Appendix. Proof of relation (3) for a < 0.05.

For the arguments, we will need the following result that follows from Lemma 1

Bakirov (1989) and its proof.
Lemma 1 Let g(s), s € (0,1] be a continuously differentiable function such that

g(s) >0, ¢'(s) >0 forallse(0,1], (A.1)
and let f(s), s € (0,1] be a continuous function such that

f(s)(s —s9) >0 for some sy €0, 1), (A.2)

/01 f(s)ds > 0. (A.3)

Then/o f(s)g(s)ds > 0.

For completeness, we provide the proof of Lemma 1 below.

1
Proof of Lemma 1. It suffices to show that / f(s)g(s)ds > 0 for all e € (0,1). It

is easy to see that from conditions (A.2) and (A.3) it follows that / f(s)ds > 0 for all
€ € [0,1). This, together with (A.1), implies, using integration by parts, that

/5 f()a()ds = 9(0) / fls)ds + / ) / f(s)ds dr > 0 (A.4)

for all € € (0,1). The proof is complete.

Proof of relation (3) for o < 0.05. Denote R = —4<

cv2 4q—1°
As in Bakirov (1989), we have

1 [t Rs9/2d
P(lt] > ov) = %/0 VRs2ds |




where z; = Ro? and, using multiplication of all oy, k =1, ..., ¢, by a constant,

q

Py (A.5)

k:lxk+1_

Let z = 1I?l?§q xy. Fixing all xy, except 2; = z and z; = y and considering z; =y as a

function of z, one obtains that the derivative of the probability P(|t| > x) with respect
to z at the point = = (z1, ..., x,) is given by (see Bakirov (1989))

M= yz;z/o L<Z’y_’1]i(z’s>>U(:c,s)ds, (A.6)

where

M) = ) T D

Ulz,s) = Sq/z_lq\/ﬁ , (A.8)
P(z,s) kl;[l(ﬂﬁk +5)

Pz, s) = ; o 19;"’(“% et (A.9)

A=yz—1, B=y+2+2. (A.10)

As in Bakirov (1989), from condition (A.5) it follows that (z+ s)(y +s)P(z,s) > sR,

and, therefore, the following estimate holds:

2nM S ! Uz, s) 2(A+%B>)

y=2 " Jo (2+8)(y+s)\/1——s( R (A.11)



Define the functions

. s 2(A+ 1=B) In(s) — s
f*(s,y,2,R) = _1_S<A+Bs——R )eXp[R—2(1+Z)}
.  Ulz,s)s® In(s) — s
o = L[]
According to (A.11), thus,
2 1
T2 [ P R s R)ds (A.12)
y—= 0

(the above-defined functions f* and ¢g* differ from the functions f(s) = %(A +
Bs —2(A+ *B)/R) and g(s) = U(z,s)s*/((z + s)(y + s)) in Bakirov (1989) by the
additional factors ef(n(5)=9)/(2(142)) apd e~ Rn(s)=9)/2(1+2) " yespectively).

Let us show, using Lemma 1 that

1
/ f*(s,y,2,R)g"(s,y, 2z, R)ds > 0. (A.13)
0
Clearly, condition (A.2) is satisfied for f* if R > 2.
We have
Olng*(s,y,2,R) %—1—1—04_12(1: 1 122:1(%“?%_ I
Js B s 26~ +s 2 P(z,s) y+s
I Rl-s) _ 1 I l—a 1 1 1 R(1 — s)
z+s 2s(1+2z) — 25 f~ wp + s s 20z+s) y+s z+s 2s(1+2)

q q

q

: Tr(2 + 5) 1 1 1 Tk

since > P(x,s) and - — = — . Now note
;($k+1)(9§k+8)2_ (#:5) ;(s xk+s) s;xk—l—s

that % is a convex function of s, so that it is uniformly larger than its tangent at the

point s =1, i.e.
T T
>
r+s x+1

+(1—s)

o f s forall s € [0,1] (A.14)

q

Lk
Therefore,
; Tp+ S

tangent at the point s =1, i.e.

