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Abstract—This paper finds the capacity of linear time-
invariant systems observed in additive Gaussian noise through a
memoryless erasure channel. This problem requires obtaining the
asymptotic spectral distribution of a submatrix of a nonnegative
definite Toeplitz matrix obtained by retaining each column/row
independently and with identical probability. We show that the
optimum normalized power spectral density is the waterfilling
solution for reduced signal-to-noise ratio, where the gap to
the actual signal-to-noise ratio depends on both the erasure
probability and the channel transfer function. We find asymptotic
expressions for the capacity in the sporadic erasure and sporadic
non-erasure regimes as well as the low and high signal-to-noise
regimes.

I. INTRODUCTION

The erasure channel plays an important role in information
theory and coding theory. It is a very useful idealization
of situations where the symbols observed by the receiver
have either very high or very low reliability. Applications
of erasure channels range from communication subject to
jamming to packet-switched store-and-forward networks, from
magnetic recording to wireless communications subject to
fading, from powerline communications subject to impulsive
noise to frequency-hopped multiaccess channels. For many ap-
plications, discrete erasure channels where symbols are either
received without error or erased are rather coarse idealizations.
Within the paradigm of discrete memoryless noisy channels, it
is straightforward to find the capacity of channels that incorpo-
rate errors as well as erasures. Even in the presence of memory
in the erasures it has been shown recently [1] that the capacity
of the concatenation of a discrete memoryless channel with
capacity C' and an erasure channel (possibly with memory)
with erasure rate e is equal to (1—e)C. Also straightforward is
to deal with power-constrained memoryless Gaussian channels
observed through memoryless erasure channels: the capacity
is also equal to the capacity of the memoryless Gaussian
channel times the proportion of non-erased symbols [2]. A
much more difficult case is the concatenation of a channel with
memory the output of which is observed through a memoryless
erasure channel. This paper deals with a particularly important
instance of this class, where the channel with memory is
a standard input-power constrained linear Gaussian channel
with white noise and given transfer function. This model is
relevant for example in the case of a frequency selective
Gaussian channel with impulsive noise where the power of
the impulses is much larger than the average received power.
The Gaussian erasure model can also be used to assess the
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throughput in uplink cellular systems subject to topological
randomness: the uplink cellular system is modelled by the
classical Wyner model [3] and cell sites are either “on” or
“off” in an independent and identically distributed manner.

This paper finds the capacity of the Gaussian erasure
channel introduced above. This problem requires obtaining
the asymptotic spectral distribution of a submatrix of a
nonnegative definite Toeplitz matrix obtained by randomly
deleting rows and columns. We also find explicitly the optimal
(capacity-achieving) input power spectral density, easily com-
putable upper and lower bounds to the mutual information and
asymptotic expressions for the capacity in various regimes.

Due to space limitation, proofs are omitted and are given
in full detail in [8].

II. PROBLEM SETUP

In this paper we analyze the channel with memory where
the input codeword x = (z1,...z,) € R™ is subject to
an average power constraint and goes through a linear time-
invariant discrete-time linear system with transfer function
H(f) the output of the linear system (ui,...u,) € R™ is
contaminated by independent identically distributed Gaussian
noise (n1,...n,) € R"; finally, a process of erasures e =
(e1,...e,) € {0,1}™, known to the receiver, controls which
noisy outputs are available to the receiver. Because the noise
is memoryless, this setup is is equivalent to
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Fig. 1. Linear Gaussian Erasure Channel.
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where n; are independent Gaussian with unit variance; e; is
independent sequence with Ple; = 0] = e, and the codewords
are restricted to satisfy
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Since the receiver knows the location of the erasures, the
capacity is given by

C(y) = lim 2i mzz:ixE [logdet (I+~EXE)] (5)

n—oo 2N

where we have denoted the random matrix
E = diag{e1,...e,} (6)

and (5) follows from the optimality of Gaussian inputs since
conditioned on E, the channel is Gaussian; the maximum in
(5) is over all matrices that can be written as

> =HX.HT @)

with H denoting the Toeplitz channel matrix whose (i, j) entry
is hli — j] and tr{3,} = n. It can be shown (see [8]) that
there is no loss of optimality in restricting the input to be
stationary (with power spectral density S.(f)), and we can
restrict attention to Toeplitz matrices X,,. The power spectral
density of the signal at the output of the linear system is
denoted by

S(f) = S(NHIH(. (8)

For brevity we will denote the mutual information achieved
with output power spectral density S(f) by I.(). Note that
in the absence of erasures (e = 0),

1 [1/2

Io(v) = 5/ log(1 +~S(f)) df ©9)
—1/2

which when maximized with respect to the input power

spectral density yields capacity (e.g. [4])

12
cmazf/’ log (1 +7SX(NIHE) df  (10)
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where S*(f) is the waterfilling input power spectral density
given by
. I
550 = |~ g
and the water level 1 < ( < oo is chosen so that S7(f) has
unit area.

