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Abstract— We generalize the Gel’fand-Pinsker model to en-
compass the setup of a memoryless multiple-access channel.
According to this setup, only one of the encoders knows the
state of the channel (non-causally), which is also unknown to the
receiver. Two independent messages are transmitted: a common
message and a message transmitted by the informed encoder. We
find explicit characterizations of the capacity region with both
non-causal and causal state information. Further, we applythe
general formula to the Gaussian case with non-causal channel
state information, under an individual power constraint as well
as a sum power constraint. In this case, the capacity region is
achievable by a generalized writing-on-dirty-paper scheme.

I. I NTRODUCTION

The capacity of state-dependent channels has become a
widely investigated research area. The framework of channel
states available at the transmitter dates back to Shannon [1],
who characterized the capacity of a state-dependent memory-
less channel whose states are i.i.d. and available causallyto the
transmitter. In their celebrated paper [2], Gel’fand and Pinsker
(GP) established a single-letter formula for the capacity of the
same channel under the conceptually different setup where the
transmitter observes the channel states non-causally. Themain
tool to prove achievability in this setup is the binning encoding
principle [2]. Costa [3] applied GP’s result to the Gaussian
case with two additive Gaussian noise sources, one of which,
the interference, takes the role of the channel state. Costa
originated the term “writing on dirty paper” which stands for
an application of GP’s binning encoding scheme that adapts
the transmitted signal to the channel state sequence ratherthan
attempting to cancel it. This results in a surprising conclusion:
the capacity of the channel without interference can be attained
even though the interference is not known to the receiver. For
extensions of this principle and other related work see [4] and
references therein.

Much research has been devoted to applications of these
channel models, for example, watermarking, (see [5] and ref-
erences therein), multi-input-multi-output (MIMO) broadcast
channels, [6], where dirty-paper coding happens to be a central
ingredient in achieving the capacity region, and cooperative
networks [7].

In [4] we introduced the setup of cooperative encoding over
the asymmetric (channel states known to one encoder only)
GP MAC, with a single common message source fed to both
encoders. We characterized the capacity of this channel both
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Fig. 1. Asymmetric state-dependent MAC with a common message.

for the general finite input alphabet case and the Gaussian
case. We also briefly discussed a generalization of this setup
to include an additional message source that is fed to the in-
formed user only. In this paper, we perform this generalization.
The results presented in this paper have applications relating to
cognitive radio (see [8] and references therein), watermarking,
and other scenarios of cooperative communication, e.g., [9].

II. PROBLEM SETUP

A stationary memoryless state-dependent multiple-access
channel is defined by a distributionQS on the setS and
the channel conditional probability distributionWY |S,X1,X2

from S × X1 × X2 to Y. Let Xn
(1) = (X1(1), ..., X1(n)) and

Xn
(2) = (X2(1), ..., X2(n)) designate the inputs of transmitters

1 and2 to the channel, respectively. The output of the channel
is denoted byY n. The symbolsSi, X1(i), X2(i) and Yi

represent the channel state, the channel inputs produced by
two distinct encoders, and the channel output, at time indexi,
respectively. We assume that the channel statesSn are i.i.d.,
each distributed according toQS . As can be seen in Figure 1,
the setup we consider is asymmetric in the sense that only
encoder2 is informed of the channel states, while neither
encoder1 nor the decoder know the channel states. Unlike the
ordinary MAC with partially known state information (which
was considered in [10], [11], where inner and outer bounds on
the capacity region are derived) we allow a common message
source fed to both encoders and an independent message that
is to be transmitted by the informed encoder. When encoder2
observes the CSInon-causally, we shall refer to this channel as
a Generalized Gel’fand-Pinsker (GGP) channel, when encoder



2 observes the statescausally, the channel will be referred to
as an asymmetric causal state–dependent channel.