is a convex function of s, so that it is uniformly larger than its

q

q
Tk Tk Tk
E >E +(1—s ——— forall s € 0,1].
P T+ S _kzl T+ 1 ( )kzl (ZBk—Fl)Q [ ]
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1
Also, Z M > e _ R, so that

q
T R

apts 1+2

Using the last inequality, we have

dlng*(s,y,z, R) > E-i- R 1—8_1—04_ 1 _ 1 _ R 1—s
Os T~ 25 2142 s s y+s 2(s+z) 2(1+2z2) s
> o1z 1 1 (A.15)

From (A.15) it follows that conditions (A.1) are satisfied for ¢g* if

1
R>4—2+ ‘ (A.16)
142
We have
of* R _[';
of(s,9.2 R) _ / f(s, 2 R)g(s, = R)ds,
oy 0
where
~ 5@ 1+22 1
Floz ) = (= (1-5);
) In(s) —s
9(s,2, R) = exp [R 2(1+ 2) ] '
Since

[ (o SRSyt o

R~ S0 (=P o

the functions f(s,z R) and §(s,z R) satisfy conditions of Lemma 1 and, thus,
df*(s,y,z, R)/0y > 0 for

5—4da+2(3 —2a)z

2—2a+ (3—-20)z (A.18)

R >




Obviously, (A.18) is satisfied if
5 — 4o

: Al
R > 5 on (A.19)
From the above we conclude that, under (A.19), inequality (A.3) holds if
/stszs—/flszR (s,z,R)ds >0, (A.20)
where fi(s, 2, R) = \j%*(RJFZHg DEE2)s  We have that the functions f; and §
satisfy the conditions of Lemma 1 if
1 ~
/ fi(s,z, R)ds > 0, (A.21)
0
that is, for
-2 — 2 e - 'l —
( 2+ R2+2)I'2-a) (R+2)I( a)>0 (A.22)
T(25— a) T(L5— a)
or, equivalently,
(—2—24+R24+2)(1—a)— (R+2)(1.5—a«a) > 0. (A.23)
Condition (A.23) is satisfied if
4—4 —14
R izdat (- da)z (A.24)

1—-2a+(2—2a)z

Clearly, (A.24) implies (A.19).

First, let R > R = (5+v/5)/2 ~ 3.618 and let a = (4 — Ry)/2 + 1/(2(1 + 2)) =
3/4—+/5/44+1/(2(1+ 2)) =~ 0.191 4+ 1/(2(1 + 2)). Condition (A.16) is trivially satisfied.
It is easy to check that inequality (A.22) and, thus, (A.19), are satisfied for z > Z =
% = (3+/5)/(14 v/5) ~ 1.618. We conclude that (A.13) holds for R > R and
z>Z.

Let us now show that (A.13) is also satisfied for R > Rand 0 < 2 < 3.



We first make the following observation. Let zg and z; be such that 0 < zp < 2z < 21
and let Ry < R. Then

1 1 g
i i . _ 9(s, 2, R)
/O fl(S7Za )g<872’ ) s /0 fl(S’Z’ >g(8’217 0>§(57217R0) i
Since 5.2, R)
aln ~g 5,2, R 1 R 1
g(s,z1,Ro) 0
_ Z_1) = ~——1)>0 A.25
ds 2(1—1—z)<s ) 2(1+21)<3 > B ( )

from Lemma 1 it follows that it suffices to show that fol fl(s, 2, R)g(s, z1, Ry)ds > 0 to
be able to conclude that fol fi(s,z, R)g(s, z, R)ds > 0. In addition,

0fi(s, z, R) s —1+(R—-1)s

0z vV1—s R

and, therefore,

( R i T(25—a) T I5-a)
0(0.5)0(1 — )
I'1.5 —a)

/1 —14+(R—-1)s, s (R—1I'05)I'(2—-«a) T(0.5T(1 — )

