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Abstract

We demonstrate that feedback in discrete memoryless channels has the capability of greatly lowering the block error
rate of codes designed for open-loop operation. First we show how to use full feedback of the channel output to turn
any capacity achieving code into a reliability-function achieving code. Second, we propose a practical embodiment
based on sparse-graph codes, belief propagation, and a variation of the closed-loop iterative doping algorithm. This
scheme takes advantage of any available limited-rate feedback to bootstrap good block error rate from good bit
error rate.

1 Introduction

One of the most surprising results in information theory
was proven by Claude Shannon in 1956 [1]: instanta-
neous and noiseless feedback of the output of a discrete
memoryless channel does not increase capacity. This
means that causal knowledge at the encoder of the noise
realization, and therefore of its effect on the decoder’s
belief on the transmitted codeword is useless as far as
improving the maximal achievable rate with reliable
communication. Open loop operation that does not try
to counteract the effect of the channel is optimal.

In practice, two-way communication is common, and
thus some form of feedback is often available, although
rarely the return channel resources are so ample as to
allow for full instantaneous noiseless feedback of the
channel output (Shannon feedback[2]). However, in
view of Shannon’s result it would seem that feedback
could only profitably be used to counteract the effects
of the channel either when it has memory or when
it does not behave ergodically. Such a conclusion is
actually unwarranted because feedback is useful even
for stationary memoryless channels:

1) The complexity of capacity-approaching encod-
ing/decoding schemes may be reduced.

2) The reliability function of the channel increases
with feedback.

3) The blocklength required to achieve a desired
block error probability decreases with feedback.

We now pause to give a brief review of the literature
in each of those three beneficial aspects of feedback.
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1.1 Low complexity capacity-achieving
schemes

Several sequential schemes with Shannon feedback
have been proposed and analyzed by Hornstein [3] and
Schwalkijk and co-workers [4], [5], [6]. In particular,
Hornstein’s seminal sequential scheme for the BSC
[3] is very simple and achieves excellent performance
versus expected decision delay tradeoff. The scheme
is somewhat reminiscent of arithmetic coding for data
compression: an information message ofk bits is repre-
sented as a point in a subinterval of size2−k of the unit
interval. Both transmitter and receiver keep track of the
posterior probability cumulative distribution function of
the unit interval given the channel output received up to
the current time. At each round, the transmitter sends 0
if the message interval is below the current median, or
1 if it is above. Decisions are made with a fixed delay.

1.2 Reliability function with feedback

For discrete memoryless channels, the increase in the
error exponent afforded by feedback has been studied in
[7], [8], [9], [10] following the block coding paradigm.
For the continuous-time channel, not only has it been
shown that the error exponent may increase, but a
double exponential behavior of the error probability has
been established [11], [4], [12]. This behavior breaks
down when practical constraints, such as peak power,
are introduced [12].

While in the absence of feedback the reliability
function is not known for all rates, Burnashev [13],
[14] found the following closed form expression for the
reliability function of the discrete memoryless channel
with Shannon feedback, which holds for all rates from
0 to capacity:

Ef (R) = D(1−R/C) (1)



whereC is the channel capacity and

D = max
a,b∈X

D(PY |X=a‖PY |X=b) (2)

is the maximal divergence between any two conditional
output distributions. A simplified achievability scheme
for (1) was given by Yamamoto-Itoh [15]. Reference
[16] elaborates on a source-coding based channel cod-
ing scheme with feedback dating back to [17], and
shows that it can achieve (1).

Burnashev’s reliability function can be achieved even
if the encoder does not initially know the discrete
memoryless channel [18]. Predating [13], the infinite-
bandwidth AWGN counterpart of Burnashev’s reliabil-
ity function is due to [19].