The common message,Wc, and the private message,W2,
are independent random variables uniformly distributed over
the sets{1, ...,Mc} and{1, ...,M2}, respectively, whereMc =
⌊enRc⌋ andM2 = ⌊enR2⌋. An (eRc , eR2 , n)-code for the GGP
channel consists of two encodersϕ(1)

n , ϕ
(2)
n and a decoderψn:

the first encoder, unaware of the CSI, is a mapping

ϕ(1)
n : {1, ...,Mc} → Xn

1 . (1)

The second encoder observes the CSI non-causally and is
defined by a mapping

ϕ(2)
n : {1, ...,Mc} × {1, ...,M2} × Sn → Xn

2 . (2)

The decoder is a mapping

ψn : Yn → {1, ...,Mc} × {1, ...,M2}. (3)

An (eRc , eR2 , n)-code for the asymmetric causal state-
dependent channel is defined similarly with the exception that
the second encoder is defined by a sequence of mappings

ϕ
(2)
n,i : {1, ...,Mc} × {1, ...,M2} × Si → X2 (4)

wherei = 1, ..., n, andX2(i) = ϕ
(2)
n,i(Wc,W2, S

i).
An (ǫ, n,Rc, R2)-code for the GGP channel is a code

(ϕ
(1)
n , ϕ

(2)
n , ψn) having average probability of error not ex-

ceedingǫ, i.e., Pr((Wc,W2) 6= ψn(Y n
1 )) ≤ ǫ. A rate pair

(Rc, R2) is said to be achievable if there exists a sequence
of (ǫn, n, Rc, R2)-codes withlimn→∞ ǫn = 0. The capacity
region of the GGP channel is defined as the closure of the set
of achievable rate-pairs. The definitions of an(ǫ, n,Rc, R2)-
code, an achievable rate pair and the capacity region of the
asymmetric causal state-dependent channel are similar.

Due to space limitations, the proofs of the results of this
paper are omitted and can be found in [12].

III. C APACITY REGION - FINITE INPUT ALPHABET GGP
CHANNEL

In this section it is assumed that the alphabetsS,X1,X2 are
finite.

Theorem 1 The capacity region of the GGP channel,C, is
the closure of the set of all rate–pairs,(Rc, R2), satisfying

R2 ≤ I(U ;Y |X1) − I(U ;S|X1)

Rc +R2 ≤ I(U,X1;Y ) − I(U,X1;S), (5)

for some joint measurePS,X1,U,X2,Y having the form

PS,X1,U,X2,Y = QSPX1
PU|S,X1

PX2|S,X1,UWY |S,X1,X2
, (6)

where|U| ≤ |S| · |X1| · |X2|.

Theorem 1 continues to hold if in (6) we replacePX2|S,X1,U

by PX2|S,U with slightly larger|U|.
The proof of Theorem 1 is an immediate extension of the

proof of Theorem 1 in [4]. In particular, the achievability part

analyzes the error probability of a coding scheme described
below (after Corollary 1).

It is noted that Theorem 1 remains intact if we allow for
feedback to the informed encoder, i.e., if, before producing the
i-th channel input symbol, the informed encoder observes the
previous channel outputs,Y i−1, that is, the informed encoder
is actually a sequence of mappingsϕ(2)

n = {ϕ(2,i)
n }n

i=1 with
ϕ

(2,i)
n : {1, ...,Mc} × {1, ...,M2} × Sn × Yi−1 → X2.
We now specialize Theorem 1 to the important case where

only the common message is transmitted.

Corollary 1 The common message capacity of the finite input
alphabet GGP channel is given by

C = max [I(U,X1;Y ) − I(U,X1;S)] , (7)

where the maximum is over all the joint measures
PS,X1,U,X2,Y having the form (6) where|U| ≤ |S| · |X1| · |X2|.

We note that there exists a maximizing measure withX2 that
is equal to a deterministic function of(S,X1, U).

The achievability part of Theorem 1 is based on the follow-
ing random coding scheme:
Generation of Codebooks:

Fix a measurePS,X1,U,X2,Y satisfying (6), and set

R∗
2 = I(U ;Y |X1) − I(U ;S|X1)

R∗
c = I(X1;Y ) − I(X1;S) = I(X1;Y ). (8)

Denote M1 = en[R∗
c
−ǫ], M2 = en[R∗

2
−ǫ], and J =

en[I(U ;S|X1)+2ǫ]. First, M1 i.i.d. n-vectors, {xℓ}M1

ℓ=1, are
drawn, each with i.i.d. components subject toPX1

. The or-
dered collection of the drawn vectors constitutes the codebook
used by the uninformed encoder.

