp 26, u + cnu'uldy,, (v — @)du
/Mn(u) exp[du + 21/ Ay (u)u u)ps,,o (U duz/exp LU — Scpu "y, (u — @) du

—/( — My (u)) exp[Su + Sepu'u] oy, (u— @)du

almost surely. From (41), 6, = 0, so that [exp[28,u + c,u'u]dy,, (u — @)du = 1 and [exp[d,u —
%cnu' uldy o (v — u)du 2, 1. Finally, by another application of the Cauchy-Schwarz inequality,

</(1 — My (u)) exp[Su — Lepu'ulgs,, (u— ﬁ)du>2 < /(1 — My (u))dy,,, (v — 0)du

- /eXp[%ilu + cau'uldy, (v — @)du 20

and the convergence follows from [(1— My (u))¢s,,, (u—@)du = fHuHZnUgm;l P52,y (0 — UW)du 2 0 and the
same arguments as above. Thus, the r.h.s. of (43) converges in probability to zero, and ¢,, > 0, so that
¢, >o.

Thus, dTV(Hn,N(ém, Yao/n)) 2,0, which implies that the posterior median éH satisfies nl/z(@H —
0") 20, and 07! L L si(@)si (8"

0) £ v(6y) follows from the same arguments used for & = 6" above.
Finally, dpy (IL,, N (9 , Xmo/n)) 2,0 also implies that the posterior asymptotic variance of II,, converges

in probability to X q-
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