The reliability function in the presence of limited
feedback has also been considered in the literature. For-
ney [20] considers block codes transmitted over a dis-
crete memoryless channel in the presence of Ack/Nack
feedback and shows that the reliability function has a
slope of -1 at capacity (in contrast to−D/C ≤ −1
with Shannon feedback, and 0 with no feedback). A
certain type of list feedback, where the order of the
decoded list is conveyed back to the transmitter, has
been shown not to improve exponentially over the
Ack/Nack feedback [20]. The scheme in [15] attains
(1) requires that the transmitter gets a noiseless replica
of the message decoded by the receiver. Thus, if not
full Shannon feedback in the conventional sense, the
capacity of the reverse channel has to be at least as large
as the capacity of the forward channel. Requiring less
feedback rate, the constructive scheme in [21] bridges
between error exponents achieved in [20] and (1), but
without attaining necessarily the reliability function
with limited feedback which is yet unknown.

1.3 Block error probability - Blocklength
tradeoff

The work reviewed in subsections 1.1 and 1.2 deals
with the asymptotic regime of long blocklength. How-
ever, much of the practical usefulness of feedback lies
in its power to shorten the blocklength required to
achieve a given desired block error probability.

In general, for a given desired block error rate there is
a tradeoff between the number of feedback symbols and
the required feedforward blocklength. Naturally, in the
regime of nonasymptotic blocklength, the fundamental
error probability - blocklength tradeoff is unknown, and
the attention is focused on pragmatic schemes that can
harness the potential of feedback. A simple and practi-
cally important example of such pragmatic schemes are
third-generation wireless systems, which achieve good
block error rate with moderate blocklengths thanks
to feedback in the form of ARQ (automatic repeat
request).

The use of sparse-graph channel codes for lossless
data compression in conjunction with belief propaga-
tion decoders was proposed in [22], [23], [24], [25],

where an algorithm calledClosed-Loop Iterative Dop-
ing (CLID) was instrumental in achieving competitive
performance with existing data compression methods.
The use of belief propagation and CLID in conjunction
with channel coding with limited feedback was origi-
nally proposed in [26]. An important advance was the
introduction of thenoisy CLID in [2] which achieves
very significant decrease in block error rate at the
expense of a modicum of feedback.

1.4 From good bit error rate to good block
error rate

In this paper we champion a simple two-stage design
principle: first, encode the information with a conven-
tional codebook designed to provide good bit error rate,
and second, use feedback to send further information
that will enable the decoder to clean up the existing
errors, to achieve good block error rate. In the absence
of feedback, an established design principle is to use
the concatenation of an expander code with a low bit
error rate sparse-graph code to produce an overall low
block error rate sparse-graph code.

In Section 2 we buttress this philosophy by a con-
structive proof of the achievablility of Burnashev’s error
exponent, which in contrast to the proofs in [13] and
[15] is not based on codes that achieve exponentially
vanishing block error probability. This is significant be-
cause the state-of-the-art in the design of codes that can
be encoded/decoded with reasonable complexity and
attain positive error exponents is still in an embryonic
stage [27].

In Section 3 we design a practical embodiment of the
two-stage design principle which shows the synergistic
effects of belief propagation and feedback in achieving
the goal of bootstrapping good block error rate from
good bit error rate. In the second stage, the feedback
rate available is a design parameter. The higher the
feedback rate available the shorter the forward trans-
mission is required to be in order to achieve the desired
block error rate.

2 From a capacity-achieving code to
a reliability-achieving code

In this section we show that it is possible to achieve the
reliability function of channels with Shannon feedback
for any rate between 0 and capacity using a two-stage
scheme where the channel code used in the first stage
(the message mode) is a “standard” open-loop code that
achieves low block error rate are rates slightly below
capacity.

In the Yamamoto-Itoh scheme [15], in order to
convey an information message ofk bits, the transmitter
operates in two stages. In the first stage (message
mode), it encodes the message into a codeword of
lengthγN , using a basic codeC of rateR1 = k/(γN),
whereγ ∈ (0, 1). At the end of the message mode, the



receiver makes a decision about the message, and sends
back its decision over the noiseless feedback link. In
the second stage (control mode), the transmitter sends
a messagec if the decision is correct, or a messagee if
the decision is not correct. In order to do so, it makes
use of a repetition code with codewords(x, x, x, . . . , x)
or (x′, x′, x′, . . . , x′), where the two lettersx andx′ are
chosen to achieve the maximum in (2) The repetition
code in the control mode has length(1− γ)N .

