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Abstract— We generalize the Gel’fand-Pinsker model with
the setup of a memoryless multiple-access channel where there
is a single message source fed to both encoders. Only one of
the encoders knows the state of the channel (non-causally),
which is also unknown to the receiver. We find an explicit
characterization of the capacity of this single-user channel. An
explicit characterization of the capacity is also providedfor the
same channel with causal channel state information. Further, we
apply the general formula to the Gaussian case with non-causal
channel state information, in which capacity is achievableby a
generalized writing-on-dirty-paper scheme.

I. I NTRODUCTION

Communication over state-dependent channels has become
a widely investigated research area. The framework of chan-
nel states available at the transmitter dates back to Shannon
[1], who characterized the capacity of a state-dependent
memoryless channel whose states are i.i.d. and available
causally to the transmitter. In their celebrated paper [2],
Gel’fand and Pinsker established a single-letter formula for
the capacity of the same channel under the conceptually
different setup where the transmitter observes the channel
states non-causally. The main tool in proving achievability
in this setup is the binning encoding principle [2]. Costa
[3] applied Gel’fand Pinsker’s (GP) result to the Gaussian
case, where there are two additive Gaussian noise sources,
one of which, the interference, takes the role of the channel
state. Costa originated the term “writing on dirty paper”
which stands for an application of GP’s binning encoding
scheme that adapts the transmitted signal to the channel states
sequence rather than attempting to cancel it. This results in
a surprising phenomenon - the operative upper bound, of a
channel having no interference, can be attained, even though
the channel states are not known to the receiver. It was shown
in [4],[5], that this principle continues to hold even if the
interference is not Gaussian. Extensions of these channel
models to the multi–user case were performed by Gel’fand
and Pinsker in [6] who showed that interference cancelation
is also possible in the Gaussian broadcast channel, and
the Gaussian Multiple Access Channel (MAC). Kim et al.
[7] showed that a similar thing happens for the physically
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degraded Gaussian relay channel. Steinberg and Shamai [8]
provided achievable rates for the broadcast channel with
states known non-causally at the transmitter. Another multi–
user extension, where the channel state information (CSI)
is causally available at the transmitters [1], was made by
Steinberg [9] for the capacity region of the degraded broad-
cast channel. In [10], the capacity of the physically degraded
relay channel with causal CSI was found. For other related
work see [11], [12], [13], [14].

Much research interest has been devoted to applications of
these channel models, for example, watermarking, [15], [16],
[17], [18], [19], multi-input-multi-output (MIMO) broadcast
channels, [20], and cooperative networks, [21].

In [22] and [23], the problem of a two-user GP MAC with
CSI known non-causally to only one of the encoders, and
each encoder transmitting a separate message, is addressed.
While the symmetric (interference known to all the encoders)
setup of [6] enables interference cancelation and the capacity
region is characterized fully, here, only inner and outer
bounds on the capacity of the additive white Gaussian MAC
as well as the general discrete channel are derived. The
informed encoder uses a generalized dirty paper coding
(DPC) scheme that allows arbitrary correlation between the
codeword and the known CSI.

In this paper we consider the GP memoryless two-user
MAC, with CSI available non-causally to one of the encoders
but not to the other encoder nor to the receiver. The problem
considered here specializes to the two users transmitting a
common message. In a way, this can be regarded as a single-
user channel, in the sense that there is one message source
and one destination. We refer to this channel as a Generalized
GP (GGP) channel. We characterize the capacity for the
general finite-alphabet case with a single-letter expression.
This is enabled by a generalized binning coding scheme. It is
argued that the single-letter expression remains the capacity
even if one allows feedback at the informed encoder, but not
at the uninformed encoder (similarly to the single-user GP
channel setting [24]). While feedback does not increase the
ultimate rate, it simplifies considerably the signalling tech-
nique which is capable of approaching capacity [24]. We also
generalize [1] by providing a single-letter expression forthe
same setup considered in the GGP channel with the exception
that the CSI is availablecausally to one encoder only. The
channel, in this case, is referred to as an asymmetric causal
state-dependent channel. Further, we consider the Gaussian
channel with non-causal CSI. In contrast to Costa’s setup and
to the symmetric Gaussian MAC [7], where the very trivial
operative upper bound of a channel having no interference



is achievable, in our setup one cannot hope for complete
interference cancelation. This renders the converse part of
the theorem a more ambitious task. We define therefore an
equivalent notion of interference cancelation that is adequate
to our setup. We present an operative upper bound on the
highest achievable rate and point out the loss due to the
asymmetric side information. The resulting upper bound is
shown to be achievable in the Gaussian case, yielding a
closed-form expression for the capacity. We characterize the
optimal strategy of the informed encoder balancing the trade-
off between enhancing the signal of the uninformed encoder,
decreasing the interference, and transmitting an additional
information about the message that is not transmitted by the
uninformed encoder. Another interesting insight derived from
the proof is the capacity of a class of finite alphabet and
Gaussian parallel channels with non-causal side information
at the transmitter.