For each codeword,xℓ, one drawsM2 × J auxiliary n-
vectors denoted{uℓ,k,j}, k = 1, ...,M2, j = 1, ..., J , in-
dependently and with i.i.d. components givenxℓ subject to
the conditional measurePU|X1

induced byQSPX1
PU,X2|X1,S .

Hence, each codeword in the uninformed user’s codebook is
associated with a codebook of auxiliary codewords.
Encoding: To transmitℓ, the uninformed encoder transmits
the vectorxℓ. Transmission ofk is done by the informed
encoder who searches for the lowestj0 ∈ {1, ..., J} such
that uℓ,k,j0 is jointly typical with (xℓ, s). Denote thisj by
j(s, ℓ, k). If such j0 is not found, or if the observed state
sequences is non-typical, an error is declared andj(s, ℓ, k)
is set toj = 1.

Finally, the output of the second (informed) encoder
is an n-vector x̃ that is drawn i.i.d. conditionally given
(s,uℓ,k,j(s,ℓ,k),xℓ) (using conditional measurePX2|S,X1,U in-
duced byQSPX1

PU,X2|X1,S).
Decoding: Upon observingy, the decoder searches for a pair
of indices,(ℓ̂, k̂), such thatx

ℓ̂
,u

ℓ̂,k̂,j
are jointly typical withy

and outputs them. If there is no such pair, or it is not unique,
an error is declared.

The analysis of the probability of error of the above
described scheme (see [12]) establishes the achievabilityof
(R∗

c , R
∗
2). It is easy to realize that if a rate-pair(Rc, R2)



is achievable, then so is(Rc + R2, 0). This proves that also
(R∗

c +R∗
2, 0) is achievable and thus the entire trapezoid (5) is

an achievable region by time-sharing arguments.
When the common message capacity is concerned, the

above encoding scheme can be applied by attributing the bits
assigned toW2 in the above described scheme, to the common
messageWc. The output of decoder is the pair̂m = (ℓ̂, k̂).

Although the capacity region of the GGP channel is charac-
terized in Theorem 1, we next state an outer for it. The reason
for that is that this outer bound is achievable in the Gaussian
case, and hence is useful in the proof of the converse part of the
Gaussian coding theorem. The outer bound is a generalization
of the trivial upper boundmaxPX|S

I(X ;Y |S) on the capacity
of the ordinary single-user GP channel.

Theorem 2 The closure of the convex hull of the set of rate
pairs satisfying

R2 ≤ I(X2;Y |S,X1)

Rc +R2 ≤ I(X1, X2;Y |S) − I(S;X1|Y ) (9)

for some measurePS,X1,X2,Y = QSPX1
PX2|S,X1

WY |S,X1,X2

is an outer bound on the capacity region of the GGP channel.

A sub-class of GGP channels that will be of special interest
is the following. A memoryless parallel channel with non-
causal asymmetric side informationis a GGP channel with
Y = (Y1, Y2) andWY1,Y2|S,X1,X2

= WY1|X1,SWY2|X2,S . In
words, this is a GGP channel with two outputsY1(1), ..., Y1(n)
andY2(1), ..., Y2(n) that are both observed by the receiver. If,
in addition, one hasWY2|X2,S = WY2|X2

we shall say that the
parallel channel is degenerate.

In the following theorem, we find the capacity region of the
degenerate parallel GGP channel, for which we establish the
fact that the CSI does not help.

Theorem 3 The capacity region of the degenerate parallel
GGP channel is equal to the capacity region obtained without
transmitter CSI, i.e., the union of rate-pairs(Rc, R2) s.t.

R2 ≤ C2

Rc +R2 ≤ C1 + C2, (10)

whereC1 is the capacity of the channelWY1|X1,S obtained
without transmitter CSI, andC2 is the capacity of the channel
WY2|X2

.

IV. T HE CAUSAL ASYMMETRIC STATE-DEPENDENT

CHANNEL

Theorem 4 The capacity region of the finite input alphabet
causal asymmetric state-dependent channel is given by the
closure of the set of rate pairs(Rc, R2) satisfying

R2 ≤ I(U ;Y |X1)

Rc +R2 ≤ I(U,X1;Y ), (11)

for some joint measurePS,X1,U,X2,Y having the form

PS,X1,U,X2,Y = QSPX1,UPX2|S,X1,UWY |S,X1,X2
, (12)

whereU| ≤ |S| · |X1| · |X2| + 1.