(R(l—a)—2.5+a> >0

if (A.19) holds. Consequently, under condition (A.19), by Lemma 1,

1 ~
/ Mg(sazlaRO)ds Z 0
0 32

and it suffices to show fol f(s, 20, R)§(s, z1, Ro)ds > 0 to conclude that, for all z € [z, z1],
inequality (A.20) and, therefore, (A.13) holds.
Finally, note that

3f(s,zo,R): s 24524 2) _

oR V1—s R?

so that it, under (A.19), it suffices to show

1
/ f(s, 20, R0)g(s, z1, Ro)ds > 0 (A.26)
0

to conclude that for all z € [z, 21] and R > Ry, inequality (A.13) is satisfied.



It is easy to check that conditions (A.16) and (A.19) are satisfied for all R > R and
2>0ifa=5/2—R/2=(5—+/5)/4 ~ 0.691.

From the above discussion we conclude that, in order to show that (A.13) holds for
R>Rand 0 < z < 3, it suﬁces to check that, for a sufficiently small A and all
1<m<Z/A+1,Z(m,A) = [ f(s,(m —1)A, R)G(s,mA, R)ds > 0.

Using numerical computation, one can check that, for A = 0.1 and all 1 < m <
Z/IA+ 1, Z(m,A) > Z(0,A) ~ 0.0076 > 0. This implies that (A.13) is satisfied for
R> R and 0 < z < %, and, therefore, for all z > 0.

From the above arguments it follows that it remains to consider the case where

=R/(k—R),i=1,..,kand x; =0,i=k+ 1,...,n for some 1 < k < n. That is, as

in Bakirov (1989), we need to compare the quantities

O, = Op(R) = P(|T, \|————=— / st ds R< k<nA27
— — > , < .
k k <| k\ \/k s’fll s) 77( )

where z;, = %. We have that

1 1
= _/ ff(S,Zk,R)g<S,Zk,R)dS,
T Jo

where
ff(S,Z,R) = ff(svz7R)§T<sz7R)v
fi(s,z,R) = - <z+22(1—l) —(z+s)ln(1—|—z)>
1 » <~ 1 — s R S )
. B In(s) — s
gi(s,2, R) = exp [Rm}
. gk/2—2+a ln(s) — s
g1(s,2, R) = (z + 5)0+D2 P [_ R2(1 1 2) }
We have
Ilngi(s,z )] _k—44+2a0  k+1 R R

Js B 2s 2(zk +s)  2s(z+1) * 2(z, + 1)



a5z k+ld 1, R _

s 2 's  zpt+st 2s(z+1)
a—5/2 (k—Fl)Zk R R

+ - + .

s 2s(zr +s)  2(zpk+1)s  2(z+ 1)

Using again (A.14), we obtain that

8[1ngf(s,zk,R)]>oz—5/2+k‘—|—1[ % ) 2, ]_

Os s 25 Lz +1 ° (zx +1)2
R R a—5/2 k+1[R R (1-5s)R
- L. - .
2(z + 1)s i 2(z, + 1) s i 2s [k; + S)k(zk—i—l)} 2(z + 1)s

Evidently, the last expression is nonnegative for R > 5 — 2a.
As in Bakirov (1989), we have that

v '0.5I(2 - a)
/0 f1(3’27R> Z F(2.5—Oz) h(Z),

where h(z) =2(1 — a) [z +22(1-%) = (1+2)In(1+ 2)} — 2%/2. Tt is not difficult to
check that, for R > Ry = 3.7 and av = 5/2 — Ry /2 = 0.65,

1, 2(1-a)
()= —14+4(1—a)(l— =) 22 "Y 5
I I (L
for
21 —
(1—a) — 1~ 31.38.