A Cognitive Radio (see, [25], [26], [27], [28]) is a device,
added to an existing system having licensed users, that is
capable of sensing its environment and making use of that
knowledge to increase the spectral efficiency of the system.
A useful model for the cognitive radio is as a transmitter with
side information about the primary (licensed) transmission.
An assumption taken in the models considered in [25],
[28] is that the cognitive radio has non-causal knowledge
of the codeword of the primary user. In our setup, the
informed encoder can be thought of as a cognitive radio,
which identifies the channel states (that can stand for other
interfering signals) and helps the licensed user to transmit the
message, exploiting its side information. The model applies
also to cooperative transmission in the realm of the cognitive
paradigm (that is one of the nodes is cognizant of the channel
state which stands for information transmitted in the system).
Another application of our results is to watermarking, where
two encoders are jointly embedding the watermark. The first
performs the embedding in a generic way, i.e., independently
of the actual covertext, and the second embeds information
in a covertext-dependent method. Our work accounts also
for other scenarios of cooperative communication used to
increase performance [21], [29].

The rest of this paper is organized as follows. In Section
II we state the problem more explicitly and define some
notation that will be used throughout the paper. Section III
is devoted to establishing a single-letter expression for the
GGP channel capacity in the discrete case, an upper bound
on the capacity, and the capacity of a special class of GGP
channels, referred to as degenerate parallel channels. The
causal case is treated in Section IV where we provide the
capacity formula for the asymmetric causal state-dependent
channel. In Section V we apply the single-letter expression
of the GGP channel to the Gaussian channel with non-causal
CSI, and establish an explicit closed-form formula. Section
VI concludes with a summary of the main contributions of
this paper.

II. N OTATION AND STATEMENT OF THE PROBLEM

Throughout the paper, random variables will be denoted
by capital letters, while deterministic realizations thereof will
be denoted by lower-case letters. We shall use the short-hand
notationx j

i to abbreviate(xi ,xi+1, ...,x j), andxn = (x1, ...,xn).
For convenience, then-vectorxn will occasionally be denoted
by the boldface notationx as well. The probability law of a
random variableX will be denoted byPX, and the conditional
probability distribution ofY givenX will be denoted byPY|X.

A stationary memoryless state-dependent Multiple-Access
Channel is defined by a distributionQS on the setS and the
channel conditional probability distributionWY|S,X1,X2

from
S ×X1×X2 to Y . Let Xn

(1) = (X1(1), ...,X1(n)) andXn
(2) =

(X2(1), ...,X2(n)) designate the inputs of transmitters 1 and
2 to the channel, respectively. The output of the channel
will be denoted byYn. The stationarity and memorylessness
assumptions imply that

PYn|Sn,Xn
(1)

,Xn
(2)

(yn|sn,xn, x̃n) =
n

∏
i=1

WY|S,X1,X2
(yi |si ,xi , x̃i).

The symbolsSi ,X1(i),X2(i) and Yi represent the channel
state, the channel inputs produced by two distinct encoders,
and the channel output, at time indexi, respectively. We
assume that the channel statesSn are i.i.d., each distributed
according toQS. As can be seen is Figure 1, the setup we
consider is asymmetric in the sense that it is only encoder 2
which producesXn

(2) that is informed of the channel states,
while the other encoder, which producesXn

(1), as well as
the decoder are oblivious. Unlike the ordinary MAC, there
is a single message source fed to both encoders. In the
case where encoder 2 observes the CSI non-causally, we
shall refer to this channel as a Generalized Gel’fand-Pinsker
(GGP) channel, when encoder 2 observes the states causally,
the channel will be referred to as an asymmetric causal state-
dependent channel.

A sub-class of GGP channels that will be of special
interest is the following. Amemoryless parallel channel with
non-causal asymmetric side informationis a GGP channel
with Y = (Y1,Y2) and

WY1,Y2|S,X1,X2
= WY1|X1,SWY2|X2,S. (1)

In words, this is a GGP channel with two outputs
Y1(1), ...,Y1(n) andY2(1), ...,Y2(n) that are both observed by
the receiver. If, in addition, one has

WY2|X2,S = WY2|X2
(2)

we shall say that the parallel channel is degenerate.
A message,W , is a random variable uniformly distributed

over the set{1, ...,M} whereM = ⌊enR⌋. A rate-R code for
the GGP channel is composed of two encodersϕ(1)

n ,ϕ(2)
n and

a decoderψn: the first encoder is unaware of the CSI and
thus is defined by a mapping

ϕ(1)
n : {1, ...,M}→ X

n
1 . (3)
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Fig. 1. Asymmetric state-dependent MAC with a common message.

The second encoder, observes the CSI non-causally, and is
defined by a mapping

ϕ(2)
n : {1, ...,M}×S

n → X
n

2 . (4)

The decoder is a mapping

ψn : Y
n →{1, ...,M}. (5)

A rate-R code for the asymmetric causal state-dependent
channel is defined similarly to that of the GGP channel,
with the exception that the second encoder is defined by
a sequence of mappings

ϕ(2)
n,i : {1, ...,M}×S

i → X2 i = 1, ...,n, (6)

and at time indexi, the channel input is given byX2(i) =

ϕ(2)
n,i (W ,Si).
An (ε,n,R)-code for the GGP channel is a code

(ϕ(1)
n ,ϕ(2)

n ,ψn) having average probability of error not ex-
ceedingε, i.e.,

Pr(W 6= ψn(Y
n
1 )) ≤ ε. (7)

A rate R is said to be achievable if there exists a sequence
of (εn,n,R)-codes with limn→∞ εn = 0. The capacity of the
GGP channel is defined as the supremum of all achievable
rates. The definitions of an(ε,n,R)-code, an achievable rate
and the capacity of the asymmetric causal state-dependent
channel are similar.