The solution (10), known since [5] can be justified by
means of the Grenander-Szé€go theorem on the distribution of
the eigenvalues of large Toeplitz matrices (e.g.[6]). In view
of (5), obtaining the capacity of the linear Gaussian erasure
channel involves analyzing the asymptotic distribution of the
eigenvalues of the random matrix EXE where X is a product
of deterministic Toeplitz matrices, and E is a random 0-1
diagonal matrix. In other words, the central problem is to
obtain the asymptotic spectral distribution of a submatrix of

Y

a nonnegative definite Toeplitz matrix obtained by retaining
each column/row independently and with identical probability.
Such a result, at the intersection of the asymptotic eigenvalue
distribution of Toeplitz matrices (e.g. [6]) and of random
matrices (e.g. [7]), is the main contribution of this paper.

III. RANDOM MATRIX THEORY: 17 AND SHANNON
TRANSFORMS

The 7-transform and the Shannon transform were moti-
vated by the application of random matrix theory to various
problems in the information theory of noisy communication
channels [7]. These transforms, intimately related with each
other and with the Stieltjes transform traditionally used in
random matrix theory [7], characterize the spectrum of a
random matrix while carrying certain engineering intuition.

Definition 1 Given a nonnegative definite random matrix A,
its m-transform is

na(y) =E (12)

e

where X is a nonnegative random variable whose distribution
is the asymptotic Empirical Spectral Distribution (ESD) of A
while 7y is a nonnegative real number.

Let ¥ be the n x n nonnegative definite Toeplitz matrix:

i = Oli—j] (13)
for an absolutely summable sequence og,0q,.... The 7-
transform of 3 is given by:
1/2 1
n=(v) = / o df (14)
™ —1/2 L+S(f)

Definition 2 Given a nonnegative definite random matrix A,
its Shannon transform is defined as

Va(7) = Eflog(1 + vX)] (15)

where X is a nonnegative random variable whose distribution
is the asymptotic ESD of A while vy is a nonnegative real
number.

Note that )
L(y) = 3Vese(7) (16)
The 1 and Shannon transforms are related through
d 1—
TVa() = 1=n1a() (17
Y 2

Another relation between the 7-transform and the Shannon
transform, which we introduce here, is the following general
result which in addition to playing a key role in our analysis
is of independent interest.



Theorem 1 Let A be a nonnegative definite random matrix.
Let p = lim,, .o rank(A)/n. The Shannon transform and n
transforms are related through

1
Va() = p/ log (1+1(y,7)) dy (18)
0
where 1 is defined by the fixed-point equation
Ay, ) ( VY )
——=1- 19
PTF30.) AT T (12

Some properties of the solution to (19) are:

1) J(y,0) =0, I(y,~) is monotonically increasing with ~
and monotonically decreasing with y.

2) limy oo w = [ (y), where F (y) is the solution of

IV. ASYMPTOTIC EIGENVALUE DISTRIBUTION OF EXE

(20)

The first step is to show that, as in the conventional case
without erasures, the asymptotic eigenvalue distribution is
the same as if 3 were replaced by a circulant matrix. The
sufficient condition in the following lemma is satisfied for
(7) because of the conventional asymptotic equivalence of
products of Toeplitz matrices to circulant matrices [6, Thm.
5.3].