If the decoder decides that the control message ise,
then the same codeword that was transmitted in the first
stage is retransmitted, otherwise, if the decoder decides
that the control message isc, then the transmitter
moves on to the next information message, that shall
be transmitted using an identical scheme. It is clear
that the detection ofc resets the system: it is arenewal
event. We define the following probabilities and events:

• P1 is the probability of block error of the codeC
in the message mode;

• Pec and Pce are the probabilities of detecting
c given that e was transmitted, or detectinge
given thatc was transmitted, in the control mode,
respectively;

• One round of message+ control modes will be
referenced to as a “protocol round”. We defineE`

as the event that control messagee is detected at
protocol round number̀, and the eventC` as the
event that control messagec is detected at protocol
round number̀ . The eventA` ⊂ C` occurs whenc
is detected bute was transmitted at thèth protocol
round.

• The random variableT denotes the inter-renewal
time: the number of protocol rounds between
consecutive occurrences of the renewal event.

The inter-renewal time is distributed as

P (T = `) ∆= q(`) = P (E1, E1, . . . , E`−1, C`) (3)

= p(`− 1)− p(`) (4)

wherep(0) = 1 and

p(`) ∆= P (E1, E1, . . . , E`) (5)

=
∏̀
i=1

P (Ei) (6)

= ϑ` (7)

where we have used the the fact that the events
{E1, E1, . . . , E`} are independent with identical prob-
ability equal to

ϑ = (1− P1)Pce + P1(1− Pec). (8)

From renewal-reward theory, the coding rate (i.e., the
time-average number of transmitted information bits

per channel use) is given by

R =
k

NE[T ]
=

k

N

[ ∞∑
`=0

p(`)

]−1

(9)

=
k

N
(1− ϑ) (10)

The average decision delay of the scheme is equal
to the average number of rounds times the number of
symbols per round, i.e.,

N̄ =
N

1− ϑ

Since a message is ultimately decoded erroneously if
and only if a control messagee is detected asc, The
block error probability is

Pe =
∞∑

`=1

P (T = `,A`)

=
∞∑

`=1

P (E1, . . . , E`−1,A`)

=
∞∑

`=1

ϑ`−1P1Pec

=
P1Pec

1− ϑ
(11)

We will now show that it is possible to achieve the
reliability function (1) provided that in the first stage
we use a code whose block error probability can be
made as small as desired for any rate below capacity
for sufficiently large blocklength. To that end, fixR and
an arbitrarily smallδ > 0.

For the first stage choose ak-to-γN code such that
the rate is

R1 =
k

γN
=

C

1 + δC
12R

(12)

and the block error probability satisfies

P1 ≤
δ

6
(13)

Also, by Stein’s lemma (e.g. [28]) we can find a hy-
pothesis test that discriminates between the hypotheses
c ande achieving

Pce ≤
δ

12
(14)

and

Pec ≤ exp
(
−(1− γ)ND + N

δ

3

)
(15)

for all sufficiently largeN .
From (8), (14), (15) it follows that

ϑ ≤ δ

4
(16)

The error exponent achieved by this variable length
scheme (log probability divided by the average block-
length) satisfies



1
N̄

log
1
Pe

≥ 1− ϑ

N
log(1− ϑ) +

1− ϑ

N
log

1
Pec

≥ −δ

3
+

1− ϑ

N

(
(1− γ)ND −N

δ

3

)
≥ −2δ

3
+ D(1− ϑ)(1− γ) (17)

= −2δ

3
+ D

[
1− ϑ− R

R1

]
(18)

= −2δ

3
+ D

[
1− ϑ− R

C

(
1 +

δC

12R

)]
≥ D

(
1− R

C

)
−

(
D + 2

) δ

3
(19)

where the first inequality follows from (11); the second
inequality holds for sufficiently largeN because of
(15); (18) follows from (10) and (12); and (19) follows
from (16). Finally, since the choice ofδ was arbitrary,
we see that we can achieve the reliability function in
(1).

Note that the proportion of symbols devoted to
transmitting the codeword (as opposed to control in-
formation) is proportional to the overall rateR.