III. A S INGLE-LETTER EXPRESSION FOR THECAPACITY

- FINITE INPUT ALPHABET GGP CHANNEL

Before we state the main result of this section, we note
that when the two encoders are informed non-causally of the
CSI, the single-letter expression for the capacity is givenby

max
PX1,X2,U |S

[I(U ;Y)− I(U ;S)] (8)

with |U | ≤ |S ||X1||X2|, as a direct application of the GP
channel to the case of input alphabetX1×X2.

The following theorem provides a single-letter expression
for the capacity of the finite-input-alphabet GGP channel,
that is, when the alphabetsS ,X1,X2 are finite.

Theorem 1 The capacity of the finite input alphabet GGP
channel is given by

CGGP = max[I(U,X1;Y)− I(U,X1;S)] , (9)

where the maximum is over all the joint measures PS,X1,U,X2,Y

on S ×X1×U ×X2×Y having the form

PS,X1,U,X2,Y = QSPX1PU|S,X1
PX2|S,UWY|S,X1,X2

, (10)

where|U | ≤ |S | · |X1| · |X2|.

We note that the theorem continues to hold if in (10) we
replacePX2|S,U by PX2|S,X1,U , i.e., X1 ↔ (S,U) ↔ X2 does
not have to be a Markov chain. Moreover, there exists a
maximizing measure withX2 that is a deterministic function
of (S,X1,U). The fact that we can replacePX2|S,U by PX2|S,X1,U
yields the following corollary which provides an alternative
expression forCGGP.

Corollary 1 The capacity of the finite input alphabet GGP
channel is given by

CGGP = max[I(V;Y)− I(V;S)] , (11)

where the maximum is over all the joint measures PS,X1,V,X2,Y

on S ×X1×V ×X2×Y having the form

PS,X1,V,X2,Y = QSPX1PV,X2|S,X1
WY|S,X1,X2

, (12)

and X1 is a deterministic function of V . The alphabet
cardinality of V satisfies|V | ≤ |S | · |X1| · |X2|.

It is noted that this result remains intact if we allow for feed-
back to the informed encoder, i.e., if, before producing the
i-th channel input symbol, the informed encoder observes the
previous channel outputs,Yi−1, that is, while the uninformed
encoder is a mapping of the form (3), the informed encoder
is actually sequences of mappingsϕ(2)

n = {ϕ(2,i)
n }n

i=1 with

ϕ(2,i)
n : {1, ...,M}×S

n×Y
i−1 → X2. (13)

We now give a description of a capacity achieving random
coding scheme. The proof of the converse part in Appendix
A followed by the proof of the direct part of Theorem 1
which relies on this scheme and appears in Appendix B.

Note that for any measure of the form (10), one has

I(X1,U ;Y)− I(X1,U ;S)

= I(X1;Y)+ I(U ;Y|X1)− I(U ;S|X1). (14)

This r.h.s. expression provides the intuition that a capacity-
achieving random coding scheme has the following two-
stage structure. The messageW is split into two parts. The
uninformed encoder encodes the first part of the message,
and assuming it will become available to the receiver, the
informed encoder encodes the second part of the message
using a binning scheme similar to the one used in [2].
Encoding: Fix a measurePS,X1,U,X2,Y satisfying (10), and
denote

L = en[I(X1;Y)−ε]

K = en[I(U;Y|X1)−I(U;S|X1)−ε]

J = en[I(S;U|X1)+2ε]

M = en[I(X1,U;Y)−I(X1,U;Y)−2ε]. (15)

Note that from (15) we haveM = L ·K.
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The random encoders operate as follows: The uninformed
encoder drawsL i.i.d. vectors, {xℓ}L

ℓ=1, each with i.i.d.
components drawn subject toPX1. The ordered collection
of the drawn vectors constitutes the codebook used by the
uninformed encoder.

For each codeword,xℓ, the informed encoder drawsK×J
auxiliary vectors, denoted{uℓ,k, j}, k = 1, ...,K, j = 1, ...,J,
independently and with i.i.d. components givenxℓ. Hence,
each codeword in the uninformed user codebook is associ-
ated with a codebook of auxiliary codewords.

SinceM = LK, transmitting a message,m∈ {1, ...,M}, is
equivalent to transmittingℓ ∈ {1, ...,L} and ,k∈ {1, ...,K}.
The uninformed encoder transmitsxℓ, and the informed
encoder, which observess, is responsible for transmitting
k. Transmission ofk is done by searching for the lowest
j0 ∈ {1, ...,J} such thatuℓ,k, j0 is jointly typical with (xℓ,s).
Denote thisj by j(s, ℓ,k). If such j0 is not to be found, or
if the observed state sequences is non-typical, an error is
declared andj(s, ℓ,k) is set to j = 1.

Finally, the output of the second (informed) encoder is
some vector̃x that is jointly typical with(s,uℓ,k, j(s,ℓ,k),xℓ).
Decoding: Upon observingy, the decoder searches for a
pair (ℓ̂, k̂) such thatxℓ̂,uℓ̂,k̂, j are jointly typical withy and

outputsm̂= (ℓ̂, k̂). If there is no such pair, or it is not unique,
an error is declared.

The analysis of the probability of error of this scheme
is performed in Section B establishing the direct part of
Theorem 1.

We now state a lemma (see [30] for the proof) that
provides an upper bound on the capacity of the GGP channel.

It is the generalization of the trivial bound maxPX|S I(X;Y|S)
on the capacity of the ordinary GP channel. This lemma will
be of great significance in the proof of the converse part of
the coding theorem for the Gaussian GGP channel, since this
upper bound is achievable in the Gaussian case.