Lemma 1 Ler 3 have eigenvalues

A =diag{)\,... \n}. (21
Further, denote the unitary DFT matrix
1 i2m {=1,....n
_ —_]T(ﬁ—l)(m—l) ) )
F_\/ﬁ[e ml,...,n} 22)
and the circulant matrix
¥ = FAF! (23)

Let E be the erasure matrix. If 3 and W are asymptotically
equivalent, then for all v > 0
nese(Y) = newE(Y) (24)
The next theorem yields the desired characterization of the
asymptotic eigenvalue distribution of EXE:

Theorem 2 Let E and W be matrix sequences defined as in
Lemma 1. Then the n-transform of EWE is given by

nE\IlE(’Y) =1

where 1 is the solution of the fixed-point equation:

€
n=ne\v -7
n

Using Lemma 1, Theorem 2 and (14), we can write (25) as

1/2 1
nesE(Y) = /_1/2 L+4S(f)(1 — e/Neee (7))

(25)

df  (26)

Using (17) with A = EXE the mutual information rate as
a function of the signal-to-noise ratio -y can be characterized
in terms of the n-transform of EXE:

An alternative characterization of the capacity is given by
our main result:

dz Q27

Theorem 3 The mutual information rate achieved with output
power spectral density S(f) and erasure rate e is equal to

1 1—e
Lo = o [ e o)

where Jg is the solution to

I 501)
1+ Jo(y,7) —12 LHyyS(f) + (1 =)oy, )

An important feature Theorem 3 is that the mutual informa-
tion rate can be computed via a fast algorithm that solves the
fixed-point equation iteratively. From (28) and the properties
of Jo(y,y) we can also show that I.(7) is a concave decreasing
function of e € [0, 1].

In special cases such as the following it is possible to find
a closed-form for the capacity.

df (29)

Example 1 Suppose the Gaussian stationary random process
{u;} in (1) has an ideal low-pass power spectral density

v [ L fl< B2
S<f)‘{B Bj2<|fl <1/2

for some B € (0,1]. The solution of (29) is

(30)

1
By, ) = Yo {7 —l-/B+ \/(v —1—7y/B)? +4y(1 - y)}
(€)))
Using (28) and (31), we get

1-2B, 2(1 - B)B
O,
4 ®B 2B Byt(l-entA
B(2 —1)-(1- A
© Jog (2e+v-1)—(1—e)v+
2Be
2(1 — B)B~2%e?

B

Id(v,B) =

1

+

+ (32)

2
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where
A= \/B2(14+7)? - 40— &)7) +2B(1 —&)(1 — )y + (1 - )27
(33)

B = B(y—1)y(2—e)—B*(1-2(1—e)y+7°) - (1—e)y*+(B+y—By)A
(34)

V. INPUT SPECTRUM OPTIMIZATION

The goal of this section is to find the optimum power spec-
tral density as a function of the signal-to-noise ratio y and the
erasure rate e. Trying to optimize the expression in Theorem 3
with respect to the input power spectral density appears to be
a challenging problem. Instead, we give the following general
finite-dimensional result which is of independent interest and



is related to a result in [10] obtained through an MMSE
representation.

Theorem 4 Let @ be an mxn complex valued random matrix
whose ith column is denoted by ¢;. Consider the optimization
problem

mgxIE [log det (I + W‘PD@”)} (35)

where the maximum is over all diagonal matrices whose trace
is equal to a constant £. Then, for i = 1,...,n, d}, the ith
diagonal element of the diagonal matrix D* that achieves the
maximum in (35) is the positive solution to

Z, 1
E vt = — 36
{1 + vd;“ZZ} vy (36)

-1

®;(37)

—-

Z;

ol [T+ di¢;0!
i
if it exists (i.e. if vYE[Z;] > 1); otherwise, di = 0. The

parameter v is chosen so that Z?:l df =¢&.

Applying Theorem 4 to our problem we obtain the following
compact characterization of the optimum input power spectral
density.

Theorem 5 The capacity-achieving input power spectral den-
sity, SE(f,~,e) is given by

S* I L ’ 38
x(f?’yve)_g(e’é-) [C_W] ( )
where

o) =5 [c+1- VT TP+, (39

and ( is chosen so that the integral of (38) is equal to 1.

As the following corollary to Theorem 5 shows, the effect of
erasures on the capacity-achieving input power spectral density
is tantamount to a reduction in the signal to noise ratio.

Corollary 1 Forall0 <e<1, v>0,

Sy (f,v/k.e) = S5 (f,7,0) (40)
where
1 ey
k=1 . (41)

and (, is the erasure-free water level for .

VI. BOUNDS

This section presents some easily computable upper and
lower bounds on the mutual information of the Gaussian
erasure channel, that need no fixed-point equation solution.

Theorem 6 Denote
1/2

G = S(f)df.