The expression for the capacity region of Theorem 4 can
be interpreted as a special case of Theorem 1, whereU is
independent ofS. Specializing Theorem 4 to the case where
there is only a transmission of a common message, we get the
following.

Corollary 2 The common message capacity of the finite input
alphabet causal asymmetric state-dependent channel is given
by

max I(U,X1;Y ), (13)

where the maximum is over all the joint measures
PS,X1,U,X2,Y having the form (12) and|U| ≤ |S|·|X1|·|X2|+1.

We note that an alternative expression for the common mes-
sage capacity in the causal case is withI(U ;Y ) replacing
I(U,X1;Y ) in (13) and whereX1 is deterministic givenU
with slightly larger |U|. As a side note, we mention that if
the CSI is available to both of the encoders, the single-letter
expression for the common message capacity is deduced as a
direct application Shannon’s formula [1] for a channel with
input alphabetX1 ×X2.

V. THE GAUSSIAN GGP CHANNEL

A. Channel Model

The Gaussian GGP channel is given by

Yi = X1(i) +X2(i) + Si +Ni. (14)

As before, the messageWc is available to both encoders, and
only the second encoder knows the realization of the interfer-
enceSn (non-causally), and the messageW2 to be transmitted.
The noise processes,Sn andNn, are assumed to be zero-mean
Gaussian i.i.d. withE(S2

i ) = Q andE(N2
i ) = N . The pro-

cessNn is independent of
(

Xn
(1), X

n
(2), S

n
)

. Several power
constraints can be considered: a) Individual power constraints:
1
n

∑n
i=1X

2
1 (i) ≤ P1 ,

1
n

∑n
i=1X

2
2 (i) ≤ P2. b) Sum power

constraint: 1
n

∑n
i=1X

2
1 (i) + 1

n

∑n
i=1X

2
2 (i) ≤ P . c) Total re-

ceived power power constraint:1
n

∑n
i=1 (X1(i) +X2(i))

2 ≤
P . When c) is concerned, it is evident that all the power should
be assigned to the informed encoder, and the problem degen-
erates to the ordinary “dirty paper” Costa setup [3], where
the informed transmitter can assign bits of the transmitted
information to eitherWc or W2. Consequently, the capacity
region in this case is a triangle whose vertex(Rc, R2) points
are(0, 0),

(

0, 1
2 log

(

1 + P
N

))

, and
(

1
2 log

(

1 + P
N

)

, 0
)

.
We are interested in finding the capacity regions for the

individual power constraints and the sum power constraint,
denotedC(P1, P2, Q,N) andC(P,Q,N), respectively.

B. Capacity Region under Individual Power Constraints

First, we consider the Gaussian degenerate parallel channel
with non-causal asymmetric CSI, which is a GGP channel
whosei-th output is given byYi = (Y1(i), Y2(i)) with Y1(i) =



X1(i)+Si andY2(i) = X2(i)+Ni, whereX1(i), X1(i), Si, Ni

are defined in (14).

Theorem 5 The capacity region of the Gaussian degenerate
parallel channel with non-causal asymmetric CSI under in-
dividual power constraints is given by the set of rate pairs
(Rc, R2) satisfying

R2 ≤ 1

2
log

(

1 +
P2

N

)

(15)

Rc +R2 ≤ 1

2
log

(

1 +
P1

Q

)

+
1

2
log

(

1 +
P2

N

)

.(16)

Theorem 5 obviously provides a simple outer bound on
C(P1, P2, Q,N), as the decoder has more information,
(Y1(i), Y2(i)) rather thanY (i) = Y1(i)+Y2(i). In the sequel,
we establish the tightness of this bound for a certain range of
rates. The following theorem provides an explicit expression
for C(P1, P2, Q,N).

Theorem 6 Let ∆min = min
{

0, 1 − P1(P2+N)2

P2Q(P1+Q)

}

, and let

R(∆) = maxρ∈[−
√

1−∆,0]
1
2 log

(

1 +

“√
P1+

√
1−∆−ρ2

√
P2

”

2

P2∆+(
√

Q+ρ
√

P2)
2

+N

)

.