Lemma 1 The capacity of the finite input alphabet GGP
channel is upper bounded by

max
PX1PX2|S,X1

[I(X1,X2;Y|S)− I(S;X1|Y)] , (16)

where PS,X1,X2,Y = QSPX1PX2|S,X1
WY|S,X1,X2

.

In the following lemma, whose proof appears in [30], we
find the capacity of the degenerate parallel GGP channel,
and establish the fact that the CSI does not help.

Lemma 2 The capacity of the degenerate parallel GGP
channel is given by the sum of the capacities obtained
without transmitter CSI.

IV. T HE CAUSAL ASYMMETRIC STATE-DEPENDENT

CHANNEL

In this section we consider the causal asymmetric state-
dependent channel. As a side note, we mention that if the
CSI is available to both of the encoders, the single-letter
expression for the capacity is deduced as a direct application
of the formula derived by Shannon [1] for a channel with
input alphabetX1×X2.

Theorem 2 The capacity of the finite input alphabet causal
asymmetric state-dependent channel is given by

Ccausal= maxI(U ;Y), (17)

where the maximum is over all the joint measures PS,X1,U,X2,Y

on S ×X1×U ×X2×Y having the form

PS,X1,U,X2,Y = QSPUPX1|UPX2|S,U,X1
WY|S,X1,X2

, (18)

where X1 is a deterministic function of U, and|U | ≤ |S | ·
|X1| · |X2|.

The proof can be found in [30] and is omitted due to space
limitations.

V. THE GAUSSIAN GGP CHANNEL

In this section we analyze the additive Gaussian GGP
channel. Based on the results obtained in Section III we
derive a closed-form formula for the capacity, discuss it and
provide numerical results.

A. Channel Model

The Gaussian GGP channel is given by

Yi = X1(i)+X2(i)+Si +N′
i . (19)

The transmitted signalsXn
(1) and Xn

(2) have powers not ex-
ceedingP1 andP2, respectively, that is

1
n

n

∑
i=1

X2
1 (i) ≤ P1 ,

1
n

n

∑
i=1

X2
2 (i) ≤ P2. (20)



As before, the message is available to both encoders. Only
the second encoder knows the realization of the interference
Sn (non-causally). The noise processes,Sn and N′n, are
assumed to be Gaussian i.i.d. zero-mean withE(S2

i ) =

Q and E(N′2
i ) = N. The processN′n is independent of

(

Xn
(1),X

n
(2),S

n
)

.
It should be noted that had we been dealing with a

constraint on the total received power, it is evident that all the
power should have been assigned to the informed encoder,
and the problem would have degenerated to the ordinary
“dirty paper” Costa setup [3].

B. Capacity Formula and Discussion

We are interested in finding the highest reliably transmitted
rate of a common message observed by the two encoders.
To this end, using standard techniques [31], an application
of the single-letter expression derived for the finite alphabet
case to the Gaussian GGP channelWY|S,X1,X2

(y|s,x,x′) =
1√
2πN

e−(y−s−x−x′)2/2N gives

CGGP(P1,P2,Q,N) = sup
P

[I(X1,U ;Y)− I(X1,U ;S)] , (21)

where the allowed joint distribution ofS,X1,U,X2,Y satisfies
(10), andE(X2

2 ) ≤ P2, E(X2
1 ) ≤ P1.

The following theorem provides an explicit formula for
the capacity of this channel.

Theorem 3 The capacity CGGP(P1,P2,Q,N) of the Gaussian
GGP is given by the following formula

CGGP(P1,P2,Q,N) =














1
2 log

(

1+ P1
Q

)

+ 1
2 log

(

1+ P2
N

)

if P1(P2+N)2

(P1+Q) ≤ P2Q

max−1≤ρ≤0
1
2 log

(

1+

(√
P1+

√
P2

√
1−ρ2

)2

(
√

Q+
√

P2·ρ)
2
+N

)

o.w.

(22)

where, in fact, the maximization overρ can be limited to
either ρ =−1, ρ = 0 or ρ = x∗√

P2Q
where x∗ is any real root

of the4th order polynomial

g(x) = (P1 +Q)x4 +2Q(P1+P2+Q+N)x3

+Q(Q(P1+4P2+Q+2N)−P1P2 +(N+P2)
2)x2

+2Q2P2(−P1+P2+Q+N)x+Q3P2(P2−P1) (23)

that satisfies−√
P2Q≤ x∗ ≤ 0.

The proof of Theorem 3 involves lower and upper bound-
ing of (21) with bounds that coincide. The proof of Theorem
3 appears in [30] and is omitted due to space limitations.

In Costa’s channel model [3], the GP capacity formula for
the Gaussian channel was calculated explicitly. The proof
relies on a capacity-achieving binning scheme which is
shown to achieve the same reliably transmitted rate as if
the interferenceSn were not there. Hence, Costa’s problem,
as well as its multiuser counterpart [7], were special in that
the trivial operative upper bound is achievable. The upper
bound of Lemma 1 plays the role of the operative bound

and constitutes the core of the converse part. So, in fact,
the generalization of interference cancelation to the GGP
asymmetric setup is that the upper bound of Lemma 1 is
achievable, a phenomenon that happens in the Gaussian
GGP. Recalling (16), this implies that the subtracted term,
I(S;X1|Y), can be interpreted as the rate loss incurred due to
the fact thatS is known only to the second transmitter (and
not to both). Indeed, any information thatX1 conveys toY
aboutS is an inevitable waste of resources in terms of rate.