In contrast to the above analysis, [15] did not realize
that open loop codes with non exponential decrease of
error probabilities are sufficient to achieve the relia-
bility function. Another benefit of our more detailed
analysis is that it enables the analysis of computational
complexity of coding/encoding schemes as a function
of their gap to capacity to carry over to the reliability
function. To see this, note that the computational effort
in the solution of the binary hypothesis testing problems
for the control information is, for givenR, linear in the
received blocklength, and furthermore we have shown
in (19) that, modulo a channel-dependent proportional-
ity constant, the gap to the reliability function at any
given rate is the same as the gap to capacity of the
underlying open-loop code. Thus, the results in [29]
enable us to conclude that for a binary erasure channel
with feedback it is possible to achieve the reliability
function with bounded complexity per information bit,
while for other channels, complexities that scale with
the gap ε to the reliability function as1

ε log 1
ε are

feasible.

3 From a good bit error rate code to
a good block error rate code

In this section we report a pragmatic two-stage scheme
where the open-loop code is sent in the first stage, and
in the second stage the encoder and decoder maintain a
dialog (aided by belief propagation and the noisy CLID
algorithm) to clean up the errors resulting from the de-
coding of the first stage. With little added complication
we present the scheme in the full generality of source-
channel coding.

m

n

m

Fig. 1. LDPC for joint source-channel encoding.

3.1 Source-Channel Coding with Shannon
Feedback

In [26] we proposed to do joint source-channel en-
coding using the sparse graph structure in Figure 1.
This is a Tanner graph of am× (n + m) parity-check
matrix H that has the special constraint that the upper
n symbols on the left are degrees of freedom, i.e. no
matter how they are chosen there arem lower (parity-
check) symbols that make all the equations satisfied.
Thus, this is a systematic LDPC of ratenn+m .

The systematicn bits consist of the source output if
it is memoryless or of the Burrows-Wheeler transform
output [25], otherwise.

We send through the channel only the nonsystematic
part of the codeword. Thus, the encoding rate isn

m ,
which should be almost as high as the channel capacity
divided by the source entropy.

In the source coding problem the approach we intro-
duced in [22], [23] in which we encoded by multiplying
the source vector with anm × n parity-check matrix
H is a special case of this approach where the parity
check matrix of the raten/(n + m) code is the matrix
[H − I] .

At the decoder, we run belief propagation on the
Tanner graph of Figure 1, where the initial reliabilities
of the systematic bits are provided by the source
modeler just like in the data compression scheme in
[25], and the initial reliabilities of the parity-check
bits are computed from the channel outputs and the
channel transition probability. Thanks to the availability
of Shannon feedback, the encoder can run an exact copy
of the belief propagation algorithm at the decoder and
they can proceed with noisy-CLID, introduced in [2].
For convenience, we recall that in the original CLID
algorithm (as used in data compression), it is possible
to run an identical copy of the belief propagation algo-
rithm at the compressor since the compressor has access
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Fig. 2. Stages 1 and 2 of the noisy-CLID limited feedback scheme.

to all the information available to the decompressor.
The same holds in the case of a noisy channel with
Shannon feedback. In the latter case, though, the bit
values are sent to the decoder via the noisy forward
channel. Hence, the basic CLID algorithm is modified:
instead of setting the doped bit messages to±∞, we
set them equal to(−1)y log 1−δ

δ , (δ is the channel
crossover probability) wherey is their corresponding
channel output. Notice that with Shannon feedback the
transmitter knowsy for each doping round, and there-
fore can keep its own copy of the belief propagation
decoder perfectly synchronized with that of the decoder
such that the position of the bits to be doped need not
be communicated explicitly.

In [2] we reported the result of an experiment with a
BSC with crossover probability equal to0.1 (capacity =
0.53 bit/symbol) and an irregular LDPC code of length
n = 20, 000 and rater = 0.5. With Shannon feedback,
we found zero block errors in100, 000 blocks achieving
an average transmission rate equal toR = 0.495.