C(P1, P2, Q,N) is equal to the union over∆ ∈ [∆min, 1] of
the rate pairs satisfying satisfying

R2 ≤ 1

2
log

(

1 +
P2∆

N

)

Rc +R2 ≤ 1

2
log

(

1 +
P2∆

N

)

+R(∆) (17)

where if ∆min > 0, R(∆min) is achieved byρ =

− P1(P2+N)√
QP2(P1+Q)

, and for∆ > ∆min, it is achieved with either

ρ = −
√

1 − ∆, ρ = 0 or any real root ofg∆(ρ) that satisfies
ρ ∈ [−

√
1 − ∆, 0], where

g∆(ρ) = −P2(P1 + Q)ρ4
− 2

p

QP2(P2 + Q + N + P1)ρ
3

+
ˆ

P2(1 − ∆)(P1 − 2Q) − (P2 + Q + N)2 − P1Q
˜

ρ
2

+ 2
p

P2Q(1 − ∆) [P1 − (P2 + Q + N)] ρ

+ (1 − ∆)Q [P1 − P2(1 − ∆)] . (18)

The proof is based on showing that for the Gaussian
channel in (5), one can restrict attention to jointly Gaussian
(S,X1, X2), and an optimal choice forU is U = X2 +αoptS

with αopt =
P2P1Q− P1σ

2
2s − P1Nσ2s − σ2

12Q

P2P1Q+ P1NQ− P1σ
2
2s − σ2

12Q
, (19)

where different values ofσ12 = E(X1X2) andσ2s = E(X2S)
are chosen to achieve different points that lie in (or, on the
border of) the capacity region. The allowable values for the
covariances,σ12 andσ2s are such that the resulting covariance
matrix of (X1, X2, S), satisfies the nonnegative-definiteness
condition, expressed in terms of the correlation coefficients
ρ12 = σ12√

P1P2

, ρ12 = σ2s√
P2Q

ρ2
12 + ρ2

2s ≤ 1. (20)
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For reasons that will become clear in the sequel, we
introduce the following terminology.

Definition 1 The set of parametersP1, P2, Q,N such that
P1(P2+N)2

P1+Q
≥ P2Q will be referred to as the silent regime

and its complement will be referred to as the active regime.

The following proposition simplifies the capacity region
expression for certain ranges of rates. It indicates a rangeof
rates for which the outer bound given in Theorem 5 is tight.

Proposition 1 1) For anyP1, P2, Q,N , the segment connect-
ing the following points(a) and (b) in theRc −R2 plane lies
on the boundary ofC(P1, P2, Q,N)

(a) (Rc, R2) =
(

0, 1
2 log

(

1 + P2

N

))

(b) (Rc, R2) =
(

1
2 log

(

1 + P1

Q+P2+N

)

, 1
2 log

(

1 + P2

N

)

)

.

2) If P1, P2, Q,N lie in the active regime, the segment
connecting the following points(c) and (d) also lies on the
boundary ofC(P1, P2, Q,N)

(c) (Rc, R2) =
(

1
2 log

(

(P1+Q)2

A

)

, 1
2 log

(

(P2+N)A
(P1+Q)NQ

))

,

(d) (Rc, R2) =
(

1
2 log

(

1 + P1

Q

)

+ 1
2 log

(

1 + P2

N

)

, 0
)

.

whereA = Q(P1 +Q) − P1(P2 +N).

The capacity region for(P1, P2, Q,N) = (1
2 , 1,

3
2 , 1) which

lies in the active regime, as well as the points(a), (b), (c), (d),
and the outer bound of Corollary 5, are plotted in Figure 2.
The dotted trapezoids express achievable regions attainedby
choosing specific∆ values in (17). Note that the segment
connecting(c) and (d) meets theRc axis at−45o.

C. The Common Message Capacity with Individual Power
Constraints

This subsection is devoted to specializing the results to the
common message capacity,C(P1, P2, Q,N).



Theorem 7 C(P1, P2, Q,N) =














1
2 log

(

1 + P1

Q

)

+ 1
2 log

(

1 + P2

N

)

if P1(P2+N)2

(P1+Q) ≤ P2Q

maxρ∈[−1,0]
1
2 log

(

1 +

“√
P1+

√
P2

√
1−ρ2

”

2

(
√

Q+
√

P2·ρ)
2

+N

)

otherwise

(21)

where the maximization overρ can be limited to eitherρ =
−1, ρ = 0 or a real rootρ of g0(ρ) (see (18)) s.t.ρ ∈ [−1, 0].