The main goal of the proof is to show that the maximizing
distribution in (21) is such that(S,X1,X2) are jointly Gaus-
sian, and an optimal choice forU is

U = X2 + αoptS (24)

with

αopt =
P2P1Q−P1σ2

2s−P1Nσ2s−σ2
12Q

P2P1Q+P1NQ−P1σ2
2s−σ2

12Q
, (25)

where σ12 = E(X1X2) and σ2s = E(X2S) are chosen to
maximize (21). The allowable values for the covariances,
σ12 and σ2s are such that the resulting covariance matrix
ΛX1,X2,S,N′ of (X1,X2,S,N′),

ΛX1,X2,S,N′ =









P1 σ12 0 0
σ12 P2 σ2s 0
0 σ2s Q 0
0 0 0 N









(26)

satisfies the semi-positive-definiteness condition

det
(

ΛX1,X2,S,N′
)

= P1(P2QN−σ2
2sN)−σ2

12QN≥ 0, (27)

i.e., for all Q > 0,

P1σ2
2s+Qσ2

12≤ P1P2Q, (28)

or, in terms of correlation coefficientsρ12 = σ12√
P1P2

andρ12 =
σ2s√
P2Q

,

ρ2
12+ ρ2

2s≤ 1. (29)

For reasons that will become clear in the sequel, we
introduce the following terminology.

Definition 1 The region of parameters P1,P2,Q,N such that

P1(P2 +N)2

P1 +Q
≥ P2Q (30)

will be referred to as the silent region and its complement
will be referred to as the active region.

SinceQ,P1,P2,N take only non-negative values, the active
region is equivalent to

P1 ≤
P2Q2

(P2 +N)2−P2Q

⇔ Q≥−P1

2
+

√

P1(P1P2 +4(N+P2)2)

2
√

P2

⇔ N ≤
√

P2Q(P1 +Q)

P1
−P2. (31)



so, in a sense, in the silent region the interference predomi-
nates, and in the active region the noise predominates.

In the sequel, we separate the discussion on the capacity
formula to the two complementary regions, the silent region
and the active region.
Silent Region: It is shown that in the silent region, the
optimal values ofσ12 and σ2s are such that the condition
(28) is met with equality, i.e.,

P1σ2
2s+Qσ2

12 = P1P2Q (32)

or equivalently,

ρ2
12+ ρ2

2s = 1. (33)

This is also equivalent to

E
(

X2− X̂lin
2 (X1,S)

)2
= 0, (34)

where X̂lin
2 (X1,S) is the optimal linear estimator (in the

MMSE sense) ofX2 given X1 andS

X̂lin
2 (X1,S) =

σ12

P1
X1 +

σ2s

Q
S. (35)

Eq. (34) implies that in the silent region

X2 = X̂lin
2 (X1,S) =

σ12

P1
X1 +

σ2s

Q
S, (36)

and thus,

Y = X1

(

1+
σ12

P1

)

+S

(

1+
σ2s

Q

)

+N′, (37)

calculating the optimal value ofα (25) while accounting for
(32), yields

αsilent
opt = −σ2s

Q

Usilent
opt = X2−

σ2s

Q
S=

σ12

P1
X1 (38)

and hence, in the silent region of parameters, the capacity
(22) formula is equal to

max
σ12,σ2s

I(U,X1;Y)− I(U,X1;S)|U=
σ12
P1

X1

= max
σ12,σ2s

I

(

X1;X1

(

1+
σ12

P1

)

+S

(

1+
σ2s

Q

)

+N′
)

(39)

with σ12,σ2s satisfying (33). Inspecting (39), it is easy to
verify that an alternative selection ofU , that is of more
elegance

Usilent
opt = 0 (40)

yields1 the same achievable rate and hence is also optimal.
The fact that in the silent region the capacity is equal to

(39), suggests that at this range, the informed encoder puts
all its power into decreasing the interference and enhancing
the signal of the uninformed encoder. No power is put into
transmission of additional information, and hence, we refer
to this region as silent.

1This selection is legitimate due to the comment following Theorem 1,
i.e., X2 may depend onX1 given (S,U).

A useful geometrical interpretation to the capacity formula
in the silent region can be attained by substituting cosφ = ρ
in (22), this yields

max
φ

1
2

log

(

1+

(√
P1+

√
P2 ·sinφ

)2

(√
Q+

√
P2 ·cosφ

)2
+N

)

, (41)

where it is obvious that one should maximize overφ ∈
[π/2,π ] to obtain a non-negative sine and a non-positive
cosine. The largerφ is in [π/2,π ], a larger portion of user
2’s power is devoted to reducing the interference and less to
enhancingX1, and achieving the capacity in the silent region
amounts to optimizing overφ (or ρ in (22)).