M TT R sy

Since the function g (s, z, R) is nondecreasing, from Lemma 1 we conclude that

/1fl*(s,z,R)>0
0

for all z > 32 and R > ]:21.
Let now zy and z; be such that 0 < 2y < z < z; and Ry < R. Using (A.25), we

conclude, as before that it suffices to show that

1
/ fi(s,z,R)§1(s, z1, Ro)ds > 0
0

for all 0 < zg < z < z; and Ry < R to be able to conclude that



1
/ fi(s,z, R)g1(s, z, R)ds > 0 (A.28)
0
forall 0 < zp < z<z and Ry < R.

In addition, since

a~* R 1-o .2
f1<8727 ): S < >O

OR R2\/1 —s

we conclude that (A.28) is satisfied if

1
I(z)= / fi(s,z, Ro)g1(s, z1, Ro)ds > 0
0
forall 0 < zg <z < 2.

Finally, we note that it suffices to show that

. 18 fi(s, 20, Ro) _
7" (20) :/ Mg—zwgl(s,zl,l%o)ds:
0 z

/l s (2(1—i)— ! )an(s, 21, Ro)ds > 0 (A.29)
0 \/1——8 RO Zo—f-S g1ls, 21, L19)as .

to be able to conclude that

Z(z) > Z(20) + Z'(20)(z — 20)-

Since, as is easy to see, Z(0) = Z'(0) = 0, from the above discussion we conclude
that, in order to show that (A.28) holds for R > Rl and 0 < z < Z, it suffices to check
that, for a sufficiently small A and all 1 <m < Z/A 41,

1

Z(m,A) = /01 (2(1 — %) - m)gl(s,mA,R)ds > 0.

Using numerical computation, one can check that, for A = 0.1 and all 1 < m <
Z/A+ 1, I(m,A) > Z(0,A) ~ 0.012 > 0. This implies that (A.13) is satisfied for
R > ]:31 and 0 < z < Z, and, therefore, for all z > 0.

Using Lemma 1 we conclude that (A.27) is increasing in R < k < n for all R > él.
This also implies that

Ri(g—1 1
M) > P(]T14| S 23R ) ~ 0.0503
q — Rl 14 — Rl

P(\Tq,ly >



for all ¢ > 15. Since, as we discussed before, (A.13) is satisfied for all z > 0 if R > R,
where R = (54 1/5)/2 < Ry = 3.7, in view of (A.12), this completes the proof of the
theorem for all ¢ > 14.

Let us now show that (A.13) is satisfied for 5 < ¢ < 13 and R > ]:é(q) = 40620)

—24+5q—+/4+5¢2

4q
Note that condition (A.5) implies that max /(zx+1) > R/q, and, therefore, since

where a = a(q) =

s/(s 4+ 1) is increasing in s > 0, z = = max z > R/(¢q — R) = Zmin. Consequently,

conditions (A.16) and (A.19) are satisfied if and R > R(q)
For a = 2 — R(q )/2 + 1/( (1 4+ 2)), condition (A.16) and (A.22) are satisfied for

R > }:%( ) and z > % = Z(g). This implies that (A.13) holds for R > é(q)
R (q +3

and z > 2(q).

In view of the above arguments, for completion of the proof, it remains to check that,
for 5 < ¢ <13, (A.26) is satisfied with zy = 29(q) = é(q)/(q—é(q)), 2 =2(q), a = alq)
and Ry = ]-:z(q)

Numerical calculations shows that, indeed, for 5 < ¢ < 13, with the above-defined «,

Z0, 21 and Ry,

I(q) = / F(s, 20(a), B())ii(s, 5(0). Rlq))ds > 1(13) > 0. (A.30)

We have that R(5) = 3.19648, R(6) = 3.25462, R(7) = 3.20873, R(S) = 3.33333,
R(9) = 3.36119, R(10) = 3.38409, R(11) = 3.40325, R(12) = 3.41951 and R(13) =
3.43349.

Numerical calculations show that

R(@)(¢—1) AR(5) \ _
P<|Tq_1| > q_—R@) > P<|T5| > 5——3(5)> ~ 0.056

for 5 < ¢ < 13. Consequently, the theorem holds for all ¢ > 5. The proof is com-
plete.
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