Discussion: In the silent regime, the optimal values ofσ12

andσ2s as far as theC(P1, P2, Q,N) is concerned, are such
that inequality (20) is met with equality, i.e.,ρ2

12 + ρ2
2s = 1.

This is equivalent toX2 = σ12

P1

X1 + σ2s

Q
S. This implies that

in the silent regime the optimal value ofα (19) andU are
αsilent

opt = −σ2s

Q
, Usilent

opt = X2 − σ2s

Q
S = σ12

P1

X1. It is easy
to verify that the simpler selection ofUsilent

opt = 0 yields the
same achievable rate and hence is also optimal. Consequently,
in the silent regime, in order to achieveC(P1, P2, Q,N),
the informed encoder can put all its power into decreasing
the interference and enhancing the signal of the uninformed
encoder. No power is devoted to the transmission of additional
information, and hence, we refer to this region as silent.
SinceUsilent

opt = 0, no binning is needed. Given a message
m to be transmitted, which corresponds to the codeword
xm = (xm(1), xm(2), ..., xm(n)) of the uninformed encoder,
and a state-sequences, the informed encoder simply transmits
at time indexi, x̃i = xm(i)σ12

P1

+si
σ2s

Q
, whereσ2s =

√
P2Q·ρ,

with ρ being the maximizer in (21) andρ12 =
√

1 − ρ2
2s.

In the active regime, the maximizing(X1, X2, S) is Gaus-
sian with σactive

12 = −σactive
2s = P1(P2+N)

P1+Q
. Thus,αopt (see

(19)) is given byαactive
opt = P2

P2+N
which is equal to the optimal

α in Costa’s setup [3] when the uninformed user is not present.
This results in a surprising phenomenon which happens only
in the active regime. The highest achievable common message
rate is 1

2 log
(

1 + P1

Q

)

+ 1
2 log

(

1 + P2

N

)

, i.e., the upper bound

on C(P1, P2, Q,N) deduced from Theorem 5 is achievable.

D. Sum Power Constraints

Next, we state a closed form characterization of the capacity
region under a sum power constraint. We denote byζ the
portion of the power that is used by the informed user.

Theorem 8 The capacity region of the Gaussian GGP chan-
nel under sum power constraints,C(P,Q,N), is given by

C(P,Q,N) = ∪ζ∈[0,1]C((1 − ζ)P, ζP,Q,N).

The following theorem gives the common message capacity
under sum power constraints,C(P,Q,N).

Theorem 9

C(P,Q,N) =











1
2 log

(

1 + P
N

)

if N + P ≤ Q
1
2 log (Q+P+N)2

4QN
if Q0 ≤ Q ≤ N + P

max0≤ζ≤1R(ζ, P,Q,N) otherwise

,

where Q0 = 1
3 (N − P ) + 2

3

√
N2 +NP + P 2 and

R(ζ, P,Q,N) =

maxρ∈[−1,0]
1
2 log

(

1 +

“√
(1−ζ)P+

√
ζP

√
1−ρ2

”

2

(
√

Q+
√

ζP ·ρ)2

+N

)

.

The power allocation that achievesC(P,Q,N) is

ζopt(P,Q,N) =







1 if N + P ≤ Q
P+Q−N

2P
if Q0 ≤ Q ≤ N + P

argmax0≤ζ≤1R(ζ, P,Q,N) otherwise
.

Theorem 9 enables to simplify the expression forC(P,Q,N)
as follows: (i) WheneverQ ≥ N + P , the capacity region
is not affected byQ, since the best strategy is to let the
informed user use all the power. This degenerates to a single
user Costa channel, where the transmitted information bitscan
be divided betweenW2 andWc. (ii) WheneverQ0 ≤ Q ≤
N + P , the border ofC(P,Q,N) contains the line segment

between the points(Rc, R2) given by
(

(P+Q+N)2

4QN
, 0
)

and
(

1
2 log

(

P+Q+N
3Q−P−N

)

, 1
2 log

(

(3Q−P−N)(P+Q+N)
4QN

))

.
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