The maximizingρ of the capacity formula in the silent
region (see (22)) is either 0,−1 or any real root of the 4th
order polynomialg(x) (23) multiplied by

√
P2Q. For exam-

ple, whenP1 = P2 = P > 0 andN = Q > 0, the parameters
lie in the silent region, and finding the roots ofg(x) (23)
degenerates to finding the roots of a 3rd order polynomial.
It turns out that the optimal value ofρ corresponding to the
real root ofg(x) is given by

ρ =

(

A1/3+
4−5η

A1/3(η +1)
−4

)

1
3
√η

(42)

with

A = 8+3
√

3

(

7η3−4η2+16η
(η +1)3

)

, η =
P
Q

. (43)

Active Region: In the active region, the informed encoder
balances the tradeoff among three goals: decreasing the
interference, enhancing the signal of the uninformed encoder,
and transmitting additional information (as opposed to the
silent region where no additional information is transmitted).
Therefore, this region of parameters is referred to as active.
Keeping the other parameters fixed, the higher the interfer-
enceQ is, the portion of the power that the informed user
allocates to the additional information becomes larger at the
expense of interference reduction and enhancement of the
uninformed user’s signal. In this region too, the maximizing
(X1,X2,S) is Gaussian, with

σactive
12 = −σactive

2s =
P1(P2 +N)

P1 +Q
, (44)

i.e.,

ρactive
12 =

P1(P2 +N)√
P1P2(P1 +Q)

,ρactive
2s =

P1(P2 +N)√
QP2(P1 +Q)

. (45)

The resultingαopt (see (25)) when using the correlations (44)
is given by

αactive
opt =

P2

P2+N
, (46)

which is equal to the optimalα in Costa’s setup [3] when
the uninformed user is not present. The choice of correlations
(44), results in a surprising phenomenon which happens only
in the active region. The achievable rate is1

2 log
(

1+ P1
Q

)

+

1
2 log

(

1+ P2
N

)

, the same as that of a decoder that observes

bothY1 = X1+S andY2 = X2+N′ rather thanY = X1+X2+



S+ N′. In other words, the upper bound of the Gaussian
degenerate parallel channel with asymmetric non-causal CSI
(see Lemma 2) can actually be achieved, even if the decoder
is constrained to see only the sum of the channel outputs.

C. Capacity Achieving Coding Scheme

In this subsection we describe the capacity achieving
scheme for the Gaussian GGP resulting (using standard
techniques [31]) from that of the finite alphabet GGP.

Silent Region: Due to (36) and (40), here, no bin-
ning is needed, or in other words, this is a degener-
ate binning scheme with bin size 1. The uninformed en-
coder generates a random codebook consisting ofM =
⌊exp{n(CGGP(P1,P2,Q,N)− ε)}⌋ codewords{xm}M

m=1 with
i.i.d. symbols, each distributed according toN (0,P1). Given
a messagem to be transmitted, which corresponds to
the codewordxm = (xm(1),xm(2), ...,xm(n)), and a state-
sequences, the informed encoder simply transmits then-
vector x̃ whosei-th symbol is given by

x̃i = xm(i)
σ12

P1
+si

σ2s

Q
, (47)

where σ2s =
√

P2Q · ρ , with ρ being the maximizer in

(22) and ρ12 =
√

1−σ2
2s. Either an ordinary Maximum

Likelihood (ML) decoder or a typicality decoder can be used
to achieve capacity.

Active Region: As stated earlier, in this region the in-
formed encoder spends energy to interference reduction and
enhancement of the uninformed user’s signal as well as
transmission of additional information. So as opposed to the
silent region, the binning scheme is not void. The random
scheme is as described in Section III, with GaussianPS,X1,X2

with the covariance matrix




Q 0 σactive
2s

0 P1 σactive
12

σactive
2s σactive

12 P2





whereσactive
12 ,σactive

2s are defined in (44), and

U = X2 + αactive
opt S (48)

(see (46)). The quantities that determine the sizes of the
codebooks (15) used in the encoding scheme are given by

I(X1;Y) =
1
2

log

(

(P1 +Q)2

(Q(P1 +Q)+P1(P2 +N))

)

I(U ;Y|X1)− I(U ;S|X1)

=
1
2

log

(

(P2 +N)(Q(P1+Q)+P1(P2 +N))

(P1 +Q)NQ

)

I(U ;S|X1) =
1
2

log





Q

P2− 2P1P2
P1+Q +

P2
2 Q

(P2+N)2 − P1(P2+N)2

(P1+Q)2



 .

D. Extreme Case Analysis

Table I summarizes the behavior of the capacity
CGGP(P1,P2,Q,N) that can be deduced from (22) in several
extreme cases. As expected, for infiniteQ, the capacity
degenerates to that of Costa’s channel, that is, when the

TABLE I

EXTREME CASE ANALYSIS.

regime Behavior ofCGGP(P1,P2,Q,N)

Q→ ∞ 1
2 log

(

1+ P2
N

)

P1 = 0 1
2 log

(

1+ P2
N

)

Q = 0 1
2 log

(

1+ (
√

P1+
√

P2)2

N

)

P2 = 0 1
2 log

(

1+ P1
N+Q

)

uninformed user is not present. This is because the amount
of information that can be reliably transmitted by the un-
informed user becomes negligible. A similar phenomenon
happens whenP1 = 0.

For Q = 0, the only noise present isN′ and thus there is
no side information and the encoders transmit coherently.

If the power of the informed encoder,P2, is zero, then it
cannot transmit information, nor help the uninformed user
by partially canceling the interference and thus the capacity
is as though the effective noise isS+N′ and the power used
for transmission isP1.