3.2 Limited Feedback
Again we consider the scheme in Figure 1 which
depicts the Tanner graph of anm × (n + m) parity-
check matrix H and assume that then input bits
are iid Bernoulli with parameterp. (In the general
case these are Burrows-Wheeler transform outputs with
approximately piecewise iid blocks.) The transmitted
n + m bits x pass through a memoryless binary input
channel, and produce the corresponding outputy. As
in Section 3.1, we use a linear code of raten/(n+m),
but we transmit over the channel only the nonsystematic
part of m bits. This can be viewed as alln + m bits
being transmitted through a memoryless time-varying
channel, where the firstn symbols undergo crossover
probability 1/2.

We now show how to combine in a unified manner
and within a single source channel code the noisy-CLID
algorithm at the whole gamut of feedback rates from
Shannon feedback to zero.

Analogously to [2], the first step is to try and decode
in the best possible wayx, based on the channel
observationsy, using no feedback. The assumption
is that if the rate is not too ambitiously close to the
Shannon limitC/H (andm is sufficiently large), then
the hard output of the belief propagation decoder (after
a certain number of iterations)̂x1, will be such that

e1 = x̂1 − x

can be approximated as a Bernoulli sequence with a
rather low parameterpe. If the reliabilities for x̂1 are
sufficiently high or ifHx̂1 = Hê1 = 0, the algorithm
terminates.

In the second stage, both encoder and decoder have
agreed on aǹ×m matrix L1 (` ≤ m), and define the
`× (n + m) matrix

H1 = L1H

each of whosè rows is a linear combination of rows
of H. The receiver sends back to the transmitter (Fig.
2)

H1x̂1 = H1e1

over the noiseless feedback channel. Now both the
transmitter and receiver knowH1e1, and run synchro-
nized belief propagation iterations together with noisy-
CLID to try to obtain e1, just like in [2]. Note that
this requires an agreed-upon estimate (at receiver and
transmitter) of the bit error rate of the decisions emitted
in Stage 1. Evidently at the receiver nothing would
be accomplished without further information as it has
already done its best, based on the full matrixH.
But in parallel with the belief propagation iterations
synchronized with those at the transmitter, the decoder
continues running its autonomous belief propagation
algorithm (unsynchronized with the transmitter) which
it ran at the first stage. In Figure 2 we have represented



for clarity this autonomous belief propagation in two
blocks labelled BP; corresponding to two stages of the
same algorithm. The synchronized belief propagation
algorithms run in the blocks labelled ”noisy CLID”.
Every time a bit from the noisy CLID is received one
or several iterations take place in both the synchronized
and the autonomous belief propagation algorithms. The
total number of feedforward bits and feedback bits
spent in the second stage are equal tod and d + `
respectively, whered is the number of noisy-CLID
bits. Whenever the reliabilities in the autonomous belief
propagation algorithm have reached high enough values
or its hard decisionŝx2 satisfyHx̂2 = 0, the algorithm
terminates outputtinĝx2. If this does not occur after a
certain number of noisy-CLID iterations we repeat the
second stage with a different matrixL2, (not necessarily
the same size, likely with fewer rows) and witĥx2 in
lieu of x̂1, thus transmittingH2x̂2 through the feedback
channel.

Unlike in the present scheme, note that in the scheme
of [2] the first stage was only used to get the hard
decisions x̂1 but the reliability values computed by
the belief propagation algorithm were totally wasted.
Another advantage of the scheme in this section is that
unlike the scheme in [2], we can encompass normalized
feedback rates between1 − C and 1. At first sight it
may seem like (aside from the fact that here we have the
possibility of further uses of the feedforward channel
and the concurrency of autonomous/synchronized belief
propagation algorithm) we could get one scheme as
a special case of the other. However, except in the
extreme case, in which the inner code of [2] adds no
redundancy and thus the feedback rate is1 − C, its
generator matrix is a tall matrix and thus the length
of x̂1 in [2] is strictly smaller than the (channel)
blocklength. Thus the number of columns in theH1

in [2] is strictly smaller than the blocklength, whereas
here it is equal to the blocklength.
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with LDPC codes,”Third International Symposium On Turbo
Codes and Related Topics, pp. 55–58, Brest, France, September
1-5, 2003.

[25] G. Caire, S. Shamai, and S. Verdú, “Noiseless data compression
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