—1/2

(42)

and let B the “generalized bandwidth” of S(f) (i.e. Lebesgue
measure of its support T € [—1/2,1/2]),. The mutual infor-
mation rate is lower bounded by

L(v) > Ig(Gv,B)—i—%/Ilog (mg(/f;) df43)
L(y) = (1-¢l() (44)
L() > Do) = 3 log(1+1o(1 —e,7) (45)

where an explicit expression for 12 (v, B) is given in (32).

Theorem 7 With the same notation as in Theorem 6, the
mutual information I.(v) is upper bounded by

I(v) < IX(Gv,B) (46)

L(y) < I((1-e)y) 47)

L) < = Slog1+Gy) (48)
e 1/2 1

I(y) < Io(y) + 3 log (/1/2 1—&—75(]”)df> (49)

VII. ASYMPTOTICS
A. Sporadic Erasures

The following result shows that the upper bound (49) is
asymptotically tight.

Theorem 8 For any output power spectral density S(f),

log +o(e) (50)

n=(7)

Using the capacity-achieving power spectral density we obtain

Theorem 9 In the regime of sporadic erasures the capacity
of the Gaussian erasure channel satisfies:

Ce(7) = Coly) — glog

+o(e) (51

¢
(-1
where ( is the water level of the power spectral density that
achieves Cy(7).

B. Sporadic non-erasures

As e — 1, the solution in Theorem 3 takes the limiting

expression:
1/2
mwzllog<1+7/ S(f)df) (52)

2 —1/2

e~>117e

Optimizing (52) over unit input power spectrum S, (f)
with S(f) = |H(f)|?>S.(f) results in S,(f) that places all
its power at the most favorable frequency (or frequencies),
yielding

. Ce(v) _ 1
lim —— = —log (1 Gmax 53
lim 7= = 5 log (1 + 7Gimax) (53)
where the maximum channel gain is denoted by
Gmax = max |H(f)]. (54)



Example 2 Figure 2 shows the capacity Ce(7y) forfixed v =
10 dB, as a function ofthe erasure probability e, for a channel
with transfer function

10 |f] < 0.05;

7 0.05<|f| <0.1;
HOP=N) Gaificos O
1 03<|fl <04
0 04<|f|<05

Figure 2 shows also the the affine approximationsof capacity
for sporadic erasures (51) andsporadic non-erasures (53).
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Fig. 2. Capacity versus erasure rate at v = 10dB for the channel given
in (55), with its affine asymptotic approximations for small and large erasure
probability.

C. Low-SNR

We characterize the behavior of capacity for fixed e and
vanishing . In order to be consistent with the notation
and definitions introduced in [11] to characterize the low-
SNR (or wideband) regime, we shall consider the complex
circularly symmetric version of our channel model, where
v = FE/Ny is the transmitter SNR, and N; denotes the
complex noise variance per component. The system spectral
efficiency C (measured in bit/s/Hz) as a function of Ej,/Ny,
where Ej, denotes the transmitted energy per information bit.
The wideband slope Sy is the value of bits per second per Hz
per 3dB of energy per bit evaluated at the minimum FEj,/Np.

Theorem 10 The minimum energy per bit and wideband slope
So of the spectral efficiency of the Gaussian erasure channel
are given by

E, 1
-t = 56
<N0 > min (1 - e)GIﬂaX 1Og2 € ( )
2(1 — e) Biax
Sy, = — 7% 57
0 eBmax + 1 — e 7

where Buax = p({f : |[H(f)|* = Gmax})-

D. High-SNR
For large SNR, capacity behaves like
Ce('y) =S (10g2 Y- Eoo) + 0(1)

(expressed in bits per complex dimension). where S, and L,
are known as the high-SNR slope and the high-SNR dB offset
respectively [12].

(58)

Theorem 11 Consider a Gaussian erasure channel with given
channel transfer function H(f) and erasure probability e. Let
I={f:|H(f)|> >0} and B = u(Z) denote its generalized
bandwidth. The high-SNR slope is given by

Soo = min{l — e, B} (59)
and the high-SNR dB offset is given by
1
Loo=— / logy F (y) dy (60)
0
where F (y) is the solution of the fixed point equation
1
B-ySe= [ af 6D
(1—e-ySoo) |H(H)I?
71+ L=l ‘ o |

(1-y)(1-ySwc)F
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