E. Numerical Results

In Figure 3 the capacity is plotted as a function ofQ
for fixed values ofP1,P2,N which, in turn, were chosen in
two groups (the first group consists of(P1 = 2,P2 = N = 1),
(P1 = 4,P2 = N = 2), and(P1 = 6,P2 = N = 3) and the second
has (P1 = 5,P2 = 2,N = 1), (P1 = 10,P2 = 4,N = 2), and
(P1 = 20,P2 = 8,N = 4)). The capacity values for bothQ= 0
and forQ→∞ are equal for all the members of each of these
groups. The transition points between the silent region and

the active regionQ=−P1
2 +

√
P1(P1P2+4(N+P2)2)

2
√

P2
(see (31)) are

indicated with diamonds.
In Figure 4, the capacity and the optimal values ofρ2s and

ρ12 (the correlation coefficients betweenX2 and S, and X2

andX1, respectively) are depicted as a function ofQ. Again,
the transition points of the capacity curves from the silent
region to the active region are indicated with diamonds. In
the silent region,ρ2s is, in fact, the maximizer of (22) and

ρ12 =
√

1−ρ2
2s. In the active region, the optimalρ12,ρ2s

are given in (45). Whileρ12 is a monotonically decreasing
function of Q, |ρ2s| is increasing in the silent region and
decreasing in the active region.

In Figure 5, the capacity is plotted as a function ofP1 for
fixed values ofP2,Q,N. The diamonds indicate the points at
which there are transitions from the active region to silent
region, i.e.,P1 = P2Q2

(P2+N)2−P2Q
(see (31)). The upper thick

solid line stands for the plot ofQ = N = 1
2 and P2 = 1, for

which the transition occurs atP1 = 16, a point which does not
appear within the range depicted in this figure. The curves
that meet atP1 = 0 correspond to equalP2

N ratios, because
the capacity is1

2 log(1+ P2
N ) for P1 = 0.

In Figure 6, the capacity is plotted as a function ofP2 for
fixed values ofP1,Q,N. The diamonds signify the points at
which there are transitions from the active region to silent
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region, i.e.,P2 =
Q(P1+Q)−2P1N+

√
(Q(P1+Q)−2P1N)2−4P2

1 N2

2P1
. For

the parametersQ = 1,P1 = 6,N = 3, the entire curve is in
the silent region.

VI. CONCLUSIONS

In this work we analyze a setup of cooperative communi-
cation over the GP MAC with a common message, referred
to as the GGP channel, where the channel states are non-
causally available to one user only. We assume that the users
transmit a common message, and characterize the capacity
of this channel for the general finite input-alphabet two-
encoder case. Key to the characterization of the capacity isa
generalized binning coding scheme. The message is split into
two partsA andB. The uninformed encoder encodes partA
of the message, and the informed encoder creates a codebook
of auxiliary codewords for each codeword of the uninformed
encoder using a binning scheme, and uses it to transmit the
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partB of the message. The results are extendable to a general
multiuser setup under the common message regime [30].
Another important extension carried out in [30] is to the
capacity region of the case where in addition to the common
message, the informed user is allowed to transmit a private
message as well. Further, we establish two useful results for
the general finite-input alphabet case. The first is a useful
upper bound on the capacity of the GGP channel, referred
to as an operative bound. This bound is the equivalent of a
genie aided decoder observing the state information in the
ordinary single-user GP channel. The second result relates
to the special case of a GGP channel, a degenerate parallel
GGP channel. We demonstrate that the knowledge of the CSI
at the informed transmitter does not help in the degenerate
parallel case, and derive the capacity formula of this channel
as a special case of the general GGP channel capacity



formula. We also characterize the capacity of an asymmetric
causal state-dependent channel which is the same channel
as the GGP channel, with the exception that the CSI is
available causally. Additionally, we focus on the two-encoder
Gaussian GGP channel case, modeling the CSI as an additive
Gaussian interference. By proving that in the Gaussian case
the operative bound is achievable, we establish a closed-form
formula for the capacity of this channel. Technically speak-
ing, this upper bound enables proving that the maximizing
distribution of the single-letter expression is Gaussian.Four
parameters determine the capacity: the powers available to
the two encoders, the interference power and the noise power.
We partition the four dimensional space of all possible values
of these parameters into two regions, a silent region and an
active region. The capacity formula as a function of these
four parameters takes on two different forms depending on
whether the parameters lie in the active region or the silent
region. In the silent region the informed encoder allocates
a portion of its power to interference cancelation and the
remaining power to enhancing the uninformed user’s signal.
In the active region, the encoder has the additional task of
transmitting a part of the message that is not transmitted
by the uninformed encoder. Surprisingly, we show that in
the active region, the capacity is equal to that of a channel
whose decoder observes two outputs (the first being the sum
of the uninformed user’s signal and the interference and the
second being the sum of the informed user’s signal and the
noise).

APPENDIX

A. Converse Part of Theorem 1

The proof of the converse part of Theorem 1 is a quite
straightforward extension of its GP counterpart [2]. To realize
this, let an(εn,n,R)-code be given. Thus, we have

nR= H(W )

≤ I(W ;Yn
1 )+1+nRεn

(∗)
≤

n

∑
i=1

[

I(W ,Yi−1,Sn
i+1;Yi)− I(W ,Yi−1,Sn

i+1;Si)
]

+1+nRεn

=
n

∑
i=1

I(W ,Yi−1,Sn
i+1,X1(i);Yi)

−
n

∑
i=1

I(W ,Yi−1,Sn
i+1,X1(i);Si)+1+nRεn (49)

where the first inequality is Fano’s Inequality,(∗) follows
exactly as in the derivation of the converse part of the proof
of the capacity formula for the ordinary GP channel [2], and
the last equality follows fromX1(i) being a function ofW .

Therefore, definingŪi = (W ,Yi−1,Sn
i+1) one has

R≤ 1
n

n

∑
i=1

I(Ūi ,X1(i);Yi)− I(Ūi,X1(i);Si)+
1
n

+Rεn. (50)

Now, we introduce a time-sharing random variable,
T, distributed uniformly over {1, ...,n}, and denote

the collection of random variables(S,X1,Ū ,X2,Y) =
(ST ,X1(T),ŪT ,X2(T),YT), to obtain

1
n

n

∑
i=1

I(Ūi ,X1(i);Yi)− I(Ūi,X1(i);Si)

= I(Ū ,X1;Y|T)− I(Ū ,X1;S|T)

= I(T,Ū ,X1;Y)− I(T;Y)− I(T,Ū,X1;S)+ I(T;S)

≤ I(T,Ū ,X1;Y)− I(T,Ū,X1;S), (51)

where the last step follows by the stationarity ofSi . Substi-
tuting U = (T,Ū) one gets

R ≤ I(X1,U ;Y)− I(X1,U ;S)+
1
n

+Rεn. (52)

Now, to verify that the appropriate Markovian conditions
hold, we note that

• sinceX1(i) is the i-th output symbol of the uninformed
encoder, it is independent of the channel state symbol
Si,

• by definition of Ui , and by the fact thatX2(i) is a
function of(Sn

1,W ), and sinceSn
1,X1(i) are independent,

we havePX2(i)|Si ,X1(i),Ui
= PX2(i)|Si ,Ui

.

The above constitutes the proof that for every(εn,n,R)-code,
there exists a measure of the form (10) with essentiallyR≤
I(X1,U ;Y)− I(X1,U ;S).

It remains to show that the alphabet of the random variable
U can be limited without loss of generality to|U | < |S | ·
|X1| · |X2|. This is done by a standard application of the
support Lemma. Fix a distributionQ of (S,X1,X2,Y) and a
conditional distributionµ on the Borelσ -algebra ofP(S ×
X1×X2×Y ). Note that

I(X1,U ;Y)− I(X1,U ;S)

= H(Y)−H(S)

−H(Y|U)+H(S|U)+ I(X1;Y|U)+ I(X1;S|U),(53)

and H(Y) and H(S) are unaffected byU if Q is fixed, so
due to the MarkovityU ↔ (S,X1,X2)↔Y, it is only required
that the expectation w.r.t.µ of the following functionals of
a distributionQ on the setS ×X1×X2×Y are preserved

fs,x,x̃(Q) = Q(s,x, x̃) ∀(s,x, x̃) ∈ S ×X1×X2 (54)

f0(Q) = HQ(Y)−HQ(S)+ IQ(X1;Y)+ IQ(X1;S).(55)

To satisfy this condition, according to the support Lemma,
since there areA = |S | · |X1| · |X2| functionals2, the cardi-
nality of the alphabet ofU can be taken to beA without
loss of generality.

B. Direct Part of Theorem 1

Since the error probability analysis of the random coding
scheme presented in Section III is also a rather straightfor-
ward extension of the proof of the GP direct, we shall state
it in brevity.

2In (54), there are in fact onlyA-1 degrees of freedom.



Error probability analysis: For a measureP, let Tε(P)
stand for the set ofε-typical sequences. One has

Pr(error) = ∑
(x,s)∈Tc

ε (QS×PX1)

Pr(s,x)

+ ∑
(x,s)∈Tε (QS×PX1)

Pr(s,x)Pr(error|s,x).(56)

Due to the AEP, the probability that(s,x) are not jointly
typical vanishes exponentially, thus, it is sufficient to upper
bound the second term on the r.h.s. of (56). Assume that
the transmitted message ism= (ℓ,k), and thats is the state
sequence, andx is the output of the uninformed encoder. The
error event is contained in the union of the following events

E1(s,x) = {∄ j s.t. (s,x,uℓ,k, j) ∈ Tε(PS,X1,U)}
E2(x) = {(x,y) 6 ∈Tε(PX1,Y)}

E3 = {∃ℓ′ 6= ℓ s.t. (xℓ′ ,y) ∈ Tε(PX1,Y)}
E4(s) = {(uℓ,k, j(s,ℓ,k),y) 6 ∈Tε(PU,Y)}
E5(x) = {∃k′ 6= k, j ′, s.t. (x,uℓ,k′, j ′ ,y) ∈ Tε(PX1,U,Y)}.
One can easily realize as an immediate extension

of [2] that Pr(E1(s,x)) behaves essentially like
[

1−2−n(I(S;U|X)+ε)
]J

≤ exp(2−nε). Given that E1(s,x)

does not occur, we have that(x,s) are jointly typical with
the output of the informed encoderx̃ anduℓ,k, j(s,ℓ,k), that is,
(s,x,uℓ,k, j(s,ℓ,k), x̃) ∈ Tε(QS×PX1 ×PU,X2|S,X1

).
For s,x,uℓ,k, j(s,ℓ,k), x̃ jointly typical, the probabilities of the

eventsE2(x),E4(s) vanish also due to the AEP.
Further, using the union bound, it is easily argued that for

all δ > 0 there existsn sufficiently large such that,

Pr(E3) ≤ L2−n(I(X;Y)+ε) + δ ≤ 2−2nε + δ
Pr(E5(x)) ≤ KJ2−n(I(U;Y|X1)+ε) + δ ≤ 2−2nε + δ .(57)

Taking the limit ofδ → 0 yields the desired result.
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